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1 Introduction

I Inflation is a short period of superluminal, accelerated expansion, occurred

within the first second of our universe life.

I It solves problems of big bang cosmology: horizon, flatness, entropy problems

I Moreover, it provides an elegant mechanism for generating the primordial seeds

for the CMB and the LSS
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Figure 1. The inflationary expansion turns sub-Hubble quantum fluctuations into classical super-Hubble
perturbations, whose e↵ects we observe in the CMB and the LSS.

complicated dynamics of the intermediate phase of reheating after inflation. As we will see, the

super-Hubble conservation of the curvature perturbation is lost in general when more than one

degree of freedom is active during inflation, like in multifield inflationary models. One should

then keep track of cosmological fluctuations on super-Hubble scales until an adiabatic limit is

reached, which requires more attention.

Background dynamics of inflation.— An expanding universe with shrinking comoving Hub-

ble radius is accelerating: ä > 0. In such a phase, the dimensionless parameter ✏ = �Ḣ/H2

is less than 1. For simplicity, and in agreement with cosmological data, one assumes in the

following that the inflationary expansion is quasi-exponential, i.e. that the Hubble parameter

varies su�ciently slowly that ✏ ⌧ 1 and ⌘ = ✏̇/(H✏) ⌧ 1. More generally, we assume except

otherwise stated that all quantities during inflation evolve much less rapidly than the scale factor:

Ẋ/X ⌧ ȧ/a = H. At leading-order in this slow-varying approximation, H ' cst and a(t) / eHt.

In terms of the conformal time ⌧ defined by dt = a d⌧ , this gives a(⌧) ' �1/(H⌧), where ⌧

grows from �1 to 0 during inflation. Additionally, in terms of the so-called number of e-folds N

defined such that dN = H dt, or equivalently a / eN , the resolution of the conceptual problems

of the Big-Bang model requires that N & 60. At the level of classical field theory at least, it

is straightforward to achieve a phase with the aforementioned properties by using a scalar field

rolling down a su�ciently flat potential. However, there are many other proposals to achieve

such a phase and in the following, we show how studying perturbations on top of this background

helps to di↵erentiate amongst competing models.
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1 Introduction

I Inflation is a short period of superluminal, accelerated expansion, occurred

within the first second of our universe life.

I It solves problems of big bang cosmology: horizon, flatness, entropy problems

I Moreover, inflation provides an elegant mechanism for generating the primordial

seeds for the CMB and the LSS

- Cosmological fluctuations are produced by quantum e↵ects at short distances,

- Their wavelength stretched beyond the horizon by the superluminal expansion.

- Then re-enter the horizon after inflation ends
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Introduction

Dark matter and inflation

What about dark matter? Can inflationary fluctuations source it?

Yes if they increase in size at small scales

B Primordial black holes

The spectrum of curvature fluctuation ⇣ increases towards small scales thanks to non-

standard inflationary dynamics. When re-entering the horizon during RD, curvature

fluctuations source overdensities producing PBH

————————————————————————

Early Universe phenomena source stochastic gravitational wave backgrounds

(SGWB)

If suitable conditions are satisfied,

the SGWB signal can be loud enough to be

detectable with GW experiments

B Cosmological Inflation

QM production of GW from a brief phase of quasi-exponential expansion

B First-order cosmological phase transitions

Collisions of bubbles generate GW

B Cosmic strings

Dynamics and interactions of strings generate GW

Introduction

How to distinguish a cosmological SGWB from an astrophysical one?

B Chirality as in some inflationary scenarios

B Rich frequency profile of SGWB energy parameter

⌦GW =
1

⇢cr

d⇢GW

d ln f

[FIGURE of sensitivity curves]
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Figure 2. A sketch of the time evolution of curvature fluctuations R (labelled by a comoving scale
k

�1) with respect to comoving Hubble horizon (dotted lines) (aH)�1 in the early universe. In the post-
inflationary universe, areh denotes the reheating time, aeq refers to the time of matter-radiation equality,
aMDE to matter-dark energy equality, and a0 denotes to value of scale factor today. The blue horizontal
line indicates the comoving size of a representative small scale perturbation responsible for PBH formation.
If the power spectrum associated with these modes is enhanced during inflation, they can transfer their
energy to density perturbations during radiation domination, and ignite PBH formation upon horizon
re-entry at a = aform ⌘ af .

as (aH)�1
/ a

1 and (aH)�1
/ a

1/2 respectively. The evolution of the comoving horizon with

respect to logarithm of scale factor ln(a) is illustrated in Fig 2. When we study the statistical

properties of fluctuations in Fourier space, we often label a given perturbation mode with a

comoving length scale k
�1, measured in units of megaparsecs (Mpc = 3.26 ⇥ 106 light years '

3.1 ⇥ 1019 km). Therefore, a crucial quantity to conceptualize the behavior of perturbations in

the inflationary universe is the ratio of the wavelength of a given mode with respect to the size

of comoving Hubble horizon: (aH)/k. Fluctuations with wavelengths larger than the comoving

horizon are referred to as super-horizon modes k < aH, while sub-horizon perturbations satisfy

k > aH. Each mode crosses the horizon at k = aH. As shown in Fig. 2, a typical fluctuation

with comoving size k
�1 (horizontal lines) begins its life deep inside the horizon (typically as a

quantum fluctuation); then it leaves the horizon to become a super-horizon mode, and finally

it re-enters the comoving horizon in the post-inflationary universe. Large scale modes (with

smaller k) exit the horizon earlier than small scale modes, and re-enter the horizon at a later

time in the post-inflationary era. For definiteness, in Fig. 2 we represent the behaviour of the

comoving curvature perturbation R [129, 130] (see [128] for a textbook discussion), which plays

an important role for our discussion.

In fact, apart from providing seeds for the observed cosmic microwave background (CMB)

anisotropies at large scales, the dynamics of curvature fluctuations R may also be at play for PBH

formation, provided that cosmological fluctuations exhibit specific ‘initial conditions’ at small

scales. For this purpose, denoting k = kpbh � kcmb as the comoving momentum associated with
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FIG. 2: Evolution of the energy density in longitudinal modes, from inflationary production through to matter

radiation equality. As expected from figure 1, the evolution is the same as it would be for a massive scalar in all

regions except the red triangle labelled “Vector regime”. In that regime, the energy stored in a scalar would be

constant, whereas for the vector it damps as a�2. This damping suppresses large-scale isocurvature modes, allowing

the produced vector abundance to make up the dark matter. This abundance is dominated by modes of comoving

size 1/k⇤ indicated by the dashed line. The details of reheating do not a↵ect these modes, as long at it occurs before

they reenter the horizon.

This behaviour is the same as it would be for a massless scalar, whose kinetic energy damps as a�2 in

this regime while the field itself is frozen. This is just as expected from the discussion in section IIIA.

• Sub-horizon relativistic regime – k/a � m,H. This is the region labelled “radiation” in figure 2.

Here we can drop them2 terms, and treat theH@t term as a small perturbation. Switching to conformal

time dt = ad⌘, the equation of motion is approximately

�
@2
t
+ 3H@t + k2/a2

�
AL ⇡ 0 () (@2

⌘
+ k2 + 2aH@⌘)AL ⇡ 0 , (31)

with solution

AL ⇡
1

a

�
c1e

ik⌘ + c2e
�ik⌘

�
. (32)
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FIG. 3: Primordial power spectrum of the amplitude of a massive vector field’s longitudinal modes, produced purely

by inflationary fluctuations. The spectrum is shown at a time just 3 e-folds after H = m, and shorter wavelength

modes (on the right of the plot) are still relativistic. At later times the k
�1 scaling will continue all the way to the

right of the plot.

We can now see that the power spectrum of the longitudinal modes of vectors produced by inflation is

di↵erent from those of scalars. For both the vector and the scalar, modes of all values of k have the same

energy density when they exit the horizon, d⇢/d ln k ⇠ H4
I
. The subsequent redshift of this energy density

varies for di↵erent modes and at di↵erent times as indicated in figure 2. In particular, the energy density in

vectors and scalars redshifts identically for modes that are in the pale blue and brown regions of figure 2.

This is unsurprising since in these regions, the e↵ective action of the vector is identical to that of scalars

(with some field redefinitions). However, in the red-region of figure 2, as seen in (40), the energy density in

vectors redshifts as a�2 while the energy density in a scalar would be constant.

For the vector, it can be seen fairly simply (geometrically) from figure 2 that the modes whose energy

redshifts the least are those of the special wavenumber k⇤. Modes with longer wavelengths (further up the

figure) receive extra redshifting in the “vector regime”, causing the final energy in them to fall as k2 at small k.

Modes with shorter wavelength (further down the figure) undergo rapid redshifting while they are behaving

like radiation, causing the final energy density in them to fall as k�1 at large k. This means that the power

spectrum of the vector has a peaked structure (shown in figures 3 and 4), with power concentrated at the

wavenumber k⇤. This implies that the power in experimentally probed (CMB) long wavelength fluctuations

of the energy density of vectors is suppressed. This production mechanism does imply significant power at

short wavelengths, but these have not yet been accessed by experiment.

This is in stark contrast to scalars. The energy density in a scalar mode is constant when it is in the

red-region of figure 2. Hence, all modes with momentum lower than k⇤ have the same power, leading to

isocurvature power at length scales probed by the CMB.
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B Vector dark matter [Graham, Mardon, Rajendran]

Distinctive dynamics of longitudinal component of Proca vector field during inflation

enhances isocurvature fluctuations increase at small scales.

⇣

The predictions of single-field inflation are

very successful at CMB scales:

Fluctuations of � and metric ) Curvature perturbation ⇣

Correlation functions h⇣⇣i lead to
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) Consistent framework to compute inflationary observables

using perturbation theory.

togli figura e metti i prossimi due punti uno sotto l’altro

B This is bad because the many existing models are degenerate.

B This is very good being a manifestation of EFT of inflation: the slow-roll parameters

control the spontaneous breaking of time-reparametrization invariance.

This framework allows to make further testable predictions
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B This is bad because the many existing models are degenerate.

B This is very good being a manifestation of EFT of inflation:

the slow-roll parameters control the spontaneous breaking

of time-reparametrization invariance.

This framework allows to make further testable predictions

- running of spectral index

- higher order correlation functions and non-Gaussianities

lim
q!0

h⇣q⇣k⇣�ki = �(n⇣ � 1) |⇣q|2 |⇣k|2 (0.1)

that might break degeneracies.

1 Slow-roll inflation

END————————————————————————

Early Universe phenomena source stochastic gravitational wave backgrounds

(SGWB)

If suitable conditions are satisfied,

the SGWB signal can be loud enough to be

detectable with GW experiments

B Cosmological Inflation

QM production of GW from a brief phase of quasi-exponential expansion

B First-order cosmological phase transitions

Collisions of bubbles generate GW

B Cosmic strings

Dynamics and interactions of strings generate GW

Introduction

How to distinguish a cosmological SGWB from an astrophysical one?

B Chirality as in some inflationary scenarios

B Rich frequency profile of SGWB energy parameter

⌦GW =
1

⇢cr

d⇢GW

d ln f
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H2
=

�̇
2

2H2
⌧ 1

⌘ =
✏̇

✏H
= 2✏+

2 �̈

�̇H
⌧ 1

) Consistent framework to compute inflationary observables

using perturbation theory.

togli figura e metti i prossimi due punti uno sotto l’altro

B This is bad because the many existing models are degenerate.

B This is very good being a manifestation of EFT of inflation: the slow-roll parameters

control the spontaneous breaking of time-reparametrization invariance.

This framework allows to make further testable predictions

– 2 –

Large |⌘| approach to single-field inflation

Introduction

Dark matter and inflation

What about dark matter? Can inflationary fluctuations source it?

Yes if they increase in size at small scales

B Primordial black holes

The spectrum of curvature fluctuation ⇣ increases towards small scales thanks to non-

standard inflationary dynamics. When re-entering the horizon during RD, curvature

fluctuations source overdensities producing PBH

B Vector dark matter [Graham, Mardon, Rajendran]

Distinctive dynamics of longitudinal component of Proca vector field during inflation

enhances isocurvature fluctuations increase at small scales.

⇣

The predictions of single-field inflation are

very successful at CMB scales:

Fluctuations of � and metric ) Curvature perturbation ⇣

Correlation functions h⇣⇣i lead to

�⇣ =
H

2

8⇡2✏

n⇣ � 1 = �2✏� ⌘

Slow-roll parameters

✏ = � Ḣ
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B This is bad because the many existing models are degenerate.

B This is very good being a manifestation of EFT of inflation: the slow-roll parameters

control the spontaneous breaking of time-reparametrization invariance.

This framework allows to make further testable predictions

- running of spectral index

- higher order correlation functions and non-Gaussianities

lim
q!0

h⇣q⇣k⇣�ki = �(n⇣ � 1) |⇣q|2 |⇣k|2 (0.1)

that might break degeneracies.
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the SGWB signal can be loud enough to be

detectable with GW experiments

B Cosmological Inflation

QM production of GW from a brief phase of quasi-exponential expansion

B First-order cosmological phase transitions

Collisions of bubbles generate GW

B Cosmic strings

Dynamics and interactions of strings generate GW
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Inflationary models with inflection points ! rapid growth of primordial P⇣
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An e↵ective theory for the Goldstone mode ⇡ has been constructed in [9, 10] (for related work

see [17–27]). It is clear that in the case of purely adiabatic fluctuations, the perturbations in the

matter sector can be gauged away by performing a time di↵eomorphism

t 7! t� ⇡(x, t) . (2.2)

The fluctuations are then in the metric only. These metric fluctuations are described most

conveniently in comoving gauge (also called ⇣-gauge), defined as

� m = 0 and gij(x, t) = a
2(t)e2⇣(x,t)�ij , (2.3)

where ⇣ is the curvature perturbation [28, 29]. Perturbations in g00 and gi0 are related to ⇣

through the Einstein equations [13]. For simplicity, we will drop tensor fluctuations throughout,

but re-introducing them doesn’t a↵ect our conclusions. In this gauge, the adiabatic mode is

characterized by ⇣(x, t) directly.

From the form of (2.3), we see that the adiabatic mode is invariant under the following large

gauge transformations1 [11] :

dilatation : x 7! x̃ ⌘ xe� , ⇣(x) 7! ⇣(x̃) + � , (2.4)

SCTs : x 7! x̃ ⌘ x+ 2(b · x)x� x
2b , ⇣(x) 7! ⇣(x̃) + 2b · x , (2.5)

where SCT stands for special conformal transformation. Notice that ⇣ transforms non-linearly:

dilatations shift the value of ⇣, while SCTs shift its spatial gradient. Both of these symmetries

are part of the group of di↵eomorphisms under which the theory is invariant. What makes the

transformations in (2.4) and (2.5) special is the fact that they preserve ⇣-gauge, but are not

removed by gauge fixing. After gauge fixing, the large gauge transformations therefore remain

a symmetry of the action. As for any global symmetry, this implies the presence of conserved

currents: one for the dilatation, Jµ

d
, and three for the special conformal transformations, Jµ

sc (i).

In the following, we will drop the subscripts whenever an expression applies to both types of

currents and keep it only when a distinction needs to be made. Current conservation, @µJµ = 0,

implies the following Ward identity [14] for correlation functions [30]

i @
(x)
µ

⌦
J
µ(x, t)⇣(y1, t?) · · · ⇣(yn, t?)

↵
=

=
nX

i=1

�(t� t?)�(x� yi )
⌦
⇣(y1, t?) · · · �⇣(yi, t?) · · · ⇣(yn, t?)

↵
, (2.6)

where �⇣ denotes infinitesimal variations of ⇣ under the large gauge transformations

�d ⇣ ⌘ �1� x · @x ⇣ , (2.7)

�
(i)
sc ⇣ ⌘ �2xi � 2xi(x · @x ⇣) + x

2
@
i
⇣ . (2.8)

Here, we have introduced an index i to distinguish the three SCTs associated with the three

components of the vector b. Finally, it is also convenient to define a conserved charge associated

with each symmetry

Q =

Z
d3xJ0

. (2.9)

1By large gauge transformations we mean gauge transformations that do not vanish at infinity.
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Slow-roll inflation

Inflation and PBH

�⇣

We need to abandon slow-roll regime

The parameter ✏ changes

by several orders of magnitude in few e-folds

⌘ must become large and negative

B Ultra slow-roll inflation: V 0 = 0

�̈+ 3H�̇+ V
0 = 0 ) �̈ = �3H�̇ ) ⌘ ' �6

B Constant roll inflation: V 0
< 0

Scalar climbs a hill overshooting local minimum

⌘ = 2✏� 6 +
2V 0

|�̇|H
< �6

(for recent review see e.g. [Özsoy, GT])

B We wake up the decaying mode

which participates to the dynamics

B Interesting phenomena:

– Dip in the spectrum, due to

distruptive interference

growing/decaying modes
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FIG. 2. Power spectrum of the curvature perturbation. At the CMB scale, k ⌧ ks, the power spectrum is almost scale
invariant. k⇤ = 0.05 Mpc�1 is the pivot scale with amplitude �2

s(SR)
(k⇤) = 2.1 ⇥ 10�9, based on observational result [11]. At

small scale, between ks and ke, the power spectrum is amplified to typically �2

s(PBH)
⇠ O(0.01) to form appreciable amount of

PBHs.

III. THREE-POINT FUNCTIONS

Three-point functions is generated by cubic self-interaction. Expanding (1) to third-order of ⇣ yields the interaction
action [35]
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where total spatial derivatives are omitted. Boundary interactions without ⇣̇ are unimportant because they will not
contribute to the correlation of ⇣. The last term is interaction proportional to the equation of motion in the lowest
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where total spatial derivatives are omitted. Boundary interactions without ⇣̇ are unimportant because they will not
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B Primordial black holes

The spectrum of curvature fluctuation ⇣ increases towards small scales thanks to non-

standard inflationary dynamics. When re-entering the horizon during RD, curvature

fluctuations source overdensities producing PBH

B Vector dark matter [Graham, Mardon, Rajendran]

Distinctive dynamics of longitudinal component of Proca vector field during inflation

enhances isocurvature fluctuations increase at small scales.
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B This is bad because the many existing models are degenerate.

B This is very good being a manifestation of EFT of inflation:

the slow-roll parameters control the spontaneous breaking

of time-reparametrization invariance.

This framework allows to make further testable predictions
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Figure 5. Left panel: Evolution of ✏ and ⌘ in e-folds through the successive phases outlined in the main
text. The green colored region indicates the range of e-fold numbers where ⌘ < 0, corresponding roughly to
the beginning and end of the non-attractor phase. Right panel: the time evolution of z

0
/z = aH(1 + ⌘/2),

with z
0
/z < 0 in the region highlighted with red color.

parameters:

⌘ � ✏ (3.20)

where ⌘ > 0. We typically require a large positive ⌘ to bring back ✏ from its tiny values

at the end of the non-attractor era, towards the value ✏ = 1 needed to conclude inflation.

To capture this behavior accurately, we split the final phase of evolution into two parts,

parametrizing ⌘ as

⌘(N) = ⌘
(1)

III
�1(N, �) + ⌘

(2)

III
�2(N, �) . (3.21)

The relevant parameter choices to model the dynamics can be found in the third column in

Table 2.

We note that our choice of ⌘ in the initial stage of the Phase III and in Phase II is not a

coincidence: most of the single-field modes there exist a correspondence that relates ⌘’s

in Phase II and Phase III: ⌘III = �6 � ⌘II, which is a consequence of Wands’ duality [218].

We will elaborate below on the consequence of this correspondence in the context of the

power spectrum, in particular for modes that exit the horizon as the background evolves

from Phase II to Phase III.

Following the discussion above, we can characterize the full background evolution using the

Hubble hierarchy in (3.19) and H(N) = Hend exp [�
R

N

60
✏(N 0)dN

0], where Hend denotes the Hubble

rate at the end of inflation, where Nend = 60.

For a representative set of parameter choices (see Table 2), we show in Fig. 5 an example of

background evolution, in which we plot ✏, ⌘ and z
0
/z. The right panel of the figure makes manifest

that the background evolution leads to z
0
/z < 0 for a short interval of e-folds (N = 33 � 35.7),

as highlighted by the red region in the plot. In accord with our discussion so far, this behavior

is appropriate for triggering a significant enhancement in the power spectrum of curvature

perturbation through the resurrection of the decaying mode.
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Figure 5. Left panel: Evolution of ✏ and ⌘ in e-folds through the successive phases outlined in the main
text. The green colored region indicates the range of e-fold numbers where ⌘ < 0, corresponding roughly to
the beginning and end of the non-attractor phase. Right panel: the time evolution of z

0
/z = aH(1 + ⌘/2),

with z
0
/z < 0 in the region highlighted with red color.
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⌘ � ✏ (3.20)

where ⌘ > 0. We typically require a large positive ⌘ to bring back ✏ from its tiny values

at the end of the non-attractor era, towards the value ✏ = 1 needed to conclude inflation.

To capture this behavior accurately, we split the final phase of evolution into two parts,

parametrizing ⌘ as

⌘(N) = ⌘
(1)

III
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(2)

III
�2(N, �) . (3.21)

The relevant parameter choices to model the dynamics can be found in the third column in

Table 2.

We note that our choice of ⌘ in the initial stage of the Phase III and in Phase II is not a

coincidence: most of the single-field modes there exist a correspondence that relates ⌘’s

in Phase II and Phase III: ⌘III = �6 � ⌘II, which is a consequence of Wands’ duality [218].

We will elaborate below on the consequence of this correspondence in the context of the

power spectrum, in particular for modes that exit the horizon as the background evolves

from Phase II to Phase III.

Following the discussion above, we can characterize the full background evolution using the

Hubble hierarchy in (3.19) and H(N) = Hend exp [�
R

N

60
✏(N 0)dN

0], where Hend denotes the Hubble

rate at the end of inflation, where Nend = 60.

For a representative set of parameter choices (see Table 2), we show in Fig. 5 an example of

background evolution, in which we plot ✏, ⌘ and z
0
/z. The right panel of the figure makes manifest

that the background evolution leads to z
0
/z < 0 for a short interval of e-folds (N = 33 � 35.7),

as highlighted by the red region in the plot. In accord with our discussion so far, this behavior

is appropriate for triggering a significant enhancement in the power spectrum of curvature

perturbation through the resurrection of the decaying mode.
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H2
=

�̇
2

2H2
⌧ 1

⌘ =
✏̇

✏H
= 2✏+

2 �̈

�̇H
⌧ 1

) Consistent framework to compute inflationary observables

using perturbation theory.

togli figura e metti i prossimi due punti uno sotto l’altro

– 2 –

0 10 20 30 40 50 60

N

10
�10

10
�8

10
�6

10
�4

10
�2

10
0

10
2

Phase I II Phase III

�

|�|

31 32 33 34 35 36 37 38

N

�2

�1

0

1

2
—— z�/z

aH

 z�/z < 0 !

Figure 5. Left panel: Evolution of ✏ and ⌘ in e-folds through the successive phases outlined in the main
text. The green colored region indicates the range of e-fold numbers where ⌘ < 0, corresponding roughly to
the beginning and end of the non-attractor phase. Right panel: the time evolution of z

0
/z = aH(1 + ⌘/2),

with z
0
/z < 0 in the region highlighted with red color.

parameters:

⌘ � ✏ (3.20)

where ⌘ > 0. We typically require a large positive ⌘ to bring back ✏ from its tiny values

at the end of the non-attractor era, towards the value ✏ = 1 needed to conclude inflation.

To capture this behavior accurately, we split the final phase of evolution into two parts,

parametrizing ⌘ as

⌘(N) = ⌘
(1)

III
�1(N, �) + ⌘

(2)

III
�2(N, �) . (3.21)

The relevant parameter choices to model the dynamics can be found in the third column in

Table 2.

We note that our choice of ⌘ in the initial stage of the Phase III and in Phase II is not a

coincidence: most of the single-field modes there exist a correspondence that relates ⌘’s

in Phase II and Phase III: ⌘III = �6 � ⌘II, which is a consequence of Wands’ duality [218].

We will elaborate below on the consequence of this correspondence in the context of the

power spectrum, in particular for modes that exit the horizon as the background evolves

from Phase II to Phase III.

Following the discussion above, we can characterize the full background evolution using the

Hubble hierarchy in (3.19) and H(N) = Hend exp [�
R

N
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✏(N 0)dN

0], where Hend denotes the Hubble

rate at the end of inflation, where Nend = 60.

For a representative set of parameter choices (see Table 2), we show in Fig. 5 an example of

background evolution, in which we plot ✏, ⌘ and z
0
/z. The right panel of the figure makes manifest

that the background evolution leads to z
0
/z < 0 for a short interval of e-folds (N = 33 � 35.7),

as highlighted by the red region in the plot. In accord with our discussion so far, this behavior

is appropriate for triggering a significant enhancement in the power spectrum of curvature

perturbation through the resurrection of the decaying mode.
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Figure 6. Power spectrum of curvature perturbation in the three-phase model described in the main text.
Pale green region separated by the vertical lines denote the range of modes that exit the horizon during
the non-attractor era whereas the light blue regions denote range of modes that cross the horizon during
the initial and final slow-roll era respectively.

Numerical analysis

Having obtained the background evolution, we are ready to describe mode evolution to obtain

power spectrum of curvature perturbation towards the end of inflation 21:

PR(k, Nend) =
k

3

2⇡2

����
vk(Nend)

z(Nend)

����
2

, (3.22)

where to study the evolution of curvature perturbations, we make use of the canonical variable

vk and consider the Mukhanov-Sasaki system of equations (3.10)-(3.12) after setting s = µ = 0.

In general, it is not possible to find full analytic solutions for this system of equations, and a

numerical analysis is needed 22. We implement the numerical procedure explained in detail in

the technical Appendix C, which solves the Mukhanov-Sasaki equation with Bunch-Davies initial

conditions, and we provide a Python code that reproduces our numerical findings 23. The resulting

power spectrum is represented in Fig. 6: it manifestly grows in amplitude towards small scales,

exhibiting a peak at around kpeak ' 1012 Mpc�1
� kcmb. Notice that the spectrum grows as k

4

towards its peak, and is characterized by a dip preceding the phase of steady growth [212]. We

will have more to say soon about these features.

Interestingly, for the system under consideration the bulk of the enhancement can be attributed

to the active dynamics of the would-be ‘decaying modes’, the second and third term of Eq. (3.6).

21Note that evaluating the power spectrum at the end of inflation is necessary when modes evolve outside the
horizon, as in the example background we are focusing in this section.

22Although, as we will explain soon, interesting properties of the resulting curvature spectrum can be derived
and understood analytically.

23 In fact, the general procedure outlined in Appendix C can be generalized to accurately solve Mukhanov-Sasaki
equation a broad class of single-field models of inflation. In the context of phenomenological models we discuss in
this and the next section, jupyter notebook files that compute the power spectrum is available at the link github.
We acknowledge the use of the python libraries: matplotlib [219], numpy [220], scipy [221], pandas [222] along with
jupyter notebooks [223].

27



– Limit k4 in the slope

of the growing spectrum

) We get a rapid enhancement of the spectrum

The non-slow-roll phase should be brief

to avoid excessive e↵ects of quantum di↵usion

d�

dN
= � V

0

3H2
+

H

2⇡
⇠(N)

[Vennin et al]

END————————————————————————

Early Universe phenomena source stochastic gravitational wave backgrounds

(SGWB)

If suitable conditions are satisfied,

the SGWB signal can be loud enough to be

detectable with GW experiments

B Cosmological Inflation

QM production of GW from a brief phase of quasi-exponential expansion

B First-order cosmological phase transitions

Collisions of bubbles generate GW

B Cosmic strings

Dynamics and interactions of strings generate GW

Introduction

How to distinguish a cosmological SGWB from an astrophysical one?

B Chirality as in some inflationary scenarios

B Rich frequency profile of SGWB energy parameter

⌦GW =
1

⇢cr

d⇢GW

d ln f

[FIGURE of sensitivity curves]

Inflationary models with inflection points ! rapid growth of primordial P⇣

[FIGURE]

Method for producing primordial black holes from inflation

! SGWB produced at 2nd order in perturbations during RD or MD

[FIGURE]

Smoking gun of cosmological sources, since astro SGWB have power-law profiles.

– 4 –

0 10 20 30 40 50 60

N

10
�10

10
�8

10
�6

10
�4

10
�2

10
0

10
2

Phase I II Phase III

�

|�|

31 32 33 34 35 36 37 38

N

�2

�1

0

1

2
—— z�/z

aH

 z�/z < 0 !

Figure 5. Left panel: Evolution of ✏ and ⌘ in e-folds through the successive phases outlined in the main
text. The green colored region indicates the range of e-fold numbers where ⌘ < 0, corresponding roughly to
the beginning and end of the non-attractor phase. Right panel: the time evolution of z

0
/z = aH(1 + ⌘/2),

with z
0
/z < 0 in the region highlighted with red color.

parameters:

⌘ � ✏ (3.20)

where ⌘ > 0. We typically require a large positive ⌘ to bring back ✏ from its tiny values

at the end of the non-attractor era, towards the value ✏ = 1 needed to conclude inflation.

To capture this behavior accurately, we split the final phase of evolution into two parts,

parametrizing ⌘ as

⌘(N) = ⌘
(1)

III
�1(N, �) + ⌘

(2)

III
�2(N, �) . (3.21)

The relevant parameter choices to model the dynamics can be found in the third column in

Table 2.

We note that our choice of ⌘ in the initial stage of the Phase III and in Phase II is not a

coincidence: most of the single-field modes there exist a correspondence that relates ⌘’s

in Phase II and Phase III: ⌘III = �6 � ⌘II, which is a consequence of Wands’ duality [218].

We will elaborate below on the consequence of this correspondence in the context of the

power spectrum, in particular for modes that exit the horizon as the background evolves

from Phase II to Phase III.

Following the discussion above, we can characterize the full background evolution using the

Hubble hierarchy in (3.19) and H(N) = Hend exp [�
R

N

60
✏(N 0)dN

0], where Hend denotes the Hubble

rate at the end of inflation, where Nend = 60.

For a representative set of parameter choices (see Table 2), we show in Fig. 5 an example of

background evolution, in which we plot ✏, ⌘ and z
0
/z. The right panel of the figure makes manifest

that the background evolution leads to z
0
/z < 0 for a short interval of e-folds (N = 33 � 35.7),

as highlighted by the red region in the plot. In accord with our discussion so far, this behavior

is appropriate for triggering a significant enhancement in the power spectrum of curvature

perturbation through the resurrection of the decaying mode.
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/z. The right panel of the figure makes manifest

that the background evolution leads to z
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Analogy: Large-N limit of SU(N) QCD

B Model studied by ‘t Hooft: computations simplify taking number N of colors large,

and expand in 1/N . Call g the QCD coupling constant, consider limits

g ! 0 , N ! 1 , g
2
N ⌘ g

2
0 = fixed

B Analogy with PBH inflationary models

�Nnsr ! 0 , |⌘| ! 1 , |⌘|�Nnsr = fixed

Higher-order correlation functions

B Non-Gaussian e↵ects around the peak of the spectrum plays an important role for

PBH formation. Analytic control of non-Gaussianity would be welcome!

[Byrnes et al, Atal-Germani, Passaglia et al,. . . ,Taoso-Urbano]

h⇣k1⇣k2⇣sk3i = (2⇡)3�(~k1 + ~k2 + ~k3)

Analytic control is possible

for ⌘ = �6 and for a model of Starobinsky
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• Subtleties associated with decaying mode,

and connections between slow-roll and non-slow-roll phases.

B Good thing Observables sensitive on details of the model.

B Bad things Degeneracies likely to occurr, and we lack

an analytical understanding of what is going on

Idea: take |⌘| large, and use 1/|⌘| as expansion parameter

This might lead to a reliable analytical framework!

B At the same time, take �Nnsr ⌧ 1, and the product |⌘|�Nnsr =fixed⌘ 2⇧0

B Straightforward to solve for mode functions, and compute correlators in an expansion

in 1/|⌘| and ✏. E.g. for the power spectrum (take ✏ ⌧ 1):

�⇣()

�⇣(0)
=

with  = k/k? and

lim
!1

�⇣()

�⇣(0)
=

it catches pretty well the large-scale behaviour, up to the peak

Also spectral index can be computed analytically, at leading order in 1/|⌘|:

n⇣ � 1 =

– 4 –

Subtle issues: Loop corrections and PBH

B In single-field slow-roll inflation, loop corrections are small

[. . . , Weinberg,. . . ]

B In PBH forming scenarios, the same mechanism that enhances

the spectrum can also amplify loop corrections at large scales.

[Kristiano-Yokoyama, Riotto, Firouzjahi, Franciolini et al, Fumagalli,. . . ]

[Franciolini et al]

• ⌘ = �6 and sudden transition between SR and USR: loops are dangerously large,

and UV quadratic divergences should be renormalized [Kristiano-Yokoyama]

• Smooth transition between SR and USR: loops can be placed under control

[Riotto, Firouzjahi, Franciolini et al,. . . ]; model dependent issue

• Or by designing piecewise models with constant slopes for ✏ and ⌘

[Karam et al, Franciolini-Urbano]

�loop() = �tree() [1 + LUV() + LIR()]

LUV() = ��0 ⇤
2
UV

✓
5

6
+

3j1()� 

3

◆
(0.2)

LIR() = �
�0⇧0

6

2 ln (µ/⇤IR) (0.3)

) at large scales it can be renormalized

For small  we get

�(loop)() = �0 �
4�0⇧0

3


1 +

�0

8
ln (µ/⇤IR)

�

2 +O(4)

(�0 is the spectrum

at large scales) work in progress

very small contribution


2-suppressed

+

. . . but recently [Fumagalli] found that we were all missing boundary terms in the

interaction Hamiltonian, that once included further reduce the size of loops to


3-suppressed corrections.

END————————————————————————
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parameters:

⌘ � ✏ (3.20)

where ⌘ > 0. We typically require a large positive ⌘ to bring back ✏ from its tiny values

at the end of the non-attractor era, towards the value ✏ = 1 needed to conclude inflation.

To capture this behavior accurately, we split the final phase of evolution into two parts,

parametrizing ⌘ as

⌘(N) = ⌘
(1)

III
�1(N, �) + ⌘

(2)

III
�2(N, �) . (3.21)

The relevant parameter choices to model the dynamics can be found in the third column in

Table 2.

We note that our choice of ⌘ in the initial stage of the Phase III and in Phase II is not a

coincidence: most of the single-field modes there exist a correspondence that relates ⌘’s

in Phase II and Phase III: ⌘III = �6 � ⌘II, which is a consequence of Wands’ duality [218].

We will elaborate below on the consequence of this correspondence in the context of the

power spectrum, in particular for modes that exit the horizon as the background evolves

from Phase II to Phase III.

Following the discussion above, we can characterize the full background evolution using the

Hubble hierarchy in (3.19) and H(N) = Hend exp [�
R

N

60
✏(N 0)dN

0], where Hend denotes the Hubble

rate at the end of inflation, where Nend = 60.

For a representative set of parameter choices (see Table 2), we show in Fig. 5 an example of

background evolution, in which we plot ✏, ⌘ and z
0
/z. The right panel of the figure makes manifest

that the background evolution leads to z
0
/z < 0 for a short interval of e-folds (N = 33 � 35.7),

as highlighted by the red region in the plot. In accord with our discussion so far, this behavior

is appropriate for triggering a significant enhancement in the power spectrum of curvature

perturbation through the resurrection of the decaying mode.
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5

FIG. 2. Power spectrum of the curvature perturbation. At the CMB scale, k ⌧ ks, the power spectrum is almost scale
invariant. k⇤ = 0.05 Mpc�1 is the pivot scale with amplitude �2

s(SR)
(k⇤) = 2.1 ⇥ 10�9, based on observational result [11]. At

small scale, between ks and ke, the power spectrum is amplified to typically �2

s(PBH)
⇠ O(0.01) to form appreciable amount of

PBHs.

III. THREE-POINT FUNCTIONS

Three-point functions is generated by cubic self-interaction. Expanding (1) to third-order of ⇣ yields the interaction
action [35]

S
(3)[⇣] = Sbulk[⇣] + SB[⇣] +M

2
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where total spatial derivatives are omitted. Boundary interactions without ⇣̇ are unimportant because they will not
contribute to the correlation of ⇣. The last term is interaction proportional to the equation of motion in the lowest
order,
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The function f(⇣) is explicitly given by
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Performing field redefinition ⇣ = ⇣ + f(⇣) generates a third-order terms from the second-order action (10) as
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This is reminiscent of the ’t Hooft limit one encounters in particle physics [21], as explained
in Section 1. In fact, combining |⌘| and �⌧ into the fixed quantity ⇧0 allows us to
consistently perform expansions in the small parameter 1/|⌘|, maintaining at the same
time control on the e↵ects of the NSR through the quantity ⇧0. In most PBH scenarios
we aim to a total enhancement of the order 106 � 107 in eq (3.4). Then the quantity ⇧0

results by itself large, of order 103 � 104.

Adopting the limits of eq (3.6), the expression for the ratio (3.3) simplifies. We
substitute �⌧ = 2⇧0/|⌘| in eq (3.3), and expand for large values of |⌘| keeping ⇧0 fixed.
At leading order in this expansion, we obtain

⇧̂() = 1� 4⇧0 cos j1() + 42 ⇧2
0 j

2
1() , (3.7)

where a hat indicates that we only include the leading order in an expansion in 1/|⌘|,
following the conditions of eq (3.6). The spherical Bessel function j1() is given by

j1() =
sin

2
� cos


; j1( ⌧ 1) =



3
� 

3

30
+O(5) . (3.8)

We represent formula (3.7) in Figure 1, right panel, in comparison with the result obtained
by the more accurate formula (3.3). The latter, plotted in the left panel of the figure,
makes use of a small �⌧ limit only, without the further expansion in 1/|⌘| of eq (3.6).
The resulting profile of the spectrum is very similar in both cases, at least in the regime
  5, indicating that the limits of eq (3.6) give trustable results for the spectrum at least
at relatively large scales. It is not di�cult to use eq (3.7) to analytically determine the
position of the dip, finding agreement with other works in the literature [42].

It is remarkable to obtain such a simple formula (3.7) for the scale dependence of the
curvature power spectrum, whose momentum profile shares features with more realistic
PBH models discussed in the literature. This formula depends on a single free parameter
⇧0. Besides parameterizing the total enhancement of the spectrum, this quantity also
governs the scale dependence of the spectrum at large scales. Expanding (3.7) up to 

2:

⇧̂() = 1� 4⇧0

3

2 +O(4) , (3.9)

making manifest the role of ⇧0 in controlling the deviations from a flat spectrum. We can
be more precise and analytically compute the spectral index associated with eq (3.7):

n̂s()� 1 ⌘ d ln ⇧̂()

d ln
, (3.10)

=
2⇧0 [(1� 22) sin (2)� 2 cos (2)]

2 + 4⇧0 cos ( cos� sin) + 4⇧2
0 ( cos� sin)2
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0 [4� (4� 82) cos (2) + 4(2 � 2) sin (2)]

2 + 4⇧0 cos ( cos� sin) + 4⇧2
0 ( cos� sin)2

. (3.11)

The rich dependence in momentum scale of the spectral index in eq (3.11) reflects the
scale dependence of the spectrum in Fig 1. We represent it in Fig 2 for a range of momenta
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Introduction

Dark matter and inflation

What about dark matter? Can inflationary fluctuations source it?

Yes if they increase in size at small scales

(this implies � ⇠ a
�3

) decaying mode controls the dynamics)

B Practically, what do we do? Whenever meeting �Nnsr, substitute with 2⇧0/|⌘|. At

the end, take limit |⌘| ! 1

B Primordial black holes

The spectrum of curvature fluctuation ⇣ increases towards small scales thanks to non-

standard inflationary dynamics. When re-entering the horizon during RD, curvature

fluctuations source overdensities producing PBH

B Vector dark matter [Graham, Mardon, Rajendran]

Distinctive dynamics of longitudinal component of Proca vector field during inflation

enhances isocurvature fluctuations ) they increase at small scales.

Might be the totality

of DM?

in the case of a sudden transition

⇣

The predictions of single-field inflation are

very successful at CMB scales:

Fluctuations of � and metric ) Curvature perturbation ⇣

Correlation functions h⇣⇣i lead to
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This is reminiscent of the ’t Hooft limit one encounters in particle physics [21], as explained
in Section 1. In fact, combining |⌘| and �⌧ into the fixed quantity ⇧0 allows us to
consistently perform expansions in the small parameter 1/|⌘|, maintaining at the same
time control on the e↵ects of the NSR through the quantity ⇧0. In most PBH scenarios
we aim to a total enhancement of the order 106 � 107 in eq (3.4). Then the quantity ⇧0

results by itself large, of order 103 � 104.

Adopting the limits of eq (3.6), the expression for the ratio (3.3) simplifies. We
substitute �⌧ = 2⇧0/|⌘| in eq (3.3), and expand for large values of |⌘| keeping ⇧0 fixed.
At leading order in this expansion, we obtain

⇧̂() = 1� 4⇧0 cos j1() + 42 ⇧2
0 j

2
1() , (3.7)

where a hat indicates that we only include the leading order in an expansion in 1/|⌘|,
following the conditions of eq (3.6). The spherical Bessel function j1() is given by

j1() =
sin

2
� cos


; j1( ⌧ 1) =



3
� 

3

30
+O(5) . (3.8)

We represent formula (3.7) in Figure 1, right panel, in comparison with the result obtained
by the more accurate formula (3.3). The latter, plotted in the left panel of the figure,
makes use of a small �⌧ limit only, without the further expansion in 1/|⌘| of eq (3.6).
The resulting profile of the spectrum is very similar in both cases, at least in the regime
  5, indicating that the limits of eq (3.6) give trustable results for the spectrum at least
at relatively large scales. It is not di�cult to use eq (3.7) to analytically determine the
position of the dip, finding agreement with other works in the literature [42].

It is remarkable to obtain such a simple formula (3.7) for the scale dependence of the
curvature power spectrum, whose momentum profile shares features with more realistic
PBH models discussed in the literature. This formula depends on a single free parameter
⇧0. Besides parameterizing the total enhancement of the spectrum, this quantity also
governs the scale dependence of the spectrum at large scales. Expanding (3.7) up to 

2:

⇧̂() = 1� 4⇧0

3

2 +O(4) , (3.9)

making manifest the role of ⇧0 in controlling the deviations from a flat spectrum. We can
be more precise and analytically compute the spectral index associated with eq (3.7):

n̂s()� 1 ⌘ d ln ⇧̂()

d ln
, (3.10)

=
2⇧0 [(1� 22) sin (2)� 2 cos (2)]

2 + 4⇧0 cos ( cos� sin) + 4⇧2
0 ( cos� sin)2

� ⇧2
0 [4� (4� 82) cos (2) + 4(2 � 2) sin (2)]

2 + 4⇧0 cos ( cos� sin) + 4⇧2
0 ( cos� sin)2

. (3.11)

The rich dependence in momentum scale of the spectral index in eq (3.11) reflects the
scale dependence of the spectrum in Fig 1. We represent it in Fig 2 for a range of momenta
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Figure 1: Left panel: Plot of the dimensionless power spectrum ⇧() as defined in eq (3.3):
we choose the values |⌘| = 104 and �⌧ = 0.2 for the free parameters. Right panel: the black
line is the same as left panel. The dashed red line represents the spectrum ⇧̂() of eq (3.7),
choosing the value ⇧0 = 1250 for the single free parameter. See the discussion after eq (3.8).
Notice that the maximal values of the spectrum occur around the onset of non-slow-roll phase,
for  ⇠ O(1).

amplitude. See also [45] for a detailed analysis of the shape of the curvature power
spectrum in PBH forming scenarios.

It is particularly interesting to evaluate the value of ⇧() at very small scales,  ! 1,
which informs us on the total amount of the growth of the spectrum. See Figure 1, left
panel. Plugging into (3.3) the expressions for C1,2 of eqs (2.11), (2.12) and taking the
small-scale limit, we find

lim
!1

⇧() =

✓
1 + (|⌘|/2� 1) �⌧

1��⌧

◆2

,

⌘ (1 + ⇧0)
2
, (3.4)

where in the second line we introduce a constant parameter ⇧0 controlling the enhance-
ment of the spectrum from large to small scales (⇧0 = 0 means no enhancement). We
would like a large enhancement of the spectrum at small scales for producing PBH. Since
we are in a regime of small �⌧ , as discussed in Section 2, we need to consider large values
for the parameter |⌘| during the NSR period (we make the hypothesis that ⌘ is negative,
hence the absolute value). In fact, in the limit of |⌘| large and �⌧ small, expression (3.4)
simplifies to

⇧0 ' |⌘|�⌧

2
. (3.5)

The combination (3.5), as well as the considerations above, motivates us to take the
simultaneous limits:

|⌘| � 1 ; �⌧ ⌧ 1 ; keep ⇧0 fixed . (3.6)
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Figure 1: Left panel: Plot of the dimensionless power spectrum ⇧() as defined in eq (3.3):
we choose the values |⌘| = 104 and �⌧ = 0.2 for the free parameters. Right panel: the black
line is the same as left panel. The dashed red line represents the spectrum ⇧̂() of eq (3.7),
choosing the value ⇧0 = 1250 for the single free parameter. See the discussion after eq (3.8).
Notice that the maximal values of the spectrum occur around the onset of non-slow-roll phase,
for  ⇠ O(1).
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spectrum in PBH forming scenarios.
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Also spectral index can be computed analytically, at leading order in 1/|⌘|:
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Large |⌘| approach to single-field inflation

Introduction

Dark matter and inflation

What about dark matter? Can inflationary fluctuations source it?

Yes if they increase in size at small scales

(this implies � ⇠ a
�3

) decaying mode controls the dynamics)

B Practically, what do we do? Whenever meeting �Nnsr, substitute with 2⇧0/|⌘|. At

the end, take limit |⌘| ! 1

+O(1/|⌘|)

(O(1/|⌘|) corrections can be included, and improve the small-scale behaviour)

B Primordial black holes

The spectrum of curvature fluctuation ⇣ increases towards small scales thanks to non-

standard inflationary dynamics. When re-entering the horizon during RD, curvature

fluctuations source overdensities producing PBH

B Vector dark matter [Graham, Mardon, Rajendran]

Distinctive dynamics of longitudinal component of Proca vector field during inflation

enhances isocurvature fluctuations ) they increase at small scales.

Might be the totality

of DM?

in the case of a sudden transition

⇣

The predictions of single-field inflation are

very successful at CMB scales:

Fluctuations of � and metric ) Curvature perturbation ⇣

Correlation functions h⇣⇣i lead to

�⇣ =
H

2

8⇡2✏

n⇣ � 1 = �2✏� ⌘
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Figure 1: Left panel: Plot of the dimensionless power spectrum ⇧() as defined in eq (3.3):
we choose the values |⌘| = 104 and �⌧ = 0.2 for the free parameters. Right panel: the black
line is the same as left panel. The dashed red line represents the spectrum ⇧̂() of eq (3.7),
choosing the value ⇧0 = 1250 for the single free parameter. See the discussion after eq (3.8).
Notice that the maximal values of the spectrum occur around the onset of non-slow-roll phase,
for  ⇠ O(1).

amplitude. See also [45] for a detailed analysis of the shape of the curvature power
spectrum in PBH forming scenarios.

It is particularly interesting to evaluate the value of ⇧() at very small scales,  ! 1,
which informs us on the total amount of the growth of the spectrum. See Figure 1, left
panel. Plugging into (3.3) the expressions for C1,2 of eqs (2.11), (2.12) and taking the
small-scale limit, we find

lim
!1

⇧() =

✓
1 + (|⌘|/2� 1) �⌧

1��⌧

◆2

,

⌘ (1 + ⇧0)
2
, (3.4)

where in the second line we introduce a constant parameter ⇧0 controlling the enhance-
ment of the spectrum from large to small scales (⇧0 = 0 means no enhancement). We
would like a large enhancement of the spectrum at small scales for producing PBH. Since
we are in a regime of small �⌧ , as discussed in Section 2, we need to consider large values
for the parameter |⌘| during the NSR period (we make the hypothesis that ⌘ is negative,
hence the absolute value). In fact, in the limit of |⌘| large and �⌧ small, expression (3.4)
simplifies to

⇧0 ' |⌘|�⌧

2
. (3.5)

The combination (3.5), as well as the considerations above, motivates us to take the
simultaneous limits:

|⌘| � 1 ; �⌧ ⌧ 1 ; keep ⇧0 fixed . (3.6)
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⇠(N)

[Vennin et al]

Calculations can be carried on

with the help of numerics

• Subtleties associated with decaying mode,

and connections between slow-roll and non-slow-roll phases.

B Good thing Observables sensitive on details of the model.

B Bad things Degeneracies likely to occurr, and we lack

an analytical understanding of what is going on

Idea: take |⌘| large, and use 1/|⌘| as expansion parameter

This might lead to a reliable analytical framework!

B At the same time, take �Nnsr ⌧ 1, and the product |⌘|�Nnsr =fixed⌘ 2⇧0

B Straightforward to solve for mode functions, and compute correlators in an expansion

in 1/|⌘| and ✏. E.g. for the power spectrum (take ✏ ⌧ 1):

�⇣()

�⇣(0)
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with  = k/k? and

lim
!1

�⇣()

�⇣(0)
=

Also spectral index can be computed analytically, at leading order in 1/|⌘|:

(0.2)
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This is reminiscent of the ’t Hooft limit one encounters in particle physics [21], as explained
in Section 1. In fact, combining |⌘| and �⌧ into the fixed quantity ⇧0 allows us to
consistently perform expansions in the small parameter 1/|⌘|, maintaining at the same
time control on the e↵ects of the NSR through the quantity ⇧0. In most PBH scenarios
we aim to a total enhancement of the order 106 � 107 in eq (3.4). Then the quantity ⇧0

results by itself large, of order 103 � 104.

Adopting the limits of eq (3.6), the expression for the ratio (3.3) simplifies. We
substitute �⌧ = 2⇧0/|⌘| in eq (3.3), and expand for large values of |⌘| keeping ⇧0 fixed.
At leading order in this expansion, we obtain

⇧̂() = 1� 4⇧0 cos j1() + 42 ⇧2
0 j

2
1() , (3.7)

where a hat indicates that we only include the leading order in an expansion in 1/|⌘|,
following the conditions of eq (3.6). The spherical Bessel function j1() is given by

j1() =
sin

2
� cos


; j1( ⌧ 1) =



3
� 

3

30
+O(5) . (3.8)

We represent formula (3.7) in Figure 1, right panel, in comparison with the result obtained
by the more accurate formula (3.3). The latter, plotted in the left panel of the figure,
makes use of a small �⌧ limit only, without the further expansion in 1/|⌘| of eq (3.6).
The resulting profile of the spectrum is very similar in both cases, at least in the regime
  5, indicating that the limits of eq (3.6) give trustable results for the spectrum at least
at relatively large scales. It is not di�cult to use eq (3.7) to analytically determine the
position of the dip, finding agreement with other works in the literature [42].

It is remarkable to obtain such a simple formula (3.7) for the scale dependence of the
curvature power spectrum, whose momentum profile shares features with more realistic
PBH models discussed in the literature. This formula depends on a single free parameter
⇧0. Besides parameterizing the total enhancement of the spectrum, this quantity also
governs the scale dependence of the spectrum at large scales. Expanding (3.7) up to 

2:

⇧̂() = 1� 4⇧0

3

2 +O(4) , (3.9)

making manifest the role of ⇧0 in controlling the deviations from a flat spectrum. We can
be more precise and analytically compute the spectral index associated with eq (3.7):

n̂s()� 1 ⌘ d ln ⇧̂()

d ln
, (3.10)

=
2⇧0 [(1� 22) sin (2)� 2 cos (2)]

2 + 4⇧0 cos ( cos� sin) + 4⇧2
0 ( cos� sin)2

� ⇧2
0 [4� (4� 82) cos (2) + 4(2 � 2) sin (2)]

2 + 4⇧0 cos ( cos� sin) + 4⇧2
0 ( cos� sin)2

. (3.11)

The rich dependence in momentum scale of the spectral index in eq (3.11) reflects the
scale dependence of the spectrum in Fig 1. We represent it in Fig 2 for a range of momenta

7



decays have the form

⇠ 1p
N

In such a process, one of the original quarks ends up in each of the final decay products.

In contrast, a process in which the two original quarks decay into pure glue which

subsequently produces two further mesons, is suppressed by an extra factor of 1/N ,

⇠ 1

N3/2

This suppression was observed experimentally in the early days of meson physics and

goes by the name of the OZI rule (for Okubo, Zweig and Iizuka; it is also sometimes

called the Zweig rule).

The standard example is the � vector meson, which has quark content ss̄. On energy

considerations alone, one would have thought this would decay to ⇡+⇡�⇡0, none of

which contain a strange quark. In reality, this decay is suppressed by QCD dynamics,

and the � meson decays primarily to K+K�, where the positively charged kaon has

quark content us̄. This fact is clearest in the 1/N expansion.

The large N expansion also makes it clear that we don’t expect to see meson bound

states or, more generally, q̄qq̄q states with four quarks. Such states are referred to as

exotics. The amplitude for meson interactions scales as 1/N , so such exotics certainly

don’t form in the large N limit. The lack of exotics in particle data book suggests that

this suppression extends down to N = 3.

6.3.2 Baryons

We now turn to baryons. These are a little more subtle because they contain N quarks,

anti-symmetrised over the colour indices. Nonetheless, as first explained by Witten,

they are naturally accommodated in the large N limit of QCD.

In what follows we will consider the large N limit with just a single flavour of quark,

although it is not di�cult to include Nf > 1 flavours. The baryon is then

B = ✏i1...iN i1 . . . iN (6.22)
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Figure 4. Fraction of the universe that collapses into PBHs as a function of the power spectrum. For
phenomenologically interesting interval of � (see e.g. (2.12)) values, in the non-Gaussian case we need a
smaller amplitude of power spectrum in order to generate the same amount of PBHs at horizon re-entry.

2.4 Brief summary, and the path ahead

Let us summarize the arguments we reviewed so far. We computed the required amplitude of

small-scale primordial power spectrum PR(kpbh) to generate a sizeable population of PBHs that

can account for all or a fraction of DM density. The typical small scale of PBH formation kpbh

is related with the BH mass through equation (2.6): see Table 1 for examples. Comparing with

power spectrum at large CMB scales, we need a

�PR ⌘
PR(kpbh)

PR(kcmb)
⇠ 106

� 107 (2.33)

enhancement in the spectrum amplitude between small and large scales, depending on the statistics

obeyed by the primordial curvature perturbation (see Eqs. (2.22) and (2.31)).

We also learned that the PBH abundance is extremely sensitive to the amplitude of the

primordial curvature spectrum. Notice that the results we reviewed are derived for the case of

PBHs produced during RDU: if early phase transitions or early phases of non-standard cosmology

occur, the corresponding modified equations of state can also considerably influence the properties

of the PBH population [143, 163]. An interesting example is the QCD phase transition, which

can lead to a high peak in the distribution of solar mass PBHs, several orders of magnitude larger

than the corresponding values in RDU [164, 165].

There are various opportunities for improving and elaborating on these results. In our

considerations, we assumed that PBHs form at a particular mass (Eqs. (2.4) and (2.6)), by means

for example of a sharply peaked primordial power spectrum; moreover we ignored the e↵ects of

clustering [22, 166–169] and mergers [170–172] on the PBH abundance and evolution. As shown

in [140, 173] and [174], assumptions on the shape of the primordial spectrum may alter the PBH

abundance and the corresponding clustering properties. Another topic of debate concerns the

use of over-density � versus the curvature perturbation R when computing the PBH abundance:

see e.g. [175] for a discussion on these issues. In light of the discussion above, we emphasize that

the calculations we carried on in this section should be regarded as rough order-of-magnitude

18



Analogy: Large-N limit of SU(N) QCD

B Model studied by ‘t Hooft: computations simplify taking number N of colors large,

and expand in 1/N . Call g the QCD coupling constant, consider limits

g ! 0 , N ! 1 , g
2
N ⌘ g

2
0 = fixed

B Analogy with PBH inflationary models

�Nnsr ! 0 , |⌘| ! 1 , |⌘|�Nnsr = fixed

Higher-order correlation functions

B Non-Gaussian e↵ects around the peak of the spectrum plays an important role for

PBH formation. Analytic control of non-Gaussianity would be welcome!

We can reduce the required amplitude of P⇣ for producing PBH at small scales:

[Byrnes et al, Atal-Germani, Passaglia et al,. . . ,Taoso-Urbano]

h⇣k1⇣k2⇣sk3i = (2⇡)3�(~k1 + ~k2 + ~k3)

Analytic control is possible

for ⌘ = �6 and for a model of Starobinsky

END————————————————————————

Early Universe phenomena source stochastic gravitational wave backgrounds

(SGWB)

If suitable conditions are satisfied,

the SGWB signal can be loud enough to be

detectable with GW experiments

B Cosmological Inflation

QM production of GW from a brief phase of quasi-exponential expansion

B First-order cosmological phase transitions

Collisions of bubbles generate GW

B Cosmic strings

Dynamics and interactions of strings generate GW

– 5 –

Analogy: Large-N limit of SU(N) QCD

B Model studied by ‘t Hooft: computations simplify taking number N of colors large,

and expand in 1/N . Call g the QCD coupling constant, consider limits

g ! 0 , N ! 1 , g
2
N ⌘ g

2
0 = fixed

B Analogy with PBH inflationary models

�Nnsr ! 0 , |⌘| ! 1 , |⌘|�Nnsr = fixed

Higher-order correlation functions

and the large-|⌘| approach

B Non-Gaussian e↵ects around the peak of the spectrum plays an important role for

PBH formation. Analytic control of non-Gaussianity would be welcome!

We can reduce the required amplitude of P⇣ for producing PBH at small scales:

[Byrnes et al, Atal-Germani, Passaglia et al,. . . ,Taoso-Urbano]

h⇣k1⇣k2⇣sk3i = (2⇡)3�(~k1 + ~k2 + ~k3)B⇣(k1, k2, k3)

Analytic control is possible

for ⌘ = �6 and for a model of Starobinsky

END————————————————————————

Early Universe phenomena source stochastic gravitational wave backgrounds

(SGWB)

If suitable conditions are satisfied,

the SGWB signal can be loud enough to be

detectable with GW experiments

B Cosmological Inflation

QM production of GW from a brief phase of quasi-exponential expansion

B First-order cosmological phase transitions

Collisions of bubbles generate GW

B Cosmic strings

Dynamics and interactions of strings generate GW

– 5 –

Analogy: Large-N limit of SU(N) QCD

B Model studied by ‘t Hooft: computations simplify taking number N of colors large,

and expand in 1/N . Call g the QCD coupling constant, consider limits

g ! 0 , N ! 1 , g
2
N ⌘ g

2
0 = fixed

B Analogy with PBH inflationary models

�Nnsr ! 0 , |⌘| ! 1 , |⌘|�Nnsr = fixed

Higher-order correlation functions

and the large-|⌘| approach

B A single dominant term in the third order Hamiltonian of single-field inflation

[Maldacena, Kristiano-Yokoyama]

B Non-Gaussian e↵ects around the peak of the spectrum plays an important role for

PBH formation. Analytic control of non-Gaussianity would be welcome!

We can reduce the required amplitude of P⇣ for producing PBH at small scales:

[Byrnes et al, Atal-Germani, Passaglia et al,. . . ,Taoso-Urbano]

h⇣k1⇣k2⇣sk3i = (2⇡)3�(~k1 + ~k2 + ~k3)B⇣(k1, k2, k3)

Analytic control is possible

for ⌘ = �6 and for a model of Starobinsky

END————————————————————————

Early Universe phenomena source stochastic gravitational wave backgrounds

(SGWB)

If suitable conditions are satisfied,

the SGWB signal can be loud enough to be

detectable with GW experiments

B Cosmological Inflation

QM production of GW from a brief phase of quasi-exponential expansion

B First-order cosmological phase transitions

Collisions of bubbles generate GW

B Cosmic strings

Dynamics and interactions of strings generate GW

– 5 –

Figure 2: The spectral index as given in eq (3.11), choosing ⇧0 = 1250.

going from the dip position to small scales. Comparing Figures 1 and 2, we notice that,
after the dip position, the maximal growth slope of the spectrum is ns � 1  4. This
agrees with the more sophisticated analysis [44] based on complete expressions for the
curvature power spectrum, outside the large |⌘| limit we consider here.

4 The three-point function of curvature fluctuations
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tuations, evaluated at the end of inflation. This quantity controls the non-Gaussianity
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We assume that |⌘| is negligible during slow-roll evolution (⌧ < ⌧1 and ⌧2 < ⌧ < ⌧0) while
it is large during the intermediate NSR phase, ⌧1  ⌧  ⌧2. We adopt a sharp-transition
Ansatz [24] for the time-derivative of ⌘(⌧)
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Figure 3: Left panel Check of Maldacena consistency relation for the squeezed limit of the
three point function. Black line: the quantity 1 � ns. Red dashed line: the squeezed limit of
the three-point function of eq (4.4) (we omit the factors |⇣1(⌧0)|2 |⇣2(⌧0)|2). We use the mode
functions in eqs (2.10), and choose the values |⌘| = 104.1, �⌧ = 0.002. Right panel: Plot of
the scale dependence of the equilateral three-point function, the quantity �feq/⇧3

0, as defined
in the main text, eq (4.8). The profile is remarkably similar to the power spectrum of Fig 1.

Interestingly, although the constant �⌘ has been fixed to satisfy Maldacena condition
in the small-2 limit, the resulting expression (4.4) for the squeezed three-point function
that matches well with single-field Maldacena consistency relation also for larger scales:
see Fig 3, left panel, which is also in agreement with [49, 50]. The resulting squeezed
non-Gaussianity is strongly scale-dependent [51, 52].

The squeezed limit of the three-point function, as in eq (4.4), is not the only interesting
configuration. From the complete expression for the three-point function, eq (4.3), we can
also consider other shapes. For example, let us consider the equilateral limit i =  for
i = 1, 2, 3. In Fig 3, right panel, we represent the value for the three-point function as
a function of the dimensionless scale , divided by the square of the large-scale power
spectrum, eq (3.2) (we further divide it by ⇧3

0). Namely,

feq()

⇧3
0

⌘ h⇣(⌧0)⇣(⌧0)⇣(⌧0)i0
⇧3

0 P2
0

. (4.8)

This quantity aims to capture the scale-dependence of the non-Gaussian equilateral limit
[53], analogously to the scale-dependent part of the power spectrum of eq (3.2). Remark-
ably, the profile of the scale-dependence for the equilateral shape (changing its overall
sign) is similar to the profile of the scale-dependent power spectrum: compare Fig 1 with
Fig 3, right panel. It would be interesting to find a physical reason for this result.

The non-Gaussianity of curvature fluctuations in PBH scenarios is an important ob-
servable with several phenomenological ramifications for PBH formation [54–58]. We refer
the reader to [59] for a recent comprehensive analysis, and further references therein.
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B A single dominant term in the third order Hamiltonian of single-field inflation

[Maldacena, Kristiano-Yokoyama]

B Plug mode functions and compute large-⌘ limit of bispectrum. At leading order in

1/|⌘| one gets an analytic expression

B⇣(k1, k2, k3) = too long to fit in the slide

B Non-Gaussian e↵ects around the peak of the spectrum plays an important role for

PBH formation. Analytic control of non-Gaussianity would be welcome!

We can reduce the required amplitude of P⇣ for producing PBH at small scales:

[Byrnes et al, Atal-Germani, Passaglia et al,. . . ,Taoso-Urbano]

h⇣k1⇣k2⇣sk3i = (2⇡)3�(~k1 + ~k2 + ~k3)B⇣(k1, k2, k3)

Analytic control is possible

for ⌘ = �6 and for a model of Starobinsky

Squeezed limit satisfies

Maldacena consistency relation

Equilateral limit has a

growth towards small scales

f
sqz
NL and n⇣ � 1

f
eq
NL/⇧

3
0

END————————————————————————

Early Universe phenomena source stochastic gravitational wave backgrounds

(SGWB)
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Subtle issues: Loop corrections and PBH

B In single-field slow-roll inflation, loop corrections are small [. . . , Weinberg,. . . ]

B In PBH forming scenarios, the very same mechanism that enhances the spectrum can

also amplify loop corrections at large scales.

[Kristiano-Yokoyama, Riotto, Firouzjahi, Franciolini et al, Fumagalli,. . . ]

[Franciolini et al]

• ⌘ = �6 and sudden transition between SR and USR: loops are dangerously large,

and UV quadratic divergences should be renormalized [Kristiano-Yokoyama]

• Smooth transition between SR and USR: loops can be placed under control

[Riotto, Firouzjahi, Franciolini et al,. . . ]; model dependent issue

END————————————————————————

Early Universe phenomena source stochastic gravitational wave backgrounds

(SGWB)

If suitable conditions are satisfied,

the SGWB signal can be loud enough to be

detectable with GW experiments

B Cosmological Inflation

QM production of GW from a brief phase of quasi-exponential expansion

B First-order cosmological phase transitions

Collisions of bubbles generate GW

B Cosmic strings

Dynamics and interactions of strings generate GW

Introduction

How to distinguish a cosmological SGWB from an astrophysical one?

B Chirality as in some inflationary scenarios

B Rich frequency profile of SGWB energy parameter

⌦GW =
1

⇢cr

d⇢GW

d ln f

[FIGURE of sensitivity curves]

Inflationary models with inflection points ! rapid growth of primordial P⇣
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indeed the power spectrum does become scale invariant. The breaking of scale invariance is the hallmark of the
USR dynamics and, more importantly, a necessary feature in all models of single-field inflation that generate an
order-one abundance of PBHs (cf. the intuitive schematic in fig. 11).

�
�

FIG. 11. Illustrative schematic of the correction induced on the two-point correlator of long modes by a loop of short modes.
On the right side, we plot the prototypical tree-level power spectrum of curvature perturbations as a function of the comoving
wavenumber k in the presence of SR/USR/SR dynamics (with ⌘III = 0 in the language of the parametrization given in
section IIB). The power spectrum features a strong violation of scale invariance at small scales which is needed in order
to produce a sizable abundance of PBHs. For illustration, we plot the region excluded by CMB anisotropy measurements,
ref. [77], the FIRAS bound on CMB spectral distortions, ref. [78] and the bound obtained from Lyman-↵ forest data [79].
If P(k) & 10�2, the abundance of PBHs overcloses the Universe. The plot is rotated in such a way as to share the same
y-axis with the left part of the figure. On the left side, we schematically plot the evolution of the comoving Hubble horizon
RH = 1/aH during inflation. Observable CMB modes (horizontal green band) cross the Hubble horizon earlier (bottom-end
of the figure) and, at the tree level, their correlation remains frozen from this time on. At a much later time, the dynamics
experience a phase of USR. Modes that cross the horizon during the USR phase have their tree-level power spectrum greatly
enhanced and the latter strongly violates scale invariance. Loop of such short modes may induce a sizable correction to the
tree-level correlation of long modes, cf. eq. (109).

The last, and most important, remark that we would like to stress is the following. The analysis of ref. [31]
triggered an intense debate about ruling out or not the mechanism of PBH formation via USR in single-field
inflation (refs. [33–39]). Following these analysis, we have estimated the 1-loop correction to the curvature power
spectrum including the contribution of loop momenta between qin and qend, i.e. the window of momenta where
the power spectrum peaks. Within this procedure, we find corrections to the tree-level power spectrum at the
percent level in the region of parameter space where fPBH ⇡ 1. Therefore, at first glance, a sizeable abundance
of PBHs in USR single-field inflation is not in conflict with perturbativity constraints. On the other hand, the
aforementioned corrections are sizeable, and the contribution of short wavelengths to the power spectrum at large
scales does not decouple. This suggests that theoretical constraints dictated by the requirement of perturbativity
might be important. As a concrete example, we have shown that loop corrections a↵ect the dip in the tree-level
power spectrum. Therefore, a more comprehensive analysis is needed.

We identify the following relevant directions. i) More realistic modelling of the USR dynamics. As discussed in
section IIB, in realistic single-field inflationary models we expect ⌘III < 0 and sizable; this is because at the end
of the USR we are left with ✏ ⌧ 1 but we need ✏ = O(1) to end inflation. Since ✏ ⇠ e�2⌘N , we need ⌘ large and
negative after USR. Consequently, after USR we do not expect a scale-invariant power spectrum and eq. (109)
applies. ii) Understanding the role of quartic interactions, tadpoles and interactions with spatial derivatives. So
far, most of the attention has been focused on the role of the cubic interaction Hamiltonian in eq. (46). However,
as schematically shown in eq. (26), quartic interactions and non-1PI diagrams involving tadpoles are also present.
In particular, the schematic in eq. (26) shows that tadpole diagrams may be relevant because, by attaching them
to propagators, they modify the two-point correlator. The correct way to deal with tadpoles is by changing the
background solution (cf. ref. [41]; see also ref. [53]). Since it is well-known that background solutions in USR models
for PBH formation su↵er a high-level of parametric tuning (cf. ref. [80]), the role of tadpole corrections may have
some relevance. Furthermore, all interactions with spatial derivatives have been so far discarded. However, the
short modes running in the loop cross the horizon precisely during the USR phase and, therefore, their spatial

J. Kristiano and J. Yokoyama, (2022), [arXiv:2211.03395,2303.00341] 
A. Riotto, (2023), [arXiv:2301.00599,2303.01727 ] 
H. Firouzjahi, (2023), [arXiv:2303.12025] 
S. Choudhury, M. R. Gangopadhyay, and M. Sami, (2023), [arXiv:2301.10000] 
G. Tasinato, A large |η| approach to single field inflation, [arXiv:2305.11568]. 
S. L. Cheng, D. S. Lee and K. W. Ng, [arXiv:2305.16810]. 
J. Fumagalli, [arXiv:2305.19263]
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FIG. 4. Plot of C0(k) and ns(k, ⌧0)� 1. We choose ke/ks = 10 just for illustrative purposes.

We define the coe�cient as
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Plot of C0(k) is shown in Fig. 4. For comparison, we also plot ns(k, ⌧0)�1 directly from power spectrum (24). We can
see that C0(k) precisely equals to ns(k, ⌧0)�1, which confirms Maldacena’s theorem. The equality C0(k) = ns(k, ⌧0)�1
holds exactly, which one can confirm by substituting mode function (19) to the explicit form of C0(k).

IV. ONE-LOOP CORRECTION

Schematically, one-loop correction to the power spectrum of ⇣ can be written as

hh⇣p(⌧0)⇣�p(⌧0)ii(1) = hh⇣p(⌧0)⇣�p(⌧0)ii(1) + redefinition terms. (67)

The redefinition terms are negligible because they are evaluated at the end of SR period. Thus, one-loop correction
at the end of inflation is simply

hh⇣p(⌧0)⇣�p(⌧0)ii(1) = hh⇣p(⌧0)⇣�p(⌧0)ii(1) . (68)

In this section, we calculate the one-loop correction to the large-scale power spectrum by two di↵erent methods:
source method and direct in-in formalism. The source method utilizes bispectrum to calculate one-loop correction,
which is proposed by [2]. On the other hand, direct in-in formalism is simply a second-order expansion of the in-in
perturbation theory (38), as we did in [1].

A. Source Method

Recall the second-order and third-order actions given by (10), (29), and (34). Total second-order and leading bulk
interaction reads

S[⇣] = S
(2)[⇣] + Sbulk[⇣] = M

2
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Z
d⌧ d3x a
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✏
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0⇣0⇣2

�
. (69)

The corresponding equation of motion for ⇣ with long wavelength is

⇣00
p +
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a2✏
⇣0
p +

(a2✏⌘0)0

4a2✏

Z
d3k

(2⇡)3
⇣k⇣p�k = 0, (70)
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In this section, we calculate the one-loop correction to the large-scale power spectrum by two di↵erent methods:
source method and direct in-in formalism. The source method utilizes bispectrum to calculate one-loop correction,
which is proposed by [2]. On the other hand, direct in-in formalism is simply a second-order expansion of the in-in
perturbation theory (38), as we did in [1].

A. Source Method

Recall the second-order and third-order actions given by (10), (29), and (34). Total second-order and leading bulk
interaction reads

S[⇣] = S
(2)[⇣] + Sbulk[⇣] = M

2

pl

Z
d⌧ d3x a

2
✏


(⇣0)2 � (@i⇣)

2 +
1

2
⌘
0⇣0⇣2

�
. (69)

The corresponding equation of motion for ⇣ with long wavelength is
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where p is a wavevector on CMB scale. The last term can be regarded as a source term of the second-order di↵erential
equation. The solution can be written as ⇣ = ⇣f + ⇣s, where ⇣f and ⇣s are the homogeneous and inhomogeneous
solutions, respectively. The mode function of the homogeneous solution is

⇣f

p
(⌧) = Ap + Bp

Z
⌧ d⌧1
a2(⌧1)✏(⌧1)

, (71)

where Ap and Bp are arbitrary functions of p. The inhomogeneous solution is given by

⇣s
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then performing integration by parts leads to
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Because we are interested in the finite e↵ect of the amplified perturbation on small scale due to the USR period,
the wavenumber integration domain is restricted to ks . k . ke. Substituting (46) to the time integral and use
approximation p ⌧ k yields 3

⇣s

p(⌧0) = �
1

4
�⌘

Z
d3k

(2⇡)3
⇣k(⌧e)⇣p�k(⌧e) +

1

4
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2

3ke
⇣0
k(⌧e)⇣p�k(⌧e). (74)

Note that each ⇣ in this solution is an operator.
The two-point function of ⇣ can be written as

hh⇣p(⌧0)⇣�p(⌧0)ii = hh⇣f
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The first term is simply the tree-level contribution

hh⇣p(⌧0)⇣�p(⌧0)ii(0) ⌘ hh⇣f
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f
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2
, (76)

with power spectrum given in (25). The second and third terms are one-loop corrections to the two-point function

hh⇣p(⌧0)⇣�p(⌧0)ii(1) ⌘ 2hh⇣s
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The one-loop correction comes from the correlation between inhomogeneous and homogeneous solutions and the
correlation of two inhomogeneous solutions.

First, we calculate the correlation of two inhomogeneous solutions. It reads

hh⇣s
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where ⇣̄ is defined as

⇣̄k(⌧e) = ⇣k(⌧e)�
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3ke
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Performing Wick contraction, it becomes
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3 Note that the second term in (74) cannot be neglected. Approximation ⇣
0
p(⌧e) ⌧ aH⇣p(⌧e) holds only for mode functions with p ⌧ ke,

which are far outside the horizon at ⌧e.

CMB PS:
Tree level Dangerous? Poisson suppressed

Franciolini - LISA CosmoWG - 39

Loops in single field models with USR phase

27

indeed the power spectrum does become scale invariant. The breaking of scale invariance is the hallmark of the
USR dynamics and, more importantly, a necessary feature in all models of single-field inflation that generate an
order-one abundance of PBHs (cf. the intuitive schematic in fig. 11).

�
�

FIG. 11. Illustrative schematic of the correction induced on the two-point correlator of long modes by a loop of short modes.
On the right side, we plot the prototypical tree-level power spectrum of curvature perturbations as a function of the comoving
wavenumber k in the presence of SR/USR/SR dynamics (with ⌘III = 0 in the language of the parametrization given in
section IIB). The power spectrum features a strong violation of scale invariance at small scales which is needed in order
to produce a sizable abundance of PBHs. For illustration, we plot the region excluded by CMB anisotropy measurements,
ref. [77], the FIRAS bound on CMB spectral distortions, ref. [78] and the bound obtained from Lyman-↵ forest data [79].
If P(k) & 10�2, the abundance of PBHs overcloses the Universe. The plot is rotated in such a way as to share the same
y-axis with the left part of the figure. On the left side, we schematically plot the evolution of the comoving Hubble horizon
RH = 1/aH during inflation. Observable CMB modes (horizontal green band) cross the Hubble horizon earlier (bottom-end
of the figure) and, at the tree level, their correlation remains frozen from this time on. At a much later time, the dynamics
experience a phase of USR. Modes that cross the horizon during the USR phase have their tree-level power spectrum greatly
enhanced and the latter strongly violates scale invariance. Loop of such short modes may induce a sizable correction to the
tree-level correlation of long modes, cf. eq. (109).

The last, and most important, remark that we would like to stress is the following. The analysis of ref. [31]
triggered an intense debate about ruling out or not the mechanism of PBH formation via USR in single-field
inflation (refs. [33–39]). Following these analysis, we have estimated the 1-loop correction to the curvature power
spectrum including the contribution of loop momenta between qin and qend, i.e. the window of momenta where
the power spectrum peaks. Within this procedure, we find corrections to the tree-level power spectrum at the
percent level in the region of parameter space where fPBH ⇡ 1. Therefore, at first glance, a sizeable abundance
of PBHs in USR single-field inflation is not in conflict with perturbativity constraints. On the other hand, the
aforementioned corrections are sizeable, and the contribution of short wavelengths to the power spectrum at large
scales does not decouple. This suggests that theoretical constraints dictated by the requirement of perturbativity
might be important. As a concrete example, we have shown that loop corrections a↵ect the dip in the tree-level
power spectrum. Therefore, a more comprehensive analysis is needed.

We identify the following relevant directions. i) More realistic modelling of the USR dynamics. As discussed in
section IIB, in realistic single-field inflationary models we expect ⌘III < 0 and sizable; this is because at the end
of the USR we are left with ✏ ⌧ 1 but we need ✏ = O(1) to end inflation. Since ✏ ⇠ e�2⌘N , we need ⌘ large and
negative after USR. Consequently, after USR we do not expect a scale-invariant power spectrum and eq. (109)
applies. ii) Understanding the role of quartic interactions, tadpoles and interactions with spatial derivatives. So
far, most of the attention has been focused on the role of the cubic interaction Hamiltonian in eq. (46). However,
as schematically shown in eq. (26), quartic interactions and non-1PI diagrams involving tadpoles are also present.
In particular, the schematic in eq. (26) shows that tadpole diagrams may be relevant because, by attaching them
to propagators, they modify the two-point correlator. The correct way to deal with tadpoles is by changing the
background solution (cf. ref. [41]; see also ref. [53]). Since it is well-known that background solutions in USR models
for PBH formation su↵er a high-level of parametric tuning (cf. ref. [80]), the role of tadpole corrections may have
some relevance. Furthermore, all interactions with spatial derivatives have been so far discarded. However, the
short modes running in the loop cross the horizon precisely during the USR phase and, therefore, their spatial
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Plot of C0(k) is shown in Fig. 4. For comparison, we also plot ns(k, ⌧0)�1 directly from power spectrum (24). We can
see that C0(k) precisely equals to ns(k, ⌧0)�1, which confirms Maldacena’s theorem. The equality C0(k) = ns(k, ⌧0)�1
holds exactly, which one can confirm by substituting mode function (19) to the explicit form of C0(k).

IV. ONE-LOOP CORRECTION

Schematically, one-loop correction to the power spectrum of ⇣ can be written as

hh⇣p(⌧0)⇣�p(⌧0)ii(1) = hh⇣p(⌧0)⇣�p(⌧0)ii(1) + redefinition terms. (67)

The redefinition terms are negligible because they are evaluated at the end of SR period. Thus, one-loop correction
at the end of inflation is simply

hh⇣p(⌧0)⇣�p(⌧0)ii(1) = hh⇣p(⌧0)⇣�p(⌧0)ii(1) . (68)

In this section, we calculate the one-loop correction to the large-scale power spectrum by two di↵erent methods:
source method and direct in-in formalism. The source method utilizes bispectrum to calculate one-loop correction,
which is proposed by [2]. On the other hand, direct in-in formalism is simply a second-order expansion of the in-in
perturbation theory (38), as we did in [1].

A. Source Method

Recall the second-order and third-order actions given by (10), (29), and (34). Total second-order and leading bulk
interaction reads

S[⇣] = S
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The corresponding equation of motion for ⇣ with long wavelength is
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where p is a wavevector on CMB scale. The last term can be regarded as a source term of the second-order di↵erential
equation. The solution can be written as ⇣ = ⇣f + ⇣s, where ⇣f and ⇣s are the homogeneous and inhomogeneous
solutions, respectively. The mode function of the homogeneous solution is

⇣f

p
(⌧) = Ap + Bp

Z
⌧ d⌧1
a2(⌧1)✏(⌧1)

, (71)

where Ap and Bp are arbitrary functions of p. The inhomogeneous solution is given by
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then performing integration by parts leads to
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Because we are interested in the finite e↵ect of the amplified perturbation on small scale due to the USR period,
the wavenumber integration domain is restricted to ks . k . ke. Substituting (46) to the time integral and use
approximation p ⌧ k yields 3
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4
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Note that each ⇣ in this solution is an operator.
The two-point function of ⇣ can be written as

hh⇣p(⌧0)⇣�p(⌧0)ii = hh⇣f
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The first term is simply the tree-level contribution
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2
, (76)

with power spectrum given in (25). The second and third terms are one-loop corrections to the two-point function
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The one-loop correction comes from the correlation between inhomogeneous and homogeneous solutions and the
correlation of two inhomogeneous solutions.

First, we calculate the correlation of two inhomogeneous solutions. It reads
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where ⇣̄ is defined as

⇣̄k(⌧e) = ⇣k(⌧e)�
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3ke
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Performing Wick contraction, it becomes

hh⇣s

p(⌧0)⇣
s

�p(⌧0)ii =

✓
�⌘

4

◆2 Z d3k

(2⇡)3

"����⇣k �
2

3ke
⇣
0
k

����
2

|⇣k|
2 +

����

✓
⇣k �

2

3ke
⇣
0
k

◆
⇣
⇤
k

����
2
#

⌧=⌧e

. (80)

3 Note that the second term in (74) cannot be neglected. Approximation ⇣
0
p(⌧e) ⌧ aH⇣p(⌧e) holds only for mode functions with p ⌧ ke,

which are far outside the horizon at ⌧e.
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Figure 2: The spectral index as given in eq (3.11), choosing ⇧0 = 1250.

going from the dip position to small scales. Comparing Figures 1 and 2, we notice that,
after the dip position, the maximal growth slope of the spectrum is ns � 1  4. This
agrees with the more sophisticated analysis [44] based on complete expressions for the
curvature power spectrum, outside the large |⌘| limit we consider here.

4 The three-point function of curvature fluctuations

We now apply the previous set-up to the study of three-point function of curvature fluc-
tuations, evaluated at the end of inflation. This quantity controls the non-Gaussianity
of curvature fluctuations in PBH scenarios. We assume that the slow-roll parameter ✏(⌧)
remains always small, while ⌘(⌧) experiences a sharp transition between the slow-roll and
non-slow-roll phases, at ⌧ = ⌧1 and ⌧ = ⌧2. The n-point functions of ⇣ can be computed
using the in-in formalism [46–48]. Let O(⌧) the operator one wishes to determine (for
us, the three-point function h⇣1(⌧0)⇣2(⌧0)⇣3(⌧0)i), and Hint the interaction Hamiltonian.
We map the time evolution of the operator from the initial

��ini vacuum up to the time the
operator O(⌧) is evaluated, and then we map back to the

��ini vacuum again. In formulas:

hin
���T̄ e�i

R
Hint(⌧ 0)d⌧ 0 O(⌧)Tei

R
Hint(⌧ 0)d⌧ 0

���ini. In our case, since we focus on sudden transi-

tions, there is a single dominant contribution to the interaction Hamiltonian [23,24], which
can be extracted from the third-order action of perturbations in single field inflation [46]:

Hint = �1

2

Z
d
3
x a

2(⌧)✏(⌧) ⌘0(⌧) ⇣2(⌧, ~x) ⇣ 0(⌧, ~x) . (4.1)

We assume that |⌘| is negligible during slow-roll evolution (⌧ < ⌧1 and ⌧2 < ⌧ < ⌧0) while
it is large during the intermediate NSR phase, ⌧1  ⌧  ⌧2. We adopt a sharp-transition
Ansatz [24] for the time-derivative of ⌘(⌧)

⌘
0(⌧) = �⌘ [��(⌧ � ⌧1) + �(⌧ � ⌧2)] . (4.2)
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Loops in single field models with USR phase
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leaves a factor (2⌘II) for each time integration. Therefore, we find
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We have collected the pieces such that each line corresponds to the i-th term in the sum of eq. (77) and k � q ⌘p
k2 + q2 � 2kq cos(✓) as in the previous section.
In the left panel of fig. 9, we show the resulting 1-loop correction as a function of the wavenumber k for a

representative set of parameters leading to fBH ⇡ 1: ⌘II = 3 and �NUSR = 2.2. We find values of �P1-loop of the
order of few percent, barring small oscillatory features. A notable exception is the scale where the tree level power
spectrum presents a dip, see fig. 3, kdip/kin ⇡

p
5/4e�3�NUSR/2 [47]. At that scale the 1-loop correction dominates,

resulting in a spike in �P1-loop. As a consequence, the dip is only realised if the 1-loop correction is neglected, see
the right panel of fig. 9. We also observe that in the limit of small k ⌧ kin the result quickly converges towards
the one discussed in the previous section, as expected. Finally, it is also interesting to notice that the correction
�P1-loop stays almost the same at any scale, except around kdip. For this reason, we expect that a generalisation of
this calculation to the case for �N 6= 0 will lead to results similar to ones presented in the previous section for
k ⌧ q.
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FIG. 9. In both panels, we consider a USR dynamics with ⌘II = 3, �NUSR = 2.2, ⌘III = 0 and the instantaneous limit
�N = 0. These values corresponds to a scenario producing fPBH ' 1. The vertical gridlines corresponds to k = kin and kend

in both panels. Left panel: correction to the tree level power spectrum as a function of k in the limit of ⌧ ! 0�. Right
panel: tree level power spectrum (black) compared to the 1-loop correction (red line) and their sum (blue dashed line).

At first sight, our result that loop corrections impact the tree-level power spectrum at the percent level seems at
odds with the findings of ref. [53] in which it was found that the one-loop power spectrum could dominate over the
tree-level one, thus indicating the breakdown of the perturbation theory. Upon a closer look, however, there is no
contradiction. Ref. [53] considers a particular instance of background dynamics in which curvature perturbations
are resonantly amplified due to a specific pattern of oscillatory features in the inflaton potential. In such a model,
we checked that the condition V 000/H ⌧ 1 (cf. eq. (99) and the related discussion) is not verified and, therefore, it
is not unexpected to find an amplification of loop e↵ects.
It is instructive to consider also a di↵erent limit. Since we are assuming that the USR is followed by a second

period of slow roll, characterised by a negligible ⌘III and a small ✏, modes in the range q 2 [kin, kend] freeze around
⌧end. Therefore, the loop correction at ⌧end is very close to its limit at ⌧ ! 0�, as we verified through a numerical
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larger kend/kin. Then, we set �NUSR = 3 and compare the value of J�N!0(3, 3) with J�N (3, 3) as function of �N .
We plot the ratio J�N (3, 3)/J�N!0(3, 3) in the right panel of fig. 6.

Realistic single-field models that feature the presence of a phase of USR dynamics typically have �N = 0.4÷ 0.5
(cf., e.g., ref. [12, 48]). This means that, according to our result in the right panel of fig. 6, we expect that in realistic
models the size of the loop correction gets reduced by one order of magnitude with respect to what is obtained in
the limit of instantaneous SR/USR/SR transition. This confirms the intuition presented in refs. [34].

It should be noted, however, as evident from our discussion in section II B, that in the case of smooth SR/USR/SR
transition the amplitude of the power spectrum gets reduced with respect to the �N ! 0 limit (cf. the left panel of
fig. 3). The origin of this e↵ect becomes evident if we consider the right panel of fig. 5. In this figure, we plot the
time evolution of the curvature mode |⇣̄q| with q̄ = 2 in the two cases of a sharp and smooth transition (dashed and
solid lines, respectively – see caption for details). In the case of a sharp transition, the curvature mode experiences a
longer USR phase, and its final amplitude is larger with respect to the case of a smooth transition. As a consequence,
therefore, we expect that the smaller size of the loop correction will be, at least partially, compensated by the fact
that finite �N also reduces the amplitude of the tree-level power spectrum. In order to quantify this information,
we repeat the analysis done in section IVA2 but now for finite �N . We plot our result in fig. 7. For definiteness, we
consider the benchmark value �N = 0.4 while we keep ⌘II and �NUSR generic as in fig. 4.

FIG. 7. We consider a generic USR dynamics with varying ⌘II (x-axis) and �NUSR (y-axis). We take ⌘III = 0 and the
smooth limit �N = 0.4. The region hatched in red corresponds to �P1�loop(k⇤) > 0. Along the line defined by the condition
fPBH = 1, we get 100% of DM in the form of asteroid-mass PBHs. The dotted blue line and the red dashed line correspond,
respectively, to the conditions fPBH = 1 and lim�N!0 �P1�loop(k⇤) > 0 as derived in the limit of instantaneous transition.

Our numerical analysis mirrors the previous intuition. The perturbativity bound (the region hatched in red
corresponds to the condition �P1�loop(k⇤) > 0) gets weaker because of the partial cancellation illustrated in the
right panel of fig. 6. However, as previously discussed, the drawback is that taking �N 6= 0 also reduces the peak
amplitude of the power spectrum. Consequently, the condition fPBH = 1 requires, for fixed ⌘II, larger �NUSR.
As for the limit of instantaneous transition, the condition fPBH = 1 does not violate the perturbativity bound

since the two above-mentioned e↵ects nearly compensate each other. However, our analysis reveals an interesting
aspect: modelling the SR/USR/SR transition (and, in particular, the final USR/SR one) beyond the instantaneous
limit reduces the impact of the loop correction but, at the same time, lowers the peak amplitude of the tree-level
power spectrum, which must be compensated by a larger �NUSR see fig. 8. As illustrated in fig. 7, both these
e↵ects must be considered together in order to properly quantify the impact of loop corrections and the consequent
perturbativity bound.

This is an interesting point. Refs. [34–36] argue that if one goes beyond the limit of instantaneous transition then
the loop correction to the CMB power spectrum becomes e↵ectively harmless. Technically speaking, in our analysis
the role of the parameter �6 < h < 0 that in [34–36] (see also ref. [60]) controls the sharpness of the transition
is played by our parameter �N (with h ! �6 that corresponds to our �N ! 0 and h ! 0 that corresponds to
increasing values of �N).

Realistic models: no violation of 
perturbativity from USR modes

Loop correction to any scale 
of around few percent

G. Franciolini, A. Iovino, Junior., M. Taoso and A. Urbano, [arXiv:2305.03491]

Still open questions remain…
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Figure 2: The spectral index as given in eq (3.11), choosing ⇧0 = 1250.

going from the dip position to small scales. Comparing Figures 1 and 2, we notice that,
after the dip position, the maximal growth slope of the spectrum is ns � 1  4. This
agrees with the more sophisticated analysis [44] based on complete expressions for the
curvature power spectrum, outside the large |⌘| limit we consider here.

4 The three-point function of curvature fluctuations

We now apply the previous set-up to the study of three-point function of curvature fluc-
tuations, evaluated at the end of inflation. This quantity controls the non-Gaussianity
of curvature fluctuations in PBH scenarios. We assume that the slow-roll parameter ✏(⌧)
remains always small, while ⌘(⌧) experiences a sharp transition between the slow-roll and
non-slow-roll phases, at ⌧ = ⌧1 and ⌧ = ⌧2. The n-point functions of ⇣ can be computed
using the in-in formalism [46–48]. Let O(⌧) the operator one wishes to determine (for
us, the three-point function h⇣1(⌧0)⇣2(⌧0)⇣3(⌧0)i), and Hint the interaction Hamiltonian.
We map the time evolution of the operator from the initial

��ini vacuum up to the time the
operator O(⌧) is evaluated, and then we map back to the

��ini vacuum again. In formulas:

hin
���T̄ e�i

R
Hint(⌧ 0)d⌧ 0 O(⌧)Tei

R
Hint(⌧ 0)d⌧ 0

���ini. In our case, since we focus on sudden transi-

tions, there is a single dominant contribution to the interaction Hamiltonian [23,24], which
can be extracted from the third-order action of perturbations in single field inflation [46]:

Hint = �1

2

Z
d
3
x a

2(⌧)✏(⌧) ⌘0(⌧) ⇣2(⌧, ~x) ⇣ 0(⌧, ~x) . (4.1)

We assume that |⌘| is negligible during slow-roll evolution (⌧ < ⌧1 and ⌧2 < ⌧ < ⌧0) while
it is large during the intermediate NSR phase, ⌧1  ⌧  ⌧2. We adopt a sharp-transition
Ansatz [24] for the time-derivative of ⌘(⌧)

⌘
0(⌧) = �⌘ [��(⌧ � ⌧1) + �(⌧ � ⌧2)] . (4.2)
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Figure 2: The spectral index as given in eq (3.11), choosing ⇧0 = 1250.

going from the dip position to small scales. Comparing Figures 1 and 2, we notice that,
after the dip position, the maximal growth slope of the spectrum is ns � 1  4. This
agrees with the more sophisticated analysis [44] based on complete expressions for the
curvature power spectrum, outside the large |⌘| limit we consider here.

4 The three-point function of curvature fluctuations

We now apply the previous set-up to the study of three-point function of curvature fluc-
tuations, evaluated at the end of inflation. This quantity controls the non-Gaussianity
of curvature fluctuations in PBH scenarios. We assume that the slow-roll parameter ✏(⌧)
remains always small, while ⌘(⌧) experiences a sharp transition between the slow-roll and
non-slow-roll phases, at ⌧ = ⌧1 and ⌧ = ⌧2. The n-point functions of ⇣ can be computed
using the in-in formalism [46–48]. Let O(⌧) the operator one wishes to determine (for
us, the three-point function h⇣1(⌧0)⇣2(⌧0)⇣3(⌧0)i), and Hint the interaction Hamiltonian.
We map the time evolution of the operator from the initial

��ini vacuum up to the time the
operator O(⌧) is evaluated, and then we map back to the

��ini vacuum again. In formulas:

hin
���T̄ e�i

R
Hint(⌧ 0)d⌧ 0 O(⌧)Tei

R
Hint(⌧ 0)d⌧ 0

���ini. In our case, since we focus on sudden transi-

tions, there is a single dominant contribution to the interaction Hamiltonian [23,24], which
can be extracted from the third-order action of perturbations in single field inflation [46]:

Hint = �1

2
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d
3
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2(⌧)✏(⌧) ⌘0(⌧) ⇣2(⌧, ~x) ⇣ 0(⌧, ~x) . (4.1)

We assume that |⌘| is negligible during slow-roll evolution (⌧ < ⌧1 and ⌧2 < ⌧ < ⌧0) while
it is large during the intermediate NSR phase, ⌧1  ⌧  ⌧2. We adopt a sharp-transition
Ansatz [24] for the time-derivative of ⌘(⌧)

⌘
0(⌧) = �⌘ [��(⌧ � ⌧1) + �(⌧ � ⌧2)] . (4.2)
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Figure 2: The spectral index as given in eq (3.11), choosing ⇧0 = 1250.

going from the dip position to small scales. Comparing Figures 1 and 2, we notice that,
after the dip position, the maximal growth slope of the spectrum is ns � 1  4. This
agrees with the more sophisticated analysis [44] based on complete expressions for the
curvature power spectrum, outside the large |⌘| limit we consider here.

4 The three-point function of curvature fluctuations

We now apply the previous set-up to the study of three-point function of curvature fluc-
tuations, evaluated at the end of inflation. This quantity controls the non-Gaussianity
of curvature fluctuations in PBH scenarios. We assume that the slow-roll parameter ✏(⌧)
remains always small, while ⌘(⌧) experiences a sharp transition between the slow-roll and
non-slow-roll phases, at ⌧ = ⌧1 and ⌧ = ⌧2. The n-point functions of ⇣ can be computed
using the in-in formalism [46–48]. Let O(⌧) the operator one wishes to determine (for
us, the three-point function h⇣1(⌧0)⇣2(⌧0)⇣3(⌧0)i), and Hint the interaction Hamiltonian.
We map the time evolution of the operator from the initial

��ini vacuum up to the time the
operator O(⌧) is evaluated, and then we map back to the

��ini vacuum again. In formulas:
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Hint(⌧ 0)d⌧ 0 O(⌧)Tei

R
Hint(⌧ 0)d⌧ 0

���ini. In our case, since we focus on sudden transi-

tions, there is a single dominant contribution to the interaction Hamiltonian [23,24], which
can be extracted from the third-order action of perturbations in single field inflation [46]:
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2(⌧)✏(⌧) ⌘0(⌧) ⇣2(⌧, ~x) ⇣ 0(⌧, ~x) . (4.1)

We assume that |⌘| is negligible during slow-roll evolution (⌧ < ⌧1 and ⌧2 < ⌧ < ⌧0) while
it is large during the intermediate NSR phase, ⌧1  ⌧  ⌧2. We adopt a sharp-transition
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Conclusions

• Single-field models of inflation able to strongly enhance fluctuations at small scales

can lead to interesting dark matter candidates (PBH, vector DM)

B To properly understand their consequences, an analytical understanding of their

features would be helpful.

• Since the slow-roll parameter |⌘| is larger than one for a fraction of the inflationary

phase, I considered the case |⌘| large, and promoted 1/|⌘| to an expansion parameter.

• Formulas simplify, and obtain analytical expressions for the two and three point

functions in agreement with previous studies and with expectactions.

• It will be interesting to further apply these methods and analytical formulas to study

PBH formation, including the e↵ects of non-Gaussianities, and to the analysis of loop

corrections in these scenarios.
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