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Figure 2.3: Feynman diagrams generating the QED (left) and QCD (right) radiator functions.

where,152

sin2 ✓`,0e↵ = 0.231533 dt = 27.14 d
0
t = �1.62 dZ = 6550. d↵ = �96.7 d↵s

= �4.05 (2.8)

This approximation reproduces the full calculation to better than 5 ⇥ 10�6. The sign configuration in the di153

coefficients is identical to the one in the ci coefficients, reconfirming that the effects from �↵ and �⇢ dominate.154

The predictions for the effective weak mixing angles sin2✓le↵ of the four light quarks (f = u, d, s and c)155

differ slightly from the prediction for charged leptons. For example, there are flavor dependent corrections156

of O(↵↵s) that do not factorize in the total Z width and need to be included [90, 91]. For bottom quarks157

additional O(↵m2
t ) [92, 93, 94, 95] and O(↵2

m
4
t ) [65, 96] enhanced effects enter the Zbb̄-vertex, resulting in158

a qualitatively different dependence on the input parameters. The leading two-loop corrections of O(↵↵sm
2
t )159

were obtained in Ref. [96, 97]. The full two-loop electroweak fermionic [98] and bosonic [99] corrections160

have been completed more recently.161

2.3. Radiative corrections to gauge boson decay rates162

The flavor-dependent normalization factors ⇢
Z

f
defined through Equations (1.8) and (1.9) absorb the re-163

maining electroweak radiative corrections to the vector and axial-vector couplings g
f

V
and g

f

A
, and thus to the164

W and Z boson partial and total decay widths. They have been computed alongside the 
Z

f
, and we refer to165

the previous subsection for the corresponding references.166

The partial width of the Z boson to decay into an ff̄ pair plus any number of photons and gluon jets is167

given by,168

�ff̄

Z
=

p
2GFM

3
Z

12⇡
N

f

c

h
|g

f

V
|
2
R

f

V
(MZ) + |g

f

A
|
2
R

f

A
(MZ)

i
. (2.9)

N
f
c denotes the number of colors, so that Nf

c = 1 for leptons and N
f
c = 3 for quarks. It should be noted that169

scale for the effective couplings is MZ and that the effective coupling g
f

V
and g

f

A
are in general complex-valued,170

a fact that starts to be relevant starting at two-loop precision. The vector and axial-vector radiator functions171

R
f

V
(MZ) and R

f

A
(MZ) describe QED and QCD corrections [100] to the final state particles and are illustrated172

in Figure 2.3. For example, for massless quarks they are available up to four-loop order in QCD and take the173

form,174

R
q

V
= R

q

A
= 1+

↵s(MZ)

⇡
+1.409

↵
2
s

⇡2
�12.77

↵
3
s

⇡3
�80.0

↵
4
s

⇡4
+Q

2
q


3

4
�

↵s

4⇡
�

✓
1.106 +

3

32
Q

2
q

◆
↵

⇡

�
↵(MZ)

⇡
. (2.10)

The one-loop correction was known [101, 102] already before the discovery of the charm quark. The non-175

Abelian character of QCD became fully explicit with the advent of the two-loop result [103, 104, 105], which176

also radically reduced the scale setting ambiguity in ↵s(µ). The three-loop [106, 107] and four-loop [108]177

calculations brought the uncertainty in the massless series to a currently negligible level. Fermion mass ef-178

fects [109, 110], other than from mt, lead to R
f

V
(MZ) 6= R

f

A
(MZ) and are small at the electroweak scale,179

provided one uses the MS quark mass definitions evaluated at the Z mass scale. The last term gives the QED180

and mixed QED/QCD corrections [111]. Expressions for finite quark masses can also be found in [100].181

The radiator functions account for the so-called non-singlet diagrams where both gauge bosons in the182

two-point correlation function couple to the same fermion. The non-singlet QCD corrections to W and Z183
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