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» Jets are essential analysis tools at LHC:
good understanding is heeded
Status at TeVatron (with midpoint cone):
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» Jets are essential analysis tools at LHC:
good understanding is needed
Status at TeVatron (with midpoint cone):
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» Jets are essential analysis tools at LHC:
10% energy-scale uncertainty (6.D.) warrants
precision physics

» Precise predictions for 'standard candles':
inclusive jet, V (+ jet)

» Missing piece for precise determination of
pdf's (W.J.S.)

» NLO is effectively LO:
energy distribution inside jets, jet pT
asymmetry (6.D.)

Less sophisticated answer:
Matrix elements are known but not yet used
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O_NNLO _ RR RV VV

E/ da%f_{FZJerg—l—/ da,,%\frlJmHJr/ do Y Jm,
m-+1

m

p matrix elements are known for 0—4 parton (for jet
production), V+3 parton (for V+jet production) processes

p the three contributions are separately divergent in d = 4
dimensions:

— in o®® kinematical singularities as one or two partons
become unresolved yielding €-poles at O(e%), j = 1-4
after integration over phase space, no explicit poles

— in o®¥ kinematical singularities as one parton becomes
unresolved yielding e-poles at O(e) after integration
over phase space + explicit e-poles at O(eV), j =1,2

- in 0"V explicit e-poles at O (e7), j=1-4

general solution is not yet available
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Several options available - why a new one?

Sector Decomposition

(residuum subtraction)

Binoth, Heinrich, Anastasiou,
Melnikov, Petriello

v First method to
yield physical
cross sections

Y Calculation is fully
humerical

— Cancellation of
poles also, and
depends on the jet
function

— Can it handle final
states with many
coloured partons?

M. Czakon 2010: yes

—

T

gt subtraction
Catani, Grazzini, Cieri, Ferrara, De
Florian ...

v Simple concept, explicit
documentation

v Efficient and fully
exclusive calculation
~Limited scope: applicable
to production of colorless
final states
T —

Antennae subtraction

Gehrmann, Gehrmann-De Ridder,
Glover, Weinzierl ...

v Successfully applied to
e'e” = 2, 3 jets

Y Analytic integration of
the antennae over
unresolved phase
space is understood

X Extension to hadron
collisions is well
advanced (more later)

— Nonlocal counterterms

-~ Colour implicit

— Cannot cut on factor-

ized phase space
[ — B
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Is agreement between antennae implementations

satisfactory? (S. Weinzierl)
Thrust
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to devise a subtraction scheme with

v fully local counterterms
(efficiency and mathematical rigour)

v explicit expressions including colour
(colour space natation is used)

v completely algorithmic construction
(valid in any order of perturbation theory)

v option to constrain subtraction near singular
regions (important check)

Thursday, September 30, 2010
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to devise a subtraction scheme with
O
v fully local counterterms O

(efficiency and ma‘rhema‘rii@origour)

v explicit expressions inc&ﬁoing colour
(colour space na’ra‘rio&l’\s used)

v completely algor"{&nic construction
(valid in any oszger of perturbation theory)

v option to cg¥train subtraction near singular
regions (important check)
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Recipe for a
general subtraction scheme at NNLO

G. Somogyi, ZT hep-ph/0609041, hep-ph/0609043
G. Somogyi, ZT, V. Del Duca hep-ph/0502226, hep-ph/0609042
Z. Nagy, 6. Somogyi, ZT hep-ph/0702273
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of subtractions is governed by jet functions

NNLO = _RR RV VV _  _NNLO NNLO NNLO
o — Om—l—2 + O-m—l—l -+ Om = Om—l—2 + Um—l—l + Om

NNLO RR RR,A RR,A RR,A
Opprs” = / {d0m+2Jm+2 —do,, 5y — (d0m+2 g1 —doy, 5 Py
m-+2
NNLO __ RV RR,A, RV,A, RR,A;\ A,
0m—|—1 _/ {(dam+1+/ d0m+2 )Jm+1_[d0m+1 + d0m+2 Jm
m—41 1 1

NNLO :/ {d0¥v+/ (dgii’&_daiiﬁm)*‘/ [dai\::lA1+(/daii,§xl)Al] }Jm
m 2 1 1
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of subtractions is governed by jet functions

NNLO = _RR RV VV _  _NNLO NNLO NNLO
o — Om—l—2 + Om—l—l -+ Om = Om—l—2 + Um—l—l + Om

NNLO RR RR,A RR,A RR,A
Opprs” = / {d0m+2Jm+2 —do,, 52 dm — (d0m+2 g1 —doy, 5 Py
m-+2
NNLO __ RV RR,A, RV,A, RR,A;\ A,
O-m—|—1 _/ {(dam+1+/ d0m+2 )Jm+1_[d0m+1 + d0m+2 Jm
m—41 1 1

NNLO :/ {dO-TYLV_I_/ (daii’§2_d0ii’§12)+/ [dag\j:f‘l_l_(/do.iiaﬁl)x%l] }Jm
m 2 1 1

RR,A : _ RR
do,. .’ 2 regularizes the doubly-unresolved limits of do,,; /5
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of subtractions is governed by jet functions

NNLO = _RR RV VV _  _NNLO NNLO NNLO
o — Om—l—2 + Om—l—l -+ Om = Om—l—2 + Um—l—l + Om

NNLO RR RR,A RR,A RR,A
Opprs” = / {d0m+2Jm+2 —do,, 5% I — (dam+2 ‘g1 —doy, 5 Py
m-+2
NNLO RV RR,A; RV, A, RR,A; \ A,
Opntl = / { (dam+1—|—/ d0m+2 )Jm+1— [damJrl 4+ dam+2 I
m-+1 1 1

NNLO :/ {dO-TYLV_I_/ (dgii,$2_daii,21&1g)+/ [dag\j:f‘l_l_(/do.iiaﬁl)x%l] }Jm
m 2 1 1

RR,A : : - RR
do,.. 5" regularizes the singly-unresolved limits of do,, o
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of subtractions is governed by jet functions

NNLO = _RR RV VV _  _NNLO NNLO NNLO
o — Om—l—2 + Om—l—l -+ Om = Om—l—2 + Um—l—l + Om

NNLO RR RR,A RR,A RR,A
Opprs” = / {d0m+2Jm+2 —do,, 5y — (d0m+2 "1 —do,, 05 Py
m-+2
NNLO __ RV RR,A, RV,A, RR,A;\ A,
O-m—|—1 _/ {(dam+1+/ d0m+2 )Jm+1_[d0m+1 + d0m+2 Jm
m—41 1 1

O_?lq\TINLO :/ {do-r\rfzv_l_/ (dO-T}:JLI—I{—’éALQ —dO'ifi’?m)‘F/ [dasx—’lAl_I_(/dO_S@i’QAl)Al] }Jm
m 2 1 1

RR,A - RR,A RR,A
do,, > '* compensates for the double subtractionin do,,\;* and do,, 5
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of subtractions is governed by jet functions

NNLO = _RR RV VV _  _NNLO NNLO NNLO
o — Om—l—2 + Om—l—l -+ Om = Om—l—2 + Um—l—l + Om

NNLO RR RR,A RR,A RR,A
Opprs” = / {d0m+2Jm+2 —do,, 5y — (d0m+2 g1 —doy, 5 Py
m-+2
NNLO __ RV RR,A; RV,A, RR,A; \ A,
m—+1 1 1

NNLO :/ {dO-TYLV_I_/ (dgii,éAxQ_daii,Qf%lg)_l_/ [dgi\fllel_l_(/dO.i]i{I_a;l)Al] }Jm
m 2 1 1

RV,A . . - RV
do,, 1 ! regularizes the singly-unresolved limits of doy,'t

RR,A, \ A1 : : . RR,A
( do,, 5 1) regularizes the singly-unresolved limits of / do,, 5"
1 1
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requires three steps

(1) Matching of limits: to avoid multiple subtraction in
overlapping singular regions of PS; easy to find at NLO:

e collinear limit + soft limit - collinear limit of soft limit

* more cumbersome at NNLO or higher order: requries
matching of various doubly- and singly-unresolved limits

(2) extension of limit formulae over the whole phase space
using momentum mappings that respect factorization and
delicate cancellation of IR singularities

(3) integration of subtractions over the phase space measure
of the unresolved parton(s)

Thursday, September 30, 2010
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Consider step (3) the most important
For analytic results

v use colour-stripped amplitudes

v subtraction derived from physical matrix elements
normalized to two-parton matrix elements

= can use integration techniques developed for
loop-amplitudes
= part of step (1) comes free

- Price: less numerical control (non-local
subtractions, adventage is lost if phase space for
subtractions are constrained)

Thursday, September 30, 2010
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Puzzle in testing NNLO antennae for gluon

scattering: azimuthal correlations in gluon splitting
Pires, Glover arXiv:1003.2824

single collinear triple collinear

350 : . 3500
=102 — —an-?
'S;'S@e po?:'miw“ 101 93 -Q900 xz11o:_“°2 Trniple colinear limit for ga-gaga [ T x-:g_g S—
S= X= c—a X= L
300 |- 3108 outside the plot M 3000 - : x=10" w—
 outside - = = x=5,/s #PS points=10000
i 3065 outsage the piot | H_ | 2500 | 1419 cutsld.@_ the p!ot x:s,ik/s
=N 17 outside the plot
@ 2000 r
200 B =:1 g
; i :
B b — 3 1500
| Fi= = E —
i ] 1000 1]
100 1| | :‘-4:__ -
=i B ' 500 | _F “jF :
w e A
r% }
T—r Oﬂf—'—ﬂmt’ il l‘n i }}‘)—._ﬂ—hj,_h)_'r‘rrl_‘lﬁ'r—r
0 L - - TEEEE 1 4 0.99996 0.99998 1 1.00002 1.00004

09 092 094 096 098 1 1.02 104 1.06 1.08 11

Thursday, September 30, 2010 20



are based on

v universal IR structure of QCD squared matrix elements

* e-poles of one- and two-loop amplitudes
e soft and collinear factorization of QCD matrix elements

v simple and general procedure for separating overlapping

singularities (using a physical gauge)

extension over phase space using momentum mappings that
* implement exact momentum conservation
* lead to exact phase-space factorization

« use different mappings for collinear and soft-type subtractions
- distribute recoil democratically

= can be generalized to any number of unresolved partons

Thursday, September 30, 2010



are

v given explicitly for processes with colorless particles in the
initial state (extension to hadronic processes is known at

NLO)

v fully local in color and spin space
= no need Yo consider color subamplitudes of real emission matrix
elements
= azimuthal correlations in gluon splitting treated exactly
= ratio of the sum of counterterms to matrix elements of real
emission tend to one in kinematically degenerate phase-space
points

v can be constrained to near singular regions
= |eads to gain in efficiency
= independence of phase space cut provides strong check

Thursday, September 30, 2010
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that need momentum mappings only

NNLO = _RR RV VV _  _NNLO NNLO NNLO
o — Om—l—2 + Om—l—l -+ Om = Om—l—2 + Um—l—l + Om

NNLO RR RR,A RR,A RR,A
m-2
RV, A,

o0 = [ {0 [aotlid ) S [acfile ([ aoki) )
m—+

m 2 1 1

23
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The tedious part:

Integrating the subtraction terms

G. Somogyi, ZT arXiv:0807.0509
U. Aglietti, V. Del Duca, C. Duhr, 6. Somogyi, ZT arXiv:0807.0514
P. Bolzoni, S. Moch, 6. Somogyi, ZT arXiv:0905.4390

Thursday, September 30, 2010 24



counterterm
RR,A,
d0m+2

RV,A,
daer_1

types of integrals

tree-level singly-unresolved

one-loop singly-unresolved

RR,A; \ A1 , ,
( /1 do,, 5 ) tree-level iterated singly-unresolved (1)

dam+2

tree-level iterated singly-unresolved (2)

tree-level doubly-unresolved

done

X < N X

Thursday, September 30, 2010
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counterterm

RR,A,
d0m+2

RV, A,
d0m+1

RR,A; | A1
s
1

RR,A,
d0m+2

In this talk

types of integrals

tree-level singly-unresolved
one-loop singly-unresolved

tree-level iterated singly-unresolved (1)

tree-level doubly-unresolved

done

4

Thursday, September 30, 2010
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One of 25 subtraction terms: collinear-double collinear subtraction

1 1 R i
Skt Si <M(O)({ })|P() (Zt’k;G)P;?}r(zr,iE6)‘/\/152)({17}»

> (1 o @kt)2d0 2m(1— e)(l o akt)2do—2m(1—e)@(&0 o Oékt)@(Oéo o azr)

thcz(r )kt (8maspu®)* —

obtained by an iterated mapping

th

Phmie &5 (Bhmps —2 {5} dbmsa((p}: Q) = ddm ({5} Q)[dB1m][Ap1 1]

_~~

Then we define the function thng;)kt(azkt, Tir, €, Q,dg) by

2

€2
A~ C‘58 ,LL ~
[ @B mdp G € = [%Se (Q—) ] CuC L TRTE M) ()1

Thursday, September 30, 2010

27



Use explicit parametrization of [dp1 ,,| and [dpy .4 1] to write

0 -~ : . . .
thCgr;)kt(a:kt, Tir, €, 0, dg) as a linear combination of basic integrals

Ié4)(xk7xi;€7a07d07 k l) — Ty

[ s

< [ dntt oot Skt skt (a,p,xk) 1
x/olduu (-0~ (Zri(B x,,u))
x/oldvv (1—v)" ( Zkt(dﬁxu,v)> kl=-1,0,1,2

P—————
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Another example: abelian soft-double soft subtraction

ab 1 S:r 84 ;
070 € /) l O ~ r
SSTO| = (Bragu)?s Yo S MO ()

2 “
Z?.]7k7l

(1 = 420) ™™= (1 — 2 0) ™™ 1=9O (g — 1:0)O (0 — Yi0)

obtained by an iterated mapping

SipSkp SjtSlt

{p} 25 Y 25 (Y0 0 dde({p)) = Ay ({5} ) (D1 m][dD1 ot ]

Then we define the function [Stsﬁ(,?)]ikﬂ (Dis Djs Pk DL €, Yo, dy) by

2

=S ) Z SeS | M (YD)
o € Q2 rt 11K) m,(1,k)(7,1) m

i7j7k;7l

ab
[10B1mlldps i) [S55”)
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For simplicity, consider terms with j=iand k = [ [StS(O)]@kik

kinematical dependence through Xik = 4(1?1;72?1«) , cosXik =1 —2Yik 0

Yik
Yik,g =
YiQUkQ

The integrated counterterm is proportional to
AT*(1 —€) By, (—2¢,dy + 1)
w2(1 — ¢) ¢

Iéll) (sz,Q7 €, Yo, dé)) — Y;k,Q

Yo , 1
X / dyy 172¢(1 — y)dO_HG/ d(cos V) (sin ) ~?
0 ~1

></ d(cos @) (sin ) 17 [f(ﬁ,sﬁ;o)]_l[f(ﬁa%Y;:k,Q)]_l

~1
X [Y(y, v, ©; szQ)] _€2F1( —6,—61—61-Y(y,J, ¢ sz;Q))

f(,¢;Yik o) =1— 2\/Yz-k,Q(1 — Yir.o)sin¥cosp — (1 — 2Y;;. o)x cosv

4(1 —y)Yir, g
21 —y) +y f(0,9;0)][2(1 —y) + y [ (I, ¥; Yik,Q)]

Y(y,9,p;x) =

Thursday, September 30, 2010



This integral is equal to

1 1
I5 (Yikgs € yo. dy) = 2 In(Yik,q) + %(vo, Dy) + X(yo, Dy — 1)

where Dj, = dj|.—o and

N(z,N) =Inz— SN  1=0=2r

We compute the higher order coefficients numerically (yo = 1, D = 3)

. - .
Order: ¢°¢ Order;: ¢! Order: €°
510 14 1 T T [ Y T ] .10 ! T ' 2. 10 — Y T ™ T Y Y
- {-10 g =
| N 6- | 6
~ ~ ~
" 3.10 | & v
l 3-10 | |
- = 4 = 4
f’ 2. 10 ‘i’ .6"
X 8 3 3 3
) ) -~
= S @ S 2
10 |+ .
0 e - - - - .
10° 107 100° 10° 10 1007 107 100 1 1 Py
Yik.Q Yik.Q Yik,Q

Thursday, September 30, 2010
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to compute the integrals:

» IBP's to reduce to master integrals + solution
of MI's by differential equations

» Mellin-Barnes representations to extract
poles structure + summation of nested series

» Sector decomposition

Thursday, September 30, 2010 32



Method Analytical Numerical
v Singly-unresolved v Evaluating analytical

integrals expressions
IBP - Bottleneck is the - No numbers without
proliferation of full analytical results

denominators

MB

SD

Thursday, September 30, 2010



Method

IBP

MB

SD

Analytical

v Iterated singly
unresolved integrals

- Bottleneck is the
evaluation of sums

Numerical

v Direct numerical
evalution of MB
integrals possible

v Fast and accurate

Thursday, September 30, 2010
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Method

IBP

MB

Analytical

v Singly-unresolved
integrals

v Iterated singly
unresolved integrals

- Bottleneck is the
evaluation of sums

Numerical

v Evaluating analytical
expressions

v Direct numerical
evalution of MB
integrals possible

v Fast and accurate

Thursday, September 30, 2010
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Matter of principle:

» Cancellation of poles requires the coefficients of poles in integrated
counterterms in analytical form

» Analytical forms are fast and accurate compared to numerical ones

However:

»  Analytical results show that the integrated counterterms are
smooth functions of the kinematic variables

Hence:

» Finite ferms of integrated counterterms can be given in form of
interpolating tables or approximating functions. Thus numerical form
— computed once with required precision — is sufficient.

Thursday, September 30, 2010
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Results

Thursday, September 30, 2010
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After summation over unresolved flavours:

/2 do vz — doB @ 1) ({p},; €

0 0 0
1 (phnie) x| 3 | €, T + >l 3|1

1

+ Z S(O)a(j»l)CA + chgg);zﬂ Z)TQ TjTl

+ Y QPG TjTl}}
1,k,7,1

The coefficients depend on € (poles starting at
O(€"*)), kinematics and PS cut parameters
[Same structure, but different coeff's for I]

Thursday, September 30, 2010
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Illustration: e'e” =2 jets

Born squared matrix element: \Méo) (1q, 2@)\2

Colour and kinematics are trivial:

2 .
T2 T2 = T\Ty=Cp, yp—= 212

QQ

=1

Insertion operator from iterated subtraction:

2 €2
< 2 1
19 (pr, pai ) = {O‘ se(“ ) ] CPZ*{(3_$)_4+6{2093+81—4W

o\ Q2 €
1
+ (362 — 24)X(yo, Dy) + (242 — 12)X(yo, Dy — 1)} 3 — 0(52)}
C'A TR
X —— Nf
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Illustration: e'e™ =2 jets

We compute higher order expansion coefficients numerically

2

€2
I<O)(p1 p2;€) = {Q;Se (%) } C: Z % ZC ISQ;’) el)
1=—4
Cx |O(€e™) |O(e™3) |O(e™?) |O(e™t) | O(€9
| 6 76/3 | 32.09 -879<J\ 5545
y 2 | 2272 | 524 é\ﬂw 13395
v 0 1| -63324%17.65 | 1013
_Ca Ir
L = CF 9 Yr — CF U3;

Thursday, September 30, 2010
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Illustration: e'e™ =3 jets
‘2

Born squared matrix element: |/\/l§0) (14,27,34)

Colour is still trivial:

Ca —2C C
T?=T;=Cr, T3=Cx, T1\Ty=— 9 -, fr115125F21%::'__§§

Insertion operator from iterated subtraction:

2\ €72 2
Qg 1 <+ 2x+6
Igg)(p17p27p3;€) — |: Se < ) :| CPZ’{ 4

2\ @2 e
1122 50z 1
| : F12 — cayy — 2Pyp — 4
{ ; 3 S 0YF —27yy — dy;
Vs b
+ ( > x€r — 8) Iny10 — ( 5 | 433) (111 Y13 + In y23)

1

+ (2% 4+ 122 — 4)3(yo, D)) + 4(xz — 1) (yo, DYy — 1)} 3 + 0(82)}
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We compute higher order expansion coefficien’rs numerically

€2
g )
Igg)(p17p27p3;€) — |:%S€ (Iu_> :| CF Z ci ZC Ifggj) + O( )

Illustration: e'e™ =3 jets

2

QQ

1=—4

X

yiz = 0.333333, y13=0.333333, yz3=0.333333
Cx |O(e™) |O(e™3) |O(e™?) |O(e™t) | O(€9
| 6 | 3412 | 8298 | 3459 | -543.8
X 2| 9721 | 1209 | -I 42&‘\ -696.6
x2 | 6.497 | 12.80 4\5‘%7 -47.92
Yt 133 | 324041279 | 3552
X Y 312 | -12.01 | -46.90 | -104.1

Thursday, September 30, 2010
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We compute higher order expansion coefficien’rs numerically

€2
Ofs l/l/ C 1
Igg)(p17p27p3;€) — |:%S€ (@) :| CF Z ci ZC I£2 33) + O( )

Illustration: e'e™ =3 jets

2

1=—4

y12 = 0.238667, yi3 = 0.758153,

X

y23 = 0.003180

Cx |O(e™) |O(e™3) |O(e™?) |O(e™t) | O(€9
| 6 | 3679 | 1060 | 120.6 | -431.0
X 2 | 2538 | 1436 | 537 egg‘\ 1505

X2 | 1524 | 119.5 6\6'0\5 2902
Yt 133 | 3130951217 | 3460

X Y 312 | -17.72 | -109.1 | -470.9

Thursday, September 30, 2010

43



We compute higher order expansion coefficien’rs numerically

€2
Ofs l/l/ C 1
Igg)(p17p27p3;€) — |:%S€ (@) :| CF Z ci ZC I£2 33) + O( )

1=—4

Illustration: e'e™ =3 jets

2

X

yiz = 0.937004, yi13 = 0.024207, y23=0.038749
Cx |O(e™) |O(e™3) |O(e™?) |O(e™t) | O(€9
| 6 25.85 | 34.59 | -84.25 | -566.8
X 2 27.79 | 136.8 | 330 ép‘\ 46.20
X2 | 21.02 | 1954 {@4 5355
yi 133 | 5759 494052 | -2120
X Y -3/2 | -24.07 | -194.7 | -1083

Thursday, September 30, 2010
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Integration of the doubly-unresolved
counterterms in progress (most difficult)

NNLO = _RR RV VV _  _NNLO NNLO NNLO
o — Om—l—2 + Om—l—l -+ Om = Om—l—2 + Um—l—l + Om

NNLO RR RR,A RR,A RR,A
Omts = / {d0m+2Jm+2 —do,, 5 Iy — (d0m+2 ‘g1 —doy, 5 Jm) }
m-+2
NNLO - R,V RR7A1 RV7A1 RR7A1 A
Ol = / { (dam+1—|—/ d0m+2 )Jm—I—l_ [damJrl s dam+2 YT
m41 1 1

[ {0 [ (aoktiomaoti) o [ aoti ([[aoki )]},

NNLO
Um
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SNNLO _

dO'NNLO

m-+2 +

m-+2

m-+1

NNLO
_|_

d0m+1

m
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do,,

by numerical Monte Carlo integrations (on a single CPU in 50 h)
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Conclusions
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v Matrix elements are known for jet, V + jet
hadroproduction

» Three different subtraction methods are being
developed

» Sector decomposition matched with residuum
subtraction: a promise

« Antennae subtraction: subtractions and integrated
subtractions are

v known for final-final and initial-final emitter-
spectator configurations
X in progress for initial-initial confiqurations
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Status of integrated antennae

final-final initial-final | initial-initial
X3 v v v
X3 v v >
X3 ® X, v v >
Xa v v 2

Thursday, September 30, 2010

49



* Our subtraction scheme: completely algorithmic,

v set up for processes with no coloured particles
in the initial state

* hadroproduction is obtained by crossing

v We have investigated various methods to integrate
the counterterms

v We used the MB method to perform the integrat-
ion of all but doubly-unresolved counterterms. The
SD method was used to provide independent check

X The integration of the doubly-unresolved counter-
term is feasible with our methods, and is in progress
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The end
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Are these integrals known?

1
Q. . = 149, «(r . .
J1---Jn / d 1(70)(—’1.77’)31 ... (e1-7r)in

for

two denominators and one or two masses:
1

Qji(cos x, B1, B2) :/ d(cos ) d(cos ) (sin ) 2% (sin ) 1%

—1

| —
X (1 — (31 cosd) ™’ (1 — (B2 (sin x sin 4 cos ¢ + cos x cos 19))
three denominators, massless:

Qj1j2j3 (COS X12,CO5 X113, COS5 X23)
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