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S, 0 = )+ 5 (X, 1)

Homogeneous and isotropic (/ \> Quantised fluctuation

solution of the classical problem

—> Quantum-field-theory on curved space-time

Leading order: x is Gaussian
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Cosmological Perturbation Theory, next-to leading order

. Formation of extreme objects
~» (massive galaxy clusters,
primordial black holes,
large voids, ...)
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Cosmic Inflation
ds?> = —dt? + a2 ()d7 with G >0 and (10MeV)! < p < (10 GeV)"

Hubble parameter H = dla

k* H! . characteristic time scale, or length scale (¢ = 1), of the expansion

)< H™! A2 H™!

Insensitive to space-time Feels space-time
curvature curvature
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Cosmological Perturbation Theory

Density fluctuations are small at CMB scales >  Perturbation Theory

gu(%:0) = 8,(1) + 5g (T, 1)

P, 0 = PO+ 54 (X,1)

Homogeneous and isotropic / \ Quantised fluctuation

solution of the classical problem

—> Quantum-field-theory on curved space-time

Strong assumption: universe is quasi homogeneous and isotropic at all scales

This may be broken at:
® | arger scales: space-time structure beyond the observable universe

® Smaller scales: formation of extreme objects such as primordial black holes,
heavy clusters, large voids etc
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Separate Universe

S—Cl<d77+dx)

de-Sitter universe: a=-1/(Hy), —oco<n<0
4 No future
Asymptotic contact
future
Comoving

Hubble radius

If a large fluctuation develops at x1, this

Past cannot affect the local geometry at xo

causal contact

Separate universe: On large scales, the universe can be described by an
ensemble of independent, locally homogeneous and isotropic patches

Salopek & Bond; Sasaki & Stewart; Wands, Malik, Lyth & Liddle
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The quantum state of
cosmological perturbations
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The quantum state of
cosmological perturbations

1
« | W) = W) with [Wg e?k (—1)"tanh"ry |ng, n_
W) k§+| ) W) = Coshmnzo ) K|k, 1K)

Two-mode squeezed state (Gaussian state)

o,
- Evolution equation gw (v,p,t) = —{W (v,p,t) , H (V,0,%) } poisson Bracket

For quadratic Hamiltonians

- Quantum mean value and stochastic average
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Large squeezing: O(v, p) — O(v, p) Martin, VV (2016)



The quantum state of
cosmological perturbations

| 1 — o
- |U) = ® (W) with |Ug) = coshi Zezznwk(—l)”tanh"rk\nk,n_k>
kcR3+ n=0
Two-mode squeezed state (Gaussian state)
. _ 0
» Evolution equation §W (v,p,t) = —{W (v,0,t) , H(v,0,%) } poicson Bracket

For quadratic Hamiltonians

- Quantum mean value and stochastic average

<@(@,ﬁ)>quam = /W(v,p) @(v,p) dv dp

. - Lesgourgues, Polarski, Starobinsky (1997)
Large squeezing: O(v,p) — O(v, p) Martin, VV (2016)

(at least for proper operators...) Revzen (2006); Martin, VV (2017)
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Stochastic Inflation

distance AL wavelength

super-Hubble scales —> stochastic inflation

a/a Hubble radius

> sub-Hubble scales —> CPT

time
Coarse-grained field @, (N, ¥) = J dk [(IJ;(N Je K ¥ a- + D*(N )eik'?&%
N = In(a) k<ocHa(N)
Quantum fluctuations
source the background
. . d |
Equation of motion E(I)Cg = Dackgromnd(Peg) + 6 Starobinsky, (1982) 1986
What about far from the classical regime?
Aquuant

Over one e-fold: ~ Colassical
Agbclassical

What about tail effects?
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Stochastic-O/N formalism

. uniform density slice

o/ 5p =0
X = cdn t
A = Ccons £(t,x) = N(t,x) — Ny(t) = 6N
TN Lifshitz, Khalatnikov (1960)
\ ) LAy, : Starobinsky (1983)
¥ _ _ Wands, Malik, Lyth, Liddle (2000)
i/ Spatially flat slice
i VA ./ w — O

The realised number of e-folds
IS a stochastic quantity:

. =W — () Pena

oarse grained —

> N

N1 /\:/2

Enqvist, Nurmi, Podolsky, Rigopoulos (2008) ; Fujita, Kawasaki, Tada, Takesako (2014); VV, Starobinsky (2015)



How to solve for the first-passage time problem?

Using importance sampling: J Jackson, H Assadullahi, K. Koyama, VV, D. Wands (2022)
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How to solve for the first-passage time problem?

Using importance sampling: J Jackson, H Assadullahi, K. Koyama, VV, D. Wands (2022)

— NL poles
""" Puy — 00
t duv = 1.06n
ouv = 1.2¢1
i duv = L4

V() = m*¢p*/2
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dN 3H? 2rx 0P op? \ 8r?

Langevin equation Fokker-Planck equation

dp V' H o4 0V ° (H* \_o p
— =———=+—¢(N) BN = <3H2P>+ < P> b
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How to solve for the first-passage time problem?

d¢ V. H d o (V 0 [ H?

= — &N —P(¢);N) = P+ P|=%,-P
v - 3wt © Gy N =5 <3H2 > agb2<87z2 ) ¢
Langevin equation Fokker-Planck equation

Equation for the PDF of the first passage time  _... . V\\//\’/S,At\asgc;tggﬁgi(z\,?/;i)ds (2017)

d
WPFPT(/V; P) = Sf; + Prpr

Computational program:
e Solve the first-passage-time problem
* This gives the one-point PDF of curvature perturbation coarse-grained at Hend

e Extract cosmologically relevant quantities (power spectrum, mass functions,
compaction function, etc)



EXponential taMs

Pattison, VV, Assadullahi, Wands (2017)
Ezquiaga, Garcia-Bellido, VV (2020)
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Impact on PBHS

Pattison, VV, Assadullahi, Wands (2017)
Ezquiaga, Garcia-Bellido, VV (2020) r/
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Exponential talls
N ultra slow roll models

D. Figueroa, S. Raatikainen, S. Rasanen, E. Tomberg (2020)

ot dpBH i

See also Pattison, Vennin, Wands, Assadullahi (2021)
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Exponential talls
IN Mmulti-field models

Achucarro, Cespedes, Davies, Palma (2021)
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lmpact on LSS

Ezquiaga, Garcia-Bellido, VV (2022)
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Extracting cosmological observables

Scale k — Hubble-crossing time —> Hubble-crossing field ¢-
Ni =N 4— N, (k)

end

wa(k) — ln(aendH/k)

Classical picture Stochastic picture
¢ ¢
(k) qb*(k)W
P+(k) W%N\
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Scale k — Hubble-crossing time —> Hubble-crossing field ¢-
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Kenta Ando, VV (2020)
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Integration over the full inflating domain
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Integration over the full inflating domain
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One-point function at arbitrary scale
Yuichiro Tada, VV (2021)
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One-point function at arbitrary scale
Yuichiro Tada, VV (2021)
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One-point function at arbitrary scale
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One-point function at arbitrary scale
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One-point function at arbitrary scale
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One-point function at arbitrary scale
Yuichiro Tada, VV (2021)
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One-point function at arbitrary scale
Yuichiro Tada, VV (2021)
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Conclusions

- The back-reaction of vacuum quantum fluctuations on the background
dynamics can be incorporated within the formalism of stochastic inflation

 This is necessary to describe regimes leading to large fluctuations, such as
those yielding primordial black holes

- Quantum diffusion leads to exponential tails: non-perturbative breakdown
of Gaussian statistics

* Most cosmological observables can be reconstructed from first-passage
time analysis (power spectrum, mass functions, n-point functions?)

- Quantum diffusion makes the CMB probe the whole potential: models
leading to PBHs are constrained by the CMB, even if those two sets of
scales are well separated

- What is the best strategy to look for exponential tails in the data?
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