
Entanglement from Superradiance and
 Hawking Radiation

Kerr BHs, rotating fluids and laboratory experiments

Adrià Delhom
Louisiana State University

Collaborators: I. Agullo, A. J. Brady, D. Kranas, P. Calizaya Cabrera, K. Guerrero, K. Falque, A. Bramati and M. Jacquet

Copernicus seminar series 26 Mar 2024

Based on arXiv:2307.06215, arXiv:2310.16031

https://arxiv.org/abs/2307.06215
https://arxiv.org/abs/2310.16031


Examples of  Superradiance: ubiquitous phenomenon in field theories
(also Cherenkhov, Landau critical velocity in spuerfluids, amplification by shock waves,…)

Penrose process

Penrose 69’, Penrose-Floyd 71’

Extraction of  rotational energy from BH from  
particle or wave scattering

Amplification of  waves by rotating bodies

Zel’dovich ‘72
Klein Paradox 

 Large electrostatic potential step

Klein ’29 Sauter 31’ Hund 41’

Rotational superradiance

Figure from: T. Torres et. Al. Nature Phys. 13 
(2017) 833-836 

Superradiance and Hawking effect: history and examples



Hawking radiation: the origin

• Ingredients: A quantum field

+ black hole.

• Thermal radiation emitted

from the exterior of black

holes.

• Hawking temperature:

TH = ~c3
8⇡GkBM

• Carries a quantum signature:

Entanglement

4

Hawking temperature

<latexit sha1_base64="FjcL3QOd2nqtcjeDoNpiBuklZzQ=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSB4CrsaNBchxIO5CBGMCtkYZsdeM2T2wUyvGJb9EP0ZPYmKF4/+jZMYxFedqruqoav8RAqNjvNuTUxOTc/MFuaK8wuLS8v2yuqpjlPFocVjGatzn2mQIoIWCpRwnihgoS/hzO8fDPWza1BaxNEJDhLohOwqEoHgDM2qa1dOuh7CDaowa+T7XqAYz7yezxTlFzt5VvUSQQ9p/8tUz+lR3rVLTtkZgf4l7piUyBjNrv3qXcY8DSFCLpnWbddJsJMxhYJLyIteqiFhvM+uoG1oxELQnWyULqebQawo9oCO5u/ejIVaD0LfeEKGPf1bGy7/09opBtVOJqIkRYi4sRgtSCXFmA5LopdCAUc5MIRxJcyXlPeY6QZNlUUT3/0d9i853S67u+XKcaVUq4+LKJB1skG2iEv2SI00SJO0CCd35IE8kxfr1rq3Hq2nT+uENb5ZIz9gvX0ALj+f2w==</latexit>

TH =
~c3

8⇡GkBMBlack holes radiate as black bodies

Hawking ‘74

(Actually grey bodies)

Black Hole evaporation 
+ 

Hawking radiation is entangled with radiation in the interior
Information loss

Superradiance and Hawking effect: history and examples



Superradiance and the Hawking effect: both are amplification processes in field theory

We know realistic BHs rotate: Interplay between Rotational SR and HE at the quantum level?



Goals

❖ Show that Superradiance generates entanglement in generic scenarios. 

❖ Quantify entanglement radiated by rotating BHs. 

❖ Assess entanglement degradation by CMB. 

❖ Show how Gaussian quantum info. tools are extremely powerful in these contexts. 

❖ Tame ergoregion instability in horizonless laboratory analogues. 

❖ Quantify entanglement from horizonless rotational superradiance in the lab. 

❖ Discuss analogues for the interplay HR - RSR. 



Toolbox
Gaussian quantum information



For any Gaussian state and if  either of  the two subsystem is made of  a single mode, LogNeg is a faithful quantifier. 

Measures distillable entanglement (can be zero if  non-distillable entanglement is present)

Has an operational meaning: entanglement cost in “e-bits” to prepare a state (1 e-bit = entanglement in a Bell pair)
[Wang, Wilde 18’]

Entanglement quantifiers from quantum info. theory: Entanglement entropy, Logarithmic Negativity, etc. 

Each quantifier is valid only for a certain class of  systems. 

Entanglement Quantification

Von Neumann entropy quantifies mixedness. Only equivalent to entanglement if  state is pure.

Logarithmic Negavity (based on the PPT criterion) is a convenient quantifier for our use: 



<latexit sha1_base64="10Bmkc10k/aymphyxoK3iwwnIbk=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQyCpzAjIXoMePEYwSyQGUNPpyZp0rPYSyAO+RIvHhTx6qd482/sJHPQxAcFj/eqqKoXpJxJ5TjfVmFjc2t7p7hb2ts/OCzbR8dtmWhBoUUTnohuQCRwFkNLMcWhmwogUcChE4xv5n5nAkKyJL5X0xT8iAxjFjJKlJH6dtmDR80m2BsRhcUD69sVp+osgNeJm5MKytHs21/eIKE6glhRTqTsuU6q/IwIxSiHWcnTElJCx2QIPUNjEoH0s8XhM3xulAEOE2EqVnih/p7ISCTlNApMZ0TUSK56c/E/r6dVeO1nLE61gpguF4WaY5XgeQp4wARQxaeGECqYuRXTERGEKpNVyYTgrr68TtqXVbderd3VKo16HkcRnaIzdIFcdIUa6BY1UQtRpNEzekVv1pP1Yr1bH8vWgpXPnKA/sD5/AE+aktY=</latexit>

⌘ r̂iN-dimensional quantum (bosonic) system: 
<latexit sha1_base64="w2Rd4SEB0fvVDaF0MyWNiorliIc=">AAACKHicbZDLSgMxFIYzXmu9jbp0EyyCCykzpVShCwtuXJUK9gJtGTJp2oZmLiRnxDL0cdz4Km5EFOnWJzGdTkFbDwQ+/v8cTs7vhoIrsKypsba+sbm1ndnJ7u7tHxyaR8cNFUSSsjoNRCBbLlFMcJ/VgYNgrVAy4rmCNd3R7cxvPjKpeOA/wDhkXY8MfN7nlICWHPOmMySAnxz7MoHQscs4lQoLqVDu0F4AamFUF0YVY8fMWXkrKbwKdgo5lFbNMd87vYBGHvOBCqJU27ZC6MZEAqeCTbKdSLGQ0BEZsLZGn3hMdePk0Ak+10oP9wOpnw84UX9PxMRTauy5utMjMFTL3kz8z2tH0L/uxtwPI2A+nS/qRwJDgGep4R6XjIIYayBUcv1XTIdEEgo626wOwV4+eRUahbxdyhfvi7lKKY0jg07RGbpANrpCFXSHaqiOKHpGr+gDfRovxpvxZUznrWtGOnOC/pTx/QNxA6O7</latexit>

x̂1, p̂1; x̂2, p̂2; · · · x̂N , p̂N

C.C.R’s:
<latexit sha1_base64="Wn5kJArsVHFTivUZUwoHcPJ05hU=">AAACFXicbZC7SgNBFIZnvcZ4i1raDAbBIoRdCdFGCNjYGcFcYHcTzk5mk0lmL8zMCmHJS9j4KjYWitgKdr6Nk2QLTfxh4OM/53Dm/F7MmVSm+W2srK6tb2zmtvLbO7t7+4WDw6aMEkFog0Q8Em0PJOUspA3FFKftWFAIPE5b3uh6Wm89UCFZFN6rcUzdAPoh8xkBpa1uoWQ7A1BYdFgpg6F7xZwSdgYeCDyF24D2oZOy4aRbKJplcya8DFYGRZSp3i18Ob2IJAENFeEgpW2ZsXJTEIoRTid5J5E0BjKCPrU1hhBQ6aazqyb4VDs97EdCv1Dhmft7IoVAynHg6c4A1EAu1qbmfzU7Uf6lm7IwThQNyXyRn3CsIjyNCPeYoETxsQYggum/YjIAAUTpIPM6BGvx5GVonpetarlyVynWqlkcOXSMTtAZstAFqqEbVEcNRNAjekav6M14Ml6Md+Nj3rpiZDNH6I+Mzx9QH52m</latexit>

[r̂i, r̂j ] = i ~⌦ij

<latexit sha1_base64="mrnH1wIdAWs41l2oujewzBnXNX8="></latexit>

⌦ij = �N

✓
0 1
�1 0

◆
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⌘ r̂iN-dimensional quantum (bosonic) system: 
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x̂1, p̂1; x̂2, p̂2; · · · x̂N , p̂N

C.C.R’s:
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[r̂i, r̂j ] = i ~⌦ij

<latexit sha1_base64="mrnH1wIdAWs41l2oujewzBnXNX8="></latexit>

⌦ij = �N
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◆

Gaussian state      : Completely and uniquely determined by its first and second moments
<latexit sha1_base64="mXHfaxgt26Apc4kXRJoFcSW/CP4=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkVI8FLx4r2A9pQtlsN83S3U3YnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5YSq4Adf9dkobm1vbO+Xdyt7+weFR9fika5JMU9ahiUh0PySGCa5YBzgI1k81IzIUrBdObud+74lpwxP1ANOUBZKMFY84JWClRz8mgH0dJ8Nqza27C+B14hWkhgq0h9Uvf5TQTDIFVBBjBp6bQpATDZwKNqv4mWEpoRMyZgNLFZHMBPni4Bm+sMoIR4m2pQAv1N8TOZHGTGVoOyWB2Kx6c/E/b5BBdBPkXKUZMEWXi6JMYEjw/Hs84ppREFNLCNXc3oppTDShYDOq2BC81ZfXSfeq7jXrjftGrdUs4iijM3SOLpGHrlEL3aE26iCKJHpGr+jN0c6L8+58LFtLTjFziv7A+fwBfveQLw==</latexit>

⇢̂

covariance  matrix
<latexit sha1_base64="hA0GAzb6TRp3leVKLr5pMOBPErw=">AAACDnicbZDLSgMxFIYz9VbrbdSlm2ApuJAyI6W6LLhxWaE3mBlLJs20sZlkSDJCGfoEbnwVNy4UcevanW9j2g6o1R8CH/85h5PzhwmjSjvOp1VYWV1b3yhulra2d3b37P2DjhKpxKSNBROyFyJFGOWkralmpJdIguKQkW44vpzVu3dEKip4S08SEsRoyGlEMdLG6tsVmPkyhi059Xw5Ev4p9EdIQ3lDv/E26Ntlp+rMBf+Cm0MZ5Gr27Q9/IHAaE64xQ0p5rpPoIENSU8zItOSniiQIj9GQeAY5iokKsvk5U1gxzgBGQprHNZy7PycyFCs1iUPTGSM9Usu1mflfzUt1dBFklCepJhwvFkUpg1rAWTZwQCXBmk0MICyp+SvEIyQR1ibBkgnBXT75L3TOqm69WruulRv1PI4iOALH4AS44Bw0wBVogjbA4B48gmfwYj1YT9ar9bZoLVj5zCH4Jev9CyvemuU=</latexit>

Tr[⇢ r̂i r̂j ]

<latexit sha1_base64="GMIRNXh8Z+YDMdrvCQNXOX6Afx0=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARRKQkUqrLghuXFXqDJC2T6aQdOpPEmUmhhL6DG1/FjQtF3Lpx59s4TbPQ1h8GPv5zDmfO78eMSmVZ30ZhbX1jc6u4XdrZ3ds/MA+P2jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9Lxx7fzemdChKRR2FTTmHgcDUMaUIyUtvrmhcuTHnXJQ0InMHUFh00xc9wRUtAVo8i9hBmLHvX6ZtmqWJngKtg5lEGuRt/8cgcRTjgJFWZISse2YuWlSCiKGZmV3ESSGOExGhJHY4g4kV6a3TSDZ9oZwCAS+oUKZu7viRRxKafc150cqZFcrs3N/2pOooIbL6VhnCgS4sWiIGFQRXAeEBxQQbBiUw0IC6r/CvEICYSVjrGkQ7CXT16F9lXFrlWq99VyvZbHUQQn4BScAxtcgzq4Aw3QAhg8gmfwCt6MJ+PFeDc+Fq0FI585Bn9kfP4ATgedwA==</latexit>

µi ⌘ Tr[⇢̂ r̂i]

<latexit sha1_base64="pYQXiNFIuF21+avgKdfuBL5+O68="></latexit>

�ij = Tr[⇢̂ {(r̂i � µi), (r̂j � µj)}]

mean



Thermal:
<latexit sha1_base64="Zh3DLpUgE0Bbqd9OKhOGmpD5j00=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IBS8eK9gPaNeSTbNtaJJdk6xQlv4JLx4U8erf8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzM/c4TVZpF8t5MY+oLPJIsZAQbK3X7Inlg18gdlCtu1c2AVomXkwrkaA7KX/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+mt07Q2dWGaIwUrakQZn6eyLFQuupCGynwGasl725+J/XS0x45adMxomhkiwWhQlHJkLz59GQKUoMn1qCiWL2VkTGWGFibEQlG4K3/PIqadeq3kW1dlevNOp5HEU4gVM4Bw8uoQG30IQWEODwDK/w5jw6L86787FoLTj5zDH8gfP5AyEOj1U=</latexit>

µi = 0
<latexit sha1_base64="wXV2lB+fVghuQi9B7UHzRFbt/3g="></latexit>

�ij = �N
i (2ni + 1) I2 Mixed

Vacuum: 
<latexit sha1_base64="Zh3DLpUgE0Bbqd9OKhOGmpD5j00=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IBS8eK9gPaNeSTbNtaJJdk6xQlv4JLx4U8erf8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzM/c4TVZpF8t5MY+oLPJIsZAQbK3X7Inlg18gdlCtu1c2AVomXkwrkaA7KX/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+mt07Q2dWGaIwUrakQZn6eyLFQuupCGynwGasl725+J/XS0x45adMxomhkiwWhQlHJkLz59GQKUoMn1qCiWL2VkTGWGFibEQlG4K3/PIqadeq3kW1dlevNOp5HEU4gVM4Bw8uoQG30IQWEODwDK/w5jw6L86787FoLTj5zDH8gfP5AyEOj1U=</latexit>

µi = 0

<latexit sha1_base64="A68YrsOga6XmaR4nV2wLYTv54vs=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWMF+wFJLJvtpl26u4m7G6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSjnTxnW/nbX1jc2t7dJOeXdv/+CwcnTc0UmmCG2ThCeqF2FNOZO0bZjhtJcqikXEaTca38z87hNVmiXy3kxSGgo8lCxmBBsr+YHIHlgg6SNy+5WqW3PnQKvEK0gVCrT6la9gkJBMUGkIx1r7npuaMMfKMMLptBxkmqaYjPGQ+pZKLKgO8/nJU3RulQGKE2VLGjRXf0/kWGg9EZHtFNiM9LI3E//z/MzE12HOZJoZKsliUZxxZBI0+x8NmKLE8IklmChmb0VkhBUmxqZUtiF4yy+vkk695l3W6neNarNRxFGCUziDC/DgCppwCy1oA4EEnuEV3hzjvDjvzseidc0pZk7gD5zPH7U+kNY=</latexit>

µi 6= 0

<latexit sha1_base64="uoJmCqIU/DJH0jclBAFm70zckSs=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4Kkkp6kYouNGNVLAPaGKYTCft2MkkzEyEErJx46+4caGIW//BnX/jpM1CWw9cOJxzL/fe48eMSmVZ38bC4tLyympprby+sbm1be7stmWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjjy5yv/NAhKQRv1XjmLghGnAaUIyUljzzwJF0EKK7lN5n8NwJkRr6fnqVeWntOvPMilW1JoDzxC5IBRRoeuaX049wEhKuMENS9mwrVm6KhKKYkazsJJLECI/QgPQ05Sgk0k0nX2TwSCt9GERCF1dwov6eSFEo5Tj0dWd+ppz1cvE/r5eo4MxNKY8TRTieLgoSBlUE80hgnwqCFRtrgrCg+laIh0ggrHRwZR2CPfvyPGnXqvZJtXZTrzTqRRwlsA8OwTGwwSlogEvQBC2AwSN4Bq/gzXgyXox342PaumAUM3vgD4zPH445mJE=</latexit>

�ij = I2N

Coherent state:
<latexit sha1_base64="uoJmCqIU/DJH0jclBAFm70zckSs=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4Kkkp6kYouNGNVLAPaGKYTCft2MkkzEyEErJx46+4caGIW//BnX/jpM1CWw9cOJxzL/fe48eMSmVZ38bC4tLyympprby+sbm1be7stmWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjjy5yv/NAhKQRv1XjmLghGnAaUIyUljzzwJF0EKK7lN5n8NwJkRr6fnqVeWntOvPMilW1JoDzxC5IBRRoeuaX049wEhKuMENS9mwrVm6KhKKYkazsJJLECI/QgPQ05Sgk0k0nX2TwSCt9GERCF1dwov6eSFEo5Tj0dWd+ppz1cvE/r5eo4MxNKY8TRTieLgoSBlUE80hgnwqCFRtrgrCg+laIh0ggrHRwZR2CPfvyPGnXqvZJtXZTrzTqRRwlsA8OwTGwwSlogEvQBC2AwSN4Bq/gzXgyXox342PaumAUM3vgD4zPH445mJE=</latexit>

�ij = I2N
PureExamples:

<latexit sha1_base64="10Bmkc10k/aymphyxoK3iwwnIbk=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQyCpzAjIXoMePEYwSyQGUNPpyZp0rPYSyAO+RIvHhTx6qd482/sJHPQxAcFj/eqqKoXpJxJ5TjfVmFjc2t7p7hb2ts/OCzbR8dtmWhBoUUTnohuQCRwFkNLMcWhmwogUcChE4xv5n5nAkKyJL5X0xT8iAxjFjJKlJH6dtmDR80m2BsRhcUD69sVp+osgNeJm5MKytHs21/eIKE6glhRTqTsuU6q/IwIxSiHWcnTElJCx2QIPUNjEoH0s8XhM3xulAEOE2EqVnih/p7ISCTlNApMZ0TUSK56c/E/r6dVeO1nLE61gpguF4WaY5XgeQp4wARQxaeGECqYuRXTERGEKpNVyYTgrr68TtqXVbderd3VKo16HkcRnaIzdIFcdIUa6BY1UQtRpNEzekVv1pP1Yr1bH8vWgpXPnKA/sD5/AE+aktY=</latexit>

⌘ r̂iN-dimensional quantum (bosonic) system: 
<latexit sha1_base64="w2Rd4SEB0fvVDaF0MyWNiorliIc=">AAACKHicbZDLSgMxFIYzXmu9jbp0EyyCCykzpVShCwtuXJUK9gJtGTJp2oZmLiRnxDL0cdz4Km5EFOnWJzGdTkFbDwQ+/v8cTs7vhoIrsKypsba+sbm1ndnJ7u7tHxyaR8cNFUSSsjoNRCBbLlFMcJ/VgYNgrVAy4rmCNd3R7cxvPjKpeOA/wDhkXY8MfN7nlICWHPOmMySAnxz7MoHQscs4lQoLqVDu0F4AamFUF0YVY8fMWXkrKbwKdgo5lFbNMd87vYBGHvOBCqJU27ZC6MZEAqeCTbKdSLGQ0BEZsLZGn3hMdePk0Ak+10oP9wOpnw84UX9PxMRTauy5utMjMFTL3kz8z2tH0L/uxtwPI2A+nS/qRwJDgGep4R6XjIIYayBUcv1XTIdEEgo626wOwV4+eRUahbxdyhfvi7lKKY0jg07RGbpANrpCFXSHaqiOKHpGr+gDfRovxpvxZUznrWtGOnOC/pTx/QNxA6O7</latexit>

x̂1, p̂1; x̂2, p̂2; · · · x̂N , p̂N

C.C.R’s:
<latexit sha1_base64="Wn5kJArsVHFTivUZUwoHcPJ05hU=">AAACFXicbZC7SgNBFIZnvcZ4i1raDAbBIoRdCdFGCNjYGcFcYHcTzk5mk0lmL8zMCmHJS9j4KjYWitgKdr6Nk2QLTfxh4OM/53Dm/F7MmVSm+W2srK6tb2zmtvLbO7t7+4WDw6aMEkFog0Q8Em0PJOUspA3FFKftWFAIPE5b3uh6Wm89UCFZFN6rcUzdAPoh8xkBpa1uoWQ7A1BYdFgpg6F7xZwSdgYeCDyF24D2oZOy4aRbKJplcya8DFYGRZSp3i18Ob2IJAENFeEgpW2ZsXJTEIoRTid5J5E0BjKCPrU1hhBQ6aazqyb4VDs97EdCv1Dhmft7IoVAynHg6c4A1EAu1qbmfzU7Uf6lm7IwThQNyXyRn3CsIjyNCPeYoETxsQYggum/YjIAAUTpIPM6BGvx5GVonpetarlyVynWqlkcOXSMTtAZstAFqqEbVEcNRNAjekav6M14Ml6Md+Nj3rpiZDNH6I+Mzx9QH52m</latexit>

[r̂i, r̂j ] = i ~⌦ij

<latexit sha1_base64="mrnH1wIdAWs41l2oujewzBnXNX8="></latexit>

⌦ij = �N

✓
0 1
�1 0

◆

Gaussian state      : Completely and uniquely determined by its first and second moments
<latexit sha1_base64="mXHfaxgt26Apc4kXRJoFcSW/CP4=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkVI8FLx4r2A9pQtlsN83S3U3YnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5YSq4Adf9dkobm1vbO+Xdyt7+weFR9fika5JMU9ahiUh0PySGCa5YBzgI1k81IzIUrBdObud+74lpwxP1ANOUBZKMFY84JWClRz8mgH0dJ8Nqza27C+B14hWkhgq0h9Uvf5TQTDIFVBBjBp6bQpATDZwKNqv4mWEpoRMyZgNLFZHMBPni4Bm+sMoIR4m2pQAv1N8TOZHGTGVoOyWB2Kx6c/E/b5BBdBPkXKUZMEWXi6JMYEjw/Hs84ppREFNLCNXc3oppTDShYDOq2BC81ZfXSfeq7jXrjftGrdUs4iijM3SOLpGHrlEL3aE26iCKJHpGr+jN0c6L8+58LFtLTjFziv7A+fwBfveQLw==</latexit>

⇢̂

covariance  matrix
<latexit sha1_base64="hA0GAzb6TRp3leVKLr5pMOBPErw=">AAACDnicbZDLSgMxFIYz9VbrbdSlm2ApuJAyI6W6LLhxWaE3mBlLJs20sZlkSDJCGfoEbnwVNy4UcevanW9j2g6o1R8CH/85h5PzhwmjSjvOp1VYWV1b3yhulra2d3b37P2DjhKpxKSNBROyFyJFGOWkralmpJdIguKQkW44vpzVu3dEKip4S08SEsRoyGlEMdLG6tsVmPkyhi059Xw5Ev4p9EdIQ3lDv/E26Ntlp+rMBf+Cm0MZ5Gr27Q9/IHAaE64xQ0p5rpPoIENSU8zItOSniiQIj9GQeAY5iokKsvk5U1gxzgBGQprHNZy7PycyFCs1iUPTGSM9Usu1mflfzUt1dBFklCepJhwvFkUpg1rAWTZwQCXBmk0MICyp+SvEIyQR1ibBkgnBXT75L3TOqm69WruulRv1PI4iOALH4AS44Bw0wBVogjbA4B48gmfwYj1YT9ar9bZoLVj5zCH4Jev9CyvemuU=</latexit>

Tr[⇢ r̂i r̂j ]

<latexit sha1_base64="GMIRNXh8Z+YDMdrvCQNXOX6Afx0=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARRKQkUqrLghuXFXqDJC2T6aQdOpPEmUmhhL6DG1/FjQtF3Lpx59s4TbPQ1h8GPv5zDmfO78eMSmVZ30ZhbX1jc6u4XdrZ3ds/MA+P2jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9Lxx7fzemdChKRR2FTTmHgcDUMaUIyUtvrmhcuTHnXJQ0InMHUFh00xc9wRUtAVo8i9hBmLHvX6ZtmqWJngKtg5lEGuRt/8cgcRTjgJFWZISse2YuWlSCiKGZmV3ESSGOExGhJHY4g4kV6a3TSDZ9oZwCAS+oUKZu7viRRxKafc150cqZFcrs3N/2pOooIbL6VhnCgS4sWiIGFQRXAeEBxQQbBiUw0IC6r/CvEICYSVjrGkQ7CXT16F9lXFrlWq99VyvZbHUQQn4BScAxtcgzq4Aw3QAhg8gmfwCt6MJ+PFeDc+Fq0FI585Bn9kfP4ATgedwA==</latexit>

µi ⌘ Tr[⇢̂ r̂i]

<latexit sha1_base64="pYQXiNFIuF21+avgKdfuBL5+O68="></latexit>

�ij = Tr[⇢̂ {(r̂i � µi), (r̂j � µj)}]

mean



Thermal:
<latexit sha1_base64="Zh3DLpUgE0Bbqd9OKhOGmpD5j00=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IBS8eK9gPaNeSTbNtaJJdk6xQlv4JLx4U8erf8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzM/c4TVZpF8t5MY+oLPJIsZAQbK3X7Inlg18gdlCtu1c2AVomXkwrkaA7KX/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+mt07Q2dWGaIwUrakQZn6eyLFQuupCGynwGasl725+J/XS0x45adMxomhkiwWhQlHJkLz59GQKUoMn1qCiWL2VkTGWGFibEQlG4K3/PIqadeq3kW1dlevNOp5HEU4gVM4Bw8uoQG30IQWEODwDK/w5jw6L86787FoLTj5zDH8gfP5AyEOj1U=</latexit>

µi = 0
<latexit sha1_base64="wXV2lB+fVghuQi9B7UHzRFbt/3g="></latexit>

�ij = �N
i (2ni + 1) I2 Mixed

Vacuum: 
<latexit sha1_base64="Zh3DLpUgE0Bbqd9OKhOGmpD5j00=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IBS8eK9gPaNeSTbNtaJJdk6xQlv4JLx4U8erf8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzM/c4TVZpF8t5MY+oLPJIsZAQbK3X7Inlg18gdlCtu1c2AVomXkwrkaA7KX/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+mt07Q2dWGaIwUrakQZn6eyLFQuupCGynwGasl725+J/XS0x45adMxomhkiwWhQlHJkLz59GQKUoMn1qCiWL2VkTGWGFibEQlG4K3/PIqadeq3kW1dlevNOp5HEU4gVM4Bw8uoQG30IQWEODwDK/w5jw6L86787FoLTj5zDH8gfP5AyEOj1U=</latexit>

µi = 0

<latexit sha1_base64="A68YrsOga6XmaR4nV2wLYTv54vs=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWMF+wFJLJvtpl26u4m7G6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSjnTxnW/nbX1jc2t7dJOeXdv/+CwcnTc0UmmCG2ThCeqF2FNOZO0bZjhtJcqikXEaTca38z87hNVmiXy3kxSGgo8lCxmBBsr+YHIHlgg6SNy+5WqW3PnQKvEK0gVCrT6la9gkJBMUGkIx1r7npuaMMfKMMLptBxkmqaYjPGQ+pZKLKgO8/nJU3RulQGKE2VLGjRXf0/kWGg9EZHtFNiM9LI3E//z/MzE12HOZJoZKsliUZxxZBI0+x8NmKLE8IklmChmb0VkhBUmxqZUtiF4yy+vkk695l3W6neNarNRxFGCUziDC/DgCppwCy1oA4EEnuEV3hzjvDjvzseidc0pZk7gD5zPH7U+kNY=</latexit>

µi 6= 0

<latexit sha1_base64="uoJmCqIU/DJH0jclBAFm70zckSs=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4Kkkp6kYouNGNVLAPaGKYTCft2MkkzEyEErJx46+4caGIW//BnX/jpM1CWw9cOJxzL/fe48eMSmVZ38bC4tLyympprby+sbm1be7stmWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjjy5yv/NAhKQRv1XjmLghGnAaUIyUljzzwJF0EKK7lN5n8NwJkRr6fnqVeWntOvPMilW1JoDzxC5IBRRoeuaX049wEhKuMENS9mwrVm6KhKKYkazsJJLECI/QgPQ05Sgk0k0nX2TwSCt9GERCF1dwov6eSFEo5Tj0dWd+ppz1cvE/r5eo4MxNKY8TRTieLgoSBlUE80hgnwqCFRtrgrCg+laIh0ggrHRwZR2CPfvyPGnXqvZJtXZTrzTqRRwlsA8OwTGwwSlogEvQBC2AwSN4Bq/gzXgyXox342PaumAUM3vgD4zPH445mJE=</latexit>

�ij = I2N

Coherent state:
<latexit sha1_base64="uoJmCqIU/DJH0jclBAFm70zckSs=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4Kkkp6kYouNGNVLAPaGKYTCft2MkkzEyEErJx46+4caGIW//BnX/jpM1CWw9cOJxzL/fe48eMSmVZ38bC4tLyympprby+sbm1be7stmWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjjy5yv/NAhKQRv1XjmLghGnAaUIyUljzzwJF0EKK7lN5n8NwJkRr6fnqVeWntOvPMilW1JoDzxC5IBRRoeuaX049wEhKuMENS9mwrVm6KhKKYkazsJJLECI/QgPQ05Sgk0k0nX2TwSCt9GERCF1dwov6eSFEo5Tj0dWd+ppz1cvE/r5eo4MxNKY8TRTieLgoSBlUE80hgnwqCFRtrgrCg+laIh0ggrHRwZR2CPfvyPGnXqvZJtXZTrzTqRRwlsA8OwTGwwSlogEvQBC2AwSN4Bq/gzXgyXox342PaumAUM3vgD4zPH445mJE=</latexit>

�ij = I2N
PureExamples:

<latexit sha1_base64="10Bmkc10k/aymphyxoK3iwwnIbk=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQyCpzAjIXoMePEYwSyQGUNPpyZp0rPYSyAO+RIvHhTx6qd482/sJHPQxAcFj/eqqKoXpJxJ5TjfVmFjc2t7p7hb2ts/OCzbR8dtmWhBoUUTnohuQCRwFkNLMcWhmwogUcChE4xv5n5nAkKyJL5X0xT8iAxjFjJKlJH6dtmDR80m2BsRhcUD69sVp+osgNeJm5MKytHs21/eIKE6glhRTqTsuU6q/IwIxSiHWcnTElJCx2QIPUNjEoH0s8XhM3xulAEOE2EqVnih/p7ISCTlNApMZ0TUSK56c/E/r6dVeO1nLE61gpguF4WaY5XgeQp4wARQxaeGECqYuRXTERGEKpNVyYTgrr68TtqXVbderd3VKo16HkcRnaIzdIFcdIUa6BY1UQtRpNEzekVv1pP1Yr1bH8vWgpXPnKA/sD5/AE+aktY=</latexit>

⌘ r̂iN-dimensional quantum (bosonic) system: 
<latexit sha1_base64="w2Rd4SEB0fvVDaF0MyWNiorliIc=">AAACKHicbZDLSgMxFIYzXmu9jbp0EyyCCykzpVShCwtuXJUK9gJtGTJp2oZmLiRnxDL0cdz4Km5EFOnWJzGdTkFbDwQ+/v8cTs7vhoIrsKypsba+sbm1ndnJ7u7tHxyaR8cNFUSSsjoNRCBbLlFMcJ/VgYNgrVAy4rmCNd3R7cxvPjKpeOA/wDhkXY8MfN7nlICWHPOmMySAnxz7MoHQscs4lQoLqVDu0F4AamFUF0YVY8fMWXkrKbwKdgo5lFbNMd87vYBGHvOBCqJU27ZC6MZEAqeCTbKdSLGQ0BEZsLZGn3hMdePk0Ak+10oP9wOpnw84UX9PxMRTauy5utMjMFTL3kz8z2tH0L/uxtwPI2A+nS/qRwJDgGep4R6XjIIYayBUcv1XTIdEEgo626wOwV4+eRUahbxdyhfvi7lKKY0jg07RGbpANrpCFXSHaqiOKHpGr+gDfRovxpvxZUznrWtGOnOC/pTx/QNxA6O7</latexit>

x̂1, p̂1; x̂2, p̂2; · · · x̂N , p̂N

C.C.R’s:
<latexit sha1_base64="Wn5kJArsVHFTivUZUwoHcPJ05hU=">AAACFXicbZC7SgNBFIZnvcZ4i1raDAbBIoRdCdFGCNjYGcFcYHcTzk5mk0lmL8zMCmHJS9j4KjYWitgKdr6Nk2QLTfxh4OM/53Dm/F7MmVSm+W2srK6tb2zmtvLbO7t7+4WDw6aMEkFog0Q8Em0PJOUspA3FFKftWFAIPE5b3uh6Wm89UCFZFN6rcUzdAPoh8xkBpa1uoWQ7A1BYdFgpg6F7xZwSdgYeCDyF24D2oZOy4aRbKJplcya8DFYGRZSp3i18Ob2IJAENFeEgpW2ZsXJTEIoRTid5J5E0BjKCPrU1hhBQ6aazqyb4VDs97EdCv1Dhmft7IoVAynHg6c4A1EAu1qbmfzU7Uf6lm7IwThQNyXyRn3CsIjyNCPeYoETxsQYggum/YjIAAUTpIPM6BGvx5GVonpetarlyVynWqlkcOXSMTtAZstAFqqEbVEcNRNAjekav6M14Ml6Md+Nj3rpiZDNH6I+Mzx9QH52m</latexit>

[r̂i, r̂j ] = i ~⌦ij

<latexit sha1_base64="mrnH1wIdAWs41l2oujewzBnXNX8="></latexit>

⌦ij = �N

✓
0 1
�1 0

◆

Gaussian state      : Completely and uniquely determined by its first and second moments
<latexit sha1_base64="mXHfaxgt26Apc4kXRJoFcSW/CP4=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkVI8FLx4r2A9pQtlsN83S3U3YnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5YSq4Adf9dkobm1vbO+Xdyt7+weFR9fika5JMU9ahiUh0PySGCa5YBzgI1k81IzIUrBdObud+74lpwxP1ANOUBZKMFY84JWClRz8mgH0dJ8Nqza27C+B14hWkhgq0h9Uvf5TQTDIFVBBjBp6bQpATDZwKNqv4mWEpoRMyZgNLFZHMBPni4Bm+sMoIR4m2pQAv1N8TOZHGTGVoOyWB2Kx6c/E/b5BBdBPkXKUZMEWXi6JMYEjw/Hs84ppREFNLCNXc3oppTDShYDOq2BC81ZfXSfeq7jXrjftGrdUs4iijM3SOLpGHrlEL3aE26iCKJHpGr+jN0c6L8+58LFtLTjFziv7A+fwBfveQLw==</latexit>

⇢̂

covariance  matrix
<latexit sha1_base64="hA0GAzb6TRp3leVKLr5pMOBPErw=">AAACDnicbZDLSgMxFIYz9VbrbdSlm2ApuJAyI6W6LLhxWaE3mBlLJs20sZlkSDJCGfoEbnwVNy4UcevanW9j2g6o1R8CH/85h5PzhwmjSjvOp1VYWV1b3yhulra2d3b37P2DjhKpxKSNBROyFyJFGOWkralmpJdIguKQkW44vpzVu3dEKip4S08SEsRoyGlEMdLG6tsVmPkyhi059Xw5Ev4p9EdIQ3lDv/E26Ntlp+rMBf+Cm0MZ5Gr27Q9/IHAaE64xQ0p5rpPoIENSU8zItOSniiQIj9GQeAY5iokKsvk5U1gxzgBGQprHNZy7PycyFCs1iUPTGSM9Usu1mflfzUt1dBFklCepJhwvFkUpg1rAWTZwQCXBmk0MICyp+SvEIyQR1ibBkgnBXT75L3TOqm69WruulRv1PI4iOALH4AS44Bw0wBVogjbA4B48gmfwYj1YT9ar9bZoLVj5zCH4Jev9CyvemuU=</latexit>

Tr[⇢ r̂i r̂j ]

<latexit sha1_base64="GMIRNXh8Z+YDMdrvCQNXOX6Afx0=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARRKQkUqrLghuXFXqDJC2T6aQdOpPEmUmhhL6DG1/FjQtF3Lpx59s4TbPQ1h8GPv5zDmfO78eMSmVZ30ZhbX1jc6u4XdrZ3ds/MA+P2jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9Lxx7fzemdChKRR2FTTmHgcDUMaUIyUtvrmhcuTHnXJQ0InMHUFh00xc9wRUtAVo8i9hBmLHvX6ZtmqWJngKtg5lEGuRt/8cgcRTjgJFWZISse2YuWlSCiKGZmV3ESSGOExGhJHY4g4kV6a3TSDZ9oZwCAS+oUKZu7viRRxKafc150cqZFcrs3N/2pOooIbL6VhnCgS4sWiIGFQRXAeEBxQQbBiUw0IC6r/CvEICYSVjrGkQ7CXT16F9lXFrlWq99VyvZbHUQQn4BScAxtcgzq4Aw3QAhg8gmfwCt6MJ+PFeDc+Fq0FI585Bn9kfP4ATgedwA==</latexit>

µi ⌘ Tr[⇢̂ r̂i]

<latexit sha1_base64="pYQXiNFIuF21+avgKdfuBL5+O68="></latexit>

�ij = Tr[⇢̂ {(r̂i � µi), (r̂j � µj)}]

mean

Linear time evolution and restriction to a subsystem produce another Gaussian state: 

� =

✓
�red
A �AB

�>
AB �red

B

◆

<latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit><latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit><latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit><latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit>

~µ = (~µred
A , ~µred

B )
<latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit><latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit><latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit><latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit>

<latexit sha1_base64="Fz0zkjarZz49ywTUqzQ1fIqq+qY=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMFHVZcOOygn1Apx0yadrGJpkhyQhlmC9w46+4caGIW9fu/BvTdhBtPXDhcM693HtPEDGqtON8WbmV1bX1jfxmYWt7Z3fP3j9oqjCWmDRwyELZDpAijArS0FQz0o4kQTxgpBWMr6Z+655IRUNxqycR6XI0FHRAMdJG8u1S2eNxj/qJJzmkIj31FB1y1EvoXfojnvh20ak4M8Bl4makCDLUffvT64c45kRozJBSHdeJdDdBUlPMSFrwYkUihMdoSDqGCsSJ6iazd1JYMkofDkJpSmg4U39PJIgrNeGB6eRIj9SiNxX/8zqxHlx2EyqiWBOB54sGMYM6hNNsYJ9KgjWbGIKwpOZWiEdIIqxNggUTgrv48jJpnlXc80r1plqsVbM48uAIHIMycMEFqIFrUAcNgMEDeAIv4NV6tJ6tN+t93pqzsplD8AfWxzdVI5xC</latexit>

(µi
in,�

ij
in)

<latexit sha1_base64="PR4K0kuXC4CrrRMTSs05yF9Nm74=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICWRoi4LblxWsA9o0jCZTtqxM0mYmQgl5BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv997jx4xKZVlfRmFpeWV1rbhe2tjc2t4xd/daMkoEJk0csUh0fCQJoyFpKqoY6cSCIO4z0vZHVxO/fU+EpFF4q8YxcTkahDSgGCkteeZxxeFJj3qpIziMEpWdOpIOOOql9C77UU88s2xVrSngIrFzUgY5Gp756fQjnHASKsyQlF3bipWbIqEoZiQrOYkkMcIjNCBdTUPEiXTT6UMZPNJKHwaR0BUqOFV/T6SISznmvu7kSA3lvDcR//O6iQou3ZSGcaJIiGeLgoRBFcFJOrBPBcGKjTVBWFB9K8RDJBBWOsOSDsGef3mRtM6q9nm1dlMr12t5HEVwAA5BBdjgAtTBNWiAJsDgATyBF/BqPBrPxpvxPmstGPnMPvgD4+MbRt6dWA==</latexit>

(µi
out,�

ij
out)

<latexit sha1_base64="7KQNGphmJpk3q5RW3gJBTjFM6+0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUY8OIxonlgsobZSW8yOju7zMwKYclfePGgiFf/xpt/4+Rx0MSChqKqm+6uIBFcG9f9dnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPHy7HffEKleSxvzTBBP6J9yUPOqLHS3c0972adE/Iw6hZLbtmdgCwSb0ZKMEOtW/zq9GKWRigNE1Trtucmxs+oMpwJHBU6qcaEskfax7alkkao/Wxy8YgcWaVHwljZkoZM1N8TGY20HkaB7YyoGeh5byz+57VTE174GZdJalCy6aIwFcTEZPw+6XGFzIihJZQpbm8lbEAVZcaGVLAhePMvL5LGadk7K1euK6VqZRZHHg7gEI7Bg3OowhXUoA4MJDzDK7w52nlx3p2PaWvOmc3swx84nz/ePJBc</latexit>

Si
j = evolution matrix 

<latexit sha1_base64="fgRpwOOkxyXF5QFr3Vn8WcNQgvU=">AAAB9nicbZDLTgIxFIY7eEO8oSzdNBIT3JAZQtQl0Y0rg1EuCTMhnXKAhs4l7RkDmfAqujLqzgfxBXwbC7JQ8F99Pf/f5Jzfj6XQaNtfVmZtfWNzK7ud29nd2z/IHx41dZQoDg0eyUi1faZBihAaKFBCO1bAAl9Cyx9dz/zWIygtovABJzF4ARuEoi84QzPq5guuCKmLMEYVpPfxtFS5Pevmi3bZnouugrOAIlmo3s1/ur2IJwGEyCXTuuPYMXopUyi4hGnOTTTEjI/YADoGQxaA9tL58lN62o8UxSHQ+ft3NmWB1pPAN5mA4VAve7Phf14nwf6ll4owThBCbiLG6yeSYkRnHdCeUMBRTgwwroTZkvIhU4yjaSpnzneWj12FZqXsnJerd9Vi7WpRRJYckxNSIg65IDVyQ+qkQTiZkGfyRt6tsfVkvVivP9GMtfhTIH9kfXwDvnGR5g==</latexit>

2 Sp(2N)

<latexit sha1_base64="JYNBUUBtjQGYTRnr4BGB0/yUcNI=">AAACHnicbZDJSgNBEIZ7XGPcoh69NAbBU5gRt4sgePEYiVkgMw49nU5s7GXorhHCME/ixVfx4kERwZO+jZ3l4PZDw89XVVTXn6SCW/D9T29mdm5+YbG0VF5eWV1br2xstqzODGVNqoU2nYRYJrhiTeAgWCc1jMhEsHZyez6qt++YsVyrKximLJJkoHifUwIOxZXD0PKBJHEeGol1BsVpI6Q9Dfg756qYwMZ1HoJOi7hS9Wv+WPivCaamiqaqx5X3sKdpJpkCKoi13cBPIcqJAU4FK8phZllK6C0ZsK6zikhmo3x8XoF3HenhvjbuKcBj+n0iJ9LaoUxcpyRwY3/XRvC/WjeD/kmUc5VmwBSdLOpnAoPGo6xwjxtGQQydIdRw91dMb4ghFFyiZRdC8Pvkv6a1XwuOageXB9Wzo2kcJbSNdtAeCtAxOkMXqI6aiKJ79Iie0Yv34D15r97bpHXGm85soR/yPr4AkbKjWw==</latexit>

�out = S · �in · S>

<latexit sha1_base64="mBdEUbR585Dk0UlZJ96qLF87flI=">AAACFnicbVA9SwNBEN3z2/h1ammzGAQbw50EtREEG8uIRoXcEfY2m2RxP47duUA47lfY+FdsLBSxFTv/jZvkCo0+GHi8N8PMvCQV3EIQfHkzs3PzC4tLy5WV1bX1DX9z68bqzFDWpFpoc5cQywRXrAkcBLtLDSMyEew2uT8f+bcDZizX6hqGKYsl6Sne5ZSAk9r+QTRgNI9kVrTzyEisMyhOryLa0YCnLK6Ktl8NasEY+C8JS1JFJRpt/zPqaJpJpoAKYm0rDFKIc2KAU8GKSpRZlhJ6T3qs5agiktk4H79V4D2ndHBXG1cK8Fj9OZETae1QJq5TEujbaW8k/ue1MuiexDlXaQZM0cmibiYwaDzKCHe4YRTE0BFCDXe3YtonhlBwSVZcCOH0y3/JzWEtPKrVL+vVs3oZxxLaQbtoH4XoGJ2hC9RATUTRA3pCL+jVe/SevTfvfdI645Uz2+gXvI9vvCKgUQ==</latexit>

~µout = S · ~µin



Example 1: Beam splitter

Pasive transformation: Does not mix creation and 
annihilation operators.  
Divides quanta and entanglement.

Evolution:

<latexit sha1_base64="HgZMpo7uuTE7wfq8ZuCPZoc5CWI=">AAACEHicbVC7TsMwFHXKq5RXgJHFokIwoCpBFbAgVWJhLII+pCaNHNdp3TpOZDtIVZRPYOFXWBhAiJWRjb/BbTNAy5GudHzOvfK9x48Zlcqyvo3C0vLK6lpxvbSxubW9Y+7uNWWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6Tlj64nfuuBCEkjfq/GMXFD1Oc0oBgpLXnmsfBSR4QwSlTWpVd3XarfcJhB5xTmFuVZd+iZZatiTQEXiZ2TMshR98wvpxfhJCRcYYak7NhWrNwUCUUxI1nJSSSJER6hPuloylFIpJtOD8rgkVZ6MIiELq7gVP09kaJQynHo684QqYGc9ybif14nUcGlm1IeJ4pwPPsoSBhUEZykA3tUEKzYWBOEBdW7QjxAAmGlMyzpEOz5kxdJ86xin1eqt9VyrZrHUQQH4BCcABtcgBq4AXXQABg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4ADRGcjg==</latexit>

riout = Si
j r

j
in

<latexit sha1_base64="p0jLoE9VTyHmOuIOr64JbgpHqmE="></latexit>

âin1 ! âout1 = âin1 cos ✓ + âin2 sin ✓

where

<latexit sha1_base64="JBHOcBp/XUTQKY3SQ8o12DGHysM="></latexit>

Si
j =

0

BB@

cos ✓ 0 sin ✓ 0
0 cos ✓ 0 sin ✓

� sin ✓ 0 cos ✓ 0
0 � sin ✓ 0 cos r

1

CCA

<latexit sha1_base64="hAxsqOJYgZy4pkK3dHppv2JntAw="></latexit>

âin2 ! âout2 = �âin1 sin ✓ + âin2 cos ✓
<latexit sha1_base64="DLuf/534edILnok4HQS/U6bluDc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJJS1GPBi8cK9gOaGCbbTbt0swm7G6XE/hQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvTDlT2nG+rbX1jc2t7dJOeXdv/+DQrhx1VJJJQtsk4YnshaAoZ4K2NdOc9lJJIQ457Ybj65nffaBSsUTc6UlK/RiGgkWMgDZSYFe8EWgM97knY8zENHADu+rUnDnwKnELUkUFWoH95Q0SksVUaMJBqb7rpNrPQWpGOJ2WvUzRFMgYhrRvqICYKj+fnz7FZ0YZ4CiRpoTGc/X3RA6xUpM4NJ0x6JFa9mbif14/09GVnzORZpoKslgUZRzrBM9ywAMmKdF8YggQycytmIxAAtEmrbIJwV1+eZV06jX3ota4bVSb9SKOEjpBp+gcuegSNdENaqE2IugRPaNX9GY9WS/Wu/WxaF2ziplj9AfW5w+MPZOA</latexit>

âin1

<latexit sha1_base64="MgV92jrqDJcCegXTw7UiRsRDaIU=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJJS1GPBi8cK9gOaGDbbTbt0swm7E6XE/hQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvTAXX4Djf1tr6xubWdmmnvLu3f3BoV446OskUZW2aiET1QqKZ4JK1gYNgvVQxEoeCdcPx9czvPjCleSLvYJIyPyZDySNOCRgpsCveiAAm97mnYszlNKgHdtWpOXPgVeIWpIoKtAL7yxskNIuZBCqI1n3XScHPiQJOBZuWvUyzlNAxGbK+oZLETPv5/PQpPjPKAEeJMiUBz9XfEzmJtZ7EoemMCYz0sjcT//P6GURXfs5lmgGTdLEoygSGBM9ywAOuGAUxMYRQxc2tmI6IIhRMWmUTgrv88irp1GvuRa1x26g260UcJXSCTtE5ctElaqIb1EJtRNEjekav6M16sl6sd+tj0bpmFTPH6A+szx+NwZOB</latexit>

âin2
<latexit sha1_base64="jD1N5ix6smHAdBothwHH8B4L4tk=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KUoh4LXjxWsB/QxrDZbtqlu0nYnYgl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkobm1vbO+Xdyt7+weGRfVzt6jhVlHVoLGLVD4hmgkesAxwE6yeKERkI1gumN3O/98iU5nF0D7OEeZKMIx5ySsBIvl0dTghg8pANlcRxCrnf8O2aU3cWwOvELUgNFWj79tdwFNNUsgioIFoPXCcBLyMKOBUsrwxTzRJCp2TMBoZGRDLtZYvbc3xulBEOY2UqArxQf09kRGo9k4HplAQmetWbi/95gxTCay/jUZICi+hyUZgKDDGeB4FHXDEKYmYIoYqbWzGdEEUomLgqJgR39eV10m3U3ct6865ZazWKOMroFJ2hC+SiK9RCt6iNOoiiJ/SMXtGblVsv1rv1sWwtWcXMCfoD6/MHfTKUDA==</latexit>

âout2

<latexit sha1_base64="3dqSLcGaL++/37EJASsZkBl5wzU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KUoh4LXjxWsB/QxrDZbtqlu0nYnYgl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkobm1vbO+Xdyt7+weGRfVzt6jhVlHVoLGLVD4hmgkesAxwE6yeKERkI1gumN3O/98iU5nF0D7OEeZKMIx5ySsBIvl0dTghg8pANlcRxCrnv+nbNqTsL4HXiFqSGCrR9+2s4imkqWQRUEK0HrpOAlxEFnAqWV4apZgmhUzJmA0MjIpn2ssXtOT43ygiHsTIVAV6ovycyIrWeycB0SgITverNxf+8QQrhtZfxKEmBRXS5KEwFhhjPg8AjrhgFMTOEUMXNrZhOiCIUTFwVE4K7+vI66Tbq7mW9edestRpFHGV0is7QBXLRFWqhW9RGHUTRE3pGr+jNyq0X6936WLaWrGLmBP2B9fkDe66UCw==</latexit>

âout1

Bs

Entanglement quantifier after acting on vacuum: 

<latexit sha1_base64="HdIUBLUupyiV4CJwBuaqhjxfzyE=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm2ARXJVERN0IRTcuRCrYC7ShTKYn6dDJhZmTagl9E12JuvNJfAHfxmnNQlv/1Tfn/wfO+b1EcIW2/WUUlpZXVteK66WNza3tHbO821RxKhk0WCxi2faoAsEjaCBHAe1EAg09AS1veDX1WyOQisfRPY4TcEMaRNznjKIe9cxyF+ERZZjdxMEtBJMLu2dW7Ko9k7UITg4VkqveMz+7/ZilIUTIBFWq49gJuhmVyJmASambKkgoG9IAOhojGoJys9nqE+vQj6WFA7Bm79/ZjIZKjUNPZ0KKAzXvTYf/eZ0U/XM341GSIkRMR7Tnp8LC2Jo2YPW5BIZirIEyyfWWFhtQSRnqnkr6fGf+2EVoHled0+rJ3UmldpkXUST75IAcEYeckRq5JnXSIIw8kGfyRt6NkfFkvBivP9GCkf/ZI39kfHwDDo+RlA==</latexit>

LogNeg = 0



Example 1: Beam splitter

Pasive transformation: Does not mix creation and 
annihilation operators.  
Divides quanta and entanglement.

Evolution:

<latexit sha1_base64="HgZMpo7uuTE7wfq8ZuCPZoc5CWI=">AAACEHicbVC7TsMwFHXKq5RXgJHFokIwoCpBFbAgVWJhLII+pCaNHNdp3TpOZDtIVZRPYOFXWBhAiJWRjb/BbTNAy5GudHzOvfK9x48Zlcqyvo3C0vLK6lpxvbSxubW9Y+7uNWWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6Tlj64nfuuBCEkjfq/GMXFD1Oc0oBgpLXnmsfBSR4QwSlTWpVd3XarfcJhB5xTmFuVZd+iZZatiTQEXiZ2TMshR98wvpxfhJCRcYYak7NhWrNwUCUUxI1nJSSSJER6hPuloylFIpJtOD8rgkVZ6MIiELq7gVP09kaJQynHo684QqYGc9ybif14nUcGlm1IeJ4pwPPsoSBhUEZykA3tUEKzYWBOEBdW7QjxAAmGlMyzpEOz5kxdJ86xin1eqt9VyrZrHUQQH4BCcABtcgBq4AXXQABg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4ADRGcjg==</latexit>

riout = Si
j r

j
in

<latexit sha1_base64="p0jLoE9VTyHmOuIOr64JbgpHqmE="></latexit>

âin1 ! âout1 = âin1 cos ✓ + âin2 sin ✓

where

<latexit sha1_base64="JBHOcBp/XUTQKY3SQ8o12DGHysM="></latexit>

Si
j =

0

BB@

cos ✓ 0 sin ✓ 0
0 cos ✓ 0 sin ✓

� sin ✓ 0 cos ✓ 0
0 � sin ✓ 0 cos r

1

CCA

<latexit sha1_base64="hAxsqOJYgZy4pkK3dHppv2JntAw="></latexit>

âin2 ! âout2 = �âin1 sin ✓ + âin2 cos ✓
<latexit sha1_base64="DLuf/534edILnok4HQS/U6bluDc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJJS1GPBi8cK9gOaGCbbTbt0swm7G6XE/hQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvTDlT2nG+rbX1jc2t7dJOeXdv/+DQrhx1VJJJQtsk4YnshaAoZ4K2NdOc9lJJIQ457Ybj65nffaBSsUTc6UlK/RiGgkWMgDZSYFe8EWgM97knY8zENHADu+rUnDnwKnELUkUFWoH95Q0SksVUaMJBqb7rpNrPQWpGOJ2WvUzRFMgYhrRvqICYKj+fnz7FZ0YZ4CiRpoTGc/X3RA6xUpM4NJ0x6JFa9mbif14/09GVnzORZpoKslgUZRzrBM9ywAMmKdF8YggQycytmIxAAtEmrbIJwV1+eZV06jX3ota4bVSb9SKOEjpBp+gcuegSNdENaqE2IugRPaNX9GY9WS/Wu/WxaF2ziplj9AfW5w+MPZOA</latexit>

âin1

<latexit sha1_base64="MgV92jrqDJcCegXTw7UiRsRDaIU=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJJS1GPBi8cK9gOaGDbbTbt0swm7E6XE/hQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvTAXX4Djf1tr6xubWdmmnvLu3f3BoV446OskUZW2aiET1QqKZ4JK1gYNgvVQxEoeCdcPx9czvPjCleSLvYJIyPyZDySNOCRgpsCveiAAm97mnYszlNKgHdtWpOXPgVeIWpIoKtAL7yxskNIuZBCqI1n3XScHPiQJOBZuWvUyzlNAxGbK+oZLETPv5/PQpPjPKAEeJMiUBz9XfEzmJtZ7EoemMCYz0sjcT//P6GURXfs5lmgGTdLEoygSGBM9ywAOuGAUxMYRQxc2tmI6IIhRMWmUTgrv88irp1GvuRa1x26g260UcJXSCTtE5ctElaqIb1EJtRNEjekav6M16sl6sd+tj0bpmFTPH6A+szx+NwZOB</latexit>

âin2
<latexit sha1_base64="jD1N5ix6smHAdBothwHH8B4L4tk=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KUoh4LXjxWsB/QxrDZbtqlu0nYnYgl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkobm1vbO+Xdyt7+weGRfVzt6jhVlHVoLGLVD4hmgkesAxwE6yeKERkI1gumN3O/98iU5nF0D7OEeZKMIx5ySsBIvl0dTghg8pANlcRxCrnf8O2aU3cWwOvELUgNFWj79tdwFNNUsgioIFoPXCcBLyMKOBUsrwxTzRJCp2TMBoZGRDLtZYvbc3xulBEOY2UqArxQf09kRGo9k4HplAQmetWbi/95gxTCay/jUZICi+hyUZgKDDGeB4FHXDEKYmYIoYqbWzGdEEUomLgqJgR39eV10m3U3ct6865ZazWKOMroFJ2hC+SiK9RCt6iNOoiiJ/SMXtGblVsv1rv1sWwtWcXMCfoD6/MHfTKUDA==</latexit>

âout2

<latexit sha1_base64="3dqSLcGaL++/37EJASsZkBl5wzU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KUoh4LXjxWsB/QxrDZbtqlu0nYnYgl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkobm1vbO+Xdyt7+weGRfVzt6jhVlHVoLGLVD4hmgkesAxwE6yeKERkI1gumN3O/98iU5nF0D7OEeZKMIx5ySsBIvl0dTghg8pANlcRxCrnv+nbNqTsL4HXiFqSGCrR9+2s4imkqWQRUEK0HrpOAlxEFnAqWV4apZgmhUzJmA0MjIpn2ssXtOT43ygiHsTIVAV6ovycyIrWeycB0SgITverNxf+8QQrhtZfxKEmBRXS5KEwFhhjPg8AjrhgFMTOEUMXNrZhOiCIUTFwVE4K7+vI66Tbq7mW9edestRpFHGV0is7QBXLRFWqhW9RGHUTRE3pGr+jNyq0X6936WLaWrGLmBP2B9fkDe66UCw==</latexit>

âout1

Bs

Entanglement quantifier after acting on vacuum: 

<latexit sha1_base64="HdIUBLUupyiV4CJwBuaqhjxfzyE=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm2ARXJVERN0IRTcuRCrYC7ShTKYn6dDJhZmTagl9E12JuvNJfAHfxmnNQlv/1Tfn/wfO+b1EcIW2/WUUlpZXVteK66WNza3tHbO821RxKhk0WCxi2faoAsEjaCBHAe1EAg09AS1veDX1WyOQisfRPY4TcEMaRNznjKIe9cxyF+ERZZjdxMEtBJMLu2dW7Ko9k7UITg4VkqveMz+7/ZilIUTIBFWq49gJuhmVyJmASambKkgoG9IAOhojGoJys9nqE+vQj6WFA7Bm79/ZjIZKjUNPZ0KKAzXvTYf/eZ0U/XM341GSIkRMR7Tnp8LC2Jo2YPW5BIZirIEyyfWWFhtQSRnqnkr6fGf+2EVoHled0+rJ3UmldpkXUST75IAcEYeckRq5JnXSIIw8kGfyRt6NkfFkvBivP9GCkf/ZI39kfHwDDo+RlA==</latexit>

LogNeg = 0

<latexit sha1_base64="5qPVgohhj+cdYejZBq1EJgk82r8=">AAACBXicbVA9SwNBEN2LXzF+RS21WAyChYS7EKKNELCxEIlgPiB3hr3NJFmyt3fs7gnhSGPjX7GxUMTW/2Dnv3GTXKGJDwYe780wM8+POFPatr+tzNLyyupadj23sbm1vZPf3WuoMJYU6jTkoWz5RAFnAuqaaQ6tSAIJfA5Nf3g58ZsPIBULxZ0eReAFpC9Yj1GijdTJHyauDPB12L+B/vjC5aJTwnCflNxTLMedfMEu2lPgReKkpIBS1Dr5L7cb0jgAoSknSrUdO9JeQqRmlMM458YKIkKHpA9tQwUJQHnJ9IsxPjZKF/dCaUpoPFV/TyQkUGoU+KYzIHqg5r2J+J/XjnXv3EuYiGINgs4W9WKOdYgnkeAuk0A1HxlCqGTmVkwHRBKqTXA5E4Iz//IiaZSKTqVYvi0XqpU0jiw6QEfoBDnoDFXRFaqhOqLoET2jV/RmPVkv1rv1MWvNWOnMPvoD6/MH1yuXeg==</latexit>

LogNeg = ln2 e
2 r (e-bits)

Entanglement quantifier after acting on vacuum: 

Example 2: Two-mode squeezing

<latexit sha1_base64="T3+wouLrD4jLdE/rAf6whEYBSRA="></latexit>

Si
j =

0

BB@

cosh r 0 sinh r 0
0 cosh r 0 � cosh r

sinh r 0 cosh r 0
0 � sinh r 0 cosh r

1

CCAwhere
<latexit sha1_base64="DLuf/534edILnok4HQS/U6bluDc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJJS1GPBi8cK9gOaGCbbTbt0swm7G6XE/hQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvTDlT2nG+rbX1jc2t7dJOeXdv/+DQrhx1VJJJQtsk4YnshaAoZ4K2NdOc9lJJIQ457Ybj65nffaBSsUTc6UlK/RiGgkWMgDZSYFe8EWgM97knY8zENHADu+rUnDnwKnELUkUFWoH95Q0SksVUaMJBqb7rpNrPQWpGOJ2WvUzRFMgYhrRvqICYKj+fnz7FZ0YZ4CiRpoTGc/X3RA6xUpM4NJ0x6JFa9mbif14/09GVnzORZpoKslgUZRzrBM9ywAMmKdF8YggQycytmIxAAtEmrbIJwV1+eZV06jX3ota4bVSb9SKOEjpBp+gcuegSNdENaqE2IugRPaNX9GY9WS/Wu/WxaF2ziplj9AfW5w+MPZOA</latexit>

âin1
<latexit sha1_base64="MgV92jrqDJcCegXTw7UiRsRDaIU=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJJS1GPBi8cK9gOaGDbbTbt0swm7E6XE/hQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvTAXX4Djf1tr6xubWdmmnvLu3f3BoV446OskUZW2aiET1QqKZ4JK1gYNgvVQxEoeCdcPx9czvPjCleSLvYJIyPyZDySNOCRgpsCveiAAm97mnYszlNKgHdtWpOXPgVeIWpIoKtAL7yxskNIuZBCqI1n3XScHPiQJOBZuWvUyzlNAxGbK+oZLETPv5/PQpPjPKAEeJMiUBz9XfEzmJtZ7EoemMCYz0sjcT//P6GURXfs5lmgGTdLEoygSGBM9ywAOuGAUxMYRQxc2tmI6IIhRMWmUTgrv88irp1GvuRa1x26g260UcJXSCTtE5ctElaqIb1EJtRNEjekav6M16sl6sd+tj0bpmFTPH6A+szx+NwZOB</latexit>

âin2
<latexit sha1_base64="jD1N5ix6smHAdBothwHH8B4L4tk=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KUoh4LXjxWsB/QxrDZbtqlu0nYnYgl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkobm1vbO+Xdyt7+weGRfVzt6jhVlHVoLGLVD4hmgkesAxwE6yeKERkI1gumN3O/98iU5nF0D7OEeZKMIx5ySsBIvl0dTghg8pANlcRxCrnf8O2aU3cWwOvELUgNFWj79tdwFNNUsgioIFoPXCcBLyMKOBUsrwxTzRJCp2TMBoZGRDLtZYvbc3xulBEOY2UqArxQf09kRGo9k4HplAQmetWbi/95gxTCay/jUZICi+hyUZgKDDGeB4FHXDEKYmYIoYqbWzGdEEUomLgqJgR39eV10m3U3ct6865ZazWKOMroFJ2hC+SiK9RCt6iNOoiiJ/SMXtGblVsv1rv1sWwtWcXMCfoD6/MHfTKUDA==</latexit>

âout2

<latexit sha1_base64="3dqSLcGaL++/37EJASsZkBl5wzU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KUoh4LXjxWsB/QxrDZbtqlu0nYnYgl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkobm1vbO+Xdyt7+weGRfVzt6jhVlHVoLGLVD4hmgkesAxwE6yeKERkI1gumN3O/98iU5nF0D7OEeZKMIx5ySsBIvl0dTghg8pANlcRxCrnv+nbNqTsL4HXiFqSGCrR9+2s4imkqWQRUEK0HrpOAlxEFnAqWV4apZgmhUzJmA0MjIpn2ssXtOT43ygiHsTIVAV6ovycyIrWeycB0SgITverNxf+8QQrhtZfxKEmBRXS5KEwFhhjPg8AjrhgFMTOEUMXNrZhOiCIUTFwVE4K7+vI66Tbq7mW9edestRpFHGV0is7QBXLRFWqhW9RGHUTRE3pGr+jNyq0X6936WLaWrGLmBP2B9fkDe66UCw==</latexit>

âout1Sqz

Evolution:

<latexit sha1_base64="FjU6qVr3/r/SUSMvii2sEOiCbOw="></latexit>

âin2 ! âout2 = âin †
1 sinh r + âin2 cosh r

<latexit sha1_base64="eX0dTbX1mRFDBwQkh9WHti61yic="></latexit>

âin1 ! âout1 = âin1 cosh r + âin †
2 sinh r

<latexit sha1_base64="ypgGVFTzl1w10fY9h89NM3O+d4I=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4kDIjRd0IBTcuK9oHdNqSSdM2bSYzJHeEMsxvuPFX3LhQxKWu/BvTdha19cCFk3PuJfceLxRcg23/WJmV1bX1jexmbmt7Z3cvv39Q00GkKKvSQASq4RHNBJesChwEa4SKEd8TrO6NbiZ+/ZEpzQP5AOOQtXzSl7zHKQEjdfK2OyCAVSd2lY+DCJI2v75vc/PGwwS7Z/M2l0l72MkX7KI9BV4mTkoKKEWlk/9yuwGNfCaBCqJ107FDaMVEAaeCJTk30iwkdET6rGmoJD7TrXh6WYJPjNLFvUCZkoCn6vxETHytx75nOn0CA73oTcT/vGYEvatWzGUYAZN09lEvEhgCPIkJd7liFMTYEEIVN7tiOiCKUDBh5kwIzuLJy6R2XnQuiqW7UqFcSuPIoiN0jE6Rgy5RGd2iCqoiip7QC3pD79az9Wp9WJ+z1oyVzhyiP7C+fwHwuaA6</latexit>

r̂iout = Si
j r̂

j
in

<latexit sha1_base64="oLF82XkYdA8/hiO5nxa8eiP1y18=">AAACD3icbZDLSsNAFIYn9VbrrerSzWBRKmhJSlE3QsGN3VWwF2hCmEwndehkEmcmYgl5Aze+ihsXirh16863cdpmoa0/DHz85xzOnN+LGJXKNL+N3MLi0vJKfrWwtr6xuVXc3mnLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtejuudeyIkDfmNGkXECdCAU59ipLTlFg+R27iwfYFwYqWJLe+ESqppah/D8oPbOKEaIrdx5BZLZsWcCM6DlUEJZGq6xS+7H+I4IFxhhqTsWWaknAQJRTEjacGOJYkQHqIB6WnkKCDSSSb3pPBAO33oh0I/ruDE/T2RoEDKUeDpzgCpWzlbG5v/1Xqx8s+dhPIoVoTj6SI/ZlCFcBwO7FNBsGIjDQgLqv8K8S3S4SgdYUGHYM2ePA/tasU6rdSua6V6LYsjD/bAPigDC5yBOrgCTdACGDyCZ/AK3own48V4Nz6mrTkjm9kFf2R8/gDpMptA</latexit>

aI =
1p
2
(xI � i pI)

Active transformation: Mixes creation and annihilation 
operators (norm mixing).  
Creates quanta and entanglement.



Superradiance and entanglement



1. Scattering on a stationary (time-independent) background 

2. Scattered waves are amplified 

 Exists a Killing Vector Field that is asymptotically timelike

Definition (key properties)



1. Scattering on a stationary (time-independent) background 

2. Scattered waves are amplified 

 Exists asymptotically timelike KVF, but not globally.

Superradiance iff  |R | > 1

 is conservedω

Definition (key properties)

 or/and  |T | > 1



What theories admit superradiance?  

          
 Insight from conserved quantities!



What theories admit superradiance?                     



Examples:

Schrödinger/Dirac:                                               Q = ∫Σ
|Ψ |2 ≥ 0

1 = |T |2 + |R |2

Positivity  No Superradiance⟶

What theories admit superradiance?                     



Examples:

Schrödinger/Dirac:                                               Q = ∫Σ
|Ψ |2 ≥ 0

1 = |R |2 + |T |2

Positivity  No Superradiance⟶

Q = ∫Σ
Φ*π − Φπ*Klein-Gordon

Lack of  positivity  Can have Superradiance⟶

1 = |R |2 − |T |2 (Q(Wout
l ) < 0)

What theories admit superradiance?                     



Examples:

Linked to phase space invariant structure:
Bosons Symplectic (non pos. Definite)→

Fermions Metric (pos. Definite)→{

Schrödinger/Dirac:                                               Q = ∫Σ
|Ψ |2 ≥ 0

1 = |R |2 + |T |2

Positivity  No Superradiance⟶

Q = ∫Σ
Φ*π − Φπ*Klein-Gordon

Lack of  positivity  Can have Superradiance⟶

1 = |R |2 − |T |2 (Q(Wout
l ) < 0)

What theories admit superradiance?                     



Characterization of  superradiant scattering

a1W in
r + a2W in

l
 time  b1Wout

r + b2Wout
l

with

General process (linear dispersion, 2 modes per )ω



Characterization of  superradiant scattering

Theorem: Stationary scattering is superradiant iff  B is non-unitary

General process (linear dispersion, 2 modes per )ω

arXiv:2310.16031

a1W in
r + a2W in

l
 time  b1Wout

r + b2Wout
l

with



Classical or Quantum?

Spontaneous emission from SR predicted by Zeldovich (72’) and Unruh (74’)

(Stimulated) superradiant amplification commonly regarded classical amplification…



Quantum Theory

Quantization of  KG field: {      if  ̂ai Q(Wi) = 1

    if  − ̂a†
i Q(Wi) = − 1

 [ ̂ai, ̂a†
j ] = |Q(Wi) |δijYields right CCR:



Quantum Theory

classical scattering  
 B = (T R

r t )

Quantization of  KG field: {      if  ̂ai Q(Wi) = 1

 [ ̂ai, ̂a†
j ] = |Q(Wi) |δijYields right CCR:

    if  − ̂a†
i Q(Wi) = − 1

Quantum scattering:

̂aout
r

̂aout
l

̂aout
r

†

̂aout
l

†

= S ⋅

̂ain
r

̂ain
l

̂ain
r

†

̂ain
l

†



 describes superradiant scatering iff  non-unitaryS

Quantum Theory

Quantum scattering:

̂aout
r

̂aout
l

̂aout
r

†

̂aout
l

†

= S ⋅

̂ain
r

̂ain
l

̂ain
r

†

̂ain
l

†

classical scattering  
 B = (T R

r t )

Quantization of  KG field: {      if  ̂ai Q(Wi) = 1

 [ ̂ai, ̂a†
j ] = |Q(Wi) |δijYields right CCR:

    if  − ̂a†
i Q(Wi) = − 1



Quantum Theory

Superradiant: Non-unitary S ⟶ N in
r − N in

l = Nout
r − Nout

l

Two-mode squeezer

Generates 
and amplifies 

 entanglement!!

Non-superradiant: Unitary S ⟶ N in
r + N in

l = Nout
r + Nout

l

Beam-splitter  



Quantum Theory

Entanglement Entropy

Stimulated Superradiance 
 “amplifies” entanglement!

Superradiance is  
Inherently quantum

also stimulated!

arXiv:2310.16031|T |



Entanglement from realistic BHs

(rotating and thermally illuminated)



Previous work



Quantify generated entanglement as entropy of  Hawking radiation at infinity

Entanglement entropy is a quantifier of  Hawking-generated entanglement

Entropy of  the radiation reaching infinity     =     Entanglement entropy   

D. Page 2013
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<latexit sha1_base64="A0mAitdkqn/jtVn4CJb8Oji7nAE=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdRjwYvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PavwoyrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Qu8jiKcATHcAoBXEINbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gCxj5BJ</latexit><latexit sha1_base64="A0mAitdkqn/jtVn4CJb8Oji7nAE=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdRjwYvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PavwoyrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Qu8jiKcATHcAoBXEINbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gCxj5BJ</latexit><latexit sha1_base64="A0mAitdkqn/jtVn4CJb8Oji7nAE=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdRjwYvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PavwoyrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Qu8jiKcATHcAoBXEINbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gCxj5BJ</latexit><latexit sha1_base64="A0mAitdkqn/jtVn4CJb8Oji7nAE=">AAAB8HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdRjwYvHCrZV2qVk02kbmmSXJCuUtb/CiwdFvPpzvPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hZXVtfaO4Wdra3tndK+8fNE2caoYNFotY30fUoOAKG5ZbgfeJRiojga1odD2ttx5RGx6rOztOMJR0oHifM2qd9fDkdzRVA4HdcsWv+jORZQhyqECuerf81enFLJWoLBPUmHbgJzbMqLacCZyUOqnBhLIRHWDboaISTZjNFp6QE+f0SD/W7ilLZu7viYxKY8Yycp2S2qFZrE3N/2rt1PavwoyrJLWo2PyjfiqIjcn0etLjGpkVYweUae52JWxINWXWZVRyIQSLJy9D86waOL49r9Qu8jiKcATHcAoBXEINbqAODWAg4Rle4c3T3ov37n3MWwtePnMIf+R9/gCxj5BJ</latexit>



Problem:

Entanglement entropy quantifies entanglement only if  state is pure. 

Astrophysical black holes are immersed in a thermal bath: the CMB 
Known cases where thermal inputs destroy all entanglement.
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|CMBi

 Entanglement entropy is not a quantifier in realistic Hawking emission 

Use Logarithmic Negativity 



Can we apply Gaussian tools to compute LogNeg?



Evolution: 1 Hawking mode = mixture of  infinitely many in modes

Problem: infinite number of  degrees of  freedom. 

Gaussian state formalism and entanglement quantifiers need finite number of  degrees of  freedom. 
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Problem: infinite number of  degrees of  freedom. 
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Linear combination of  positive-frequency in modes  hence define the same in vacuum. 

Wald ’75 Wald’s Basis:

Progenitors of  the out modes:   ,  Fp(ω) Fd(ω)
Fp(ω) = Nωκ [ f(v) + e− πω

κ f(2vH − v)]
Fd(ω) = Nωκ [ f*(v) + e− πω

κ f*(2vH − v)]

Solution: Use Wald’s Basis to simplify Hawking pair creation to a 2  2 process⟶

Purifyer of  out! 



Hawking process in two steps

1- Particle creation near horizon, early times: p + d                up + dn   entangled

2-Scattering at potential barrier, late times: up + in                    out + down 



NORM (near the horizon)

Schwarzschild:          sign(ω)

Kerr:                     sign(ω − mΩh)
Superradiant 

conditon       

1- Particle creation near horizon, early times: p + d                up + dn   entangled

2-Scattering at potential barrier, late times: up + in                    out + down 

Hawking process in two steps



where

Hawking squeezing intensityTWO-MODE SQUEEZER!
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†
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rH(ω, m) = tanh−1 e− ω − mΩh
3TH
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Particle creation at the horizon (Scwarzschild and Kerr)

SuperradiantNon-superradiant

NORM (near the horizon)

Schwarzschild:          sign(ω)

Kerr:                     sign(ω − mΩh)
Superradiant 

conditon       

Entangled Entangled

Hawking process in two steps

1- Particle creation near horizon, early times: p + d                up + dn   entangled

2-Scattering at potential barrier, late times: up + in                    out + down 



Scattering with gravitational potential

 ̂aup
ω ⟶ ̂aout

ω = cos θΓ ̂aup
ω +sin θΓ ̂ain

ω

 ̂ain
ω⟶ ̂adown

ω = − sin θΓ ̂aup
ω +cos θΓ ̂ain

ω

BEAM SPLITTER

(greybody factors from Teukolsy equation)

Where: Γωℓ = sin2 θΓ

NORM (near the horizon)

Schwarzschild:          sign(ω)

Kerr:                     sign(ω − mΩh)
Superradiant 

conditon       

Hawking process in two steps

1- Particle creation near horizon, early times: p + d                up + dn   entangled

2-Scattering at potential barrier, late times: up + in                    out + down 
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ω−sinh rΓ ̂aup

ω
†
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ω⟶ ̂adown

ω = − sinh rΓ ̂aup
ω

†+cosh rΓ ̂ain
ω

TWO-MODE SQUEEZER

(greybody factors from Teukolsky equation)

Where: Γωℓ = sinh2 rΓ

SUPERRADIANT

Scattering with gravitational potential

NORM (near the horizon)

Schwarzschild:          sign(ω)

Kerr:                     sign(ω − mΩh)
Superradiant 

conditon       

Hawking process in two steps

1- Particle creation near horizon, early times: p + d                up + dn   entangled

2-Scattering at potential barrier, late times: up + in                    out + down 



Scattering with gravitational potential

NORM (near the horizon)

Schwarzschild:          sign(ω)

Kerr:                     sign(ω − mΩh)
Superradiant 

conditon       

Non-superradiant Superradiant
Entangled

Hawking process in two steps

1- Particle creation near horizon, early times: p + d                up + dn   entangled

2-Scattering at potential barrier, late times: up + in                    out + down 
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Hawking process in two steps



Hawking process in two steps

Ergoregion is a source of  entanglement, as much as the horizon is. However:

Ergoregion squeezer does not have a temperature: not black-body radiation 

Ergoregion squeezer is stimulated by thermal radiation coming our from the horizon 

The Hawking process involves an interplay between two squeezing process. One associated  
with Hawking pair creation and another associated with Superradiance 



Entanglement degradation from CMB temperature



Thermal input (CMB)

Vacuum input 
 (very UV, not seeded by CMB)

Entanglement degradation from CMB temperature
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`,m andwSum over

Thermal input (CMB)

Vacuum input 
 (very UV, not seeded by CMB)

Up to 90% degradation  
from thermal bath

Entanglement degradation from CMB temperature

LogNeg rate of  emission



Entanglement from rotating BHs



Entanglement from rotating BHs

LogNeg rate of  emission

arXiv:2307.06215



Sum over ω , ℓ, m

arXiv:2307.06215

LogNeg Rate (out|down)

Signature of   
Superradiance!

Entanglement from rotating BHs



Towards experimental detection
with polariton fluids



 Rotational superradiance

 Rotational superradiance tied to ergoregions: co-rotating waves can be amplified

Ergoregion instability forbids isolated ergoregions
Friedman 78’



Kerr BHs are stable because horizon acts as one-way membrane for the instability.

But… horizon sources ergoregion with radiation

 Rotational superradiance



Need to characterize rotational SR in isolation from horizons!

But… horizon sources ergoregion with radiation

Kerr BHs are stable because horizon acts as one-way membrane for the instability.

 Rotational superradiance

Goal: Quantify and measure HE-SR interplay



 Rotational superradiance in the lab

New proposal: horizonless ergoregions thanks to dissipative dynamics



 Rotational superradiance in the lab

Polariton fluids: a bosonic 2D fluid of  light in semiconductor cavity  
(made of  electrons, holes, and photons)

Intrinsically driven-dissipative

Fluid profile controlled by laser drive. Highly tunable.

New proposal: horizonless ergoregions thanks to dissipative dynamics



 Rotational superradiance in the lab

New proposal: horizonless ergoregions thanks to dissipative dynamics

LKB, Sorbonne Université



 Preliminar evidence of  stable horizonless ergoregions in dissipative quantum fluids of  light
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 Rotational superradiance in the lab

New proposal: horizonless ergoregions thanks to dissipative dynamics



Entanglement Entropy vacuum input Entanglement Entropy squeezed input

ℓ = 1

arXiv:2310.16031

 Rotational superradiance in the lab



LogNeg thermal input

ℓ = 1

arXiv:2310.16031

 Rotational superradiance in the lab



LogNeg thermal input Critical Temperature (LogNeg=0)

ℓ = 1

arXiv:2310.16031

 Rotational superradiance in the lab



Goal: Quantify and measure HE-SR interplay

Polaritons can in principle simulate rotating BHs by including radial inwards velocity 

Analogue Rotating BH

Experimental and theoretical challenges… 
but we will make it!



❖ Superradiance is inherently quantum: it generates entanglement (even for classical inputs). 

❖ CMB radiation degrades entanglement radiated by BHs, but cannot estinguish it. 

❖ SR changes entanglement structure of  Hawking radiation with respect to non-rotating BHs. 

❖ Interesting interplay Hawking radiation - Superradiance at the level of  entanglement generation 

❖ Ergoregion instability can be quenched with dissipation (no need for horizons). 

❖ Isolated ergoregions generate entangled radiation, observable in dissipative quantum fluids of  light. 

❖ Hawking Radiation - Superradiance interplay can potentially be observed in analogues. 

Conclusions



THANKS FOR ABIDING!


