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Quantum Modularity Modular forms

Modular forms

Definition
A modular form ϕ(τ) of weight k, multiplier system χ with respect to the
group Γ is a holomorphic function ϕ : H → C which satisfies

ϕ|k,χ(τ) = ϕ(τ), γ ∈ Γ

A cusp form is a modular form with Fourier expansion ϕ(τ) =
∑
n>0

c(n)qn,

q = e2πiτ .

The weight-k slash operator is defined as

ϕ|k,χ(τ) = (cτ + d)−kχ(γ)−1ϕ(γτ), γ ∈ Γ

where the action of Γ on H is given by fractional linear transformations and
the multiplier system is a map χ : Γ→ S1. From now on, Γ = SL(2,Z).
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Quantum Modularity Strong quantum modular forms

Quantum Modular Forms

[Zagier (2010)]

• QMFs are defined at the boundary of H (Q ∪ {i∞})
• QMFs are neither analytic nor Γ-covariant functions

A quantum modular form of weight k and multiplier χ with respect to Γ
is a function Q : Q→ C such that for every γ ∈ Γ the function
pγ(x) : Q\{γ−1(∞)} → C,

pγ(x) := Q(x)−Q|k,χγ(x) ,

has a better analytic behavior than Q(x).
The function γ 7→ pγ is a cocycle on Γ (i.e. pγ1γ2 = pγ1 |k,χγ2 + pγ2).
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Quantum Modularity Strong quantum modular forms

Strong QMFs

[Zagier (2010)]

A strong quantum modular form is a function Q which associates to
each element x ∈ Q a formal power series over C, so that the identity

pγ(x+ it) = Q(x+ it)−Q|k,χγ(x+ it) , t→0+ , γ ∈ Γ

holds as an identity between countable collections of formal power series.

The formal function Q might extend to a globally defined
function Q : (C \ R) ∪Q→ C
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M3 invariants WRT invariants

Witten-Reshetikhin-Turaev invariant

[Witten (1988)], [Reshetikhin-Turaev (1990)]

Consider the 3d SU(2) Chern-Simons theory, whose partition function is

ZCS(M3; k) =

∫
A
DAe

i(k−2)
4π

∫
M3

Tr(A∧dA+ 2
3A∧A∧A)

where k ∈ Z denotes the (shifted) Chern-Simons level.

ZCS(M3; k) : Q→ C was proven to be a topological invariant, known as the
Witten-Reshetikhin-Turaev invariant (WRT).

ZCS(M3; k) is an example of strong quantum modular form.
[Lawrence, Zagier (1999)]
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M3 invariants Homological blocks

6d N = (2, 0) SCFT

[Gukov, Putrov, Vafa (2016)], [Gukov, Pei, Putrov, Vafa (2017)]

A1 6d N = (2, 0)
on M3 ×D2 ×q S1

Supersymmetric three-dimensional
gauge theory T [M3]

Topological Quantum Field Theory

−→ Three-dimensional Chern-Simons
theory on M3

The supersymmetric index of T [M3] is the homological block

Ẑa(τ) = Z(D2 ×q S1;Ba) =
∑

i∈Z+∆a
j∈Z

(−1)jqidimHi,ja
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M3 invariants Homological blocks

Plumbed 3-manifolds

A plumbed 3-manifold M3(G) is
determined by a weighted simple
graph (V,E, α), which represents
Dehn surgery on the framed link
L(G).

M3(G) is equivalently described by an adjacency matrix M , a square matrix
of size |V | with entries

Mvv′ =


α(v) if v = v′

1 if (v, v′) ∈ E
0 otherwise

(Francesca Ferrari – SISSA) QM of M3-invariants 10 / 26



M3 invariants Homological blocks

Plumbed 3-manifolds

M induces a non-degenerate symmetric bilinear pairing on TorH1(M3,Z)(
TorH1(M3,Z) , x 7→ −(x,M−1x) + Z

)
where TorH1(M3,Z) = Z|V |/MZ|V | when b1(M3) = 0.

M3 is a weakly negative plumbed
manifold if M−1 is
negative-definite when restricted to
the subspace generated by
high-valency vertices.
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M3 invariants Homological blocks

SU(2) Homological Blocks

[Gukov, Pei, Putrov, Vafa (2017)], [Gukov, Manolescu (2019)]

For a weakly negative plumbed three-manifold M3 and gauge group SU(2)

the homological block Ẑa(M3; τ) is

Ẑa(M3; τ) := (−1)πq
3σ−

∑
v∈V α(v)

4 ×

× vp
∏
v∈V

∮
|yv|=1

dyv
2πiyv

(
yv − yv−1

)2−δv
ΘM
a (τ, z)

where q = e2πiτ , yv = e2πizv and the label a can be identified with elements
of the set of Spinc(M3)/Z2. The theta function reads

ΘM
a (τ, z) =

∑
n∈2MZ|V |+a

q−
nTM−1n

4 e2πizTn.

where a ∈ (2Z|V | + δ)/(2MZ|V |) and δv = deg(v).
(Francesca Ferrari – SISSA) QM of M3-invariants 12 / 26
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M3 invariants Homological blocks

SU(2) Homological blocks

[Gukov, Pei, Putrov, Vafa (2017)]

The radial limit, taking τ ∈ H to the boundary of the upper-half plane,
relates the homological blocks to the WRT invariants

ZCS(M3; k) = (i
√

2k)−1
∑

a,b∈(Z|V |/MZ|V |)/Z2

e2πikλ(a,a)Xab lim
τ→ 1

k

Ẑb(M3; τ),

where λ(a, b) is the linking pairing on H1(M3,Z) and the matrix X has as
elements

Xab =
e2πiλ(a,b) + e−2πiλ(a,b)

|Wa|
√
|DetM |

.

where Wa = StabZ2
(a).
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M3 invariants Homological blocks

Homological blocks - False thetas

[Cheng, Chun, Ferrari, Gukov, Harrison (2018)], [Bringmann, Mahlburg, Milas (2018)]

The quantum invariants Ẑa(M3; τ) are given by

q−cẐa(M3; τ) =
∑
r∈S

Ψm,r(τ) + p(τ)

where p(τ) is a polynomial, c ∈ Q, S is a subset of Z/2mZ.

The function Ψm,r(τ) is a false theta function

Ψm,r(τ) := ϑ̃1
m,r(τ) =

∑
`∈Z

`=r mod 2m

sgn(`) q`
2/4m

ϑ1
m,r is the weight 3/2 unary theta function

ϑ1
m,r(τ, z) =

1

2πi
∂zϑm,r(τ, z)|z=0 =

∑
`∈Z

`≡r (2m)

`q`
2/4m
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M3 invariants Homological blocks

Holomorphic Eichler integral

[Lawrence, Zagier (1999)]

The holomorphic Eichler integral of a weight w cusp form g(τ) is defined
as

g̃(τ) :=
∑
n≥1

c(n)n1−wqn ,

where the coefficients c(n) are the Fourier coefficients of g(τ) and w ∈ 1
2Z.

Holomorphic Eichler integrals were first constructed to describe the
(w − 1)-fold primitive of a weight w ∈ Z cusp form g(τ). For integral weights
g̃(τ) can be expressed as

g̃(τ) =

∫ i∞

τ

dτ ′
g(τ ′)

(τ ′ − τ)2−w , τ ∈ H
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M3 invariants Homological blocks

Radial Limit

[Lawrence, Zagier (1999)], [Cheng, Chun, Ferrari, Gukov, Harrison (2018)]

A false theta function does not transform nicely under the modular group,
however its radial limit define a strong quantum modular form Q(x)

Q(x+ it) = lim
t→0+

Ψm,r(x+ it) ,

where τ = x+ it with x ∈ Q and t ∈ R+.

The radial limit of false theta functions reproduces the WRT invariants −→
topological information of M3 can be easily extrapolated.
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M3 invariants Homological blocks

M3 −→ −M3

• Q: What happens in the lower half-plane?

• Q: What is Ẑa(−M3; τ) for a weakly positive definite 3-manifolds?
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M3 invariants Homological blocks

M3 −→ −M3

• Q: What happens in the lower half-plane?

• Q: What is Ẑa(−M3; τ) for a weakly positive definite 3-manifolds?

◦ The Ohtsuki series obeys

ZCS(−M3; k) = ZCS(M3;−k), k →∞

◦ Ẑa(−M3; τ) is expected to be a holomorphic function on H with
well-defined q-expansions and integral coefficients.

(Francesca Ferrari – SISSA) QM of M3-invariants 18 / 26



M3 invariants Homological blocks

Mock modular forms

[Zwegers (2008)]

A mock modular form f(τ) of weight k is a holomorphic function
f : H → C, whose completion

f̂(τ) = f(τ) + g∗(τ)

transforms like a modular form of weight k, f̂ |k,χγ(τ) = f̂(τ).
The shadow, g(τ), is a holomorphic modular form of weight 2− k and

g∗(τ) :=

∫ i∞

−τ̄
(τ ′ + τ)−kg(−τ̄ ′) dτ ′

The non-holomorphic Eichler integral g∗ transforms as

g∗(τ)− g∗|k,χγ(τ) =

∫ i∞

−γ−1(i∞)

g(τ ′)(τ ′ + τ)−kdw.
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M3 invariants Homological blocks

Non-holomorphic Eichler integral

[Lawrence, Zagier (1999)], [Bringmann, Rolen (2015)]

Consider the non-holomorphic Eichler integral g̃∗ : H− → C

g̃∗(τ) :=

∫ i∞

τ̄

(τ ′ − τ)−kg(τ ′) dτ ′

The two Echler integrals g̃∗ and g̃ agree to infinite order at any x ∈ Q, so that
for t > 0

g̃(x+ it) ∼
∑
n≥0

αnt
n, g̃∗(x− it) ∼

∑
n≥0

αn(−t)n

H

H−

g̃(x+ it)

g̃∗(x− it)

Q(x)
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M3 invariants Homological blocks

Mock modular forms

[Griffin, Ono, Rolen (2013)], [Choi, Lim, Rhoades (2016)]

One of the distinctive features of mock theta functions is the infinite number
of exponential singularities at roots of unity.

There is a collection of weakly holomorphic modular forms {Gj}nj=1 such that
(f −Gj) is bounded towards all cusps equivalent to xj .
Given a choice of {Gj}nj=1, f(τ) defines a quantum modular form

Q(x) := lim
t→0+

(f −Gx)(x+ it),

Given a mock modular form f(τ) whose shadow is a cusp form g(τ) and g̃(τ)
is its Eichler integral, then f(τ) and g̃(τ) have the “same” asymptotic series at
x ∈ Q

(f −Gx)(−x+ it) ∼
∑
n≥0

αx(n)(−t)n, g̃(x+ it) ∼
∑
n≥0

αx(n)tn.
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M3 invariants Homological blocks

Mock-False Conjecture

[Cheng, Chun, Ferrari, Gukov, Harrison (2018)]

Mock-False Conjecture

If the homological block q−cẐa(M3; τ) =
∑
r∈S Ψm,r is a false theta function

for some c ∈ Q, then

qcẐa(−M3; τ) =
∑
r∈S

fm,r(τ)

is a mock theta function, whose shadow is a linear combination of the weight
3/2 unary theta series ϑ1

m,r(τ).

See also the more recent works
[Gukov, Manolescu (2019)], [Cheng, Ferrari, Sgroi (2019)], [Cheng, Sgroi (20xx)]

(Francesca Ferrari – SISSA) QM of M3-invariants 22 / 26



M3 invariants Homological blocks

A little summary
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M3 invariants Homological blocks

SU(2|1) Homological Blocks

[Ferrari, Putrov (20xx)]

The homological block associated to M3(G) with trivial H1(M3,Z) and for
gauge group SU(2|1) is

Ẑsl(2|1)(M3; q) := (−1)πq
(3σ−TrM)

2 (ρ,ρ)×

×
∮ ∏

v∈V

dxv
2πixv

dyv
2πiyv

(D̃sl(2|1)(x,y))2−deg(v) ΘM (τ,x,y)

D̃sl(2|1) is the super Weyl denominator and the theta function reads

ΘM (τ,x,y) =
∑

`1,`2∈MZ|V |
q−(`1,M

−1(`1−`2))
∏
v∈V

x`1,vv y`2,vv

The invairant is defined when −M−1 is weakly copositive.
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M3 invariants Homological blocks

Eisenstein series and strong QMFs

[Ferrari, Putrov (20xx)], [Bettin, Conrey (2013)]

The homological block associated to the 3-sphere turns out to be

Ẑ(S3; τ) = −1 + 2
∑
n≥1

d(n)qn = −1 + 2q + 4q2 + 4q3 + 6q4 + . . .

where d(n) is the number of positive integer divisors. In terms of the weight 1
holomorphic Eisenstein series

Ẑ(S3; τ) = −(1 + E1(τ))/2, E1(τ) := 1− 4
∑
n≥1

d(n)qn

In the limit τ → it, t→ 0+,(
E1(τ)− 1

τ
E1(−1/τ)

)
|τ→0+ = −4

log(2πt)− γ
2πit

− 4i

π

N∑
n=2

ζ(n)Bn
n

tn−1 +O(tN )

the rhs defines a period function pS(t), which extends to an analytic function
on C′ = C \ (−∞, 0], the slit complex plane.
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Conclusion

Some open questions

3-manifold invariants
• higher rank gauge groups • more complicated 3-manifolds
• connection to logarithmic VOAs • homological blocks for supergroups
• other works on Kashaev invariants

QMFs

• turn out to be useful to extract topological information

• hint at a hidden modular structure

Where else will we find QMFs ?

Thanks
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