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Elementary example of exact effective-Hamiltonian computation
Stanistaw D. Glazek
Institute of Theoretical Physics, Faculty of Physics, Unwversity of Warsaw

An exact computation of effective Hamiltonians in an elementary model akin to
quantum field theory is carried out by solving equations of the renormalization
group procedure for effective particles (RGPEP) [1]. The computation exhibits the
mechanism by which the weak-coupling expansion and Tamm-Dancoff approxima-
tion increase in accuracy along the RGPEP evolution. The model computational
pattern can be followed in perturbative computations of effective Hamiltonians in

realistic theories.

[1] SDG, Phys. Rev. D 103, 014021 (2021).
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Mptivation
e goal: presenting a universal method for computing effective Hamiltonians in QF'T
e method: renormalization group procedure for effective particles (RGPEP)
e result: Tamm-Dancoff and PT increase in accuracy along the RGPEP evolution

Model computation exhibits the RGPEP method without clutter.
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Derivation of the model
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Canonical Yukawa theory Hamiltonian
Hpp = Hy + Hy + Hyp, + [other terms|
pr=p"xp"  pP=pp —pP=m’ p~ = (m® +p*?)/p*
2, 12 2 12
m°—+p po+p
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Model simplifications

fermion mass m > A  —  one fermion and many bosons

boson mass p > A —  boson-fermion relative motion |l; | < AL p
small-k boson states replaced by one, static mode with Ej, = i

U Uy — 2m etc.

Model Hamiltonian Hpr = Hy + H, + Hp + [other terms]
—  Huodad = Efb'b+ Eya'a + gErbl(a' + a)b

{b,b'} =1, [a,a’]=1 etc (many ways to solve)
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The RGPEP equation

2

introduce t = s*, a scale parameter, s ~ size of effective quanta, [s] ~ 1/F

by = U, bZ/{;r ar = U, aZ/{;r etc.

b=1by, a=ay etc. 0=t=s?<« point-like quanta of canonical Yukawa theory

by, a; etc. 0 <t = s? < the effective quanta

Hopode = Ey bTb+EbaTa+gE[bT(aT+a)b - H, = Z Ck:lmn ka bl ;rm n
k,l,mn=0

d
%Ht — [[Hf + Hb’ Ht] ;%t] and CHOO COOll Clll() CllOl EI
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Solution of the RGPEP equation in the model

Huyodd = Epblb + EBya'a +gErbi(al +a)b

Hy = (E; + ¢2A) bib + Eyalas + gi Erdl(al + a,)b,

a; = a+ ¢ bib by = et (@ =p ¢ = (9—9)E1/Ey

g = ge Bt A, = (1—eBYE2/E,
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spectral decomposition at ¢t — oo Hyo = FErermion blobOO + E aloaoo
FEtermion = limy_yo0 (Ef + g?At) Erybosons = Nk Btermion = By — 9% B} /By,
Efermion—i—n bosons — Efermion + nEb Joo = 0

|fermion) = b[_|0) |n bosons) = 10)

\/_ OO
1
|fermion + n bosons) = al"v!_|0)

\/_ OO 0

bl = e 9B =)yt al. = al + g(E;/E,) b'b

o
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Weak-coupling expansion power series in gy

2
gt = ge gt

example of expansion

. 1 1 /1 ?
|fermion) = N |b]|0) — E;gtE] albl]0) + 5 (—gtE1> alalb]|0)

3
Eb + O(gt)

lim g =0
t—00
Accelerated convergence for growing size of effective particles

gy = ge_t(Ef+b_Ef)2 — ge_t2(M?+b_m?f)2
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Tamm-Dancoff approximation limit the number of Fock components

1
[fermionTp) = x4 bl\O) + Ty albl]O} + —T alzbﬂO}

V2
Hrpplfermionrp) = Epp|fermionrp)

How many effective bosons are needed?

<Nt> = <fermion|aiat|fermion> == gt2 — gt20 62E§(t0_t)

gi, corresponds to effective bosons of size sy = \/tp = 1/E}, examples with E; = E,
g =1/2 g =1/4 ar~1/4
g, = 1 gfo =1 convergence radius for geometric series in g

Gty = 2 gtz0 =4 potentially non-perturbative dynamics stglazek@fuw.cdu pl
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Accuracy of the weak-coupling and Tamm-Dancoff approximations
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Concluding remarks concerning QFT

thanks to Maria Gomez-Rocha, Kamil Serafin, Sebastian Dawid, Jai More

—

. Some terms in Heg order g% and ¢* are known in QED and QCD AF
2. 4th-order terms are only known in models two loops
3. Phenomenology of heavy-quarkonia (QCD + gluon mass) oscillator potential
4. Regularization and the vacuum problem (small z) pt > e’

5. Poincaré symmetry, quantum mechanics and QFT
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U =1+ [eCt (al=a) _ 1} b
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Tamm-Dancoff approximation limit the number of Fock components

1
|[fermionTp) = 2y bI\O) + Ty aib}]O) + —T aizbﬂO}

V2

Hrpplfermionrp) = Epp|fermionrp)

hg,g h271 0 T2 T2
h1,2 hl,l hl,O Ty | — Erp L1
| 0 hop hop | | 2o | | Tio |
1 m nyt
hopn = ——=(0|b;a;" Hya; " b;|0) m,n < 2
min!

Erp=E;+ ¢ Ni+zE, = (2-z)(1—2)r+a(2—32)=0
r=n-+ oy Erpn = Efermion + nEp Qr = (gtEf/Eb)2
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