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Head-tail effect due to lattice nonlinearities in storage rings
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KEK, High Energy Accelerator Research Organization Oho, Tsukuba, Ibaraki 305-0801, Japan

~Received 30 June 1998; revised manuscript received 28 August 1998!

The head-tail effect due to the transverse wake force has been studied in relation to the chromaticity by
many people. We discuss another type of head-tail effect produced by lattice nonlinearities, especially by
amplitude-dependent tune shifts. We show that damping of the transverse coherent motion due to the nonlinear
smear~Landau damping! is strongly affected by this head-tail effect. We discuss a two-particle model and
show results of multiparticle tracking including lattice nonlinearities and transverse wake force. An experiment
that supports this effect has been already performed at KEK Photon Factory, and coincides with the results
presented here.@S1063-651X~99!09401-5#

PACS number~s!: 29.27.Bd, 29.20.Dh
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I. INTRODUCTION

The wake force induced by vacuum chambers affects
namics of a beam in storage rings. We present a transv
wake effect which couples to the lattice nonlinearities. T
wake force is assumed to be linear in the dipole momen
the beam and is conventionally expressed byW1(z). The
chromaticity, which is an energy-dependent tune shift,
duces the ordinary head-tail effect. We discuss an ano
type of head-tail effect that is induced by the amplitud
dependent tune shift. Phenomenologically, we will obse
this effect as a kind of interference between the Land
damping and head-tail damping; the damping of the dip
moment strongly depends on the sign of the amplitu
dependent tune shift. An asymmetry of the head-tail insta
ity due to a sign of the amplitude-dependent tune shift
been studied@1–3# using a dispersion relation. We discu
this damping phenomenon using a two-particle model
multiparticle tracking. Our discussion is devoted to the stu
in electron storage rings, but a similar effect may occur
proton and other storage rings.

This work was motivated by experiments@4–7# in which
the damping of the kicked beam has been observed.
most typical experiment was performed at the KEK Pho
Factory~PF! using a fast kicker and a turn by turn monit
@4#. In the experiment, the amplitude of a bunch that h
been kicked transversely was measured turn by turn for v
ous strengths of the octupole magnets. The bunch cohe
motion damps into the equilibrium orbit in a characteris
time. We know of three damping mechanisms: i.e., the L
dau~nonlinear smear!, the head-tail, and the radiation dam
ing. The kicked bunch showed quite different behaviors
one changes the polarity of the octupole magnets in a par
eter region where the Landau damping dominates. The
sults @5# are summarized as follows:~1! For a lower beam
current ~0.5 mA, Ne51.953109/bunch!, only the Landau
damping behavior was observed for both polarity of the
tupole magnets.~2! For a higher beam current~a! Landau
damping was observed for the negative polarity;~b! head-tail
damping was observed for the positive polarity.~3! This phe-
nomenon was more pronounced when the beam current
higher.

The damping rate seems to be far from the simple sum
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the head-tail and Landau damping rates. The radiation da
ing does not seem to be important, since its character
time is much longer.

For simplicity, the motion of a beam that received only
horizontal (x) kick is studied here. The concrete study w
performed for the PF ring whose parameters are shown
Table I. The current dependent tune shift is the measu
value (dnb,I /dI.0.1A21), and the wake force was est
mated from the tune shift@8# asW1(z)51.031017z V/C/m.
Here we assume that the transverse wake force contribut
the tune shift dominantly, and increases linearly in the lo
gitudinal distance@z(m)#.

The amplitude dependent tune shift is defined by

vb~J!5vb0~11aJ!, ~1.1!

where J is a half of the Courant Snyder invariant: i.e.,J
5(gx212axx81bx82)/2, andvb is the betatron frequency
of the beam particles. The amplitude dependent tune s
causes a tune spread, because beam particles have a dis
tion in horizontal amplitude, which is characterized by t
beam size. We would like to emphasize that not only
tune spread but also the tune shift@the sign ofa in Eq. ~1.1!#
plays an important role in this head-tail effect.

We discuss a two particle model in Sec. II. The mode
helpful to understand this phenomenon qualitatively. Mu
particle tracking is shown in Sec. III, and its results are co
pared with experimental results.

TABLE I. Parameters of the PF ring used for the calculation

Circumference (C) 187 m
Beam energy (E) 2.5 GeV
Current (I ) 5 mA
Number of electrons (Ne) 1.931010

Transverse tunes (nx ,ny) 8.4, 3.305
Synchrotron tune (ns) 0.023
Natural bunch length (sz) 15 mm
Energy spread (sd) 0.000 73
Emittances («x ,«y) 130, 1.5 nm
1167 ©1999 The American Physical Society



r
h
le
a
is

an
le
-
o

n

an

T

pe
m
on

h

s

les

hift
-

r-
ical
wo-
s
ed

d

e is
l

r

-

s are
by
ce.

t.

1168 PRE 59KAZUHITO OHMI AND YUKINORI KOBAYASHI
II. TWO-PARTICLE MODEL

We first consider two particles under a constant transve
wake. We take into account only the dipole mode of t
beam, but not the longitudinal motion in this two-partic
model. The head-tail interactions and synchrotron motion
essential, though they are not visible in the model. We d
cuss the interactions between the two particles with large
small amplitude. The horizontal positions of the two partic
are represented byx1 and x2 . The wake force which par
ticles feel is a function of their barycenter. The equation
motion is expressed as

x1,29 1S vb0~11aJ1,2!

c D 2

x1,25W
x11x2

2
, ~2.1!

whereW5Nee
2W1(2sz)/4EC ~see Table I!. We assume

that it is possible to separate the solution into a slow cha
ing factor and an exponential oscillation factor: i.e.,x1,2(s)
5X1,2(s)exp@2ivb,0*(11aJ1,2)ds/c#. We obtain a set of
differential equations

X1,28 5 i
W
4

bFX1,21expH 6 iavb0
E ~J12J2!dsJ X2,1G .

~2.2!

The solution fora50 (vb(J)5vb,0) is well known @9#.
Two eigenvectors, whose norms are approximately invari
are given as follows:

X15
X11X2

2
, X25X12X2 ,

X1~C!5exp~ iYns!X1~0!, X2~C!5X2~0!, ~2.3!

where Y5WbC/2ns and b5c/vb is the horizontal beta
function where the wake source is installed.Yns/2p corre-
sponds to the tune shift due to the transverse wake force.
amplitude of each particle is expressed as

uX1,2~C!u25
uX1~0!u21uX2~0!u2

2

6
uX1~0!u22uX2~0!u2

2
cos~Yns!

7Im@X1* ~0!X2~0!#sin~Yns!. ~2.4!

The amplitudes are modulated by the wake force with a
riod of 2p/Yns turns. We consider using the realistic para
eters of Table I. If the source of wake is put at a positi
with b55 m, then we haveY50.19 and the amplitude
modulates with a period of 1400 turns.

We next include the amplitude dependent tune shift. T
differential equations Eq.~2.2! have the integralux1u2

1ux2u25const. Introducing the new variablez[ux1u2
2ux2u2, the following differential equation is obtained@10#,

z-5
z8z9

z
2S a

2b2D 2

z2z8. ~2.5!

The differential equation can be solved by elliptic function
We obtained relations ats50 as follows:
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z0952
W
2

bz0H a

2b2 Re~X1* X2!01
W
2

bJ , ~2.6!

z0852
W
2

b Im~X1* X2!0 , ~2.7!

where the 0 indicates initial values. When the two partic
have the same initial betatron phase@ Im(X1*X2)050#, we find
z0850. Whenz0.0(uX1,0u2.uX2,0u2), z09 is expressed as

z09}2S anb

2b
Re~X1* X2!01

WbC

4p D;2anbJ2dn I .

~2.8!

We found that the behavior ofz nears50 is determined by
a competition between the amplitude dependent tune s
and the head-tail tune shift. Ifa is larger than a value deter
mined by Eq.~2.8!, the difference betweenuX1u2 and uX2u2

decreases nears50; elsewhere it increases.
Here we will not go into the analytical approach any fu

ther, since we got the desired qualitative features. Numer
analysis is presented hereafter. We first solved the t
particle model of Eq.~2.1! numerically using the parameter
in Table I. The amplitude dependent tune shift is examin
for anb561000. These twoanb correspond to negative an
positive z09 of Eq. ~2.8!: i.e., anbJ562.531023 and dn I

50.8531023. We consider the case of a beam whose siz
sx;1 mm and which is kicked 5 mm horizontally. Initia
amplitudes arex156 mm andx254 mm, andx1,28 50. Figure
1 shows evolutions of eachuXu obtained by solving the two-
particle model. We obtained different behaviors ofuXu for
each sign ofa as is expected in Eq.~2.8!. The amplitudes of
two particles intersect each other for positivea, while they
are separated for negativea. The modulation frequency fo
positivea (;550 turns) was faster than that ofa50 ~1400
turns!.

This modulation ofuXu is essential for the Landau damp
ing due to the amplitude-dependent tune shift~spread!. In the
pure symplectic motion without the wake force,uXu is con-
served, and the betatron phases, whose phase advance
determined by the amplitudes of particles, are dispersed
the tune spread corresponding to the amplitude differen

FIG. 1. Evolution ofuX1u and uX2u. ~a! and~b! are evolution of
uXu ’s for a positive and negative amplitude-dependent tune shif
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Now uXu andJ are not invariant due to the wake force. IfuXu
exchange in the process, the phase which is disperse
gathered again, with the result that the coherent amplit
does not decrease. Conversely, splittinguXu amplifies the be-
tatron phase dispersion and the damping of the coherent
plitude. To treat the phenomenon caused by this mechan
accurately, the two-particle model seems to be a bit in
equate. With the process of the Landau damping, the w
force is reduced by the damping of the dipole moment, a
the modulation will be also reduced. In the two-partic
model, the dipole moment could not be estimated w
enough precision because of poor statistics. Multipart
tracking is essential to understand the actual phenome
due to this head-tail effect.

FIG. 2. Evolution ofuXu5A2bJ for five macroparticles chose
arbitrarily. ~a! and ~b! are evolution ofuXu ’s for a positive and
negative amplitude-dependent tune shift.

FIG. 3. Phase space distribution of macroparticles after
revolutions.~a! and~b! are distributions for a positive and negativ
amplitude-dependent tune shift.
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III. MULTIPARTICLE TRACKING

We performed a realistic simulation for the PF ring. A
magnets and cavities are expressed by six-dimensional s
plectic maps. An element inducing the wake force was
stalled at one position in the ring. Needless to say, the s
chrotron motion and the head-tail interactions are taken
account by the maps. A simplified model using a linear m
an octupole magnet and the wake force element showed
same results qualitatively, therefore the exact lattice inform
tion was not needed. It is better to present the result using
exact map in order to compare with the experiment m
quantitatively. Macroparticles were generated randomly
ing a Gaussian distribution in the six-dimensional pha
space with the beam size in Table I. Macroparticles
shifted 5 mm to thex direction at the launching point. Th
octupole magnets were excited by the same field strength
both polarity. The amplitude dependent tune shift isanb
52344 and22848 @8#, and the difference of their absolut
values is offset due to the sextupole magnets. We trac
1000 macroparticles in normal simulation, and tracked a
2000 particles to check the statistics. There was no differe
between the two cases.

Figure 2 shows evolutions ofuXu5A2bJ for five particles
chosen to be arbitrary. We found intersections ofuXu around
the 200th and 500th turns fora.0, as seen in the two
particle model. Fora,0, uXu ’s of some particles decreas

0

FIG. 4. Betatron oscillation affected by the wake force.~a! and
~b! show betatron oscillation obtained by the simulation for posit
and negative amplitude-dependent tune shift.~c! and ~d! show be-
tatron oscillation by the experiment at the PF ring with the sa
condition of ~a! and ~b!.
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and do not increase again. The difference from the two p
ticle model is due to the statistics. Though there are a
differences between the two-particle model and the ex
simulation, the important point of view is kept: that is, po
tive a causes the mixing of the amplitudes, while negativea
causes a split.

Figure 3 shows the phase-space distributions of the m
roparticles after 500 turns. Fora,0, the betatron phases o
macroparticles are ordered like a vortex, and the nonlin
smear evolves smoothly as is expected. On the other h
for a.0, many particles are localized around a betat
phase, and the nonlinear smear is much weaker than
a,0.

The evolution ofx obtained by the simulation@~a! and
~b!# and the experiment@~c! and~d!# are shown in Fig. 4. We
first focus at the result of the simulation. Those fora.0 and
a,0 are evidently different. We found very long dampin
time for a.0, and something like an echo at approximate
450 turns. This structure will occur due to the exchange
uXu shown in Figs. 1 and 2. On the other hand, very ra
damping was found fora,0. We next look at the result o
experiment. The behavior of the betatron oscillation for ea
sign ofa completely coincided with the simulation. The ech
was observed at approximately 550 turns at the experim
It is certain that the phenomenon discussed above actu
comes into existence in the experiment.
-

95
o.

r-
9

r-
w
ct

c-

ar
d,

n
or

f
d

h

nt.
lly

IV. CONCLUSION

We investigated a head-tail effect due to the transve
wake force. The head-tail effect is caused by the amplitu
dependent tune shift, and is closely related to the Lan
damping. The wake force works by mixing the amplitudes
particles. The positive amplitude-dependent tune shift am
fies the mixing, while negative shift suppresses the mixing
leads to a split of the amplitudes. The amplitude mixi
works to suppress the Landau damping. The betatron ph
of the particles, which are normally dispersed by t
amplitude-dependent tune shift, are not dispersed, tho
they are modulated by the mixing. On the other hand,
splitting of the amplitude amplifies the dispersion of the b
tatron phase. The Landau damping is suppressed for
positive amplitude tune shift, while it is amplified for th
negative tune shift. The multiparticle tracking simulation r
produced this mechanism, and coincided with the experim
at the PF ring. Typically the phenomenon occurs in a reg
where the amplitude dependent tune shift and head-tail t
shift are comparable. This phenomenon will be instructive
the sense that the corrective effect interferes with the Lan
damping.
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