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Introduction

• So far, GR seems compatible with all observations.

• Several motivations for exploring modified gravity
– Quantum gravity effects
– Understand cosmological acceleration
– Explore alternative gravitational theories
– Testing gravity

• Many models of dark energy or modified gravity

• In this talk: scalar-tensor theories (allowing for 2nd 
order derivatives in their Lagrangian)



• Traditional scalar-tensor theories :

• Generalized theories with second order derivatives

• In general, they contain an extra degree of freedom, 
expected to lead to Ostrogradsky instabilities

• But this can be avoided if the theory is degenerate
(2nd-order equations of motion not necessary !)

Higher order scalar-tensor theories
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• Traditional theories: 

• Generalized theories:
DHOST: most general family of covariant scalar-tensor theories

with a single scalar DOF

DHOST theories

Beyond Horndeski (GLPV) DHOST
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Degenerate theories 

• In general, higher-order theories suffer from an
Ostrogradski instability due to an extra dof

• Degenerate theories: EOM higher order, no extra dof

• DHOST (Degenerate Higher-Order Scalar-Tensor)
DL & Noui ‘15 
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DHOST theories
• Action of quadratic DHOST

The functions and satisfy three degeneracy conditions.

• Extension to cubic order (in )

• DHOST includes Horndeski, Beyond Horndeski, Einstein-scalar-
Gauss-Bonnet
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• Transformation 

• From an action , one gets the new action

• DHOST families
are closed
under these
transformations  

• When standard fields are (minimally) included, two disformally
related theories are physically inequivalent !

Disformal transformations
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• Invertible transformations

where the coefficients are functions of    ,     , and            . 

One can transform Horndeski’s Lagrangians into new Lagrangians, 
which are equivalent in vacuum.

• Coupling to matter ?    

Only theories related to Horndeski via a conventional disformal
transformation seem to be ghost-free.

Generalized transformations ?

[Ikeda, Takahashi & Kobayashi ’2302]

[Takahashi, Motohashi & Minamitsuji ’21]

[Takahashi et al ’21, Naruko et al ‘22, 
Takahashi et a ‘22]



Cosmology



Dark energy & GW170817

• Constraint on the speed of GW:

implies (and no cubic term)

• To avoid GW decay into dark energy

• However, constraints from GW170817 valid for 

Not necessarily relevant for cosmological scales
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Cosmology of (quadratic) DHOST

• Quadratic DHOST theories (Ia): 

• Background:

– Homogeneous action

– Variation w.r.t. to    ,    and     yields the generalized Friedmann & 
scalar equations, which are higher order.
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Cosmology of (quadratic) DHOST

• Trick: auxiliary scale factor such that

– New homogeneous action

– Matter

– Friedmann eqs: 
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Illustrative example

• A simple toy model 

Choice of    determines . Degeneracy imposes       and       .

• Background evolution as a dynamical system

Boumaza, DL, Noui ‘20
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Homogeneous evolution

• Stable fixed point(s) 

• Transition from matter era to dark energy era
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DHOST cosmological perturbations 
• ADM decomposition with uniform slicing

• Quadratic action 

– Horndeski:        ,        ,        ,

– Beyond Horndeski (GLPV):                         

– DHOST I                  : 
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Physical degrees of freedom 

• Scalar (                                                          )

• Tensor: 

• Stability (neither ghost nor gradient instability)
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Cosmological observations

• Use a traditional gauge, e.g. Newtonian gauge

• Description in an arbitrary slicing ? 

• Coordinate change

• Perturbations: 

t ! t+ ⇡(t, ~x)

� = const

t

ds2 = �(1 + 2�)dt2 + a2(t) (1� 2 ) �ij dx
idxj

� ,  , ⇡ , �m , ~vm



Cosmological perturbations

• Standard linear equations (in GR)

~̇vm +H ~vm = �~r�

�̇m + ~r · ~vm = 0

 = �
 

�m

�

~vm

r2 = 4⇡Ga2⇢m�m

(continuity)

(Euler)(relativistic Poisson)



Cosmological perturbations

• Modified equations (linear level)

• Nonlinear effects

r2 = 4⇡G(1 +⌥G)a
2⇢m�m

Quasi-static
approximation
(valid on scales

)

 

�m

�

~vm

⇡

 = ⌘�

kcs � aH

Ge↵ = Ge↵(↵i) , ⌘ = ⌘(↵i)

which can be confronted to observations (galaxy clustering, weak lensing…)

e.g. Hirano et al ’18, 20’, Namikawa et al. ‘18, Crisostomi
et al ‘19, Lewandowski ‘19, Hir, Sugiyama et al ‘23



Black hole perturbations



Black hole perturbations

• GW astronomy provides a new window to test GR, in particular in 
the strong field regime. 

• Ringdown phase of a BH merger 
is interesting for modified gravity 
models; it can be described by BH perturbations.

• Deviations in the context of DHOST theories ?

Based on work with Karim Noui & Hugo Roussille ’21, ‘22



BH background solution
• Static spherically symmetric BH with a nontrivial scalar field

– Metric:

– Scalar field:

• Examples:
– « stealth » Schwarzschild:

– « BCL »

– « 4d Gauss-Bonnet »

– Scalar-Gauss-Bonnet

[Babichev & Charmousis ‘13]
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Black hole perturbations
• In the frequency domain:

• Axial (or odd) modes:

• Polar (or even) modes: (and )
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Axial modes in GR
• The linearised metric eqs yield only 2 independent eqs

or, in a Schroedinger form,

• Asymptotically ( )

• Quasi-normal modes:
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Axial modes in DHOST
• The equations have a similar structure:

where and depend on the Lagrangian’s functions and
on the background.
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Axial modes in DHOST
• The equations have a similar structure:

where and depend on the Lagrangian’s functions and
on the background.
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Axial modes in DHOST
• The equations have a similar structure:

where and depend on the Lagrangian’s functions and
on the background.

• After some redefinitions, one can get a Schroedinger-like equation

where and depend on the choice .
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Effective metric for axial modes
• Correspondence

with the effective metric

• Quadratic DHOST theories
The disformal transformation such that and yields

which coincides with

DHOST axial modes in GR axial modes in gµ⌫
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Example: stealth Schwarzschild
• Coefficients

• Effective metric: Schwarzschild with a displaced horizon

• Potential [with ]

Same potential as in GR, but with instead of (and a rescaling).
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Other effective metrics
• BCL solution:

BH geometry with the same horizon

• 4d Gauss-Bonnet solution:

Naked singularity
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Polar modes

• The linearised metric equations yield
– 2 independent equations in GR (1 dof)
– 4 independent equations in DHOST theories (2 dof)

• In GR: 2-dimensional system , which can be written in a
Schroedinger form.

• In DHOST, the system is now 4-dimensional, with

• It is convenient to do an asymptotic analysis of the first-order
system.
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Asymptotics of a diffential system
• Instead of a Schroedinger-like approach, one can use directly the
initial first-order equations of motion and their asymptotic limit:

• The generic solution is of the form

• There exists a well-defined algorithm to determine the diagonal
matrices and .

Idea: diagonalise, order by order, the matrix M, with
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Polar modes
• Study the asymptotic behaviour of the 4-dim system at spatial
infinity and near the horizon, and extract the asymptotic
independent modes.

• At spatial infinity, one can identify
– 2 « gravitational » modes
– 2 « scalar» modes

• Similar results near the horizon

• Starting point for a numerical determination of the quasi-normal
modes of these BHs in modified gravity.



Conclusion

• DHOST theories: most general framework for scalar-
tensor theories propagating a single scalar dof.

• DHOST theories give a very rich phenomenology,
which can parametrise deviations from General
Relativity and be tested in future cosmological
observations.

• Deviations from GR can also be explored in compact
objects, in particular black holes. QNMs modes are a
natural target to detect or constrain deviations from GR
in the strong gravity regime.


