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Summary and 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FRANEC(*)-
GS98 

FRANEC-
AGS05 

FRANEC(*)-   
AGSS09 

Photospheric abund. 
(Z/X)b 

Yb 

0.0231 
0.245 

0.0165 
0.229 

0.0181 
0.232 

Convective Zone 
Rb/Ro 0.716 0.730 0.725 

Helioseismic Values 

0.2485 ± 0.0034 

0.715 ± 0.001 

(*) Estimated by LSM approach. See Later 

The latest solar photospheric abundances leads 
to SSMs which do not correctly reproduce 
helioseismic observables 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squared isothermal sound speed 

Note that:   

u = P/ρ

c2 = γ u

The solar composiHon problem 

c2 = ∂P/∂ρ|ad
γ = ∂ lnP/∂ ln ρ|ad

See e.g. Basu & AnHa 07  



Standard Solar Models 

Stellar structure equaHons are solved,  starHng from a ZAMS model to present solar age (we 
neglect rotaHon, magneHc fields, etc.): 

Chemical evoluHon driven by nuclear reacHon, diffusion and gravitaHonal seYling, convecHon 

Free‐parameters (mixing length, Yini, Zini) adjusted to match the observed properHes of the Sun 
(radius, luminosity, Z/X). 

Standard input physics for equaHon of states, nuclear reacHon rates, opacity, etc. 

Note that equaHons are non‐linear  IteraHve method to determine mixing length, Yini, Zini  

∂m

∂r
= 4πr2ρ

∂P

∂r
= −GNm

r2
ρ

P = P (ρ, T, Xi)
∂l

∂r
= 4πr2ρ ε(ρ, T, Xi)

∂T

∂r
= −GNmTρ

r2P
∇ ∇ = Min(∇rad,∇ad)

∇rad =
3

16πac GN

κ(ρ, T, Xi) l P

m T 4

∇ad = (d lnT/d lnP )s " 0.4



Metals in the Sun 

•  Metals give a substanHal contribuHon 
to opacity: 

Energy producing 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Energy producing region (R < 0.3 Ro) 

Outer radiaHve region  
(0.3 < R < 0.73 Ro) 

Tot 

Fe 
O 

Si 

Ne 
S 

Fe gives the largest contribuHon. 

Relevant contribuHons from several diff. 
elements (O,Fe,Si,Ne,…)  

•  ZCNO control the efficiency of CNO cycle 

What we know about opacity in the sun? To understand metals: 

� 

κZ ≈ 1
2
κ tot

 
κ Z  0.8 κ tot

Basu & AnHa 07 



Linear Solar Models 
F.L. Villante and B. Ricci ‐ Astrophys.J.714:944‐959,2010 
F.L. Villante ‐ J.Phys.Conf.Ser.203:012084,2010  



Linear Solar Models: the basic idea 

•  The starHng point:  
SSMs provide a good approximaHon of the real sun.  Small modificaHons are likely to 
explain disagreement with helioseismology. 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Solar Models: the basic idea 

•  The starHng point:  
SSMs provide a good approximaHon of the real sun.  Small modificaHons are likely to 
explain disagreement with helioseismology. 

•  The method: 
We write:  h(r) = h(r)[1 + δh(r)]

Xi(r) = Xi(r)[1 + δXi(r)]
Y (r) = Y (r) + ∆Y (r)

h = l, m, ρ, P, T

where  , h(r) Xi(r) are the SSMs predicted values, and we expand linearly in 

Assump6on: the variaHon of the present solar composiHon (i.e. the                            )       
can be deduced with sufficient accuracy from the variaHon of the nuclear reacHon 
efficiency and diffusion velociHes in the present sun (i.e. the            )  

δXi(r), ∆Y (r)

δh(r)

δh(r)
δXi(r)
∆Y (r)
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in 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present 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•  The result: 
A linear system of ordinary differenHal equaHons that can be used to study the response 
of the sun to an arbitrary modificaHon  input parameters. 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Linear Solar Models – Final set of equaHons equaHons 
dδm
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=

1
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Y ∆Yini + α′
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System of four linear differenHal equaHons in δm, δP, δl, δT 

EOS: we assumed perfect gas scaling and neglect the role of metals  

δρ(r) = δP (r)− δT (r)− PY ∆Y (r) PY (r) = −∂ lnµ

∂Y
= − 5

8− 5Y (r)− 6Z(r)

Note that: 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The coefficients γh, β’
h and α’

h describes the response of the plasma (EOS, energy 
generaHons and radiaHve transfer) to variaHon of structural (δm, δP, δL, δT ) and 
chemical properHes. 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To be solved between with the boundary condiHons  

δm = γP,0 δP0 + γT,0 δT0 + γY,0 ∆Yini + γε,0 δε0

δP = δP0

δT = δT0

δl = β′
P,0 δP0 + β′

T,0 δT0 + β′
Y,0 ∆Yini + β′

C,0 δC + β′
ε,0 δε0

δm = −mconv δC

δP = δC

δT = A′
Y ∆Yini + A′

C δC

δl = 0

At the center of the sun (r = 0) 

At the convec6ve boundary (r = Rb) 

Univocally determine  
the parameters 
δP0 ,δT0 , ΔYini , δC  



Linear Solar Models – ValidaHon  Solid     ‐ Linear solar  models 
DoYed ‐ SSMs 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Linear Solar Models – ValidaHon  Solid     ‐ Linear solar  models 
DoYed ‐ SSMs 

Const. 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Linear Solar Models – ValidaHon 
OPA1 OPA2 OPA3 Spp

SM LSM SM LSM SM LSM SM LSM
∆Yb 0.014 0.014 -0.0037 -0.0036 0.0038 0.0038 0.0031 0.0034
δRb -0.0020 -0.0020 -0.0067 -0.0070 -0.014 -0.015 -0.0058 -0.0064
δΦpp -0.011 -0.010 0.0045 0.0052 -0.0020 -0.0011 0.0090 0.0092
δΦBe 0.13 0.13 -0.067 -0.064 0.017 0.016 -0.11 -0.11
δΦB 0.27 0.27 -0.17 -0.17 0.029 0.028 -0.27 -0.28
δΦN 0.14 0.14 -0.10 -0.094 0.003 0.004 -0.21 -0.22
δΦO 0.21 0.22 -0.14 -0.14 0.012 0.012 -0.29 -0.31

Table 1: Comparison between the predictions of LSM and “standard” non-linear SM

for the initial and surface chemical abundances, the convective radius and the solar

neutrino fluxes. Note that the absolute variations are reported for Helium, whereas the

relative variations are shown for all the other quantities.

δRb = ΓY ∆Yini + ΓC δC + Γκ δκb

∆Yb = AY ∆Yini + AC δC

δΦν =
∫

dr [φν,ρ(r) δρ(r) + φν,T (r) δT (r) + φν,Y (r) ∆Y (r) + φν,Z(r) δZ(r) + φν,Spp(r) δSpp]

Surface helium: 

ConvecHve radius: 

Neutrino fluxes: 

φν,j(r) =
r2 ρ(r) nν(r) nν,j(r)∫

dr r2 ρ(r) nν(r)where: 

ΓY = 0.449
ΓC = −0.117
Γκ = −0.085

AY = 0.838
AC = 0.033



Opacity (and metals) in the sun 
F.L. Villante – ApJ, in press 



The relaHon between opacity and metals 

δκ(r) = δκI(r) + δκZ(r)

δκI(r) =
κ(ρ(r), T (r), Y (r), Zi(r))
κ(ρ(r), T (r), Y (r), Zi(r))

− 1

δκZ(r) =
κ(ρ(r), T (r), Y (r), Zi(r))
κ(ρ(r), T (r), Y (r), Zi(r))

− 1

The source term that is responsibile for the modificaHon of the sun (and that can be 
bounded from obs. data) is :  

Intrinsic opacity change 

Composi6on opacity change 

dδm

dr
=

1
lm

[γP δP + γT δT − δm + γY ∆Yini]

dδP

dr
=

1
lP

[(γP − 1) δP + γT δT + δm + γY ∆Yini]

dδl

dr
=

1
ll

[β′
P δP + β′

T δT − δl + β′
Y ∆Yini + β′

C δC]

dδT

dr
=

1
lT

[α′
P δP + α′

T δT + δl + α′
Y ∆Yini + α′

C δC + δκ]



The relaHon between opacity and metals 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The opacity kernels 

 If we consider a small variaHon of the opacity, the sun respond linearly. The variaHon 
of a generic quanHty  Q is then given by: 

δκ(r) = δκI(r) + δκZ(r)

 We study the response of the sun to arbitrary opacity variaHons: 



The opacity kernels 

 If we consider a small variaHon of the opacity, the sun respond linearly. The variaHon 
of a generic quanHty  Q is then given by: 

δκ(r) = δκI(r) + δκZ(r)

We calculate numerically the kernel KQ(r) 
by considering localised increase of 
opacity in LSM:  

 We study the response of the sun to arbitrary opacity variaHons: 

The obtained results are adequate to describe 
all the situaHons in which opacity varies on 
scales larger the δr =0.01 Ro  



The sound speed kernels 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The sound speed kernels 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The kernels are not posiHve definite   compensaHng effects can occur … 

The sound speed is insensi6ve to a global rescaling of opacity  



Useful parameterizaHons for δκ(r) 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δκ(r) = Ain δκin(r) + Aout δκout(r)

δκ(r) = A0 δκ0(r) + A1 δκ1(r) = A0 + A1 (r/Rb)

Two zones: 

Linear Hlt: 



The sound speed 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The sound speed 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The sound speed provide a bound on the differenHal opacity increase (Aout‐Ain) or on 
the Hlt (A1): 

No relevant bound on the opacity scale A0 (or Ain + Aout). 

δu(r) ! (Aout −Ain) δuout(r)
δu(r) ! A1 δu1(r)



The sound speed 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The sound speed provide a bound on the differenHal opacity increase (Aout‐Ain) or on 
the Hlt (A1): 

No relevant bound on the opacity scale A0 (or Ain + Aout). 

δu(r) ! (Aout −Ain) δuout(r)
δu(r) ! A1 δu1(r)

?? Few GeV WIMPs in the  core?? 

Villante@Physun08 and TAUP09 
Frandsen talk later 



The “stability” of sound speed … 

SchemaHcally, we can note that:   

In a “normal star”, opacity determine luminosity:  

Virial theorem  

In the sun: 
To keep L constant, we have to vary helium abundace.  
An increase of Y implies a decrease of κ and an increase of µ). 

This quanHty is fixed for the 
Sun 

 

GMmu

R

kBT
µ

=
P
ρ
= u

 

L 
Eγ

tdiff
=
M 3µ4

κ



The convecHve radius and the surface helium abundance 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δRb = ΓY ∆Yini + ΓC δC + Γκ δκb

ConvecHve radius: 

δRb = 0.12 Ain − 0.14 Aout

" 0.13 (Ain − Aout)

δRb = −0.02 A0 − 0.10 A1



The convecHve radius and the surface helium abundance 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δRb = ΓY ∆Yini + ΓC δC + Γκ δκb

∆Yb = AY ∆Yini + AC δC

ConvecHve radius: 

Surface helium: 

δRb = 0.12 Ain − 0.14 Aout

" 0.13 (Ain − Aout)

δRb = −0.02 A0 − 0.10 A1

∆Yb = 0.073 Ain + 0.069 Aout

! 0.07 (Ain + Aout)

∆Yb = 0.142 A0 + 0.062 A1

To reproduce helioseismic results:

Ain = 0.07± 0.04 Aout = 0.21± 0.04



A model independent relaHon for δκb 

We have that: 

δRb = ΓY ∆Yini + ΓC δC + Γκ δκb

∆Yb = AY ∆Yini + AC δC

ΓY = 0.449
ΓC = −0.117
Γκ = −0.085

AY = 0.838
AC = 0.033

Remenber  that:  δC = δPb = δρb

We eliminate ΔYini from equaHons and obtain:  

δκb = CY ∆Yb + CR δRb + Cρ δρb

CY = − ΓY

AY Γκ
= 6.27

CR =
1
Γκ

= −11.71

Cρ =
1
Γκ

[
AC ΓY

AY
− ΓC

]
= −1.58Model independent:  

no parametriza6on for δκ(r) is needed  

By using δRb = −0.0205± 0.0015, ∆Yb = 0.0195± 0.0034 and δρb = 0.08:

δκb " 0.24± 0.03



Neutrino Fluxes 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δΦν =
∫

dr Kν(r) δκ(r)

δΦν δΦν,in δΦν,out δΦν,0 δΦν,1

δΦpp -0.069 -0.031 -0.100 -0.030
δΦBe 0.85 0.41 1.26 0.38
δΦB 1.93 0.75 2.68 0.68
δΦO 1.65 0.50 2.15 0.48
δΦN 1.14 0.28 1.43 0.30

Table 1:

See also Tripathy and Christensen‐Dalsgaard 98  

δΦν = Ain δΦν,in + Aout δΦν,out

! (ξ Ain + Aout) δΦν,in ξ ∼ 2→ 3

δΦν = A0 δΦν,0 + A1 δΦν,1



A final look … 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δκ(r) = A0 δκ0(r) + A1 δκ1(r) = A0 + A1 (r/Rb)

Yb = 0.2485± 0.0034

Rb = 0.730R!
Rb = (0.715± 0.001)R!

Y b = 0.229

AGS05 predicHons 



A 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δκ(r) = A0 δκ0(r) + A1 δκ1(r) = A0 + A1 (r/Rb)

Yb = 0.2485± 0.0034

ΦBe = (5.18± 0.51)× 109 cm−2 s−1

ΦB = (5.18± 0.29)× 106 cm−2 s−1

ΦB = (4.66± 0.42)× 106 cm−2 s−1

ΦBe = (4.54± 0.23)× 109 cm−2 s−1

Rb = 0.730R!
Rb = (0.715± 0.001)R!

Y b = 0.229

χ2
min/d.o.f. = 1.7/2

ν‐fluxes from Serenelli 09 – (error esHmate sdo 
not include opa and metals)  

AGS05 predicHons 

Borexino 2008 

SNO 2002, 2005, 2008 



•  Linear Solar Models: a simple and accurate tool to investigate the sun 

interior  

•  Application: analysis of the role of opacity (and metals) in the sun 

•  Sound speed and convective radius: sensitive to differential opacity 

variations 

•  Helium and neutrinos: sensitive to overall opacity rescaling and, in 

particular, to opacity of the inner radiative region. 

•  Nice complementarity between different observational data. 

•  The opacity changes required to fit helioseismic and solar neutrino 

data seem large with respect to current opacity (and composition) 

uncertainties. 

• Hopefully, future neutrino flux measurements (Be, CNO, pep) will 

provide additional clues for the solar composition puzzle.   

Summary and conclusions 



AddiHonal Slides 





Linear Solar Models 

•  SSMs provide a good approximaHon of the real sun. Small modificaHons are likely to 
explain disagreement with helioseismology. 

•  We can expand linearly the solar models around the SSM and calculate: 

•  A tool to invesHgate the solar interior (accessible also to non SSM builders) 

•  It can help to understand the origin of discrepancy with helioseismic data or to 
describe new effects. 

δ(output) = L [δ(input)]

δ(output) = δu(r), δRb,∆Yb, δΦν , . . .

δ(input) = δκ(r), δε(r), δ(composition), . . .



Linear Solar Models – Structure equaHons 

We write: 

where  are the SSMs predicted values.  

We then expand structure eqs. to first order in perturbaHons:  

where  and  ,  , 

, 

∂ δm

∂r
=

1
lm

[δρ− δm]

∂ δP

∂r
=

1
lP

[δm + δρ− δP ]

δP = [Pρ δρ + PT δT + PY ∆Y +
∑

i

Pi δXi]

∂ δl

∂r
=

1
ll

[(1 + ερ)δρ + εT δT + εY ∆Y +
∑

i

εi δXi − δl + δε]

∂ δT

∂r
=

1
lT

[δl + (κT − 4)δT + (κρ + 1)δρ + κY ∆Y +
∑

i

κi δXi + δκ] Rad.

∂ δT

∂r
=

1
lT

[δm + δρ− δP ] Conv.

h(r) = h(r)[1 + δh(r)]
Xi(r) = Xi(r)[1 + δXi(r)]
Y (r) = Y (r) + ∆Y (r)

h = l, m, ρ, P, T

h(r) Xi(r)

Ph =
[
d ln(P )
d ln(h)

]
lh =

[
d ln(h)

dr

]−1

εh =
[

d ln(ε)
d ln(h)

]
κh =

[
d ln(κ)
d ln(h)

]
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Linear Solar Models – Structure equaHons 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∂r
=
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[δm + δρ− δP ]

δP = [Pρ δρ + PT δT + PY ∆Y +
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Pi δXi]

∂ δl

∂r
=

1
ll

[(1 + ερ)δρ + εT δT + εY ∆Y +
∑

i

εi δXi − δl + δε]

∂ δT

∂r
=

1
lT

[δl + (κT − 4)δT + (κρ + 1)δρ + κY ∆Y +
∑

i

κi δXi + δκ] Rad.

∂ δT

∂r
=
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lT

[δm + δρ− δP ] Conv.
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Linear Solar Models – SimplificaHons 

EOS: we assume perfect gas scaling and neglect the role of metals  

We eliminate density from equaHons, obtaining: 

with: 

δρ(r) = δP (r)− δT (r)− PY ∆Y (r) PY (r) = −∂ lnµ

∂Y
= − 5

8− 5Y (r)− 6Z(r)

dδm

dr
=

1
lm

[δP − δT − δm− PY ∆Y ]

dδP

dr
=

1
lP

[−δT + δm− PY ∆Y ]

dδl

dr
=

1
ll

[
βP δP + βT δT − δl + βY ∆Y +

∑

i

βi δZi + δε

]

dδT

dr
=

1
lT

[
αP δP + αT δT + δl + αY ∆Y +

∑

i

αi δZi + δκ

]
Rad.

dδT

dr
=

1
lT

[−δT + δm− PY ∆Y ] Conv.

αP = κρ + 1 αT = κT − κρ − 5 αY = −(κρ + 1)PY + κY αi = ∂ lnκ/∂ lnZi

βP = ερ + 1 βT = εT − ερ − 1 βY = −(ερ + 1)PY + εY βi = ∂ ln ε/∂ lnZi



Linear Solar Models – Boundary condiHons 

Central condiHons (r=0): 

Surface condiHons implemented at  the convecHve boundary: 

δm(0) = δP0 − δT0 − PY,0 ∆Y0

δP (0) = δP0

δT (0) = δT0

δl(0) = βP,0 δP0 + βT,0 δT0 + βY,0 ∆Y0 +
∑

i

βi,0 δZi,0 + δε0

δm(Rb) = −mconv δC

δP (Rb) = δC = δρ(Rb)
δT (Rb) = δµb = −PY,b ∆Yb

δl(Rb) = 0

m(0) = 0
l(0) = 0

m(Rb) ! M!

l(Rb) = L!

Y (r ≥ Rb) = const

∂ δu

∂r
= −δu

lT

δu(r ≥ Rb) = 0

δu(r) = δP (r)− δρ(r) = δT (r)− δµ(r)

Remind that: 



Linear Solar Models – Chemical composiHon 

The elemental abundaces in the present Sun are determined by: 

- initial abundances; 
-  nuclear burnings; 
-  diffusion and gravitational settling. 

We assume that: 

-  helium nuclear production Ynuc  scales proportionally to the nuclear reaction efficiency in 
the present sun 

-   Diffusion effects in the convective envelope  scales proportionally to diffusion velocity  of 
the present sun  

-   Variations of diffusion efficiency in the radiative core can be neglected:     

Y (r) = Yini [1 + DY (r)] + Ynuc(r)
Zi(r) = Zini,i [1 + DZ(r)]

∆Ynuc(r) = Y nuc(r)δεtot(r)

∆Yb = AY ∆Yini + AC δC

∆Zb,i = BY ∆Yini + BC δC + δzi

δZi(r) = δZi,ini = QY ∆Yini + QC δC + δzi

∆Y (r) = ξY (r) ∆Yini + ξT (r) δT (r) + ξP (r) δP (r)



Linear Solar Models – Final set of equaHons equaHons 
dδm

dr
=

1
lm

[γP δP + γT δT − δm + γY ∆Yini + γε δε]

dδP

dr
=

1
lP

[(γP − 1) δP + γT δT + δm + γY ∆Yini + γε δε]

dδl

dr
=

1
ll

[β′
P δP + β′

T δT − δl + β′
Y ∆Yini + β′

C δC + β′
ε δε]

dδT

dr
=

1
lT

[α′
P δP + α′

T δT + δl + α′
Y ∆Yini + α′

C δC + δκ + α′
ε δε]

To be solved between with the boundary condiHons  

δm = γP,0 δP0 + γT,0 δT0 + γY,0 ∆Yini + γε,0 δε0

δP = δP0

δT = δT0

δl = β′
P,0 δP0 + β′

T,0 δT0 + β′
Y,0 ∆Yini + β′

C,0 δC + β′
ε,0 δε0

δm = −mconv δC

δP = δC

δT = A′
Y ∆Yini + A′

C δC

δl = 0

r = 0 

r = Rb 

Univocally determine  
the parameters 
δP0 ,δT0 , ΔYini , δC  



The sound speed 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