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DiffExp Mathematica package, and various applications



Applications

• Higgs plus jet integrals

• Banana graphs

• 3-Loop equal/unequal mass

• 4-Loop equal mass

• Computation of cut integrals

• Examples from the literature

• Final remarks

• Future prospects

[Abreu, Britto, Duhr, 
Gardi, Gonzo, Hidding, 

upcoming work]

Outline of the talk

Introduction

• The method of differential equations

• Canonical form

• Series solutions along 1-dim. contours

• Finding series solutions

• Line segmentation & analytic continuation

• The DiffExp Mathematica package

• Usage & boundary conditions

[Bonciani, Del 
Duca, Frellesvig, 

Henn, Hidding, 
Maestri, Moriello, 

Salvatori, Smirnov]
[1907.13156,
1911.06308]

[Abreu et al, 
2005.04195]

[Chicherin et al, 
1812.11160]
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• Express Feynman integrals in terms of classes of iterated integrals 

(MPLs, eMPLs, “and beyond”)

• Strengths:

• Algebraic properties are manifest (Hopf algebra, symbol map, …)

• Good numerical performance (see also prev. talks.)

• Drawbacks:

• Analytic continuation can be quite complicated

• Not in general known how to obtain analytic solutions

Analytic methods
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• Use numerical algorithms or integrators to evaluate Feynman integrals (sector 

decomposition, numerical integration of diff. eqns, numerical Mellin-Barnes, …)

• Benefits:

• Typically fully algorithmic and general purpose

• Drawbacks:

• Numbers might not expose symmetries and/or structures underlying amplitudes / integrals

• Performance can greatly lack behind analytic methods

Numerical methods
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Series expansions of differential equations
• An “intermediate” strategy, is to derive the differential equations and simplify them 

analytically, and then to solve the differential equations numerically.

• In particular, we will solve the differential equations of Feynman integrals in terms of series 

expansions, following the general strategy of F. Moriello’s paper arXiv:1907.13234.

• The same strategy was applied further for non-planar H+j integrals in arXiv:1907.13156, arXiv:1911.06308, and 

to five-point one-mass functions in arXiv:2005.04195.

• Main steps: • Write down a sequence of line segments to a kinematic point.

• Series expand the differential equations along each segment

• Solve the differential equations in terms of series expansions, 

along each path, and use the result to fix the boundary 

conditions for the next path.
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Series expansions
• Note also the range of previous literature on series expansions. For single scale problems, see 

e.g.:

• For multi-scale problems, series expansions have been considered before in special kinematic 

limits. See e.g.:
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DiffExp
• In this talk we focus in particular on my public Mathematica package DiffExp, 

introduced with the associated paper arXiv:2006.05510

• Capable of computing “coupled” systems of more than two integrals

• Takes in (any) system of differential equations of the form

• Uses: compute Feynman integrals numerically at high precision. Analytically 

continue results across thresholds. Transporting boundary conditions from 

one special point to another.
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The method of differential equations
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• Start from a family of scalar Feynman integrals:

• Derivatives of Feynman integrals can be expressed in the same family.

• By IBP-reduction we may thus obtain a closed system of the form:

• For some vector of master integrals Ԧ𝑓

Differential equations

[Kotikov, 1991], [Remiddi, 1997]
[Gehrmann, Remiddi, 2000]
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• We may simplify the differential equations by a change of basis

• Let 𝐵 = 𝑻 Ԧ𝑓, then we have: 

• The canonical basis conjecture claims that

• Furthermore, if the integrals are polylogarithmic, we then have:

Canonical basis

[Henn,  2013]

Introduction   Differential equations   Series expansions    Results    Conclusion   



• The formal solution can be given in terms of Chen’s iterated integrals:

• Or recursively in 𝜖 we have simply:

Canonical basis

[Chen, 1977]

set of masses and kinematic invariants
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• When                                           and when contains only (simult.) rat. alg. 

functions the results are expressible in terms of MPLs:

• Allows for a fully analytic solution of the differential equations, which is also 

efficient to evaluate.

Canonical basis
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Series solutions to differential equations
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• Let us expand along the contour:

where 𝑟 is a rational number.

• Then all integrations can be performed straightforwardly:

௴

• E.g:

Series solutions of a canonical basis
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• In the presence of non-rationalizable roots, the results may not be expressible in 

terms of MPLs at all orders in 𝜖.

• Furthermore, in general 𝑑෩𝑨 is not a sum of logarithms:

• More complicated kernels appear (modular forms)

• In general we might not be able / know how to obtain a canonical form at all

• In such cases, series expansion methods can help us out

Canonical basis

[Brown, Duhr, arXiv:2006.09413]
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Solving non-canonical systems
• Start from: 

• Consider the contour:

• Then: 

• Expand in 𝜖:

• Then:

Assume no poles Integration sequence:

• Lower orders in 𝜖 integrated first

• Subtopologies integrated first

• Some integrals are coupled
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• Read off integration sequence & coupled integrals from 
0

:

• Let 𝑪𝑖𝑗 = ቐ
0 if 𝑨𝑥

0
𝑗𝑖
= 0

1 if 𝑨𝑥
0

𝑗𝑖
= 1

, be the adjacency matrix of a directed graph 𝐺

• Then 𝑓j → 𝑓𝑖 is an edge of 𝐺 if the derivative of 𝑓𝑖 includes a contribution from 𝑓𝑗

• Next, determine the strongly connected components of 𝐺

• Sets of vertices for which there is a directed path between every pair of vertices.

• Every vertex is connected to itself by the trivial path

Integration sequence
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Integration sequence

• Example of condensation 

of a directed cyclic graph

Picture taken from https://commons.wikimedia.org/wiki/File:Graph_Condensation.svg
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• Consider the condensation ෨𝐺 of 𝐺:

• The vertices of ෨𝐺 are the strongly connected components of 𝐺

• If 𝑐1, 𝑐2 are vertices in ෨𝐺, and if ∃𝑓𝑖 ∈ 𝑐1, 𝑓𝑗 ∈ 𝑐2 such that 𝑓𝑖 → 𝑓𝑗 is an edge in 𝐺 then 

𝑐1 → 𝑐2 is an edge in ෨𝐺.

• ෨𝐺 is a directed acyclic graph

• The integration sequence is then determined by topologically sorting the vertices of ෨𝐺:

• If ∃ path 𝑐𝑖 → 𝑐𝑗, then 𝑐𝑖 < 𝑐𝑗. 

• We determine a sequence (𝑐𝜌1 , 𝑐𝜌2 , … ) compatible with the ordering

Integration sequence
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• Let 𝑓𝜎1 , … , 𝑓𝜎𝑝 be a set of coupled integrals, and let 𝑓𝜎1 → 𝑔1, 𝑓𝜎2 → 𝑔2, ….

• Then

Where: 

Solving non-canonical systems

Inhomogeneous part: subtopology
terms & lower orders in 𝜖

Homogeneous part: the same at all 
orders in 𝜖
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• First, we solve the homogeneous part: 𝜕𝑥 Ԧ𝑔 = 𝐌 Ԧ𝑔.

• Strategy:

1. Combine the system into a 𝑝-th order differential equation for 𝑔𝑖

2. Find 𝑝 (homogeneous) solutions for 𝑔𝑖 using the Frobenius method and 

reduction of order

3. Solve for the remaining 𝑔𝑗 in terms of 𝑔𝑖

• Detailed steps can be found in [MH, 2006.05510].

Homogeneous differential equations
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• Let:

• Then we can find a matrix ෩𝐌 such that

• By Frobenius method & reduction of order:

• Then let:

Homogeneous differential equations

Invert by solving associated linear system.
(Note: we assume it is invertible. Non-invertible case 
requires some more work but can be computed as well.)

Wronskian matrix of homogeneous 
solutions for homogeneous equation of 𝑔1.
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• Consider the matrix: 𝐁 =
1

𝑝
(𝑏, … , 𝑏)

• Consider a matrix 𝐆 satisfying: 𝜕𝐆 = 𝐌𝐆 + 𝐁

• If we write, 𝐆 = 𝐅𝐇, then: 

𝐅𝜕𝐇 = 𝐁 ⇒ 𝐇 = ∫ 𝐅−1𝐁 + 𝐄

• Thus:

Ԧ𝑔 =

j=1

p

𝐆j, 𝐆 = 𝐅 ∫ 𝐅−1𝐁 + 𝐄

Inhomogeneous differential equations

Constant matrix

𝑘-th column

𝐄 = diag 𝑒1, … , 𝑒𝑝

Choose
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• How to compute 𝐅−1 = 𝐖−1 ෩𝐌?

• If 𝐅 contains no logarithms in the series, we can invert it using Mathematica’s 

routines. If 𝐅 contains logarithms, then Mathematica will greatly struggle with 

the inversion. 

• Solution: If 𝜕𝐖 = 𝐍𝐖 then 𝜕 𝐖−1 ⊤ = −𝐍⊤ 𝐖−1 ⊤

• We can solve for 𝐖−1 using the Frobenius method

Inhomogeneous differential equations

Ԧ𝑔 =

j=1

p

𝐆j, 𝐆 = 𝐅 ∫ 𝐅−1𝐁 + 𝐄
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• If we reintroduce a superscript for the order in 𝜖 we have that:

• Thus, we only compute 𝐅 and 𝐅−1 once at order 𝜖0. 

• Higher orders in 𝜖 are computed by two matrix multiplications, and a single integration (which is 

implemented using an efficient replacement rule.)

• This compares favorably to a “straightforward” variation of parameters implementation, which 

involves computing 𝑝 determinants of size 𝑝 − 1 × 𝑝 − 1 for each order in 𝜖.

Inhomogeneous differential equations

Ԧ𝑔 =

j=1

p

𝐆j, 𝐆 = 𝐅 ∫ 𝐅−1𝐁 + 𝐄

Ԧ𝑔 𝑘 =

j=1

p

𝐆j
𝑘
, 𝐆 k = 𝐅 ∫ 𝐅−1𝐁 k + 𝐄 𝑘
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• The series solutions have a finite radius of convergence.

• By concatenating solutions centered at different line segments we can reach any 

point in phase-space.

• We may choose the line segments such that each expansion is evaluated at 

most 1/𝑘 the distance to the nearest singularity, where 𝑘 > 1.

• To cross singularities, we center an expansion at the singularity

Line segmentation
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• For example, suppose: Xsing = … ,−0.095,0,4,16, …

𝑥start = 0, 𝑥end = 6

• Then we may pick the following partitioning into 6 line segments, such that each evaluation 

happens at most ½ the distance to the nearest singularity:

Line segmentation
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• The series solutions centered at singularities may contain logarithms and square 

roots.

• Logarithms appear by integration of poles 1/𝑥.

• Square roots can arise from the homogeneous solutions (when the indicial equation has a 

half-integer root), or from the basis definition.

• By transferring an 𝑖𝛿-prescription to the line parameter, we can perform the 

analytic continuation of these functions. In particular we can let:

Analytic continuation

Introduction    Differential equations   Series expansions   Results    Conclusion   



• We don’t like to carry theta functions around in the series expansions (for 

performance reasons), so we may instead use replacement rules.

• For example, if 𝑥 carries −𝑖𝛿, and we evaluate at a point 𝑥 < 0, we let:

• Additional comments:

• The 𝑖𝛿-prescriptions can be determined from the Feynman prescription

• Typically we should avoid crossing two singular regions at the same time

Analytic continuation
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Examples
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• Integrals relevant for H+j production at NLO 

with full heavy quark mass dependence

• Dependence on three scales (after normalizing 

out mass dependence)

• Families A, F, and G contain elliptic sectors

Higgs + jet integrals
[Bonciani et al, 1609.06685]

[Bonciani et al, 1907.13156] [Frellesvig et al, 1911.06308]

R. Bonciani, V. Del Duca, H. Frellesvig, J. M. Henn, MH, L. 
Maestri, F. Moriello, G. Salvatori, V. A. Smirnov
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Family F
Master integrals

• IBP-reduction:

• 73 master integrals

• Default FIRE basis: 𝒪(1 GB)

• More suitable (pre-

canonical) basis: 𝒪(100 MB)

• Possible using either FIRE or 

KIRA

• Differential eqns: 𝒪(10 MB)

Elliptic sectors

Fig: Master integrals with numbering.

[Bonciani et al, 1907.13156]
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Family G
Master integrals

• IBP-reduction:

• 84 master integrals

• Default FIRE basis: 𝒪(1 GB)

• More suitable (pre-

canonical) basis: 𝒪(100 MB)

• Possible using either FIRE or 

KIRA

• Differential eqns: 𝒪(10 MB)

Elliptic sectors
[Bonciani et al, 1911.06308]
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• We can obtain 3-dimensional plots, if we sample enough points. Consider the 

parametrization:

• Which maps the physical regions of 

the top quark and bottom quark

contributions to the unit square:

Higgs + jet integrals [1907.13156, 1911.06308]
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Higgs + jet integrals

Plots sampled from 10000 points on an evenly spaced grid.

Family FFamily G
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• First, we consider the equal-mass case:

• The differential equations are given by:

• With 

3-loop banana graph
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• We need to obtain boundary conditions

• The Feynman parametrization is given by:

• Where we let 𝑡 = −1/𝑥.

• We will compute boundary conditions in the limit 𝑥 → 0, which is equivalent 

to the limit where the mass vanishes.

3-loop banana graph
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• We use the method of expansions by regions and the program asy to obtain the 

regions.

• The regions are given by:

• Their contributions work out to:

3-loop banana graph
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• Summing over all contributions, we obtain the following result:

• Next, we show how to obtain results for any values of 𝑝2 using DiffExp

3-loop banana graph
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• Typical usage of the package:

• Set configuration options using the method LoadConfiguration[opts_]

• Prepare a list of boundary conditions using PrepareBoundaryConditions[bcs_, line_]

• Then we can find series solutions along a line using the function:

IntegrateSystem[bcsprepared_, line_]

• Or one can transport the boundary conditions to a new point using:

TransportTo[bcsprepared_, point_]

DiffExp
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• Load DiffExp:

• Set the configuration options and load the matrices

3-loop banana graph
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• Prepare the boundary conditions along an asymptotic limit:

3-loop banana graph
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• Next, we transport the boundary conditions:

3-loop banana graph
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• Lastly, we plot the result:

3-loop banana graph
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• Timing:

• Moving from 𝑝2 = −∞ to 𝑝2 = 30 at a precision of 25 digits takes about 90s, where we computed 

the top sector integrals up and including order 𝜖3.

• Moving from 𝑝2 = −∞ to 𝑝2 = 30 at a precision of 100 digits takes a bit under 20m, where we 

computed the top sector integrals up and including order 𝜖3.

• Obtaining 100+ digits at 𝑝2 = −100 up to and including order 𝜖0 takes about 50s. 

• Obtaining 100+ digits at 𝑝2 = −100 up to and including order 𝜖3 takes about 2.5 min.

• 𝐵3
𝑘
:

3-loop banana graph
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• In the unequal mass case we choose the basis:

• The unequal mass case is significantly more difficult to compute for DiffExp, due to the presence 

of 11 coupled master integrals.

• The series expansions grow wildly at intermediate stages of the calculations, which puts the linear 

algebra routines off track.

• Therefore we must work at a high working precision (1000+)

3-Loop banana graph
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• We provide 55 digits of basis integral 𝐵11 below, in the point 

(𝑝2 = 50,𝑚1
2 = 2,𝑚2

2 = 3/2,𝑚3
2 = 4/3,𝑚4

2 = 1)

• This point can be obtained in about 23 min. 

3-Loop banana graph
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• We can also compute higher loop banana graphs.

• We consider the following basis of masters:

4-Loop banana graph
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• We may find boundary conditions by imposing the vanishing of non-physical singularities.

• This allows a determination of the integrals completely from the differential equations, 

without any need for asymptotic expansions.

• This follows the approach of 

• [Chicherin, Gehrmann, Henn, Lo Presti, Mitev, Wasser, 1809.06240]

• [Abreu, Ita, Page, Tschernow, Zeng, 2005.04195]

• First, we need to provide an overall normalization for the basis. This is provided by the 

tadpole integral which is equal to:

4-Loop banana graph

Introduction    Differential equations    Series expansions   Results   Conclusion   



• Then we do the following:

• We compute the general solution of the top sector integrals at 𝑡 = 0.

• The expansions contain powers of logarithms, we set their coefficients to zero, which 

solves some of the indeterminate constants.

• Next, we transport and center an expansion at 𝑡 = 1. There are again logarithms in the 

expansions, and we set their coefficients to zero.

• We repeat this a final time and get rid of a non-physical singularity at 𝑡 = 9.

• Only the physical singularity at 𝑡 = 25 remains at the end and all coefficients are fixed

4-Loop banana graph
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• Our original expansion was centered at 𝑡 = 0, where we now find the results:

• Or, moving to the point 𝑡 = 50, we have:

4-Loop banana graph
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• As a last example we briefly consider the computation of cut integrals

• Cut integrals are typically very difficult to compute. 

• But luckily, families of cut Feynman integrals satisfy the same differential 

equations as uncut integrals!

• Thus we may compute cuts directly from differential equations, as long as we 

have suitable boundary points.

Application to cut integrals
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Conclusion

• Series expansion methods provide an efficient way to evaluate 

Feynman integrals

• Allows for obtaining high-precision numerical results for beyond 

elliptic type integrals

• Public Mathematica package DiffExp can be used to apply these 

methods
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Thank you for listening!
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