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Quasi-Normal (QN) Modes of BHs and Ringdown
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B. P. Abbott et al. (2016)
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determined only by mass and angular momentum (no-hair theorem)
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relaxation process of a BH ringing 
=ringdown phase 
= superposition of quasi-normal modes
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l = m = 2
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!q = Re[!q] + iIm[!q]
(frequency) (damping rate)

Quasi-Normal Modes (QNMs)
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Why is a BH ringing important?

→Measurement of each QN mode

→Test of GR in strong-gravity regimes
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Overtone QN modes

Kerr BH (j=0.8, M=0.5)

fundamental mode

high damping rate —> “overtones”
less important??

Important at late time
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NO arXiv: 2208.02923 

Ringdown of comparable mass ratio BBH mergers1

Ringdown of extreme mass ratio mergers2

Alternative modeling of ringdown  
for extreme mass ratio mergers3

NO arXiv: 2109.09757

NO arXiv: 2208.02923 



When does ringdown start?

Fundamental mode dominates at late time.

Many overtones are highly excited (!) 
(from data analysis) 

Giesler, Isi, Scheel, Teukolsky (2019)

B. P. Abbott et al. (2016)



Fundamental mode Higher overtones
Giesler, Isi, Scheel, Teukolsky (2019)

Binary Black Hole with comparable mass ratio

strain peak

strain peak
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Ma, Giesler, Varma, Scheel, and Chen (2021)

Initial configuration of BBH overtones

Universality of the importance of overtones



Giesler, Isi, Scheel, Teukolsky (2019)

Ma, Giesler, Varma, Scheel, and Chen (2021)

Why are the 4th and 5th overtones dominant??

(Based on fitting analysis)

Is there any theoretical reason or evidence??
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Quasi-normal modes of BH are characterized by

1. frequency (real part)

2. damping rate (imaginary part)

3. Excitability
(residue at a pole (QN frequency) of the Green’s function)

Leaver (1986)
Excitation factor
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Analogy with a vibrating string
Berti and Cardoso (2013)
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Vibrating string

String

Fixed Fixed

Which pattern is dominant?
n=2

n=3

n=1



Vibrating string

n=1 is the easiest mode 
to excite!

Excitation factor of the 
string is proportional to 1/n
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waveform Green’s function source term
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excitation factor source factor



Excitation of QNMs

Green’s function source term(spin-weighted) spheroidal harmonic function

Source factor: 
Initial data of a distorted BH

Excitation factor: 
Intrinsic quantity of BHs

Quantify the “ease-of-excitaton” of QNMs

Residues of Green’s function
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Excitation factor independent of the source of perturbation (universal quantity!!)


N.O. arXiv: 2109.09757

4th and 5th overtones are important!!!

Giesler, Isi, Scheel, Teukolsky (2019)

If the source factors have strong dependence on 
the overtone number “n”, the behaviour of the 

excitation factor is NOT meaningful…



C22n = E22nT22n
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excitation coefficients excitation factor source factor

Giesler, Isi, Scheel, Teukolsky (2019)
N.O. (2021)

challenging to compute!
easy to estimate!!

Excitation factor is SENSITIVE to “n” Source factor is INSENSITIVE to “n”

“Importance of overtones” is determined mostly 
by the excitation factors!!
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NO arXiv: 2208.02923 

Ringdown of comparable mass ratio BBH mergers1

Ringdown of extreme mass ratio mergers2

Alternative modeling of ringdown  
for extreme mass ratio mergers3

NO arXiv: 2109.09757

NO arXiv: 2208.02923 



Are BH overtones well excited 

even for an extreme-mass-ratio merger?



GW waveform induced by a particle plunging into a BH 
Extreme-Mass-Ratio Merger Y. Kojima and T. Nakamura (1984)

Sasaki Nakamura equation
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 (solving the geodesic equation and NO self-force)
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<latexit sha1_base64="QFIxiEEI/UZygjaiYrlbmcyT31k=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiS12LorunHZgn1AG8pkOmnHTiZhZiKE0C9w40IRt36SO//G6QtU9MCFwzn3cu89fsyZ0o7zaeXW1jc2t/LbhZ3dvf2D4uFRW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+5Gbmdx6oVCwSdzqNqRfikWABI1gbqZkOiiXHLl/VnIsaWpBKdUXKyLWdOUqwRGNQ/OgPI5KEVGjCsVI914m1l2GpGeF0WugnisaYTPCI9gwVOKTKy+aHTtGZUYYoiKQpodFc/T6R4VCpNPRNZ4j1WP32ZuJfXi/RQc3LmIgTTQVZLAoSjnSEZl+jIZOUaJ4agolk5lZExlhiok02BRPC6lP0P2mXbffSLjcrpfr1Mo48nMApnIMLVajDLTSgBQQoPMIzvFj31pP1ar0tWnPWcuYYfsB6/wJlUI1Z</latexit>y

Signal (spectrum)

-1.5-1.0-0.5 0.0 0.5 1.0 1.5 2.0

10-4
0.001
0.010
0.100

1

�

|h
(�

)|<latexit sha1_base64="db+5lS0Cvkacy95RcAqIzO0cEFA=">AAAB/HicdVDJSgNBEO2JW4zbaI5eGoMQL8PMGEy8Bb14jGAWSELo6dQkTXoWunuEMIm/4sWDIl79EG/+jZ0NVPRBweO9KqrqeTFnUtn2p5FZW9/Y3Mpu53Z29/YPzMOjhowSQaFOIx6JlkckcBZCXTHFoRULIIHHoemNrmd+8x6EZFF4p8YxdAMyCJnPKFFa6pn5SUcx3od0OC12ogAG5GzSMwu25V5W7PMKXpBSeUVc7Fj2HAW0RK1nfnT6EU0CCBXlRMq2Y8eqmxKhGOUwzXUSCTGhIzKAtqYhCUB20/nxU3yqlT72I6ErVHiufp9ISSDlOPB0Z0DUUP72ZuJfXjtRfqWbsjBOFIR0schPOFYRniWB+0wAVXysCaGC6VsxHRJBqNJ55XQIq0/x/6ThWs6F5d6WCtWrZRxZdIxOUBE5qIyq6AbVUB1RNEaP6Bm9GA/Gk/FqvC1aM8ZyJo9+wHj/Al39lUE=</latexit>

|h̃(!)|

<latexit sha1_base64="6vIQH5BdxiKo57aftE8G3+W8Ez4=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbsxmHgLevEYwTwgWcLspDcZM7OzzMwKYck/ePGgiFf/x5t/4+QFKlrQUFR1090VJpxp43mfzsrq2vrGZm4rv72zu7dfODhsapkqCg0quVTtkGjgLIaGYYZDO1FARMihFY6up37rAZRmMr4z4wQCQQYxixglxkrNrhQwIL1C0XNLl1XvvIrnpFxZkhL2XW+GIlqg3it8dPuSpgJiQznRuuN7iQkyogyjHCb5bqohIXREBtCxNCYCdJDNrp3gU6v0cSSVrdjgmfp9IiNC67EIbacgZqh/e1PxL6+TmqgaZCxOUgMxnS+KUo6NxNPXcZ8poIaPLSFUMXsrpkOiCDU2oLwNYfkp/p80S65/4ZZuy8Xa1SKOHDpGJ+gM+aiCaugG1VEDUXSPHtEzenGk8+S8Om/z1hVnMXOEfsB5/wINxI93</latexit>!

Inverse 

Fourier Transform
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h +
(t)

<latexit sha1_base64="7ib7sjm/U6ItrFtGpmIlcavMxFQ=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSIIQkhisfVW9OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuP0CFX0w8Hhvhpl5YcqZ0o7zaa2srq1vbBa2its7u3v7pYPDpkoySahPEp7IdogV5UxQXzPNaTuVFMchp61wdDP1Ww9UKpaIez1OaRDjgWARI1gbyR/28vNJr1R2bO+q5lzU0JxUqkviIdd2ZijDAo1e6aPbT0gWU6EJx0p1XCfVQY6lZoTTSbGbKZpiMsID2jFU4JiqIJ8dO0GnRumjKJGmhEYz9ftEjmOlxnFoOmOsh+q3NxX/8jqZjmpBzkSaaSrIfFGUcaQTNP0c9ZmkRPOxIZhIZm5FZIglJtrkUzQhLD9F/5OmZ7uXtndXKdevF3EU4BhO4AxcqEIdbqEBPhBg8AjP8GIJ68l6td7mrSvWYuYIfsB6/wIsO47y</latexit>

h+

<latexit sha1_base64="pWbghRCLcRMsS/JctIiJVIJGPM8=">AAAB6HicdVDLSsNAFL2pr1pfVZduBovgKiSx2LorunHZgn1AG8pkOmnHTiZhZiKU0C9w40IRt36SO//G6QtU9MCFwzn3cu89QcKZ0o7zaeXW1jc2t/LbhZ3dvf2D4uFRS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Gbmtx+oVCwWd3qSUD/CQ8FCRrA2UkP3iyXH9q6qzkUVLUi5siIecm1njhIsUe8XP3qDmKQRFZpwrFTXdRLtZ1hqRjidFnqpogkmYzykXUMFjqjys/mhU3RmlAEKY2lKaDRXv09kOFJqEgWmM8J6pH57M/Evr5vqsOpnTCSppoIsFoUpRzpGs6/RgElKNJ8Ygolk5lZERlhiok02BRPC6lP0P2l5tntpe41yqXa9jCMPJ3AK5+BCBWpwC3VoAgEKj/AML9a99WS9Wm+L1py1nDmGH7DevwBdvI1U</latexit>

t

Signal (time domain)

Real Part of

 QN Frequencies


n=0,…,15
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<latexit sha1_base64="bkqHD7EHEbeaQzVsGlvRmGkPzi4="></latexit>

h(t) =
X

n

Cne
�i!lmnt✓(t� t⇤)

Fitting analysis in frequency domain

<latexit sha1_base64="a+uO/Dj2VkdXKMMxEiAweAuiqoQ="></latexit>

h̃(!) =
i

2⇡

X

n

C̃n

! � !lmn
ei!t⇤

<latexit sha1_base64="L7Y6rtEJGBTYHcqoEQzz67J99Zk="></latexit>

C̃n = Cne
�i!lmnt

⇤

<latexit sha1_base64="fSezggBl+9oxRih2TXVD/HIfbRQ=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSK0UEoSRL0IRS8eK9gPaEPZbDft0t0k7m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeX7MmdK2/W2trW9sbm3ndvK7e/sHh4Wj46aKEklog0Q8km0fK8pZSBuaaU7bsaRY+Jy2/NHdzG+NqVQsCh/1JKaewIOQBYxgbSSvxCuijG5Qya245V6haFftOdAqcTJShAz1XuGr249IImioCcdKdRw71l6KpWaE02m+mygaYzLCA9oxNMSCKi+dHz1F50bpoyCSpkKN5urviRQLpSbCN50C66Fa9mbif14n0cG1l7IwTjQNyWJRkHCkIzRLAPWZpETziSGYSGZuRWSIJSba5JQ3ITjLL6+Splt1Lqvuw0WxdpvFkYNTOIMSOHAFNbiHOjSAwBM8wyu8WWPrxXq3Phata1Y2cwJ/YH3+ABkIj7c=</latexit>

(l,m) = (2, 2)

<latexit sha1_base64="ojepyM+/D9d05EIt6VKyuR2hSFY=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4WnaLaC9C0YvHCvYD2qVk02ybNpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeN5387a+sbm1nZhp7i7t39wWDo6bmqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2F47uZ33qiSjMpHs0koUGMB4JFjGBjpeboBnlutVcqe643B1olfk7KkKPeK311+5KkMRWGcKx1x/cSE2RYGUY4nRa7qaYJJmM8oB1LBY6pDrL5tVN0bpU+iqSyJQyaq78nMhxrPYlD2xljM9TL3kz8z+ukJqoGGRNJaqggi0VRypGRaPY66jNFieETSzBRzN6KyBArTIwNqGhD8JdfXiXNiutfuZWHy3LtNo+jAKdwBhfgwzXU4B7q0AACI3iGV3hzpPPivDsfi9Y1J585gT9wPn8AAECOGg==</latexit>

j = 0.8

Mourier et al. (2020)

QNM fitting in time-domain waveform

Giesler, et al. (2019)

Ma, et al. (2021)

see e.g. 

QNM fitting in frequency domain

Fourier

 transform

<latexit sha1_base64="fSezggBl+9oxRih2TXVD/HIfbRQ=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSK0UEoSRL0IRS8eK9gPaEPZbDft0t0k7m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeX7MmdK2/W2trW9sbm3ndvK7e/sHh4Wj46aKEklog0Q8km0fK8pZSBuaaU7bsaRY+Jy2/NHdzG+NqVQsCh/1JKaewIOQBYxgbSSvxCuijG5Qya245V6haFftOdAqcTJShAz1XuGr249IImioCcdKdRw71l6KpWaE02m+mygaYzLCA9oxNMSCKi+dHz1F50bpoyCSpkKN5urviRQLpSbCN50C66Fa9mbif14n0cG1l7IwTjQNyWJRkHCkIzRLAPWZpETziSGYSGZuRWSIJSba5JQ3ITjLL6+Splt1Lqvuw0WxdpvFkYNTOIMSOHAFNbiHOjSAwBM8wyu8WWPrxXq3Phata1Y2cwJ/YH3+ABkIj7c=</latexit>

(l,m) = (2, 2)

<latexit sha1_base64="ojepyM+/D9d05EIt6VKyuR2hSFY=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4WnaLaC9C0YvHCvYD2qVk02ybNpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeN5387a+sbm1nZhp7i7t39wWDo6bmqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2F47uZ33qiSjMpHs0koUGMB4JFjGBjpeboBnlutVcqe643B1olfk7KkKPeK311+5KkMRWGcKx1x/cSE2RYGUY4nRa7qaYJJmM8oB1LBY6pDrL5tVN0bpU+iqSyJQyaq78nMhxrPYlD2xljM9TL3kz8z+ukJqoGGRNJaqggi0VRypGRaPY66jNFieETSzBRzN6KyBArTIwNqGhD8JdfXiXNiutfuZWHy3LtNo+jAKdwBhfgwzXU4B7q0AACI3iGV3hzpPPivDsfi9Y1J585gT9wPn8AAECOGg==</latexit>

j = 0.8
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<latexit sha1_base64="db+5lS0Cvkacy95RcAqIzO0cEFA=">AAAB/HicdVDJSgNBEO2JW4zbaI5eGoMQL8PMGEy8Bb14jGAWSELo6dQkTXoWunuEMIm/4sWDIl79EG/+jZ0NVPRBweO9KqrqeTFnUtn2p5FZW9/Y3Mpu53Z29/YPzMOjhowSQaFOIx6JlkckcBZCXTHFoRULIIHHoemNrmd+8x6EZFF4p8YxdAMyCJnPKFFa6pn5SUcx3od0OC12ogAG5GzSMwu25V5W7PMKXpBSeUVc7Fj2HAW0RK1nfnT6EU0CCBXlRMq2Y8eqmxKhGOUwzXUSCTGhIzKAtqYhCUB20/nxU3yqlT72I6ErVHiufp9ISSDlOPB0Z0DUUP72ZuJfXjtRfqWbsjBOFIR0schPOFYRniWB+0wAVXysCaGC6VsxHRJBqNJ55XQIq0/x/6ThWs6F5d6WCtWrZRxZdIxOUBE5qIyq6AbVUB1RNEaP6Bm9GA/Gk/FqvC1aM8ZyJo9+wHj/Al39lUE=</latexit> |h̃
(!

)|

Out[�]=
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<latexit sha1_base64="jWjH2UTQ5sFlkB0+pmxP4jLVz6U=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3iHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvatypX5Zqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3PPjLY=</latexit>

+
<latexit sha1_base64="FEASjxvd/i8cXTT4rAcHoAZxpSk=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0alXvslq7v6jUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuHWPOw==</latexit>⇥Out[�]=
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Out[�]=

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

1

2

Re

Im

<latexit sha1_base64="vFfmuELSHGBx7qjEn4/qPK3/ZRA=">AAAB/XicdVDLSsNAFJ3UV62v+ti5GSxCBQlJqX3sim7cKC3YB7QhTKbTduhMEmYmQg3FX3HjQhG3/oc7/8ZpG0FFD1w4nHMv997jhYxKZVkfRmppeWV1Lb2e2djc2t7J7u61ZBAJTJo4YIHoeEgSRn3SVFQx0gkFQdxjpO2NL2Z++5YISQP/Rk1C4nA09OmAYqS05GYPRm4c9wSHjeur6SnjU5hXJ242Z5lVy66eleGCVIoJKVWhbVpz5ECCupt97/UDHHHiK8yQlF3bCpUTI6EoZmSa6UWShAiP0ZB0NfURJ9KJ59dP4bFW+nAQCF2+gnP1+0SMuJQT7ulOjtRI/vZm4l9eN1KDihNTP4wU8fFi0SBiUAVwFgXsU0GwYhNNEBZU3wrxCAmElQ4so0P4+hT+T1oF0y6ZhUYxVztP4kiDQ3AE8sAGZVADl6AOmgCDO/AAnsCzcW88Gi/G66I1ZSQz++AHjLdPs2iUwg==</latexit>

hQNM,lm(t)
<latexit sha1_base64="E0KXIucnO/M/LnfyGlfL4SmrAEU=">AAACCnicdVDLSsNAFJ34rPVVdelmtAgKEhLRPnZFN26UClaFppTJ5LYdOpOEmYlQQtZu/BU3LhRx6xe482+cPgQVPXDhcM693HuPH3OmtON8WFPTM7Nz87mF/OLS8spqYW39SkWJpNCgEY/kjU8UcBZCQzPN4SaWQITP4drvnwz961uQikXhpR7E0BKkG7IOo0QbqV3Y8jTjAaS9rJ2mnhT44vws2+ciw7teJKBL9tqFomNXHbd6VMZjUjmckFIVu7YzQhFNUG8X3r0goomAUFNOlGq6TqxbKZGaUQ5Z3ksUxIT2SReahoZEgGqlo1cyvGOUAHciaSrUeKR+n0iJUGogfNMpiO6p395Q/MtrJrpTaaUsjBMNIR0v6iQc6wgPc8EBk0A1HxhCqGTmVkx7RBKqTXp5E8LXp/h/cnVguyX74OKwWDuexJFDm2gb7SIXlVENnaI6aiCK7tADekLP1r31aL1Yr+PWKWsys4F+wHr7BDdNmps=</latexit>

h̃QNM,lm(!)

Finch, et al. (2021)

Ma, et al. (2022) & (2023)

e.g. 
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<latexit sha1_base64="KLG5s14JtB2sxkKCU9gs4VnUt+Y=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSRD0WvXisYNpCW8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHTR2niqHPYhGrdkA1Ci7RN9wIbCcKaRQIbAXju5nfekKleSwfzSTBXkSHkoecUWMlf9TPLqb9csWtunOQVeLlpAI5Gv3yV3cQszRCaZigWnc8NzG9jCrDmcBpqZtqTCgb0yF2LJU0Qt3L5sdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eJzXhTS/jMkkNSrZYFKaCmJjMPicDrpAZMbGEMsXtrYSNqKLM2HxKNgRv+eVV0qxVvatq7eGyUr/N4yjCCZzCOXhwDXW4hwb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8AbDyjp0=</latexit>

h+

<latexit sha1_base64="9EMyv1fJ/Jx6qrylsoL0OwZsOzY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ae2oWy2m3bpZhN2J0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilx1E/66GIuJn2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVRRu8XP5hdPyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG89jOhkhS5YotFYSoJxmT2PhkIzRnKiSWUaWFvJWxENWVoQyrZELzll1dJq1b1Lqu1+4tK/SaPowgncArn4MEV1OEOGtAEBgqe4RXeHOO8OO/Ox6K14OQzx/AHzucP/l2RIg==</latexit>

h⇥

<latexit sha1_base64="fSezggBl+9oxRih2TXVD/HIfbRQ=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSK0UEoSRL0IRS8eK9gPaEPZbDft0t0k7m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeX7MmdK2/W2trW9sbm3ndvK7e/sHh4Wj46aKEklog0Q8km0fK8pZSBuaaU7bsaRY+Jy2/NHdzG+NqVQsCh/1JKaewIOQBYxgbSSvxCuijG5Qya245V6haFftOdAqcTJShAz1XuGr249IImioCcdKdRw71l6KpWaE02m+mygaYzLCA9oxNMSCKi+dHz1F50bpoyCSpkKN5urviRQLpSbCN50C66Fa9mbif14n0cG1l7IwTjQNyWJRkHCkIzRLAPWZpETziSGYSGZuRWSIJSba5JQ3ITjLL6+Splt1Lqvuw0WxdpvFkYNTOIMSOHAFNbiHOjSAwBM8wyu8WWPrxXq3Phata1Y2cwJ/YH3+ABkIj7c=</latexit>

(l,m) = (2, 2)

<latexit sha1_base64="ojepyM+/D9d05EIt6VKyuR2hSFY=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4WnaLaC9C0YvHCvYD2qVk02ybNpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeN5387a+sbm1nZhp7i7t39wWDo6bmqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2F47uZ33qiSjMpHs0koUGMB4JFjGBjpeboBnlutVcqe643B1olfk7KkKPeK311+5KkMRWGcKx1x/cSE2RYGUY4nRa7qaYJJmM8oB1LBY6pDrL5tVN0bpU+iqSyJQyaq78nMhxrPYlD2xljM9TL3kz8z+ukJqoGGRNJaqggi0VRypGRaPY66jNFieETSzBRzN6KyBArTIwNqGhD8JdfXiXNiutfuZWHy3LtNo+jAKdwBhfgwzXU4B7q0AACI3iGV3hzpPPivDsfi9Y1J585gT9wPn8AAECOGg==</latexit>

j = 0.8

<latexit sha1_base64="rCrPbsQAZGNBJl5ofcufQMyM4Oc=">AAAB6XicdVDLSsNAFL2pr1pfVZduBovgKiSl9rErunFZxT6gDWUynbRDJ5MwMxFK6B+4caGIW//InX/jtI2gogcuHM65l3vv8WPOlHacDyu3tr6xuZXfLuzs7u0fFA+POipKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1p1cLv3tPpWKRuNOzmHohHgsWMIK1kW4naFgsOXbDcRsXNbQi9UpGqg3k2s4SJcjQGhbfB6OIJCEVmnCsVN91Yu2lWGpGOJ0XBomiMSZTPKZ9QwUOqfLS5aVzdGaUEQoiaUpotFS/T6Q4VGoW+qYzxHqifnsL8S+vn+ig7qVMxImmgqwWBQlHOkKLt9GISUo0nxmCiWTmVkQmWGKiTTgFE8LXp+h/0inbbtUu31RKzcssjjycwCmcgws1aMI1tKANBAJ4gCd4tqbWo/Viva5ac1Y2cww/YL19ArDcjX0=</latexit>

h
<latexit sha1_base64="TfPgJbG6BxJRVUxDSkcu5WqfUdg=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaTUPnZFNy5btA9oQ5lMJ+3QySTMTIQS+gluXCji1i9y5984bSOo6IELh3Pu5d57/JgzpR3nw1pb39jc2s7t5Hf39g8OC0fHHRUlktA2iXgkez5WlDNB25ppTnuxpDj0Oe360+uF372nUrFI3OlZTL0QjwULGMHaSLeTYWtYKDp23XHrl1W0IrVyRip15NrOEkXI0BwW3gejiCQhFZpwrFTfdWLtpVhqRjid5weJojEmUzymfUMFDqny0uWpc3RulBEKImlKaLRUv0+kOFRqFvqmM8R6on57C/Evr5/ooOalTMSJpoKsFgUJRzpCi7/RiElKNJ8Zgolk5lZEJlhiok06eRPC16fof9Ip2W7FLrXKxcZVFkcOTuEMLsCFKjTgBprQBgJjeIAneLa49Wi9WK+r1jUrmzmBH7DePgGw2I4X</latexit>

hQ

: original

: QNM model

Start time of ringdown

N. O. arXiv:2208.02923
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<latexit sha1_base64="TgolrcI34U4ZaHDteUN6GNEfY+U=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxDiJczEYOIt6MVjFLNAEkJPp5I06VnorhHjEPwVLx4U8ep/ePNv7Gygog8KHu9VUVXPDaXQaNuf1sLi0vLKamItub6xubWd2tmt6iBSHCo8kIGqu0yDFD5UUKCEeqiAea6Emju4GPu1W1BaBP4NDkNoeazni67gDI3UTu03Ee4wvoZRpolCdiDuj47bqbSdzZ0V7ZMinZJ8YU5y1MnaE6TJDOV26qPZCXjkgY9cMq0bjh1iK2YKBZcwSjYjDSHjA9aDhqE+80C34sn1I3pklA7tBsqUj3Sifp+Imaf10HNNp8ewr397Y/EvrxFht9iKhR9GCD6fLupGkmJAx1HQjlDAUQ4NYVwJcyvlfaYYRxNY0oQw/5T+T6q5rHOazV3l06XzWRwJckAOSYY4pEBK5JKUSYVwck8eyTN5sR6sJ+vVepu2LlizmT3yA9b7Fziwlb4=</latexit> R
e(
h̃
)

<latexit sha1_base64="6vIQH5BdxiKo57aftE8G3+W8Ez4=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbsxmHgLevEYwTwgWcLspDcZM7OzzMwKYck/ePGgiFf/x5t/4+QFKlrQUFR1090VJpxp43mfzsrq2vrGZm4rv72zu7dfODhsapkqCg0quVTtkGjgLIaGYYZDO1FARMihFY6up37rAZRmMr4z4wQCQQYxixglxkrNrhQwIL1C0XNLl1XvvIrnpFxZkhL2XW+GIlqg3it8dPuSpgJiQznRuuN7iQkyogyjHCb5bqohIXREBtCxNCYCdJDNrp3gU6v0cSSVrdjgmfp9IiNC67EIbacgZqh/e1PxL6+TmqgaZCxOUgMxnS+KUo6NxNPXcZ8poIaPLSFUMXsrpkOiCDU2oLwNYfkp/p80S65/4ZZuy8Xa1SKOHDpGJ+gM+aiCaugG1VEDUXSPHtEzenGk8+S8Om/z1hVnMXOEfsB5/wINxI93</latexit>!

<latexit sha1_base64="TgolrcI34U4ZaHDteUN6GNEfY+U=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxDiJczEYOIt6MVjFLNAEkJPp5I06VnorhHjEPwVLx4U8ep/ePNv7Gygog8KHu9VUVXPDaXQaNuf1sLi0vLKamItub6xubWd2tmt6iBSHCo8kIGqu0yDFD5UUKCEeqiAea6Emju4GPu1W1BaBP4NDkNoeazni67gDI3UTu03Ee4wvoZRpolCdiDuj47bqbSdzZ0V7ZMinZJ8YU5y1MnaE6TJDOV26qPZCXjkgY9cMq0bjh1iK2YKBZcwSjYjDSHjA9aDhqE+80C34sn1I3pklA7tBsqUj3Sifp+Imaf10HNNp8ewr397Y/EvrxFht9iKhR9GCD6fLupGkmJAx1HQjlDAUQ4NYVwJcyvlfaYYRxNY0oQw/5T+T6q5rHOazV3l06XzWRwJckAOSYY4pEBK5JKUSYVwck8eyTN5sR6sJ+vVepu2LlizmT3yA9b7Fziwlb4=</latexit> R
e(
h̃
)

<latexit sha1_base64="TgolrcI34U4ZaHDteUN6GNEfY+U=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxDiJczEYOIt6MVjFLNAEkJPp5I06VnorhHjEPwVLx4U8ep/ePNv7Gygog8KHu9VUVXPDaXQaNuf1sLi0vLKamItub6xubWd2tmt6iBSHCo8kIGqu0yDFD5UUKCEeqiAea6Emju4GPu1W1BaBP4NDkNoeazni67gDI3UTu03Ee4wvoZRpolCdiDuj47bqbSdzZ0V7ZMinZJ8YU5y1MnaE6TJDOV26qPZCXjkgY9cMq0bjh1iK2YKBZcwSjYjDSHjA9aDhqE+80C34sn1I3pklA7tBsqUj3Sifp+Imaf10HNNp8ewr397Y/EvrxFht9iKhR9GCD6fLupGkmJAx1HQjlDAUQ4NYVwJcyvlfaYYRxNY0oQw/5T+T6q5rHOazV3l06XzWRwJckAOSYY4pEBK5JKUSYVwck8eyTN5sR6sJ+vVepu2LlizmT3yA9b7Fziwlb4=</latexit> R
e(
h̃
)

<latexit sha1_base64="6vIQH5BdxiKo57aftE8G3+W8Ez4=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbsxmHgLevEYwTwgWcLspDcZM7OzzMwKYck/ePGgiFf/x5t/4+QFKlrQUFR1090VJpxp43mfzsrq2vrGZm4rv72zu7dfODhsapkqCg0quVTtkGjgLIaGYYZDO1FARMihFY6up37rAZRmMr4z4wQCQQYxixglxkrNrhQwIL1C0XNLl1XvvIrnpFxZkhL2XW+GIlqg3it8dPuSpgJiQznRuuN7iQkyogyjHCb5bqohIXREBtCxNCYCdJDNrp3gU6v0cSSVrdjgmfp9IiNC67EIbacgZqh/e1PxL6+TmqgaZCxOUgMxnS+KUo6NxNPXcZ8poIaPLSFUMXsrpkOiCDU2oLwNYfkp/p80S65/4ZZuy8Xa1SKOHDpGJ+gM+aiCaugG1VEDUXSPHtEzenGk8+S8Om/z1hVnMXOEfsB5/wINxI93</latexit>! <latexit sha1_base64="6vIQH5BdxiKo57aftE8G3+W8Ez4=">AAAB7XicdVDLSgNBEJz1GeMr6tHLYBA8LbsxmHgLevEYwTwgWcLspDcZM7OzzMwKYck/ePGgiFf/x5t/4+QFKlrQUFR1090VJpxp43mfzsrq2vrGZm4rv72zu7dfODhsapkqCg0quVTtkGjgLIaGYYZDO1FARMihFY6up37rAZRmMr4z4wQCQQYxixglxkrNrhQwIL1C0XNLl1XvvIrnpFxZkhL2XW+GIlqg3it8dPuSpgJiQznRuuN7iQkyogyjHCb5bqohIXREBtCxNCYCdJDNrp3gU6v0cSSVrdjgmfp9IiNC67EIbacgZqh/e1PxL6+TmqgaZCxOUgMxnS+KUo6NxNPXcZ8poIaPLSFUMXsrpkOiCDU2oLwNYfkp/p80S65/4ZZuy8Xa1SKOHDpGJ+gM+aiCaugG1VEDUXSPHtEzenGk8+S8Om/z1hVnMXOEfsB5/wINxI93</latexit>!

<latexit sha1_base64="J3eBScBBLujkrdXJGILQMt2hK/U=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexGUS9C0IvHCOYByRpmJ7PJkNmHM72BsOQ7vHhQxKsf482/cZLsQRMLGoqqbrq7vFgKjbb9beVWVtfWN/Kbha3tnd294v5BQ0eJYrzOIhmplkc1lyLkdRQoeStWnAae5E1veDv1myOutIjCBxzH3A1oPxS+YBSN5OJj2qEaJ+SanNndYsku2zOQZeJkpAQZat3iV6cXsSTgITJJtW47doxuShUKJvmk0Ek0jykb0j5vGxrSgGs3nR09ISdG6RE/UqZCJDP190RKA63HgWc6A4oDvehNxf+8doL+lZuKME6Qh2y+yE8kwYhMEyA9oThDOTaEMiXMrYQNqKIMTU4FE4Kz+PIyaVTKzkW5cn9eqt5kceThCI7hFBy4hCrcQQ3qwOAJnuEV3qyR9WK9Wx/z1pyVzRzCH1ifP5MLkVE=</latexit>

t⇤ = 30
<latexit sha1_base64="25e5RnnvfYXASn1plQIY3SxCTeM=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o0YsQ9OIxgnlAsobZyWwyZPbhTG8gLPkOLx4U8erHePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3vJ36zRFXWkThA45j7ga0HwpfMIpGcvEx7VCNE3JNzivdQtEu2TOQZeJkpAgZat3CV6cXsSTgITJJtW47doxuShUKJvkk30k0jykb0j5vGxrSgGs3nR09IadG6RE/UqZCJDP190RKA63HgWc6A4oDvehNxf+8doL+lZuKME6Qh2y+yE8kwYhMEyA9oThDOTaEMiXMrYQNqKIMTU55E4Kz+PIyaZRLTqVUvr8oVm+yOHJwDCdwBg5cQhXuoAZ1YPAEz/AKb9bIerHerY9564qVzRzBH1ifP5wjkVc=</latexit>

t⇤ = 36
<latexit sha1_base64="a8jSEtlcuY0UQAx0FAhqnRuX/qU=">AAAB9HicbVDJSgNBEK1xjXGLevTSGARPYSbE5SIEvXiMYBZIxtDT6Uma9Cx21wTCkO/w4kERr36MN//GTjIHTXxQ8Hiviqp6XiyFRtv+tlZW19Y3NnNb+e2d3b39wsFhQ0eJYrzOIhmplkc1lyLkdRQoeStWnAae5E1veDv1myOutIjCBxzH3A1oPxS+YBSN5OJj2qEaJ+SaVM67haJdsmcgy8TJSBEy1LqFr04vYknAQ2SSat127BjdlCoUTPJJvpNoHlM2pH3eNjSkAdduOjt6Qk6N0iN+pEyFSGbq74mUBlqPA890BhQHetGbiv957QT9KzcVYZwgD9l8kZ9IghGZJkB6QnGGcmwIZUqYWwkbUEUZmpzyJgRn8eVl0iiXnItS+b5SrN5kceTgGE7gDBy4hCrcQQ3qwOAJnuEV3qyR9WK9Wx/z1hUrmzmCP7A+fwCcJJFX</latexit>

t⇤ = 45

<latexit sha1_base64="RR2mVBMYfHFgxXK/lIy5coEQiHo=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZJYbN0V3bisYB/QxjKZTNqhM5MwM1FKyH+4caGIW//FnX/j9AUqeuDC4Zx7ufeeIGFUacf5tAorq2vrG8XN0tb2zu5eef+greJUYtLCMYtlN0CKMCpIS1PNSDeRBPGAkU4wvpr6nXsiFY3FrZ4kxOdoKGhEMdJGuutrykKSjfJBxng+KFcc27uoO2d1OCfV2pJ40LWdGSpggeag/NEPY5xyIjRmSKme6yTaz5DUFDOSl/qpIgnCYzQkPUMF4kT52ezqHJ4YJYRRLE0JDWfq94kMcaUmPDCdHOmR+u1Nxb+8Xqqjup9RkaSaCDxfFKUM6hhOI4AhlQRrNjEEYUnNrRCPkERYm6BKJoTlp/B/0vZs99z2bqqVxuUijiI4AsfgFLigBhrgGjRBC2AgwSN4Bi/Wg/VkvVpv89aCtZg5BD9gvX8ByZ2TYA==</latexit>

h̃lm
<latexit sha1_base64="YUWSSfLNtf/P3wwS/t13FGm08Cg=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSyCCwlpLLbuim7cKC3YBzShTKaTduhMEmYmQglx46+4caGIW//CnX/j9AUqeuDC4Zx7ufceP2ZUKtv+NBYWl5ZXVnNr+fWNza1tc2e3KaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/eDn2W3dESBqFt2oUE4+jfkgDipHSUtfcdxVlPZIOsm6auoLD+s11dsJ41jULtuWcV+zTCpySUnlOHFi07AkKYIZa1/xwexFOOAkVZkjKTtGOlZcioShmJMu7iSQxwkPUJx1NQ8SJ9NLJBxk80koPBpHQFSo4Ub9PpIhLOeK+7uRIDeRvbyz+5XUSFVS8lIZxokiIp4uChEEVwXEcsEcFwYqNNEFYUH0rxAMkEFY6tLwOYf4p/J80Hat4Zjn1UqF6MYsjBw7AITgGRVAGVXAFaqABMLgHj+AZvBgPxpPxarxNWxeM2cwe+AHj/Qss6Jdg</latexit>

h̃QNM,lm

<latexit sha1_base64="UbLznoKPj9qZc4Ll7KsblpYwKlk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpQkiHosevFYwbSFNpTNdtMu3WzC7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxLOlLbtb6u0tr6xuVXeruzs7u0fVA+P2ipOJaEeiXksuwFWlDNBPc00p91EUhwFnHaCyd3M7zxRqVgsHnWWUD/CI8FCRrA2kld3L9zzQbVmN+w50CpxClKDAq1B9as/jEkaUaEJx0r1HDvRfo6lZoTTaaWfKppgMsEj2jNU4IgqP58fO0VnRhmiMJamhEZz9fdEjiOlsigwnRHWY7XszcT/vF6qwxs/ZyJJNRVksShMOdIxmn2OhkxSonlmCCaSmVsRGWOJiTb5VEwIzvLLq6TtNpyrhvtwWWveFnGU4QROoQ4OXEMT7qEFHhBg8Ayv8GYJ68V6tz4WrSWrmDmGP7A+fwAdIY2U</latexit>

(2, 2)
<latexit sha1_base64="UbLznoKPj9qZc4Ll7KsblpYwKlk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpQkiHosevFYwbSFNpTNdtMu3WzC7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxLOlLbtb6u0tr6xuVXeruzs7u0fVA+P2ipOJaEeiXksuwFWlDNBPc00p91EUhwFnHaCyd3M7zxRqVgsHnWWUD/CI8FCRrA2kld3L9zzQbVmN+w50CpxClKDAq1B9as/jEkaUaEJx0r1HDvRfo6lZoTTaaWfKppgMsEj2jNU4IgqP58fO0VnRhmiMJamhEZz9fdEjiOlsigwnRHWY7XszcT/vF6qwxs/ZyJJNRVksShMOdIxmn2OhkxSonlmCCaSmVsRGWOJiTb5VEwIzvLLq6TtNpyrhvtwWWveFnGU4QROoQ4OXEMT7qEFHhBg8Ayv8GYJ68V6tz4WrSWrmDmGP7A+fwAdIY2U</latexit>

(2, 2)
<latexit sha1_base64="UbLznoKPj9qZc4Ll7KsblpYwKlk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahgpQkiHosevFYwbSFNpTNdtMu3WzC7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMCxLOlLbtb6u0tr6xuVXeruzs7u0fVA+P2ipOJaEeiXksuwFWlDNBPc00p91EUhwFnHaCyd3M7zxRqVgsHnWWUD/CI8FCRrA2kld3L9zzQbVmN+w50CpxClKDAq1B9as/jEkaUaEJx0r1HDvRfo6lZoTTaaWfKppgMsEj2jNU4IgqP58fO0VnRhmiMJamhEZz9fdEjiOlsigwnRHWY7XszcT/vF6qwxs/ZyJJNRVksShMOdIxmn2OhkxSonlmCCaSmVsRGWOJiTb5VEwIzvLLq6TtNpyrhvtwWWveFnGU4QROoQ4OXEMT7qEFHhBg8Ayv8GYJ68V6tz4WrSWrmDmGP7A+fwAdIY2U</latexit>

(2, 2)

<latexit sha1_base64="qImf1Zmq4jabnYU8BFVFRWU+hKo=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNcyUPhdC0Y3LCtYW2mHIpJk2NMkMSaZYhv6JGxeKuPVP3Pk3pg9BRQ9cOJxzL/feEyaMKu26H1ZubX1jcyu/XdjZ3ds/sA+P7lScSkzaOGax7IZIEUYFaWuqGekmkiAeMtIJx1dzvzMhUtFY3OppQnyOhoJGFCNtpMC2RZD1JYcc3c/gBfQqgV10nYbrNSo1uCT18opUG9Bz3AWKYIVWYL/3BzFOOREaM6RUz3MT7WdIaooZmRX6qSIJwmM0JD1DBeJE+dni8hk8M8oARrE0JTRcqN8nMsSVmvLQdHKkR+q3Nxf/8nqpjup+RkWSaiLwclGUMqhjOI8BDqgkWLOpIQhLam6FeIQkwtqEVTAhfH0K/yd3JcerOqWbcrF5uYojD07AKTgHHqiBJrgGLdAGGEzAA3gCz1ZmPVov1uuyNWetZo7BD1hvn5Afkvs=</latexit>

nmax = 15

Best Fit

(start time of ringdown)



Mismatch computed in time-domain Mismatch computed in frequency-domain

trajectory strain flux

Start Time of Ringdown



Convergence of Analysis



Excitation Factors



20 30 40 50 60 70 80 90
-0.15
-0.10
-0.05
0.00
0.05
0.10
0.15

t/(2M)

h(
t)

20 30 40 50 60 70 80 90
-0.4

-0.2

0.0

0.2

0.4

t/(2M)
h(
t)

<latexit sha1_base64="fSezggBl+9oxRih2TXVD/HIfbRQ=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSK0UEoSRL0IRS8eK9gPaEPZbDft0t0k7m4KJfR3ePGgiFd/jDf/jds2B219MPB4b4aZeX7MmdK2/W2trW9sbm3ndvK7e/sHh4Wj46aKEklog0Q8km0fK8pZSBuaaU7bsaRY+Jy2/NHdzG+NqVQsCh/1JKaewIOQBYxgbSSvxCuijG5Qya245V6haFftOdAqcTJShAz1XuGr249IImioCcdKdRw71l6KpWaE02m+mygaYzLCA9oxNMSCKi+dHz1F50bpoyCSpkKN5urviRQLpSbCN50C66Fa9mbif14n0cG1l7IwTjQNyWJRkHCkIzRLAPWZpETziSGYSGZuRWSIJSba5JQ3ITjLL6+Splt1Lqvuw0WxdpvFkYNTOIMSOHAFNbiHOjSAwBM8wyu8WWPrxXq3Phata1Y2cwJ/YH3+ABkIj7c=</latexit>

(l,m) = (2, 2)
<latexit sha1_base64="ojepyM+/D9d05EIt6VKyuR2hSFY=">AAAB7XicbVBNSwMxEJ31s9avqkcvwSJ4WnaLaC9C0YvHCvYD2qVk02ybNpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZFyacaeN5387a+sbm1nZhp7i7t39wWDo6bmqZKkIbRHKp2iHWlDNBG4YZTtuJojgOOW2F47uZ33qiSjMpHs0koUGMB4JFjGBjpeboBnlutVcqe643B1olfk7KkKPeK311+5KkMRWGcKx1x/cSE2RYGUY4nRa7qaYJJmM8oB1LBY6pDrL5tVN0bpU+iqSyJQyaq78nMhxrPYlD2xljM9TL3kz8z+ukJqoGGRNJaqggi0VRypGRaPY66jNFieETSzBRzN6KyBArTIwNqGhD8JdfXiXNiutfuZWHy3LtNo+jAKdwBhfgwzXU4B7q0AACI3iGV3hzpPPivDsfi9Y1J585gT9wPn8AAECOGg==</latexit>

j = 0.8

Beginning of Ringdown

(Destructive Interference)

Strain Peak

(Overtones getting suppressed) 

Exponential Damping

(Fundamental Mode) 

Destructive Interference of Overtones 
in the extreme-mass-ratio merger

<latexit sha1_base64="g2aOjtWNTWO3qHaMkmoa6b2QlI0=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBahgpSkWPVY9OKxgmkLbSib7aZdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyScKe0431ZhbX1jc6u4XdrZ3ds/sA+PWipOJaEeiXksOwFWlDNBPc00p51EUhwFnLaD8d3Mbz9RqVgsHvUkoX6Eh4KFjGBtJK9Sv6if9+2yU3XmQKvEzUkZcjT79ldvEJM0okITjpXquk6i/QxLzQin01IvVTTBZIyHtGuowBFVfjY/dorOjDJAYSxNCY3m6u+JDEdKTaLAdEZYj9SyNxP/87qpDm/8jIkk1VSQxaIw5UjHaPY5GjBJieYTQzCRzNyKyAhLTLTJp2RCcJdfXiWtWtW9qtYeLsuN2zyOIpzAKVTAhWtowD00wQMCDJ7hFd4sYb1Y79bHorVg5TPH8AfW5w8mRY2a</latexit>

(5, 5)



NO arXiv: 2208.02923 

Ringdown of comparable mass ratio BBH mergers1

Ringdown of extreme mass ratio mergers2

Alternative modeling of ringdown  
for extreme mass ratio mergers3

NO arXiv: 2109.09757

NO arXiv: 2208.02923 



Are QN modes unique quantities  
to test GR in strong-gravity regimes?

•QN modes are exponentially damped in time.


•Extracting QN modes from GW data involves many fitting parameters.


•Sensitive to the choice of the start time of ringdown.

Testing GR with QN modes



Is there any other no-hair quantity 
to test GR?

→ greybody factor

(transmissivity/reflectivity of a light ring)



Greybody Factor Imprinted on Ringdown??

Kerr black hole

angular momentum barrier

compact object (particle)

scattered GW (ringdown) 
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<latexit sha1_base64="lmINTgJqvKAawDgMBZZxfF8Fgp4=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIglCTIuqy6MZlBfuANobJZNIOnUzCzI1Q0rrxV9y4UMStf+HOv3Fas9DWAwPnnnMvd+7xE84U2PaXUVhYXFpeKa6W1tY3NrfM7Z2milNJaIPEPJZtHyvKmaANYMBpO5EURz6nLX9wNfFb91QqFotbGCbUjXBPsJARDFryzL1RFxgPaNYfe9nxiS4iqsaju6pnlu2KPYU1T5yclFGOumd+doOYpBEVQDhWquPYCbgZlsAIp+NSN1U0wWSAe7SjqcB6kZtNLxhbh1oJrDCW+gmwpurviQxHSg0jX3dGGPpq1puI/3mdFMILN2MiSYEK8rMoTLkFsTWJwwqYpAT4UBNMJNN/tUgfS0xAh1bSITizJ8+TZrXinFWqN6fl2mUeRxHtowN0hBx0jmroGtVRAxH0gJ7QC3o1Ho1n4814/2ktGPnMLvoD4+Mb3MuXJw==</latexit> |h̃
+
/
⇥
|2

<latexit sha1_base64="woqNMxxcARAhruIlaswSavaYhjI=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6jHoxYsQwTwwWcLspDcZMo9lZlYIS/7CiwdFvPo33vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVFBpUcaXbETHAmYSGZZZDO9FARMShFY1upn7rCbRhSj7YcQKhIAPJYkaJddJjFd/hrhIwIL1S2a/4M+BlEuSkjHLUe6Wvbl/RVIC0lBNjOoGf2DAj2jLKYVLspgYSQkdkAB1HJRFgwmx28QSfOqWPY6VdSYtn6u+JjAhjxiJynYLYoVn0puJ/Xie18VWYMZmkFiSdL4pTjq3C0/dxn2mglo8dIVQzdyumQ6IJtS6kogshWHx5mTSrleCiUr0/L9eu8zgK6BidoDMUoEtUQ7eojhqIIome0St684z34r17H/PWFS+fOUJ/4H3+AE12kAk=</latexit>

2M!

greybody factor (scaled)

GW spectrum (+ and ×)

frequency

Greybody Factor Imprinted on Ringdown

QN frequency

(fundamental mode)

<latexit sha1_base64="UK8IhemoP+JuQt9O1A+CPzh+cmc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbB07JbRO1BKHrxWMF+QLuUbJpt02aTJckKpfQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeWHCmTae9+3k1tY3Nrfy24Wd3b39g+LhUUPLVBFaJ5JL1QqxppwJWjfMcNpKFMVxyGkzHN3N/OYTVZpJ8WjGCQ1i3BcsYgQbKzWGN55bqXSLJc/15kCrxM9ICTLUusWvTk+SNKbCEI61bvteYoIJVoYRTqeFTqppgskI92nbUoFjqoPJ/NopOrNKD0VS2RIGzdXfExMcaz2OQ9sZYzPQy95M/M9rpya6DiZMJKmhgiwWRSlHRqLZ66jHFCWGjy3BRDF7KyIDrDAxNqCCDcFffnmVNMquf+mWHy5K1dssjjycwCmcgw9XUIV7qEEdCAzhGV7hzZHOi/PufCxac042cwx/4Hz+ACffjjQ=</latexit>

j = 0.99

NO arXiv: 2208.02923




Exponential cut-off in ringdown spectrum

<latexit sha1_base64="8ISI18FVA+hL4QW7PbYa2JFn8mw=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VooYQk1D4WQtGNywq2FtpQJtNJO3QyiTOTQgn9DjcuFHHrx7jzb5y2EVT0wIXDOfdy7z1exKhUlvVhZNbWNza3stu5nd29/YP84VFHhrHApI1DFoquhyRhlJO2ooqRbiQICjxG7rzJ1cK/mxIhachv1SwiboBGnPoUI6Ult8jKQQlewKJTdkqDfMEyG5bdOK/BFalXUlJtQNu0liiAFK1B/r0/DHEcEK4wQ1L2bCtSboKEopiRea4fSxIhPEEj0tOUo4BIN1kePYdnWhlCPxS6uIJL9ftEggIpZ4GnOwOkxvK3txD/8nqx8utuQnkUK8LxapEfM6hCuEgADqkgWLGZJggLqm+FeIwEwkrnlNMhfH0K/ycdx7SrpnNTKTQv0ziy4AScgiKwQQ00wTVogTbA4B48gCfwbEyNR+PFeF21Zox05hj8gPH2CaPGkBc=</latexit>

(l,m) = (2, 2)
<latexit sha1_base64="mezBMWGlhxoOhvOPa/pW0GLNi2w=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hK7cdBKHrxIlSwtdCGstlu2qWbTdjdCCX0N3jxoIhXf5A3/43bNoKKPhh4vDfDzDw/5kxpx/mwciura+sb+c3C1vbO7l5x/6CjokQS2iYRj2TXx4pyJmhbM81pN5YUhz6nd/7kcu7f3VOpWCRu9TSmXohHggWMYG2kdvkanbuDYsmxG47bOKuhJalXMlJtINd2FihBhtag+N4fRiQJqdCEY6V6rhNrL8VSM8LprNBPFI0xmeAR7RkqcEiVly6OnaETowxREElTQqOF+n0ixaFS09A3nSHWY/Xbm4t/eb1EB3UvZSJONBVkuShIONIRmn+OhkxSovnUEEwkM7ciMsYSE23yKZgQvj5F/5NO2XardvmmUmpeZHHk4QiO4RRcqEETrqAFbSDA4AGe4NkS1qP1Yr0uW3NWNnMIP2C9fQLq+44g</latexit>

2M = 1

NO arXiv: 2208.02923


Leading to Reflectivity (greybody factor)



Fermi surface

Fermi degeneracy

Therm
al excitation

Fermi degeneracy of Kerr ringdown
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<latexit sha1_base64="6dIf4zvH9hkzJ53KQVcsKPvnbd8=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbB07KJQZNb0EtuRjAPyIZldtJJhszsrjOzQlhy8OKvePGgiFc/wpt/4+QFKlrQUFR1093lR5wp7TifVmpldW19I72Z2dre2d3L7h80VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6nPqtO5CKhcGNHkfQFWQQsD6jRBvJy+ZcEWNXMQG3WGD3SsCAeIkrBa5NvGzesZ1K2Tmt4DkpFZfEwQXbmSGPFqh72Q+3F9JYQKApJ0p1Ck6kuwmRmlEOk4wbK4gIHZEBdAwNiADVTWZPTPCxUXq4H0pTgcYz9ftEQoRSY+GbTkH0UP32puJfXifW/XI3YUEUawjofFE/5liHeJoI7jEJVPOxIYRKZm7FdEgkodrkljEhLD/F/5Nm0S6c2cXrUr56sYgjjXLoCJ2gAjpHVVRDddRAFN2jR/SMXqwH68l6td7mrSlrMXOIfsB6/wIl8JfO</latexit>

µ ' m⌦HRingdown of a near-extremal BH

→ Thermal Fermi system??

Fermi surface

j=0.99 (low Hawking temperature)
<latexit sha1_base64="X91af1D9DY6Tsvpsfcs3H4+fueU="></latexit>

TH =

p
1� j2

4⇡r+

<latexit sha1_base64="684z0z1ZkubWI945yd9OzIPEhgc=">AAACCHicdVDLSsNAFJ34rPUVdenCwSIIQklK7WMhFN10ZwX7gKaEyXTSjp1JwsxEKCFLN/6KGxeKuPUT3Pk3Th+Cih64cDjnXu69x4sYlcqyPoyFxaXlldXMWnZ9Y3Nr29zZbckwFpg0cchC0fGQJIwGpKmoYqQTCYK4x0jbG11M/PYtEZKGwbUaR6TH0SCgPsVIack1D5xLTgbITRzBYT2FZ9DxBcLJTZoUhHuSumbOylctu3pahjNSKc5JqQrtvDVFDszRcM13px/imJNAYYak7NpWpHoJEopiRtKsE0sSITxCA9LVNECcyF4yfSSFR1rpQz8UugIFp+r3iQRxKcfc050cqaH87U3Ev7xurPxKL6FBFCsS4NkiP2ZQhXCSCuxTQbBiY00QFlTfCvEQ6SCUzi6rQ/j6FP5PWoW8XcoXroq52vk8jgzYB4fgGNigDGqgDhqgCTC4Aw/gCTwb98aj8WK8zloXjPnMHvgB4+0TPS6ZhA==</latexit>

⌦H =
j

2r+

<latexit sha1_base64="XMvwHKCX0e4uCqN2s6dljajSEtE=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiSx2LorunEjVLQPaEOZTCft0MkkzEyEEvoJblwo4tYvcuffOH2Bih64cDjnXu69J0g4U9pxPq3cyura+kZ+s7C1vbO7V9w/aKo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGF1N/dYDlYrF4l6PE+pHeCBYyAjWRrrz0E2vWHJs76LqnFXRnJQrS+Ih13ZmKMEC9V7xo9uPSRpRoQnHSnVcJ9F+hqVmhNNJoZsqmmAywgPaMVTgiCo/m506QSdG6aMwlqaERjP1+0SGI6XGUWA6I6yH6rc3Ff/yOqkOq37GRJJqKsh8UZhypGM0/Rv1maRE87EhmEhmbkVkiCUm2qRTMCEsP0X/k6Znu+e2d1su1S4XceThCI7hFFyoQA2uoQ4NIDCAR3iGF4tbT9ar9TZvzVmLmUP4Aev9C+k2jZM=</latexit>

2M

<latexit sha1_base64="4gNUBnl9b3tsaVtX769YLU89sR8=">AAAB+3icdZDLSsNAFIYn9VbrLdalm8EiuAqJ9LoQim66rNAbtCFMptN26EwSZiZiCXkVNy4UceuLuPNtnLYRVPSHgY//nMM58/sRo1LZ9oeR29jc2t7J7xb29g8Oj8zjYk+GscCki0MWioGPJGE0IF1FFSODSBDEfUb6/vxmWe/fESFpGHTUIiIuR9OATihGSlueWex4yUhw2ErhFbQt22nUPLNkWw1NlRpcQ72cQbUBHcteqQQytT3zfTQOccxJoDBDUg4dO1JugoSimJG0MIoliRCeoykZagwQJ9JNVren8Fw7YzgJhX6Bgiv3+0SCuJQL7utOjtRM/q4tzb9qw1hN6m5CgyhWJMDrRZOYQRXCZRBwTAXBii00ICyovhXiGRIIKx1XQYfw9VP4P/QuLadqVW7LpeZ1FkcenIIzcAEcUANN0AJt0AUY3IMH8ASejdR4NF6M13VrzshmTsAPGW+fZ6SSww==</latexit>

TH = 0.0197
Hawking frequency (M=0.5)

<latexit sha1_base64="VrlKfyCVMVCYWqG21PB5XG961WY=">AAACBXicdVDLSgMxFM3UV62vUZe6CBahboaZ0udCKLpxWaEvaIchk6ZtaCYzJBmlDN248VfcuFDErf/gzr8xfQgqeuDCyTn3knuPHzEqlW1/GKmV1bX1jfRmZmt7Z3fP3D9oyTAWmDRxyELR8ZEkjHLSVFQx0okEQYHPSNsfX8789g0Rkoa8oSYRcQM05HRAMVJa8szjhpf0RAAF5cN+eMun8Bzalu1UK7n8mWdmbauqH8UyXJBKYUlKVehY9hxZsETdM997/RDHAeEKMyRl17Ej5SZIKIoZmWZ6sSQRwmM0JF1NOQqIdJP5FVN4qpU+HIRCF1dwrn6fSFAg5STwdWeA1Ej+9mbiX143VoOKm1AexYpwvPhoEDOoQjiLBPapIFixiSYIC6p3hXiEBMJKB5fRIXxdCv8nrbzllKzidSFbu1jGkQZH4ATkgAPKoAauQB00AQZ34AE8gWfj3ng0XozXRWvKWM4cgh8w3j4BthKWyw==</latexit>

Tringdown = 0.0198(2)
Exponential cut-off in GW spectrum



QN modes
Matsubara modes

Matsubara modes

<latexit sha1_base64="2LXPj2Rw29WEljKwkcOCH+bLCmA=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiBEkKEnBk1uQS8eI2SDzDD0dHqSJj0LvQhhyG948aCIV3/Gm39jZwMVfVDweK+KqnpByplUCH1aubX1jc2t/HZhZ3dv/6B4eNSRiRaEtknCE9ELsKScxbStmOK0lwqKo4DTbjC+nfndByokS+KWmqTUi/AwZiEjWBnJLbuR9tEFbPno3C+WkI3qNXRZhwtSrawIgo6N5iiBJZp+8cMdJERHNFaEYyn7DkqVl2GhGOF0WnC1pCkmYzykfUNjHFHpZfObp/DMKAMYJsJUrOBc/T6R4UjKSRSYzgirkfztzcS/vL5WYc3LWJxqRWOyWBRqDlUCZwHAAROUKD4xBBPBzK2QjLDARJmYCiaE1afwf9Kp2M6VXbmvlho3yzjy4AScgjJwwDVogDvQBG1AQAoewTN4sbT1ZL1ab4vWnLWcOQY/YL1/AUe9kI8=</latexit>

(µ0, T0)

<latexit sha1_base64="6mi3r230HS/JTEuHb4EtIi6oeHY=">AAACAXicdZDLSsNAFIYn9VbrLepGcDNYhApSklq03RXddFmhN2hCmEwn7dCZJMxMhBLqxldx40IRt76FO9/G6Q1U9IeBj/+cw5nz+zGjUlnWp5FZWV1b38hu5ra2d3b3zP2DtowSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT80c203rkjQtIobKpxTFyOBiENKEZKW555VHB44qWO4LA+OYfNJZ55Zt4qWtWKdVGFcyiXlmBBu2jNlAcLNTzzw+lHOOEkVJghKXu2FSs3RUJRzMgk5ySSxAiP0ID0NIaIE+mmswsm8FQ7fRhEQr9QwZn7fSJFXMox93UnR2oof9em5l+1XqKCipvSME4UCfF8UZAwqCI4jQP2qSBYsbEGhAXVf4V4iATCSoeW0yEsL4X/Q7tUtC+Lpdtyvna9iCMLjsEJKAAbXIEaqIMGaAEM7sEjeAYvxoPxZLwab/PWjLGYOQQ/ZLx/AR4Clg4=</latexit>

(µH, TH)

<latexit sha1_base64="IGolBLCNw+5IzELQ7yJRe3WrbHg="></latexit>

! ' µH � i

✓
1

2
+ n

◆
2⇡TH

Kerr QN frequencies 
for j~1

<latexit sha1_base64="6dIf4zvH9hkzJ53KQVcsKPvnbd8=">AAACBHicdVDLSgNBEJyNrxhfUY+5DAbB07KJQZNb0EtuRjAPyIZldtJJhszsrjOzQlhy8OKvePGgiFc/wpt/4+QFKlrQUFR1093lR5wp7TifVmpldW19I72Z2dre2d3L7h80VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6nPqtO5CKhcGNHkfQFWQQsD6jRBvJy+ZcEWNXMQG3WGD3SsCAeIkrBa5NvGzesZ1K2Tmt4DkpFZfEwQXbmSGPFqh72Q+3F9JYQKApJ0p1Ck6kuwmRmlEOk4wbK4gIHZEBdAwNiADVTWZPTPCxUXq4H0pTgcYz9ftEQoRSY+GbTkH0UP32puJfXifW/XI3YUEUawjofFE/5liHeJoI7jEJVPOxIYRKZm7FdEgkodrkljEhLD/F/5Nm0S6c2cXrUr56sYgjjXLoCJ2gAjpHVVRDddRAFN2jR/SMXqwH68l6td7mrSlrMXOIfsB6/wIl8JfO</latexit>

µ ' m⌦H

Fermi surface

Matsubara 
frequencies

<latexit sha1_base64="mAgASFNJigMIkUnKAcsiXBBDLhQ="></latexit>

1

e(!�µH)/TH + 1
S. Hod, (2008), H. Yang, et al. (2013)

QN modes ~ Matsubara modes



Summary
Excitation of overtones

Excitability of QN modes is quantified by the “excitation factor”

It has the peak around at n=5.

Consistent with the result of numerical relativity!!

ringdown sourced by an extreme mass ratio merger
Strain Peak


(Constructive Interference) 
Beginning of Ringdown


(Destructive Interference)
Exponential Damping

(Fundamental Mode) 

An alternative model of ringdown → greybody factors
reflectivity (transmissivity) of the light ring

Greybody factor has an exponential cut-off at higher frequency region.

QN fundamental mode has a power-law tail.

Excitation of multiple QN modes lead to the exponential cut-off of ringdown spectrum?



reflectivity of a BH
<latexit sha1_base64="qJwv8TJGOoLYRAFVQ2OcqcHe7mA=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmaCZrkFvXiMYBZIhtDT6Una9DJ29whhyD948aCIV//Hm39jJxlBRR8UPN6roqpeGDOqjed9OLmV1bX1jfxmYWt7Z3evuH/Q1jJRmLSwZFJ1Q6QJo4K0DDWMdGNFEA8Z6YSTy7nfuSdKUyluzDQmAUcjQSOKkbFSu68pJ3eDYslz655fP6/CJamdZaRSh77rLVACGZqD4nt/KHHCiTCYIa17vhebIEXKUMzIrNBPNIkRnqAR6VkqECc6SBfXzuCJVYYwksqWMHChfp9IEdd6ykPbyZEZ69/eXPzL6yUmqgUpFXFiiMDLRVHCoJFw/jocUkWwYVNLEFbU3grxGCmEjQ2oYEP4+hT+T9pl16+45euzUuMiiyMPjsAxOAU+qIIGuAJN0AIY3IIH8ASeHek8Oi/O67I152Qzh+AHnLdPPrKPmA==</latexit>' Fermi-Dirac distribution

<latexit sha1_base64="Lgm/1By5dFn7UWCkR7VFHf30fuA="></latexit>

1

1 + e(!�m⌦H)/T
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Hawking “frequency”

spin parameter

<latexit sha1_base64="ihT7D/vT9Xyd/xLGLPOHW0EsvCk=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnpCEucY9OIxgWyQDKGn05O06Vno7hHCkC/w4kERr36SN//GziKo6IOCx3tVVNXzE8GVxvjDym1sbm3v5HcLe/sHh0fF45OOilNJWZvGIpY9nygmeMTammvBeolkJPQF6/rTm4XfvWdS8Thq6VnCvJCMIx5wSrSRmq1hsYRtXMVOFSNsO7WKW3UNqTkuxmXk2HiJEqzRGBbfB6OYpiGLNBVEqb6DE+1lRGpOBZsXBqliCaFTMmZ9QyMSMuVly0Pn6MIoIxTE0lSk0VL9PpGRUKlZ6JvOkOiJ+u0txL+8fqoD18t4lKSaRXS1KEgF0jFafI1GXDKqxcwQQiU3tyI6IZJQbbIpmBC+PkX/k07Z5GOXm5VS/XodRx7O4BwuwYErqMMtNKANFBg8wBM8W3fWo/Viva5ac9Z65hR+wHr7BAifjRs=</latexit>

T in the greybody factor

apparent thermal ringdown 

from an extreme-mass-ratio merger

Quantum Classical

<latexit sha1_base64="zN97/5VK5NQPBMErkh2hNAJphvY="></latexit>

(Hawking temperature) = (~/kB)(Hawking frequency)

(WKB approximation) e.g. S. Iyer et al. (1987), R. A. Konoplya et al. (2019)

<latexit sha1_base64="X+B3JsSVj+0KyLXo4HEUA6I1Aaw=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0VwY0hK7WNXdKHLCvYBTQiT6bQdOpPEmYlQQ/FX3LhQxK3/4c6/cdpGUNEDFw7n3Mu99wQxo1LZ9oexsLi0vLKaW8uvb2xubZs7uy0ZJQKTJo5YJDoBkoTRkDQVVYx0YkEQDxhpB6Pzqd++JULSKLxW45h4HA1C2qcYKS355r5zAt0LxDnyU8YnrqSc3PhmwbZqtlM7rcA5qZYyUq5Bx7JnKIAMDd98d3sRTjgJFWZIyq5jx8pLkVAUMzLJu4kkMcIjNCBdTUPEifTS2fUTeKSVHuxHQleo4Ez9PpEiLuWYB7qTIzWUv72p+JfXTVS/6qU0jBNFQjxf1E8YVBGcRgF7VBCs2FgThAXVt0I8RAJhpQPL6xC+PoX/k1bRcspW8apUqJ9lceTAATgEx8ABFVAHl6ABmgCDO/AAnsCzcW88Gi/G67x1wchm9sAPGG+fbMyVQg==</latexit>

1� �lm '
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