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Overview

Inflaton

We discuss one-loop corrections to the power spectrum in inflaton potentials 
with oscillatory features for a sufficient PBH production.
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Cosmological perturbations

(Credit: ESA and the Planck Collaboration)

Large Scale Structure CMB anisotropies

Examples

(Credit: Millennium Simulation Project)

Cosmological perturbations originate from vacuum fluctuations of fields during 
inflation era.

From the observations, we already know the amplitude of the perturbations 
on large scales (k < 1Mpc-1):

(Planck 2018)

(�⇢/⇢ ⇠ 10�5)
<latexit sha1_base64="+8JFAAHT/7U617oqW+jBknLWKJE="></latexit><latexit sha1_base64="+8JFAAHT/7U617oqW+jBknLWKJE="></latexit><latexit sha1_base64="+8JFAAHT/7U617oqW+jBknLWKJE="></latexit><latexit sha1_base64="+8JFAAHT/7U617oqW+jBknLWKJE="></latexit>

The power spectrum is determined by the shape of the inflaton potential.

<latexit sha1_base64="IbITK61jczDguaety7ZHakdqlyg="></latexit>

P⇣ = 2.1⇥ 10�9
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It is difficult to measure small-scale 
perturbations due to Silk damping or 
non-linear growth of large scale 
structure(LSS).

On the other hand, the small-scale 
perturbations have attracted attention.

They can be sources of 

• primordial black holes
• ultra-compact mini-halos
• induced GWs
• CMB distortions
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Primordial Black Hole
Primordial Black Hole (PBH)

Horizon

Time
A PBH is produced !Horizon < perturbation scale

At this moment

PBH mass 
≈ mass inside the horizon

density perturbation 
(δρ/ρ~0.1)

PBH

(Hawking 1971) 
BH produced by a large density perturbation in the early Universe.

Horizon ≈ perturbation scale

After the inflation era

PBH mass is determined by 
the perturbation scales.

PBHs can have various masses:
MPBH~1020g for DM
MPBH ~30 M⊙ for BHs detected by 
LIGO-Virgo collaboration
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Large perturbations for PBH scenarios

k
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2x10-9

O(1)Mpc�1
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O(0.01)
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CMB/LSS 
observation

Required amplitude for 
PBH scenarios

For the PBH scenarios, the enhancement of the power spectrum on 
small scales should be O(107).

large scales small scales

<latexit sha1_base64="UOfyvyDjaNSHJCcb5I+wxayLgzI=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRIRdVl047KCfUATwmR60w6dTMLMpFBD/8SNC0Xc+ifu/BsnbRbaemDgcM693DMnTDlT2nG+rcra+sbmVnW7trO7t39gHx51VJJJCm2a8ET2QqKAMwFtzTSHXiqBxCGHbji+K/zuBKRiiXjU0xT8mAwFixgl2kiBbXsx0SNKOG4F3hNoEth1p+HMgVeJW5I6KtEK7C9vkNAsBqEpJ0r1XSfVfk6kZpTDrOZlClJCx2QIfUMFiUH5+Tz5DJ8ZZYCjRJonNJ6rvzdyEis1jUMzWeRUy14h/uf1Mx3d+DkTaaZB0MWhKONYJ7ioAQ+YBKr51BBCJTNZMR0RSag2ZdVMCe7yl1dJ56LhXjXch8t687aso4pO0Ck6Ry66Rk10j1qojSiaoGf0it6s3Hqx3q2PxWjFKneO0R9Ynz86aJNm</latexit>P⇣
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Inflaton potentials for large amplification

Inflaton

Canonical single field models for large amplification of density perturbations:

flatter region

step feature

bump/dip feature

oscillatory feature

or

or

(Starobinsky 1992, Ivanov et al. 1994, 
Inoue and Yokoyama 2001, Kinney 2005)

(Ozsoy et al. 2018, 
Mishra and Sahni 2019)

(Kefala et al. 2020, Inomata 
et al. 2021)

(R.G. Cai et al. 2019, Zhou et al. 
2020, Peng et al. 2021)
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Motivation of this work

E.o.m. for the inflaton perturbations: (slow-roll-parameter suppressed terms neglected)

The right-hand side comes from the higher order perturbations, which are 
often neglected in many works. 

Lagrangian:
<latexit sha1_base64="37lgdS+UkcE9jU8CTr7pIzf45N8="></latexit>

L =� 1

2
@µ�@µ�� V (�)

However, it is not obvious whether the right-hand-side can be neglected 
especially when we consider sharp features in the potential.

To clarify this, we discuss the modification from the higher order contributions by 
using the in-in formalism. (Refs: Meng, Yuan, Huang 2022, Kristiano and Yokoyama 2022)

Throughout this work, we focus on the 
oscillatory feature model as a concrete example. 

<latexit sha1_base64="P23rH6PuJLQYx1AvI9EJbOTKeAI="></latexit>

��00 + 2H��0
�r

2��+ a2
@2V

@�2
�� = �a2

X

n>2

1

(n� 1)!
V (n)(��)n�1

<latexit sha1_base64="PBI+kRSyr862g6BowO70TshwDV4=">AAACFnicbVBNT8IwGO7wC/Fr6tFLIzGBg7gZox6JXjxiIoOEDdKVAg1dN9uOhCz8Ci/+FS8eNMar8ea/sYOZKPgkTZ4+z/u+7fv4EaNSWdaXkVtaXlldy68XNja3tnfM3T1HhrHApI5DFoqmjyRhlJO6ooqRZiQICnxGGv7wOvUbIyIkDfmdGkfEC1Cf0x7FSGmpYx6XnHZS4uUJdMl9TEfQjZBQFLE2h87Jz0WrA9rm5Y5ZtCrWFHCR2Bkpggy1jvnpdkMcB4QrzJCULduKlJekUzEjk4IbSxIhPER90tKUo4BIL5muNYFHWunCXij04QpO1d8dCQqkHAe+rgyQGsh5LxX/81qx6l16CeVRrAjHs4d6MYMqhGlGsEsFwYqNNUFYUP1XiAdIIKx0kgUdgj2/8iJxTiv2ecW+PStWr7I48uAAHIISsMEFqIIbUAN1gMEDeAIv4NV4NJ6NN+N9Vpozsp598AfGxze+cp6B</latexit>

(V (n) ⌘ @nV/@�n)
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Linear perturbation equation

<latexit sha1_base64="v00KH1d780eUk3ElNNi4eKHbf+0="></latexit>

��00 + 2H��0
�r

2��+ a2V (2)(�)�� = 0

(slow-roll-suppressed terms neglected in spatially-flat gauge)

<latexit sha1_base64="+C0vqMQmSK3WiN4x8Gkh0VJXkdE="></latexit>

��(x, ⌘) =

Z
d3k

(2⇡)3
eik·x��k(⌘)

=

Z
d3k

(2⇡)3
eik·x

⇥
Uk(⌘)â(k) + U⇤

k (⌘)â
†(�k)

⇤

We expand the perturbation as

Linear e.o.m.:

<latexit sha1_base64="RIVQRsXkA9kGylU+czTtSXtSc6o="></latexit>

[â(k), â(k0)] = [â†(k), â†(k0)] = 0, [â(k), â†(�k0)] = (2⇡)3�(k+ k0)where

<latexit sha1_base64="Ob9tWpXu6t6hdEKNzhZVdRgIsJg="></latexit>

U 00
k (⌘) + 2HU 0

k(⌘) + k2Uk(⌘) + a2V (2)(�)Uk(⌘) = 0

<latexit sha1_base64="PBI+kRSyr862g6BowO70TshwDV4=">AAACFnicbVBNT8IwGO7wC/Fr6tFLIzGBg7gZox6JXjxiIoOEDdKVAg1dN9uOhCz8Ci/+FS8eNMar8ea/sYOZKPgkTZ4+z/u+7fv4EaNSWdaXkVtaXlldy68XNja3tnfM3T1HhrHApI5DFoqmjyRhlJO6ooqRZiQICnxGGv7wOvUbIyIkDfmdGkfEC1Cf0x7FSGmpYx6XnHZS4uUJdMl9TEfQjZBQFLE2h87Jz0WrA9rm5Y5ZtCrWFHCR2Bkpggy1jvnpdkMcB4QrzJCULduKlJekUzEjk4IbSxIhPER90tKUo4BIL5muNYFHWunCXij04QpO1d8dCQqkHAe+rgyQGsh5LxX/81qx6l16CeVRrAjHs4d6MYMqhGlGsEsFwYqNNUFYUP1XiAdIIKx0kgUdgj2/8iJxTiv2ecW+PStWr7I48uAAHIISsMEFqIIbUAN1gMEDeAIv4NV4NJ6NN+N9Vpozsp598AfGxze+cp6B</latexit>

(V (n) ⌘ @nV/@�n)

Then, the linear e.o.m. can be rewritten as 

Tree-level power spectrum is given by 
<latexit sha1_base64="U4Q2P5/mzfPjF7wefBjQRDSzRus="></latexit>

h0|��k(⌘)��k0(⌘)|0i = (2⇡)3�(k+ k0)
2⇡2

k3
P��,tr(k, ⌘),

P��,tr(k, ⌘) ⌘
k3

2⇡2
|Uk(⌘)|2
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Fiducial Potential with oscillatory features

<latexit sha1_base64="gamlKjoN7o6775xsLrjnPONF+mM="></latexit>

V (�) = V0


1� 1� ns

2

�2

2M2
Pl

+ 2c✏0 D(�,�0,�s, ✏0,⇤)

✓
�1 + cos

✓
�� �0p
2✏0⇤MPl

◆◆�
+ Vend(�)

<latexit sha1_base64="Oj8oiBLY7NmyqFyZdnyHegLxH74="></latexit>

D(�,�0,�s, ✏0,⇤) ⌘

0

@
1 + tanh

⇣
���0p
2✏0⇤MPl

⌘

2

1

A

0

@
1 + tanh

⇣
�s��p
2✏0⇤MPl

⌘

2

1

A

base part oscillatory feature
base part:
This determines the large-scale power spectrum, 
which is tuned to be consistent with the CMB/LSS 
observations.

oscillatory feature:

This introduces the oscillatory feature within 𝜙! ≲ 𝜙 ≲ 𝜙". 

𝝐0 (≡- �̇�/𝑯𝟐): slow-roll parameter at 𝜙0 , which leads to 
𝑑𝜙/𝑑𝑁 ≈ 2 𝜖! 𝑀$%.

𝜦 ∶ determines the oscillation timescale, Δ𝑁&"' ∼ 𝒪(1/Λ).

c: amplitude of the feature, normalized so that the oscillation 
amplitude of 𝑉()) is independent of 𝜖!. 
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Perturbations in fiducial parameter sets
<latexit sha1_base64="Ob9tWpXu6t6hdEKNzhZVdRgIsJg="></latexit>

U 00
k (⌘) + 2HU 0

k(⌘) + k2Uk(⌘) + a2V (2)(�)Uk(⌘) = 0
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V (2)(�) ' V0

M2
Pl

(ns � 1)� cV0

(⇤MPl)2
cos

✓
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◆

The wavenumber at resonance peak is 
<latexit sha1_base64="/uwsRu201ldWi2v1EMmnKa7A//0="></latexit>

kpeak ⇠ O(1/⇤)/⌘0.
<latexit sha1_base64="FrHq+NoFuYwnh5HqW95b3Ch95Ik="></latexit>

(�Nosc ⇠ O(1/⇤))

<latexit sha1_base64="mj2MxIj1HRcWdNcoofKoFQmqEO4="></latexit>

✏0 = 10�6, V0/M
4
Pl = 3.338⇥ 10�13

Case A and B are for PBH scenarios.
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In-in formalism
In the in-in formalism, the two-point correlation function is given by

<latexit sha1_base64="Y1jUmoSrOYYLg88rqbtqmklC4oA="></latexit>
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h��k(⌘)��k0(⌘)itr = h0|��k(⌘)��k0(⌘)|0i

two vertices

one vertex

tree
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One loop power spectrum

<latexit sha1_base64="vF/Cf8pZjI+9KmDHxNTf92EZZ+M="></latexit>
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We divide the two-vertex contribution into two parts, symmetric or asymmetric 
under the exchange of the two time variables in the double time integral.

This integrand is asymmetric 
under the exchange of 𝜂′ ↔ 𝜂′′.

symmetric part:

asymmetric part:

two vertices

one vertex

We solve the linear e.o.m. and substitute the numerical solution of 𝛿𝜙! (that is, 𝑈!(𝜂)) into the 
above loop equations.
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Loop integrals
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k

<latexit sha1_base64="6MBM0K8m9GGgqax59wtMogd5aTY="></latexit>

|k⌘| = 1

To focus on the loop corrections from the amplified perturbations (exited states), we 
introduce the wavenumber cutoff scales for the loop integral.  

<latexit sha1_base64="dVddrCibqxgMZeo2CicgN095MRg="></latexit>

kIR
<latexit sha1_base64="4rpIH9QjYCZt753Mm2mKAs5Je9o="></latexit>

kUV

orange: vacuum fluctuations 

This procedure is based on the assumption that the UV/IR divergences are already 
renormalized by the potential parameters and the finite loop corrections from the 
vacuum fluctuations are much smaller than those from the exited states. 

<latexit sha1_base64="Fm2CXBgilQjtJ0ao8Q5Ocsa1ZFs="></latexit>

|kIR⌘0| = 0.1, |kUV⌘0| = 60
In our fiducial setups, we take

<latexit sha1_base64="ZZR9azl8awVLWRhBVAj/HUmpLc8="></latexit>

(|kpeak⌘0| . 20)
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Numerical results
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case A

Loop power spectra dominate over the 
tree spectrum at some point.

Dashed lines denote negative values.

The negative power spectrum indicates 
that the higher-loop corrections must 
change the power spectrum.

Dots are analytical estimates, explained later.

Break down of perturbation theory
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Numerical results in other cases

Only case C marginally avoids the 
domination of the one-loop power spectra.
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Rough order estimates
<latexit sha1_base64="P23rH6PuJLQYx1AvI9EJbOTKeAI="></latexit>

��00 + 2H��0
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@2V
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X

n>2

1

(n� 1)!
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⇠
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modification due to V(3) : 
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⇣
��(2)

⌘2
⇠
 
a20V

(3)

k2peak

!2 ⇣
��(1)

⌘4

modification due to V(4) : 
<latexit sha1_base64="/YZx1d9sNWIYt9t7Jp4VfgvB2OE="></latexit>

��(3) ⇠ a20V
(4)
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⇣
��(1)

⌘3
<latexit sha1_base64="Zwo5t/wonjJLQP5le7MyIBIZoeo="></latexit>

��(3)��(1) ⇠ a20V
(4)
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⇣
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<latexit sha1_base64="Reeyh48kyQW59EjcMEY68MWUB8I="></latexit>
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a20V

(3)
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P2
��,tr (⇠ P��,2vx,S)
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e.o.m.
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Two-vertex symmetric contribution

<latexit sha1_base64="QIwW7ewDMF9OO9zAvU9SVhGMmm0="></latexit>

[��(x),⇧��(y)] = a2[��(x), ��0(y)] = i�(x� y)

commutation relation that 𝛿𝜙 always satisfies:
<latexit sha1_base64="+C0vqMQmSK3WiN4x8Gkh0VJXkdE="></latexit>

��(x, ⌘) =

Z
d3k

(2⇡)3
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Z
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(2⇡)3
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⇥
Uk(⌘)â(k) + U⇤

k (⌘)â
†(�k)

⇤

Wronskian condition:
<latexit sha1_base64="nkVqW/3w0ZraqBVILAR36FhyVg8="></latexit>

Uk(⌘)U
⇤
k
0(⌘)� U 0

k(⌘)U
⇤
k (⌘) =

i

a2(⌘)
<latexit sha1_base64="4cwFUx3hjN+gDqVdPbHyz1C1YF8="></latexit>

|Uk(⌘)|2✓0(k, ⌘) =
1

2a2(⌘)
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(Uk(⌘) = |Uk(⌘)|e�i✓(k,⌘))

<latexit sha1_base64="PQeXNxgDfiHC9n8JNeb++VsRjg0="></latexit>

Im [Uk(⌘)U
⇤
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0)] = �|Uk(⌘)||Uk(⌘
0)| sin [✓(k, ⌘)� ✓(k, ⌘0)]

= �|Uk(⌘)||Uk(⌘
0)| sin

Z ⌘

⌘0
d⌘00

✓
1

2a2(⌘00)|Uk(⌘00)|2

◆�

When 𝜂 = 𝜂lmax , the dominant contribution comes from 𝜂′~𝜂lmax , 
where the sine factor becomes small. (𝜂lmax is the local maximum time)

Then, we find
<latexit sha1_base64="lf4VMaXtJ2keoNff8zn1giaXFak="></latexit>

|Im [Uk(⌘lmax)U
⇤
k (⌘
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2a2(⌘lmax)

<latexit sha1_base64="2kZAVpTnuAzimKmYkZDaktXFS/o="></latexit>

Re[Ukpeak ]

<latexit sha1_base64="4IkfHHvttNw2SIESftsuTHZVORg="></latexit>

Im[Ukpeak ]
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Two-vertex symmetric contribution

we finally obtain

Substituting 

Since the loop power spectrum on the peak scale is mainly 
determined by the peak-scale contributions (u~v~O(1)), we can 
approximate

<latexit sha1_base64="2EVJwXUvo+WBS72472OIctHopy8="></latexit>Z 1

0
dv

Z 1+v

|1�v|
duuv ⇠ O(1)
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⇤
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kpeak,
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2k2peak
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P2
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!2

P2
��,tr (⇠ P��,2vx,S)

The rough estimate with the e.o.m.
The dots in figures are RHS and 0.01×RHS.
We consider all other sin/cos factors as O(1), which can 
lead to the overestimate.
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Z ⌘
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d⌘0�(⌘0)2 Im [Uk(⌘)U

⇤
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One-vertex contribution

we finally obtain

Substituting 

Since the loop power spectrum on the peak scale is mainly 
determined by the peak-scale contributions, we can approximate

<latexit sha1_base64="qS9gSpdqT79Y9jKOaidfCV6jgVk="></latexit>
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a0
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The rough estimate with the e.o.m.
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The dots in figures are RHS and 0.01×RHS.
We consider all other sin/cos factors as O(1), which can 
lead to the overestimate.
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Two-vertex asymmetric contribution
<latexit sha1_base64="iiCNukktsySbFvKFIm2fi4hegXs="></latexit>
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When 𝜂 = 𝜂lmax , the dominant contribution comes from 𝜂′~𝜂lmax and 𝜂′′~ 𝜂0, 
which makes the sine factor O(1) because 𝑈!(𝜂") is not amplified.
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After some calculation, we obtain
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Numerical results in other cases

The dots in figures are 1 and 0.01 times 
analytical estimates.
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Origin of the asymmetric part

<latexit sha1_base64="iiCNukktsySbFvKFIm2fi4hegXs="></latexit>
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If 𝜃 for 𝑈#$ and 𝑈#% is constant, this becomes zero. 
In other words, if we neglect the quantum nature of the 
perturbations in the loop, the asymmetric part is zero.
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Wronskian condition:
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asymmetric part:

symmetric part:

Even if we neglect the quantum nature of the perturbations 
in the loop, the symmetric part is nonzero.

The origin of the asymmetric part is the quantum nature of the perturbations in the loop.

<latexit sha1_base64="QIwW7ewDMF9OO9zAvU9SVhGMmm0="></latexit>
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Commutation relation:

Perturbations in 
the loop
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When tree power spectrum becomes small

We have so far focused on the loop power spectra at a local maximum time.
However, the tree power spectrum oscillates in time.

When the tree power spectrum is much smaller than a local maximum, only the 
asymmetric part becomes much small. 
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case A

When 𝜂 is the local minimum time for the peak perturbation,

(𝜂# ∼ 𝜂lmax . This appears in two-vertex 
symmetric and one-vertex contribution.)
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(𝜂# ∼ 𝜂lmax , 𝜂## ∼ 𝜂" . This appears in two-vertex 
asymmetric contribution.)suppresses the loop power spectrum
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Tadpole contribution 
The tadpole diagram leads to < 𝛿𝜙 > ≠ 0.

Backreaction to the background

E.o.m. approach:
<latexit sha1_base64="me9XI/MSARhrIRpzL/xhjqx2jnw="></latexit>
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Substituting the typical oscillation timescale Δ𝜂!"# ∼
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$ % &"#$%
in the LHS, 

we obtain the typical modulation of the background:
<latexit sha1_base64="wNje1M+2YKN+e9Dsr+cjWyzoRYU="></latexit>

�� ⇠ a20V
(3)

k2peak

⇣
��(1)

⌘2

In-in formalism:
<latexit sha1_base64="IUcLptSTtaJSzb18Dq0GBkCPqik="></latexit>

h��(x, ⌘)i1loop = h0|
Z

d3q

(2⇡)3
eiq·x��q(⌘)

✓
T


�i

Z ⌘

�1
d⌘0Hint,3(⌘

0)

�◆
|0i

+ h0|
✓
T


�i

Z ⌘

�1
d⌘0Hint,3(⌘

0)

�◆† Z d3q

(2⇡)3
eiq·x��q(⌘)|0i

<latexit sha1_base64="PrxLAke6Y76IMFp6lrAI0WyvJwI="></latexit>

h��(x, ⌘)i1loop = �
Z

d3q �(q)eiq·x
✓Z ⌘

�1
d⌘0�(⌘0)

Z
d3p

(2⇡)3
|Up(⌘

0)|22 Im[Uq(⌘)U
⇤
q (⌘

0)]

◆

<latexit sha1_base64="dZXDxIvh0qfRemVf+7+Ss3g0g00="></latexit>

| h��(x, ⌘lmax)i1loop | ⇠

�����
a20V

(3)

2k2peak

�����P��,tr(kpeak, ⌘lmax) Consistent with the e.o.m. approach result

This backreaction is negligible if  
<latexit sha1_base64="k3S9l6eyn6106XZRbAEGqyK7+O8="></latexit>���h��(x, ⌘lmax)i1loop

��� < O(
p
2✏0⇤MPl)
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This is satisfied in (marginally) case B and case C.
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Implications on PBH scenarios

The linear perturbation theory is valid only when the loop power spectrum does not 
dominate over the tree power spectrum during the resonance.

The strongest bound comes from the two-vertex asymmetric part. (𝜂': the global maximum time) 
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𝒴) ∼ 𝒪(10*) is often considered in PBH scenarios.

We can rewrite the condition as 
(R ~ O(1~0.01))
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Implications on PBH scenarios

(𝒴) ∼ 𝒪(10*) for PBH scenarios)

Question: Can a small 𝑐 lead to the subdominant one-loop corrections?
Answer: No. If 𝒴$ ∼ 𝒪(10%) is fixed, 𝑐$/Λ cannot be much smaller than 𝒪 1 .
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The necessary condition:
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e.o.m.

This equation can be written as the Mathieu equation: 

where 
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Around the peak scale,

Due to the finite resonance band, the resonance period has the upper bound.
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So, 𝑐$/Λ cannot be much smaller than 𝒪(1) and a smaller 𝑐 leads to larger loop corrections.
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Implications on PBH scenarios

If we consider the typical oscillatory feature models with 𝑐 ≤ 𝒪 0.1 , Λ ≤ 𝒪(0.1), the 
subdominant loop corrections require the amplification to be 𝒴) < 𝒪 10+ ∼ 10, .

At the global maximum times
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Summary
We have discussed one-loop corrections to the power spectrum in inflaton potentials with oscillatory 
features for a sufficient PBH production.

Inflaton

If we consider the typical oscillatory feature models, the subdominant loop corrections require 
the amplification to be smaller than 𝒪 10& ∼ 10' in 𝒫(, where 𝒪 10% is often considered for 
the PBH scenarios.

The domination of the one-loop over tree power spectrum indicates the break down of the 
perturbation theory.

We have used the in-in formalism and numerically and analytically calculated the loop power 
spectra with the amplified tree power spectrum.

Our result indicates that we need a new computational method to discuss whether the oscillatory 
feature models can realize the PBH scenarios.
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