


THE CALABI-YAU GEOMETRY
OF FEYNMAN INTEGRALS

BASED ON JOINT WORK WITH ANDREY

NOVOSELTSEV AND PIERRE VANHOVE
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TO-DAY : TAKE three INFINITE
FAMILIES
-

OF FEYNMAN GRAPHS WHERE WE ( (DNV])
UNDERSTAND A B C COMPLETELY



FOCUS TODAY IS ON GEOMETRY
-

FOR GEOMETRY → PICARD FUCHS EQNS .

III.¥. I.IE?Ea:Y--course )
BIG QUESTIONS :
-

① HOW DOES THE CORRESPONDENCE

FEYNMAN
GRAPHS

8-D
MOTIVIC

CALABI-YAU
MANIFOLDS

WORK?
② HOW ARE KEY FEATURES OF CY

GEOMETRY AND MODULI REFLECTED

IN RELATIONSHIPS AMONG FEYNMAN
INTEGRALS ?

START WITH PRIMER ON CALABI-YAU

MANIFOLD'S
,
THEN WE'LL LOOK AT THE

THREE FAMILIES (
' 'TOWERS

' ' ) OF GRAPHS



PRIMER ON CALABI-YAU MANIFOLDS
AND THEIR MODULI

ELLIPTIC CURVES
- -

HESSE :

• NORMAL FORMS
/ X3ty3tZ3tµ Xyz = o
\LEGENDRE :

WEIERSTRESS : Y
'
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YZZ - 4×3 tgzx ZZ tgz-23=0
• MODULI SPACE I

''
MODULAR CURVES

"

KI SURFACES_ QUARTICS C E3 547

• NORMAL FORMS (DOUBLE COVERS OF
/ LIZ BRANCHED OVER

INTERNAL ELLIPTIC
A SEXTIC CURVE 427

FIBRATION WITH SECT . H -- (Y f)
• MODULI SPACES OF LATTICE-POLARIZED

K3 SURFACES



KB LATTICE : A.kz = H to Egf- 1)
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L Chez signature ( I , p - I ) o

'
o

l 20 I
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NEW PHENOMENON :
"
RANK JUMPS

"

193 SURFACES ACQUIRE ADE-SINGS.

ALONG SUBLOCI IN MODULI

E MODULI SPACES OF NEW KB

SURFACES WITH HIGHER RANK

LATTICE POLARIZATION

CALABI-YAU THREEFOLDS
-

• NORMAL forms -
QUINTICSC II

"

J
t DOUBLE COVERS OF

IIB BRANCHED OVER
INTERNAL FIBRATION AN OCTIC SURFACE

BY 153 SURFACES

AND/OR ELLIPTIC CURVES



CALABI-YAUTHREEFOLD MODULI :
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NEW PHENOMENON :"

"TOPOLOGY CHANGING TRANSITIONS
"

AMONG MODULI SPACES

•DEGENERATE & RESOLVE SINGULARITIES

h2" f , H
' ' ' f

• BIRATIONAL CONTRACTION & SMOOTHING

h2" f , H
' ' ' f

• EXAMPLE : GENERIC QUINTIC's

AND DOUBLE OCTICS ARE RELATED

INTHIS WAY



TORIC CONSTRUCTIONS
-

• CALABI-YAU HYPERSURFACES AND

COMPLETE INTERSECTIONS IN

TORIC VARIETIES

• BRANCHED DOUBLE COVERS OF

TORIC VARIETIES

• CALABI-YAU FIBRATIONS OVER A

TORIC BASE VARIETY

KEY : G¥RICIIY REDUCES MUCH OF THE
GEOMETRIC

.
TO COMBINATORICS

SO
,
THE " EASY CASE

"

WOULD BE

TO FIND THAT OUR MOTIVIC

CALABI-YAU MANIFOLDS ARISE

FROM SUCH GENERIC TORIC

CONSTRUCTIONS



MULTI - LOOP SUNSET FEYNMAN GRAPHS
- --

n masses GRAPH HYPERSURFACE

-•q•- IS SINGULAR CY

THI ( IDNVI)

1. FOR GENERAL MASS PARAMETERS
,
THE

MOTIVIC CALABI-YAU MANIFOLD Xl"-2)

OF THE (n-l) LOOP SUNSET GRAPHS ARE

GENERIC , SMOOTH , BIPARTITE COMPLETE

INTERSECTIONS IN TORIC n-FOLDS.

2. THE HODGE NUMBERS OF X
"-2) COUNTING

COMPLEX AND KAHLER MODULI ARE :

kn-3 ' ' = n
,
h
" '
= It'- 3h - 4 (n25 )

3. THE "X't
'
' ARE FIBERED BY XA

-"
OVER R

'
,

INDUCING AN ITERATED CALABI-YAU FIBRATION
IN ALL DIMENSIONS

4 . ' ' THRESHOLDS
"
CORRESPOND TO ORDINARY

DOUBLE POINT (CONI FOLD ) SINGULARITIES

COLLISION LOCI OF THE XM -Z"

THE BEST OF ALL POSSIBLE WORLDS !



ICE CREAM CONE FEYNMAN GRAPHS
- -

- -

go

THI ( LDNVI)
THE MOTIVIC CALABI-YAU MANIFOLDS Y

" -Z)

OF THE (n- l ) LOOP ( (n-2) SCOOP ) I . C. CONE

GRAPHS ARE ISOMORPHICTO THOSE OF THE

(n- l) LOOP SUNSET GRAPHS .

Cod ( LDNVI)
THE MAP

{ FEYNMAN GRAPHS)→ {CY MODULI SPACES}
IS NOT INJECTIVE FOR CALABI-YAU

MANIFOLDS OF ANY DIMENSION .

IS THERE STILL A NATURAL GEOMETRIC

WAY TO DISTINGUISH THESE CASES ?



MIRROR SYMMETRY
-

• CY - CY MIRROR SYMMETRY

THI ClDNV))
BOTH THE SUNSET AND ICE CREAM CONE

MOTIVIC CALABI-YAU MANIFOLDS ARE

MIRROR TO THE COMPLETE INTERSECTION

OF A PAIR OF ( I , I , . . . , I ) -HYPERSURFACES
IN C.* tin

WE NEED A VERSION THAT IS SENSITIVE

TO FAMILIES OF MOTIVIC CALABI - TAUS . . .

• LG - FANO MIRROR SYMMETRY

LANDAU- GINZBURG QUASI- FANO

MODEL WITH A

SUPERPOTENTIAL
VARIETY



THI ( LDNVI )
1 . THE SUNSET MOTIVIC CALABI-YAU

MANIFOLDS DEFINE LANDAU-GINZBURG

MODELS WITH

SUPERPOTENTIAL = EXTERNAL

MOMENTUM
(p2 )

G - STRUCTURE
= MASS PARAMETERS

DEFORMATIONS

2. LG -MODEL WITH

ALL MASSES Except
⇐ ( lit . . . . 1) c (#1)A

FANO MANIFOLD

LG-MODELS WITH → WEAK (SINGULAR)

UNEQUAL MASSES FANO VARIANTS

3. WITH ONE OF THE EXTERNAL MOMENTA

AS SUPERPOTENTIAL , THE ICE CREAM
CONTE

MOTIVIC CALABI-YAU'S DEFINE LG -MODELS

MIRROR TO THE QUASI -FANO BLOW UP OF

( I , I , . . . , i ) C (P
')
" ALONG A CODIMENSION-

TWO CALABI-YAU SUBMANIFOLD



KITE FEYNMAN GRAPHS
- -

&

. ..

q

THI (SDNV))
I
.
THE MOTIVIC CALABI-YAU Z

"-2)
OF

THE (n- l) LOOP KITE FEYNMAN GRAPH

IS FIBERED IN CODIMENSION-TWO BY

SUNSET MOTIVIC CALABI-YAU MANIFOLDS
-Xu

-4) OVER A NON-TORIC RATIONAL
SURFACE S

'?

2
. THERE ARE EXPLICIT TOPOLOGY

CHANGING TRANSITIONS BETWEEN THE
KITE AND THE ICE CREAM ONE

MOTIVIC CALABI-YAU MANIFOLDS

DERIVED BY MATCHING EIBRATIONS .



LESSONS LEARNED :

I . THE GEOMETRY AND MODULI OF

MOTIVIC CALABI-YAU MANIFOLDS

CONNECT DISTINCT FEYNMAN GRAPHS

AND THEIR INTEGRALS

" ROLLING AMONG FEYNMAN INTEGRALS
"

2. KEY ROLES ARE PLAYED BY

• CALABI-YAU ITERATED FIBRATIONS

• LG - FANO MIRROR SYMMETRY

THE LINK BETWEEN THESE TWO IS

GIVEN BY THE DHT
"
GLUING SPLITTING

' '

MIRROR CONJECTURE

3. READY TO APPLY TOOLS OF LIMITING

MIXED HODGE STRUCTURES
,
HIGHER NORMAL

FUNCTIONS , REGULATOR PERIODS , ETC .

( JOINT WITH BLOCH , KERR , VANHOVE) TO

STUDY OF AMPLITUDES


