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1. Introduction
Deep—Inelastic Scattering (DIS):

k K
2
Q? = —¢°, x:= Q— Bjorken—x
— L 2pq
Pq
vi=—
M
do
~ pv
= W a2z~ Wl

Wiala, P.s) = o= [ d*€expliag) (P.s | 1I5(€). (O] | P

1 qduqv 2 q PI/ + QVP Q2 2
L. = , — L2 F PP, + £ E— v | F:

M . 5q
pOl. { —Z—quﬂyaﬁq [S/Bgl (Qj’ QQ) + (SB — P—qp/3> 92(337 QQ)] .

Structure Functions: F5

contain light and heavy quark contributions
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LO charm contributions: PDF's from [Alekhin, Melnikov, Petriello, 2006.]

— different scaling violations,

— massive contributions at lower values of x are of order 20%-35%.

Hence for the prediction of cross sections at the LHC the precise knowledge of all PDF's is
needed.



e in the asymptotic region F, is known for general values of N to NNLO [Bliimlein, De Freitas,
van Neerven, Klein, 2006.]

e 5 for ny massless and one heavy quark flavor:
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e The asymptotic representation for F(x, Q?) becomes effective at Q% > 10 - m?



e In this limit the massive Wilson coefficients up to O(a?) read
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2. Status of Heavy Flavor Contributions to
DIS Structure Functions

Leading Order: [Witten, 1976; Babcock, Sivers, 1978;Shifman, Vainshtein, Zakharov, 1978;

Leveille, Weiler, 1979; Gliick, Reya, 1979; Gliick, Hoffmann, Reya, 1982.]

Next-to-Leading Order : [Laenen, Riemersma, Smith, van Neerven, 1993, 1995]

asymptotic: [Buza, Matiounine, Smith, Migneron, van Neerven, 1996] via IBP

(Q? > m?) [Bierenbaum, Bliimlein, Klein, 2007] via ,F,’s, more compact results

NLO fast Mellin space implementation: [Alekhin, Bliimlein 2003]

NNLO, Q2% > m?: contribs. to Fy, for all N: [Bliimlein, De Freitas, van Neerven, Klein 2006]

contributions to FQ (N = 210(14)) [Bierenbaum, Bliimlein, Klein 2009]
contributions to transversity (N = 1...13): [Bliimlein, Klein, Todtli 2009]
— Moment-reference

all O(a?)xIn” (Q—2> terms for massive OMEs for general N:

m2
[Bierenbaum, Bliimlein, Klein 2010]

Computation of all 3-100p ladder graphs: [Bliimlein, Hasselhuhn, Klein, Schneider]

Goal: Calculate the 3-loop massive Wilson coefficients for Fy(x, Q?) in the region
Q? > 10m? for general values of N.




Some Phenomenological Remarks

® Bierenbaum, Bliimlein, Klein January 2009 (PLB): correct NLO representation;
shortcomings in Laenen et al. 1993, Buza et al. 1996 corrected.

® Bierenbaum, Bliimlein, Klein, April 2009 (NPB): NNLO formalsim + GMVFENS;
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e Question to the Experts :
To which flavor distribution do the 3-loop diagrams of the following type belong in the
GMVFENS?
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e Answer from the Expert :
To none of both. End of the GMVNS, despite of universal terms!
= GMVNS requires: In(mZ/m3?) = 0.40 ~ 0.



Renormalization
[Bierenbaum, Bliimlein, Klein 2009]
e Pole Structure:
o0 0 (kD)
2 AV
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Ay =bij+ ) as Y —
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e mass-, coupling constant and operator renormalization; factorization of collinear

singularities, I';; # Z;;

e From the 1/ contribution the NpT2 contributions to the 3-loop anomalous dimension can
be determined for general values of NV
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e Renormalized expression for AS;:
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Contributing Diagrams

289 diagrams contribute. The are generated using QGRAF with operator insertions
[Nogueira, 1991; Bierenbaum, Bliimlein, Klein, 2009]

Due to symmetry reasons, many of them are identical.
Many diagrams can be generated from 2-loop diagrams by bubble insertions.

e.g. from diagram N:

Nig
&
: :;Nlb : :; : ; 2
Nig Ny
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e Further diagrams:

e generating 2-loop diagrams W@Wm@mm@mm@m
e e m@mm@mm@m

B (I S )
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e Further diagrams contribute to the other

NS, TR
OMEs Agq,0, Aqq Q’AQq’Aqq Q’Aqan

= contributing diagrams obtained by bubble

insertions
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Typical Feynman parameter integral after momentum integration
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Performing the integral gives a linear combination of sums over B-functions and

Hypergeometric pFg
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Now: perform a series expansion in € and evaluate the remaining sums
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The generalized hypergeometric function pFyg is defined by

rlg

Up to 4 (in)finite sums occur, which are computed using modern summation methods
encoded in SIGMA [C. Schneider, 2007]
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Mathematical Structure: Harmonic Sums

only (2, (3, harmonic sums Sz(N) and rational numbers appear

Harmonic Sums are defined as

Nm-—1

_ (sn(a))" (sign(as))™  (sign(an))"
Su) = 0SS i T —
ni=1ngo=1 N, =1 ny nm
weight w = Z\aﬂ,m—depth

[Bliimlein, Kurth 1998; Vermaseren 1998|

complete set of algebraic relations between harmonic sums of the same weight is known =
reduces number of independent harmonic sums with same weight significantly, e.g. for w=3
from 18 to 8. Further reduction: structural relations. [Bliimlein, 2003, 2009]

harmonic sums of depth 1 can be expressed through polygamma-functions (%)

(~1)*!

POT(N 4 1)+ k> 2,

harmonic sums of higher depth can be expressed by Mellin-transforms of harmonic
polylogarithms



e in intermediary steps: generalized harmonic sums occur
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[Moch, Uwer, Weinzierl, 2002]

e can be reduced to nested harmonic sums for z; € {—1,1}

e in our case: x; € {—1/2,1/2, -2 2}

e algebraic and structural realtions have been worked out [Ablinger, Bliimlein, Schneider, 2010]
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3. The Results for the Np-contributions
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e Gluonic contributions:
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e Flavor non-singlet contributions:

Vector current
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Flavor pure singlet contributions:

4 N?+ N +2)° 128 (68 N° +37N6 +8N7 —11 N* —86 N® — 56 N2 — 104 N — 48) S
%?’PS = CFTI%NF *6_ ( il )2 (S%+S2)+—8( i 3 2 ) :
3 (-1+N)N2(1+N)"(2+N) 9 N3(1+N)"(24+N)"(-1+N)
128 Pi(N)
27 (=1+ N)N*(1+N)* 2+ N)*
Pi(N) = 1353 N7+ 1200 N® — 317 N® — 1689 N° — 2103 N* — 2672 N* + 144 — 48 N — 1496 N? + 392 N° + 52 N'°

agreement with [Moch, Vermaseren, Vogt 2004; (Bliimlein, Kauers, Klein, Schneider, 2009)]

2
WP o 128 (N2 + N +2) Sf—% (266 N* + 181 N° + 269 N® + 230 N2+ TANS + 16 N" + 44 N — 24) 52
9@ 27 (—=1+ N)N2(1+ N)?(2+ N) 27 N3 (=14 N) (24 N)*(1+N)?
—_ 5 5152 + == 1 3+ o 3 G251
9 (-1+N)N2(1+N)“(2+N) 81 (-1+ N)N4(1+N)"(2+N) 3 (<-1+N)N2(1+N)"(2+ N)
64 (266N4—|—181N5+269N3+230N2+74N6+16N7+44N—24)S 256 (N2 + N +2)° s
27 N3 (—1+N)(2+N)2(1+N)®? 2T (14 NNZA+NE 2+ N)
32 Py(N) 16 P5(N) ¢ L2 (N2 4+ N +2)° c
243 N5 (—1+N) 2+ N) (1 +N)® 9 N3 (—1+N)2+NZA+N)P>> " 9 (C1+N)N2ZA+N)Z@2+N) "
(complete OME)
2
SEPS oo 16 (N? + N +2) S§+§ (68 N® +37TN®+8N7—11N*— 86 N* — 56 N — 104 N — 48) 52
@ 27 (~1+ N)N2(1+ N)*(2+ N) 27 N3(1+N)* @2+ N)*(-1+N)
208 (N?+N+2)° o 32 Ps(N) 16 (N? + N +2)* 08
9 (C1+NN2A+NPQ+N) 8L (14 NN A+ N 2+ NPT 3 (1 NN A+ NP 2+N)
208 68N5+37N6+8N7—11N4—86N3—56N2—104N—48S 1760 (N2+N+2)2 s
27 N3(1+N)*(2+N)?(—1+N) 2T (1ENINZ(IENPZ 2+ N)

|32 P:(N) 224 (N2 + N +2)
243 N5(14+ N’ 24+ N)*(=1+N) 9 (=14+N)N2(1+N)*(2+N)
16 (68 N® 4+ 37 N6+ 8 N7 — 11 N* — 86 N® — 56 N2 — 104 N — 48) }
a 2

G3

9 N3(1+N)*(2+ N)*(=1+N)



Mellin moments for the PS-, NS- and Transversity-contributions to the anomalous dimensions and

constant terms a;; (prefactor T2 Np taken out)

agreement with [Bierenbaum, Bliimlein, Klein, 2009; Bliimlein, Klein, T&dtli, 2009]
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4. The T% contributions

Two massive lines with m? = m3

e Problem: Feynman-Parameter integrals can not be mapped directly onto hypergeometric

functions:

e [dy [ dz a1 )Py — g (— 2y 122 Y]
I = /dx/ dy/ dz (1 — x)ty*? (1 — y)™2 293 (1 — 2 3( -+ )
0 0 0 r(l—x) y(l—y)

e — use Mellin-Barnes representation at the momentum level

e we obtain integrals like

L[ TP (-5 (s )T 1-9IP 254 HTE+s T+ N o)
1= S F'(4—25+¢&)T (3425 + N — 2)

2mi

—100



these contour integrals can me mapped on a linear combination of hypergeometric ,F’s

containing also half-integer values, e.g.:

1 3 3 1
I —56,—563—¢,N—¢,—5 — 56
2 = sl 9 N 3, N 9 11 31

‘|‘7—€,§‘|‘?—€, —& —1—=35¢

— expand in €
perform infinite sums, new classes of sums contribute, e.g.:

=1 =1 = 1T(2n) T (n+ N
S-SV o), 3 gt sV ), Y e

n=2

Sl (TL)

n=2 n=32

— potential for new mathematical structures in the results
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First Results

e Flavor non-singlet contributions:

Vector current

NS _ ooq2 (12853 6405, 1285 N 8 (5IN® 4 153N® + 57TN* 4+ 35N® + 96 N? + 16N — 24)

Tag I W o7 27 2TN3(N + 1)3
agreement with [Gracey 1993; Moch, Vermaseren, Vogt 2004]

2
SBNS o 128 1024 64 256 (BN* +3N +2) 320 g 640
“90.Q FCF{ o7 91T g BT g T Ty B T g 20 T g
8 (3N* + 6N3 + 4TN? + 20N — 12) 1856 19424
2 2 CQ + SQ - Sl
2TN?(N +1) 81 729

4 (417N® + 1668N7 — 4822N°® — 12384 N° — 6507N* + T40N? + 216 N? + 144N + 432)
T29N4(N + 1)

12853 6405, 1285, = 8 (17TN?+17N —38)
. ~(2), TR __ 2 3 2 1
Transversity  Ya = CrTF { 9 21 21 | ON(N+1)

agreement with [Gracey 2003]

TR gL 1 T O JONE - FOS T
A4q,Q CrTF { o7 S4 o7 (351 + 9 SaC2 + 9 (3 o7 1G2 TR
8 1856, 19424 , 4 (139N* 4+ 278N® — 101N? + 48N + 144)
+—Co+ ——52 — S1 — 5
9 81 729 243N2(N + 1)

e Pure Singlet contribution: all pole terms summed
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6. Conclusion

We computed the O(a?)NpT# contributions to all the OMEs A;; which contribute to the
nucleonic structure function Fy(z, @Q?) and transversity for general values of the Mellin
variable V.

This computations constitute first complete expressions for one color factor to the heavy
flavor Wilson Coefficients for Fy(z, Q%) at O(a?). The Wilson Coefficients LqP(i o and LCSIQ’Q

are now completly known.

Along with the computation of the massive OMEs we obtained the corresponding parts of
the 3-loop anomalous dimensions and confirmed analytically results given in the literature,
partly for the first time.

The method used provides most compact results underlining the strength of the approach
relying on the use of generalized hypergeometric and related functions combined with

modern summation methods.

First results (NS, PS) have been obtained for the O(a?)T2 terms resulting from the graphs

with two massive lines.
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