
decays are therefore identical in the massless limit (except for the scale at which ↵s is evaluated). On the184

other hand, for Z decays there are also singlet contributions with purely gluonic intermediate states. As a185

result of Furry’s theorem, they cannot occur for vector currents before three-loop order where they have been186

obtained [106] including tiny top quark decoupling terms [112]. These effects turned out to be much smaller187

than the corresponding non-singlet effects, a fact which is also true for the very recently completed four-loop188

result (for MZ ⌧ mt) [113].189

The axial-vector current, however, is very different. Furry’s theorem does not apply here, and singlet190

effects appear already at two-loop order in QCD [114]. The contributions basically cancel within degenerate191

families, but large non-decoupling effects arise due to the large mass splitting of the third family. Including192

the corresponding contributions at three-loop [115] and four-loop [113] order, we write the effective QCD193

expansion for hadronic Z decays for m̂t(MZ) = 171.4 GeV (in the MS scheme) and mq = 0 for the other194

quarks,195

�had
Z / ⇢

✓
1 +

↵s(MZ)

⇡
+ 0.79

↵
2
s

⇡2
� 15.52

↵
3
s

⇡3
� 69.3

↵
4
s

⇡4

◆
. (2.11)

One can address individual sources of uncertainty by assuming a geometric growth of the higher order196

terms. For example, one can estimate the unknown terms of order ↵n+4
s with n � 1 as197

O(↵n+4
s ) ⇠

O(↵4
s)

n+1

O(↵3
s)

n
, (2.12)

and then sum them up either in quadrature (assuming that the signs are random) or linearly (which is most198

conservative). The latter applied to Equation (2.10) gives an error from perturbative QCD (PQCD) of199

�PQCD ⇡ ±
↵
5
s

⇡4

(80.0)2

12.77⇡ � 80.0↵s

= ±5.1⇥ 10�5
. (2.13)

It affects the ↵s extractions from the lineshape parameters �Z , R` and �
0
had in identical ways, but it is never-200

theless negligible compared to the experimental error in ↵s of ±0.0028 (see Sec. 4). By contrast, uncertainties201

from higher-order electroweak corrections [116, 117, 118] to the vector and axial-vector couplings can affect202

the lineshape observables in different, albeit correlated ways, so there is complementary information when203

analyzed in a global fit. They are discussed in Sec. 2.4 and shift ↵s at levels that are also negligible at present2.204

Radiative corrections to the decay width of the W boson have been calculated at O(↵) [119, 120, 121] and205

at O(↵↵s) [122]. The theoretical uncertainty due to missing higher order corrections is significantly smaller206

than the current experimental precision, making the calculation of further corrections not necessary for now.207

2.4. Theoretical uncertainties due to unknown higher-order electroweak corrections208

The theoretical uncertainties in quantities such as MW , sin2✓le↵ , and �Z , due to unknown higher-order elec-209

troweak corrections, arise from those in the W and Z boson self-energies, in the vertex and box corrections, and210

in further non-factorizable corrections, i.e., those that are not captured by the improved Born approximation.211

The first type can be described by uncertainties in the so-called oblique parameters S, T , and U [123],212

which have been originally introduced to parameterize potential new physics contributions to electroweak213

radiative corrections. There are many variants of oblique parameters in the literature, they may describe SM or214

new physics contributions or both, and are scheme dependent. However, we are only interested in uncertainties215

parameterized by them, so that we do not specify such details here. By using these oblique parameters, one216

can account for some of the theoretical correlations they induce in the suite of observables analyzed in global217

fits. Specifically, we use T to parameterize the uncertainty in weak isospin breaking. Other types of uncertainty218

might cancel in T , and instead appear in the energy-dependence of the W (Z) boson vacuum polarization219

function called SW = S + U (SZ = S) [124]. These uncertainties can be estimated by considering the220

expansion parameters involved. Including the SM fermion content of three full generations as an enhancement221

2There are further theory uncertainties that enter when the lineshape observables are derived from the underlying cross section
measurements, but these are conventionally included in the experimental errors.
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