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Going beyond the linear level
•

The simplest approach to cosmological observables makes use of a
background solution (the homogeneous and isotropic Friedmann-LemaîtreRobertson-Walker standard cosmological model) + small, linear
perturbations superposed on it.

•

While the need to go beyond linear theory is universally recognized when
dealing with cosmic structure formation (Jeans instability), there are several
other consequences of going beyond the linear level which have become a
standard lore in cosmological analyses only during the last 20-30 years and
others which are still poorly explored.

•

I will review here several examples of deviations from linearity, such as:
–
–
–
–
–

production of primordial non-Gaussian signals,
production of gravitational waves from density fluctuations,
magnetic fields from density fluctuations,
production of density perturbations from gravitational waves,
non-vanishing cross-correlations among seemingly independent observables.

The Large-Scale Structure of the Universe

2MASS redshift survey -

The Infrared Local Universe: this all-sky map shows galaxies in the 2MASS survey color coded
by their distance from us with blue showing the nearest sources, through green to the most distant sources shown in red.

PLANCK 2018: TEMPERATURE ANISOTROPIES

Need for non-linearity
• The very existence of cosmic structures in the LSS of the
Universe and even the visual impression of the Cosmic Web is
evidence for underlying non-linearity. Indeed, in those cases
we advocate Jeans instability.
• By looking instead at the CMB sky we may easily guess that
such tiny temperature anisotropies may be explained by
purely linear perturbations. Nonetheless, there are many
effects which need going non-linear (small-scale effects and
non-Gaussianity on all angular scales)

non-linear = non-Gaussian
Gaussian

Non-Gaussian
(phase coherence)

free (non-interacting)
fields

non-linear (gravitational)
dynamics and/or non-linear
(non-Gaussian) initial seeds

Historical remarks
•
•

•

•
•

•

In an important article of 1902, Sir James Hopwood Jeans (1877-1946)
analyzed the evolution of perturbations in a self-gravitating medium.
He assumed a static background solution, with constant and uniform density, pressure and
gravitational potential, as well as with vanishing velocity. The treatment adopted by Jeans is
internally inconsistent (the dynamical equations do not admit static solutions!) and calls for a
time-evolving background
In spite of this inconsistency he found that perturbations above a certain scale (“Jeans
length”) exhibit an instability (dubbed “Jeans instability”), which leads to an exponential
growth of perturbations, with a time scale inversely proportional to the square root of the
fluid mass density.
Once this inconsistency is solved, the instability remains, but now it is found to evolve in a
weaker, power-law form. Hence the qualitative conclusion by Jeans was correct!
The Jeans or “gravitational” instability is known to be the cause of structure formation in
the Universe at any scale. A homogeneous and isotropic Universe endowed with tiny initial
density perturbations is unstable i.e. unavoidably evolves into a complex network of
gravitationally bound objects, such as galaxies, galaxy systems, …
(see Ganz, Karmakar, Matarrese & Sorokin 2019, for an application to mimetic gravity
models).

The remarkable success of ΛCDM

Planck collaboration 2018

The cosmological standard model (as on April 19th 2022) is
based upon the following ingredients:
•

Homogeneous and Isotropic Friedmann-Lemaître-Robertson-Walker Cosmological
model

•

ΛCDM model within GR: cold dark matter + cosmological constant + baryons,
radiation, 3 light-mass neutrinos species. This successfully explains the present
content of the Universe, its recent phase of accelerated expansion as well as
cosmic structure formation, consistent with CMB temperature anisotropy +
polarization and LSS data

•

Inflation in the early Universe: a phase of accelerated expansion at very early times
(typically 10-33 seconds after the Big Bang, whether or not the initial singularity
ever took place) to explain the homogeneity and isotropy of the observable
Universe, its negligible spatial curvature and to give rise (by quantum mechanical
effects: vacuum oscillations in expanding Universe) the seeds out of which density
fluctuations (and possibly a stochastic GW background) originated. These initial
seeds then grew by gravitational instability to give rise to the LSS we observe today
and to the entire CMB anisotropy pattern. Inflation also gave rise to all the matter
and radiation in the Universe.

Inflation is a self-consistent model
of the very early universe
Inflation is the generator of
cosmological perturbations that give rise to
CMB anisotropies and LSS formation
Inflation model predictions have already been
confirmed by several observations!

Planck 2018 constraints on
inflation models

Marginalized joint 68% and 95% CL regions for ns and r0.002 from Planck in combination
with other datasets, vs. theoretical prediction of selected inflation models.

Non-Gaussianity requires
more than linear theory …
The leading contribution to higher-order statistics (such as
the bispectrum, the FT of the three-point function)
comes from second-order metric perturbations around the
RW background, unless the primordial non-Gaussianity is
very strong (as in multi-field models or models with non-canonical
kinetic term, …)

“… the linear perturbations are so surprisingly simple that a perturbation
analysis accurate to second order may be feasible …” (Sachs & Wolfe 1967)

“Standard” PNG model
Many primordial (inflationary) models of non-Gaussianity can be represented in
configuration space by the simple formula (Salopek & Bond 1990; Gangui et al. 1994;
Verde et al. 1999; Komatsu & Spergel 2001)

F = fL + fNL * ( fL2 - <fL2>) + gNL * (fL3 - <fL2> fL ) + …
where F is the large-scale gravitational potential (more precisely Φ = 3/5 ζ on
superhorizon scales, where ζ is the gauge-invariant comoving curvature perturbation),
fL its linear Gaussian contribution and fNL the dimensionless non-linearity parameter
(or more generally non-linearity function). The percent of non-Gaussianity in CMB data
implied by this model is

NG % ~ 10-5 |fNL|
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“non-Gaussian = non-dog”
(Ya.B. Zel’dovich)
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Bispectrum & PNG:
theoretical expectations
•

Primordial NG probed fundamental physics during inflation, being
sensitive to (self-)interactions of fields present during inflation (different
inflationary models predict different amplitudes and shapes of the
bispectrum)

•

Standard models of slow-roll inflation predict only a tiny deviation from
Gaussianity (Salopek & Bond ‘90; Gangui, Lucchin, Matarrese &
Mollerach 1995; Acquaviva, Bartolo, Matarrese & Riotto 2003; Maldacena
2003), arising from non-linear gravitational interactions during inflation.
Planck results are fully consistent with such a prediction!

•

PNG probes interactions among particles at inflation energy scales. See
literature on probing string-theory via oscillatory PNG (Arkani-Hamed &
Maldacena 2015 “Cosmological collider physics”; Silverstein 2017 “The
dangerous irrelevance of string theory”; …).

PNG vs. bispectrum (shapes)

The Planck bispectrum (modal; 2018)
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fNL from Planck 2018 bispectrum (KSW)

Planck collaboration

Standard inflation still alive … and kicking!
Standard inflation
•
•
•
•
•

single scalar field (single clock)
canonical kinetic term
slow-roll dynamics
Bunch-Davies initial vacuum state
Einstein gravity

predicts tiny (up to O(10-2), or even less??) primordial NG signal
à No presently detectable PNG

PNG vs. Large-Scale Structure (LSS)
ü PNG in LSS (to make contact with the CMB definition) can be defined through a
ü potential F defined starting from the DM density fluctuation d through Poisson’s
ü equation (use comoving gauge for density fluctuation, Bardeen 1980)
−1

⎛3
⎞
δ = − ⎜ Ωm H 2 ⎟ ∇ 2 Φ
⎝2
⎠
ü Assuming the same model

Φ = φ L + f NL (φ L2 − 〈φ L2 〉) + gNL (φ L3 − 〈φ L2 〉φ L ) + ...

€

F on sub-horizon scales reduces to minus the large-scale gravitational potential,
fL is the linear Gaussian contribution and fNL and gNL are dimensionless nonlinearity parameters (or more generally non-linearity functions).
CMB and LSS conventions may differ by a factor 1.3 for fNL, (1.3)2 for gNL

Searching for PNG with rare events
•

Besides using standard statistical estimators, like (mass) bispectrum, trispectrum, three
and four-point function, skewness, etc. …, one can look at the tails of the distribution:
rare events à peaks.

•

Rare events have the advantage that they often maximize deviations from what is
predicted by a Gaussian distribution but have the obvious disadvantage of being rare!
But, remember that, according to Press-Schechter, all DM halos correspond to (rare)
high-threshold excursions of the underlying density field (note: density, not
gravitational potential maxima!).

•

Matarrese, Verde & Jimenez (2000) and Verde, Jimenez, Kamionkowski & Matarrese
showed that clusters at high redshift (z>1) can probe NG down to fNL ~ 102. Many more
analyses and predictions afterwards. Excellent agreement of analytical formulae with
N-body simulations found by Grossi et al. 2009; Desjacques et al. 2009; Pillepich et al.
2010; … and many others.

•

Halo (galaxy) clustering 2-point and higher-order correlation functions represent
further and more powerful implementations of this general idea (Dalal et al. 2007;
Matarrese & Verde 2008; Giannantonio & Porciani 2010; Baldauf et al. 2011;
Desjacques et al. 2016).

Halo bias in NG models
First proposed by Dalal, Doré, Huterer & Shirokov 2007
Matarrese & Verde 2008 used clustering of peaks of NG fluctuations

form factor:

factor connecting the smoothed linear overdensity with the primordial potential:
power-spectrum of a Gaussian
gravitational potential

transfer function:

window function defining the radius R of a
proto-halo of mass M(R):

Current PNG constraints from LSS
(still rather poor …)
•

Cabass et al. 2022 (Constraints on Multi-Field Inflation from the BOSS Galaxy
Survey) find using scale-dependent bias + bispectrum for local PNG

•

i.e. data are still fully consistent with standard
single-field inflation

Searching for PNG with LSS: SPHEREx
The bispectrum could do better than the power-spectrum.
Hence fNL ~ 1 achievable with forthcoming surveys?
Many issues, e.g. full covariance, accurate bias model, GR
effects (Bertacca et al. 2017), survey geometry, estimator
implementation … Still, great potential: 3D vs 2D (CMB).
SPHEREx is a proposed NASA Medium Explorer mission
designed to:
• constrain the physics of inflation by measuring its
imprints on the three-dimensional large-scale
distribution of matter,
• trace the history of galactic light production through a
deep multi-band measurement of large-scale clustering,
• investigate the abundance and composition of water
and biogenic ices in the early phases of star and
planetary disk formation.
SPHEREx will obtain near-infrared 0.75-5.0 um spectra
every 6" over the entire sky. It implements a simple
instrument design with a single observing mode to map the
entire sky four times during its nominal 25-month mission.
SPHEREx will also have strong scientific synergies with other
missions and observatories, resulting in a rich legacy archive
of spectra that will bear on numerous scientific
investigations.

Is the single-field consistency relation
observable?
The bispectrum for single-field inflation (Gangui et al. 1995; Acquaviva et al. 2001;
Maldacena 2001) can be represented as:

The observability of the “Maldacena consistency relation”, first term of the above
bispectrum for single field inflation, in CMB and LSS data has led to a long-standing
controversy. Various groups argued that the (1-ns) term is totally unobservable (for singleclock inflation), as, in the strictly squeezed limit (one of the wave-numbers going to 0), this
term can be gauged away by a coordinate transformation.
Matarrese, Pilo & Rollo (2020) reanalyzed this problem and showed that the effect is
perfectly gauge-invariant and thus physical and cannot be cancelled by any gaugetransformation, except for the unphysical limit k=0.

Resilience of long modes in
cosmological observables
By a careful implementation of gauge transformations involving longwavelength modes, Matarrese, Pilo & Rollo (2020), show that a variety of
effects involving squeezed bispectrum configurations, cannot be gauged
away, except for the unphysical infinite-wavelength (k = 0) limit. Our result
applies, in particular, to the Maldacena consistency relation for single-field
inflation, yielding a local PNG strength
fNLlocal = −(5/12)(nS − 1)
(with nS the primordial spectral index of scalar perturbations), and to the
fNLGR =-5/3
term, appearing in the dark matter bispectrum and in the halo bias, as a
consequence of GR non-linear evolution of matter perturbations. Such effects
are therefore physical and perfectly observable in principle by future highsensitivity experiments. Application to “tensor fossils” (Bartolo, Carollo,
Matarrese, Pilo & Rollo in preparation).

Prospects for PGWB direct detection
From: Guzzetti, Bartolo., Liguori, Matarrese, “Gravitational waves from Inflation” 2016

LISA
3.4 Observational
CMB prospects for the next future

LIGO/VIRGO

57

See Capurri et al. 2020 for blue-tilted GW

Target of future CMB experiments: r <10-3
Figure 3.1: GW spectral energy-density for different values of nT are shown with solid

Anisotropies of the Stochastic
Gravitational-Wave background (SGWB)
•

A derivation of the angular power spectrum of cosmological anisotropies,
using a Boltzmann equation approach, has been obtained in [Alba &
Maldacena 2016, Contaldi 2017, Bartolo et al. 2019a,b; 2020; Valbusa et al.
2020; Ricciardone et al. 2021; …).

•

Anisotropies in the cosmological background are imprinted both at its
production and by GW propagation through the large-scale scalar and tensor
perturbations of the universe. Note that the first contribution is not present
in the CMB radiation (as the universe is not transparent to photons before
recombination), causing a dependence of the anisotropies on frequency.

•

We provided a new method to characterize the cosmological SGWB through
its possible deviation from a Gaussian statistics. In particular, the SGWB will
become a new probe of the primordial non-Gaussianity of the large-scale
cosmological perturbations.

Anisotropies of SGWB from inflation
inflation

“Emission surface” of gravitons:
End of inflation!!!

Adopt a Boltzmann equation approach:
GWs of high frequency propagating
through large-scale (low frequency)
cosmological perturbations
Propagation through large-scale
cosmological perturbations
(both scalar and tensor!!)

Two contributions to anisotropies of SGWB
1. At production
2. by GW propagation to the observer

The SGWB also brings frequency information, in contrast with CMB (apart from
spectral distortions)
Credits: N. Bartolo

PNG in SGWB anisotropies
• Induced by:
• Initial conditions
• Propagation through non-Gaussian scalar modes
• Propagation through non-Gaussian tensor modes

The Imprint of Relativistic Particles
on the Anisotropies of the SGWB
•

Besides their effects on CMB and on LSS,
relativistic particles in the early Universe
leave a clear imprint on the anisotropies of
the SGWB. In particular, a change in the
number of decoupled relativistic particles
shifts the angular power spectrum of the
SGWB, as both SW and ISW terms are
affected. Being very large-angle effects,
these lead to new testable predictions for
future GW interferometers (Valbusa
Dall’Armi et al. 2020)

Valbusa Dall’Armi, Ricciardone, Bartolo, Bertacca & Matarrese 2020

Angular resolution of GW detectors

From: Baker et al. 2019
Idealised angular resolution for different detector configurations (see text). The relative sensitivity to
different angular multipoles is obtained by integrating the spherical response to a cross- correlation
baseline weighted by a simple model of the noise spectrum based on the individual detector arm lengths.
Convolution with the detector response functions and the sky-phase coverage would give additional
structure on top of the idealised case.

SGWB angular power-spectrum

Cosmological
Gravitational-Wave
Background angular
power-spectrum

CGWB vs CMB angular
power-spectrum

Ricciardone, Valbusa, Bartolo, Bertacca, Liguori, Matarrese 2021, PRL 127 271301

Cross-Correlation of Stochastic GW background
X

Ricciardone, Valbusa, Bartolo, Bertacca, Liguori, Matarrese 2021, PRL 127 271301

Credits A. Ricciardone

Cross-Correlation of Astrophysical GW background

Ricciardone, Valbusa, Bartolo, Bertacca, Liguori, Matarrese 2021, PRL 127 271301

Constrained realizations
CGWB x CMB Planck SMICA map

AGWB x CMB Planck SMICA map

Ricciardone, Valbusa, Bartolo, Bertacca, Liguori, Matarrese 2021, PRL 127 271301

Scalar-induced GWs
•

As first noticed by Tomita 1967 and Matarrese et al. 1993, second-order scalar perturbations
source GWs (“scalar-induced tensor modes”). See also Baumann et al. 2007, Ananda et al. 2007.
See recent review by Domenech 2021 and refs. therein. Same mechanism produces vector
modes and sources CMB B-mode polarization (Mollerach, Harari & Matarrese 2004)

The source S is quadratic in scalar perturbations

from Adshead et al. 2021
Present-day induced GW spectrum for a monochromatic source with various fNL, plotted against the
sensitivity curves of various gravitational wave experiments.
Extended analysis in Testini, Matarrese & Ricciardone (in preparation)

The case of PBH

from Adshead et al. 2021

Can gravitational waves seed cosmic
structure formation?
Bari, Ricciardone, Bartolo, Bertacca & Matarrese 2021 – Bari et al. (in preparation)
The local GW energy density acts as a source for density perturbations (Tomita 1971;
Matarrese, Mollerach & Bruni 1997), but see also more recent work by Zhang et al. 2014;
Döring et al. 2021. The master equation (Raychaudhuri eq.) reads

Whose homogeneous and sourced solutions are

linear GWs

These tensor induced scalar modes evolve like linear density perts. Inside the horizon, but
unlike the latter, they vanish outside the horizon à they do not produce large-scale CMB
anisotropies. But … they can contribute to seed LSS formation. And, they are highly nonGaussian

Tensor induced scalar modes

In Bari et al. 2021 we study the generation and evolution of second-order energydensity perturbations arising from primordial gravitational waves. Such tensorinduced scalar modes evolve as standard linear matter perturbations and may
leave observable signatures in the LSS. We study the imprint on the matter
power-spectrum of some primordial models which predict a large GW signal at
high frequencies. This mechanism in principle allows to constrain or detect
primordial GWs by looking at specific features in the matter/galaxy powerspectrum, thus allowing to probe them on a range of scales unexplored so far.

Kelvin’s circulation theorem
It is then immediate to show that the vortical component
has vanishing source, hence it gives rise to the
following conservation equation

which is also valid at the non-linear level (along fluid trajectories) and admits a
straightforward generalization in full General Relativity.
This law is a consequence of “Kelvin’s Circulation Theorem” (from Lord William
Thomson, 1st Baron Kelvin (1824-1907)), according to which vorticity is conserved
along fluid trajectories in the absence of dissipation. Notice that here by “vorticity” we
mean the product (a ) .
Because of the rapid decay of any vorticity in the cosmic fluid, we usually assume that
our cosmic velocity field is irrotational. However, if we have many fluids (CDM,
baryons, etc.) things may change and while remaining with zero total vorticity
individual components may behave differently.

Magnetic field generation from
secondary vector modes
Matarrese, Mollerach, Notari & Riotto 2005, Phys. Rev. D71, 043502

While the total vorticity of the system is conserved –
in full agreement with Kelvin’s circulation theorem –
and can be set to zero, electrons and protons acquire
a non-zero rotational velocity from the second-order
metric vector mode, which in turn arises from the
mode-mode coupling of primordial scalar modes. This
rotational velocity gives rise to a seed magnetic field,
according to Harrison’s mechanism.

acoustic oscillations

Silk damping
suppression

Note: magnetic field generation will also arise due to recombination physics (Hogan 1997; Dolgov
& Berezhiani 2003) and reionization (Aghanim et al. 2001; Gnedin et al. 2001). See more recent
numerical analysis by Fenu, Pitrou & Maartens 2010 and Vazza et al. 2020.

Similar mechanism proposed by
Vishniac (1982)

•

•

Hutschenreuter, Dorn, Jasche, Vazza, Paoletti, Lavaux & Ensslin, 2018,
“The primordial magnetic field in our cosmic backyard”, using numerical
simulations, obtained a lower bound on the magnetic field produced by
density perturbations: at recombination they obtain large scale magnetic
field strengths around 10−23 G, with a power spectrum peaking at about
2/Mpc h in comoving scales. At present we expect this evolved primordial
field to have strengths above ≈ 10−27 G and ≈ 10−29 G in clusters of galaxies
and voids, respectively.
Worth exploring this mechanism in models with higher small-scale power.

Concluding remarks
•

CMB and LSS data fully support the detailed predictions of the standard
cosmological model, based upon FLRW, LCDM + initial conditions from
inflation.

•

The direct detection of the cosmological stochastic GW background
(SGWB) both of primordial and astrophysical origin together with its
anisotropies will provide a unique probe of the early Universe as well as of
modified gravity theories.

•

Cross-correlations of the SGWB with CMB and LSS will open a new window
to search for new physical effects and constrain our cosmological and
fundamental physics models.

•

Going beyond linear evolution opens up a Pandora box of new unexpected
phenomena which deserve being explored and fully exploited

