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Numerical techniques ? 
•  Discuss only problems relevant to next‐to‐next‐to‐leading  order and higher 
•  For next‐to‐leading order techniques refer to talk by F. Tramontano 
•  What counts as a numerical approach ? 

Plan 

I.   Virtual correc6ons 
1)  Sector Decomposi6on + contour deforma6on 
2)  Mellin‐Barnes representa6ons + contour deforma6on 
3)  Differen6al equa6ons 

II.  Real correc6ons 
1)  SecToR Improved Phase sPacE for Real Radia6on 
2)  Non‐linear variable transforma6ons   



A view on higher order calcula6ons 

“In  computer  programming,  the  technique  of  choice  is  not  necessarily  the  most 
efficient, or elegant, or fastest execu6ng one. Instead, it may be the one that is quick 
to implement, general, and easy to check.” 

Numerical Recipes: The Art of Scien6fic Compu6ng 

•  Main problem: integra6on over singular integrands 
•  Two types of singulari6es: 

1.  regularized, but actual – Laurent expansions in the dimensional regulariza6on 
parameter 

2.  non‐regularized, but integrable – Minkowski region thresholds 
•  Two types of problems: 

1.  virtual correc6ons 
2.  real correc6ons 



Virtual correc6ons 
(integrable singulari6es) 



Sector Decomposi6on 
Historical development of the method: 

T. Binoth, G. Heinrich ’00 – sector decomposi6on for virtual graphs 
Z. Nagy, D. Soper ’06 – contour deforma6on for one‐loop graphs 

Progress in numerical evalua6on: 

Ch. Anastasiou, S. Beerli, A. Daleo ’07 

Not discussed: sector decomposi6on basics – see talk by J. Carter 



Sector Decomposi6on 
Generali6es: 

•  Feynman parameteriza6on of integrals 

•  afer sector decomposi6on 

•  while singulari6es in ε almost explicit, integra6on problems due to singulari6es inside the 
integra6on region 

•  contour deforma6on inducing the same imaginary part as –iδ at small λ avoids problems 

•  star6ng point for the extrac6on of singulari6es 

polynomials 

explicit singularity sources 



Sector Decomposi6on 
Generali6es: 

•  change of variables 

•  extrac6on of singulari6es 

•  ready for numerical evalua6on 



Sector Decomposi6on 
Example: mul6scale vertex graph 



Sector Decomposi6on 
Available sofware: 

FIESTA2 (Smirnov, Smirnov, Tentyukov ‘09) 
sector_decomposi4on (Bogner, Weinzierl ’07) 
CSectors (Gluza, Kajda, Riemann, Yundin ’10) – interface to sector_decomposi6on 
SecDec (Carter, Heinrich ‘11) – SOON WITH CONTOUR DEFORMATION 



Mellin‐Barnes Representa6ons 
Historical development of the method: 

M.C. Bergere, Y.‐M.P. Lam ’74 – Mellin transforms and related techniques for Feynman integrals 
N.I. Ussyukina ‘75, A.I. Davydychev ’89 – analy6c evalua6on of two‐loop graphs 
V.A. Smirnov ‘99, J.B. Tausk ’99 – resolu6on of singulari6es 

Progress in numerical evalua6on: 

A. Freitas, Y.‐C. Huang ‘10 

Not discussed: resolu6on of singulari6es – implemented in automated packages 



Mellin‐Barnes Representa6ons 
Example: a general one‐loop graph (in Feynman parameteriza6on) 

•  Split addi6on signs with 

•  Integrate 

•  Generalize to arbitrary loops 



Mellin‐Barnes Representa6ons 
Example: the sunrise graph at two‐loops 

•  Analy6c con6nua6on needed in ε 

•  Numerical integra6on possible due to the behaviour of gamma func6ons 

•  Problems may be caused by kinema6c invariants 



Mellin‐Barnes Representa6ons 
Example: the sunrise graph at two‐loops 



Mellin‐Barnes Representa6ons 
Idea of Freitas & Huang: 

cancel the exponent 

•  Generaliza6on for many variables: 

•  Transforma6on applied only to r 



Mellin‐Barnes Representa6ons 
Example: the sunrise graph at two‐loops 



Mellin‐Barnes Representa6ons 
Example: two‐loop non‐planar box graph with massive lines 

k2

p3

×(k2 · p3)
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Kinema6c point near threshold 
(there is no singularity here, though) 

•  Result of a numerical integra6on of a 7‐fold Mellin‐Barnes representa6on 

•  Error es6mates for real and imaginary parts of higher dimensional integra6ons 

•  For comparison: high precision result from differen6al equa6on integra6on (next method) 



Mellin‐Barnes Representa6ons 
Available sofware: 

hup://projects.hepforge.org/mbtools/ ‐ tools for Mellin‐Barnes integrals 

MB.m (MC ‘05) – numerical integra6on SOON WITH CONTOUR DEFORMATION 
MBasympto4cs.m (MC ‘06) 
MBresolve (Smirnov, Smirnov ’09) 
AMBRE.m (Gluza, Kajda, Riemann ’07) 
barnesrou4nes.m (Kosower ‘07) 



Differen6al Equa6ons 
Example of a special func6on: the hypergeometric 2F1 func6on 

•  Differen6al equa6on defining the analy6c con6nua6on 

•  System of equa6ons parameterized with a straight line 



Differen6al Equa6ons 
Example of a special func6on: the hypergeometric 2F1 func6on 



Differen6al Equa6ons 
Example of a Feynman diagram calcula6on: virtual correc6ons in top quark pair produc6on 

•  Computa6onal complexity in the quark channel 

•  Computa6onal complexity in the gluon channel 

•  Convergence of a series expansion around the small mass limit in the quark channel 

190 diagrams 
2812 integrals 
145 master integrals 

726 diagrams 
8676 integrals 
422 master integrals 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Differen6al Equa6ons 
Example of a Feynman diagram calcula6on: virtual correc6ons in top quark pair produc6on 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Differen6al Equa6ons 
Example of a Feynman diagram calcula6on: virtual correc6ons in top quark pair produc6on 

Ferroglia, Neubert, 
Pecjak, Yang ‘09 

Bonciani, Ferroglia, Gehrmann, 
von Manteuffel, Studerus ‘10 

MC, Bärnreuther, in prepara6on 

gluon channel result 



Differen6al Equa6ons 
Example of a Feynman diagram calcula6on: virtual correc6ons in top quark pair produc6on 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•  The original idea to integrate numerically a system of differen6al equa6ons for Feynman 
integrals stems from Czyz, Caffo, Remiddi ‘02 

•  Differen6al equa6ons are obtained by reduc6on of the deriva6ves of the masters 

•  They require expansion in ε for numerical evalua6on 

•  The boundary condi6ons are obtained from the series expansion at small mass 

•  Values at arbitrary points are obtained by integra6ng the system of differen6al equa6ons 
using contours in the complex plane in the mass and in the Mandelstam t variable 

•  In prac6ce a professional Fortran system, ODEPACK (ZVODE), is used 

•  It is possible to include any fixed numerical precision by using available packages or na6ve 
quadruple precision of Fortran compilers 

•  High numerical precision is needed due to cancella6ons 



Differen6al Equa6ons 
Example of a Feynman diagram calcula6on: virtual correc6ons in top quark pair produc6on 

•  Singulari6es of the differen6al equa6ons in the quark channel 



Differen6al Equa6ons 
Example of a Feynman diagram calcula6on: virtual correc6ons in top quark pair produc6on 

•  Efficiency in the quark channel 



Differen6al Equa6ons 
When is the method useful ? 

•  When differen6al equa6ons can be derived, which may be a problem with many‐scales 
computa6ons, thus the primary use is for one‐ and two‐scale applica6ons 

•  When boundary condi6ons can be obtained, which is ofen possible with the help of 
diagramma6c expansions, but can some6mes require other methods, such as expansion of 
Mellin‐Barnes representa6ons in the top quark pair produc6on case 

Main advantage: 

•  high precision reachable in contrast to high dimensional Monte Carlo integra6on 

Available sofware: 

hup://www.netlib.org/odepack/ 
hup://www.netlib.org/ode/zvode.f 



Real correc6ons 
(true singulari6es) 



Subtrac6on Schemes 

analy6c integra6on ? 

In this talk: progress at NNLO 

massless ini6al 
state 

massless final state to be 
integrated over unresolved 
configura6ons 

arbitrary final state with 
resolved configura6ons 



Subtrac6on Schemes 
•  NLO 
  1) Catani‐Seymour (smooth interpola6on between limits, remapping 
       of phase space allows for arbitrary phase space generators) 
  2) FKS (Frixione‐Kunszt‐Signer) (decomposi6on of phase space 
       according to collinear singulari6es, energy‐angle parameteriza6on, 
       residue subtrac6on) 
•  NNLO general and successful 
   1) Sector Decomposi6on (Binoth,Heinrich ’04, Anastasiou,Melnikov,Petriello ‘05) 

    2) Antenna Subtrac6on (Gehrmann De‐Ridder, Gehrmann, Glover ’05) 

•  NNLO special for colourless par6cles – Catani, Grazzini ’07 
•  NNLO in the making (main problem ‐ integra6on of subtrac6on terms) 
   1) “generalized” Catani‐Seymour – Weinzierl ’03 (many others unfinished) 

   2) “generalized” FKS – Somogyi, Trocsanyi, Del Duca ’06  
   3) “new stuff with variable change” ‐  Anastasiou, Herzog, Lazopoulos ‘10 

     STRIPPER (SecToR ImProved Phase space for real Radia6on) MC ‘10 



STRIPPER Ideas 
 About the phase space: 

1.  parameteriza6on of the massless system with energies and angles modified 
 to allow for a descrip6on of all collinear singular configura6ons with only two 
 variables 

2.  level 1 decomposi6on into sectors allowing for only one type 
 of collinear singulari6es 

3.  level 2 decomposi6on into sectors defining the order of singular limits 

About the subtrac6on terms: 

1.  Subtrac6on at the endpoint derived from known sof and collinear limits of 
QCD amplitudes 

2.  No analy6c integra6on of the subtrac6on terms 



Cross Sec6ons for Top Produc6on 



Cross Sec6ons for Top Produc6on 



Phase Space 

all collinear limits with only 
two variables 



Level 1 Decomposi6on 
most difficult  non‐trivial only because 

of sof‐collinear divergences 

trivial, because NLO type 
auach to first sector (contains same divergences) 

general case 

top quark pair produc6on 

p1 

triple collinear 

double collinear 

collinear‐singular 
configura6ons at NNLO 



Level 2 Decomposi6on 

Example from S1I 

s156 = −β2(η̂1ξ̂1 + η̂2ξ̂2 − β2ξ̂1ξ̂2η3)

−1
2
β2η1ξ1

(
2 + η2ξ2ξ̄2 − 2β2ξ1ξ2η31ξ̄2

)

triple‐collinear sector 

remove II & III in the 
double‐collinear sector  



Subtrac6on Terms 

apply four 6mes 



Subtrac6on Terms 

Example: 



Summary for STRIPPER 
Applica6on domain: any NNLO correc6ons ? 



Non‐linear variable transforma6ons 
Ch. Anastasiou, F. Herzog, A. Lazopoulos ’11 

Idea: factorize singulari6es with non‐linear remappings 

Advantage: reduces the number of integrals in comparison to sector decomposi6on 

Examples: 



Non‐linear variable transforma6ons 

Successfully applied to top quark pair produc6on topologies 

Example: 



Conclusions 



Conclusions 
•  We have reached a point, where numerical techniques exist that provide integrands, 
which can be integrated with standard integra6on sofware 

•  Numerical approaches will  certainly  remain  the best  tes6ng tool, because  they are 
usually more foolproof than complicated analy6cal calcula6ons 

•  Will we  turn  to  numerics  for  problems without  special  enhancements  (once  large 
logs have been eliminated) ? 

sociology/psychology at play 


