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Hadrons and atoms have unexpected similarities

Can the first-principles bound state methods of QED be applied to QCD?

This is a real possibility!
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QED: e+e– atoms

Similarity of atomic and hadronic spectra
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Adapted from presentation by J. Ritman (2005)
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Quarkonia are like atoms with confinement
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“The J/ψ is the Hydrogen atom of QCD”
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Non-relativistic bound states

QCD: bb̅, cc̅ quarkonia
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 3Light quarks: relativistic bound states

3 15. Quark Model

Table 15.2: Suggested qq̄ quark-model assignments for some of the ob-
served light mesons. Mesons in bold face are included in the Meson Sum-
mary Table. The wave functions f and f

Õ are given in the text (Eqn. 15.9).
The singlet-octet mixing angles from the linear mass formula (15.12) and
its quadratic version (in which the masses are squared) are also given for
the well established nonets. The classification of the 0++ mesons is ten-
tative: the light scalars a0(980), f0(980), f0(500) and K

ú
0 (700) are often

considered to be four-quark states, and are omitted from the table, see Eqn.
(15.26) below. The isoscalar 0++ mesons f0(1370), f0(1500) (not shown)
and f0(1710) are expected to mix, see the “Note on Non-qq̄ mesons” and
the “Note on Scalar Mesons below 2 GeV” in the Meson Listings for de-
tails. The isoscalar assignments in the 21

S0 (0≠+) nonet are also tentative.
The ÷(1405) (not shown) and ÷(1475) may be manifestations of the same
state, see the “Note on Pseudoscalar and Pseudovector Mesons in the 1400
MeV Region” in the Meson Listings.
† The 1+± and 2≠± isospin 1

2 states mix. In particular, the K1A and K1B

are nearly equal (45¶) mixtures of the K1(1270) and K1(1400) (see [2] and
references therein).
‡ The physical vector mesons may be mixtures of 13

D1 and 23
S1 [3].

n
2s+1

¸J J
P C I = 1 I = 1

2 I = 0 I = 0 ◊quad ◊lin
ud̄, ūd, us̄, ds̄; f

Õ
f [¶] [¶]

1Ô
2(dd̄ ≠ uū) d̄s, ūs

11
S0 0≠+ fi K ÷ ÷Õ(958) ≠11.3 ≠24.5

13
S1 1≠≠ fl(770) Kú(892) „(1020) Ê(782) 39.2 36.5

11
P1 1+≠ b1(1235) K1B

† h1(1415) h1(1170)
13

P0 0++ a0(1450) Kú
0(1430) f0(1710) f0(1370)

13
P1 1++ a1(1260) K1A

† f1(1420) f1(1285)
13

P2 2++ a2(1320) Kú
2(1430) f Õ

2(1525) f2(1270) 29.6 28.0
11

D2 2≠+ fi2(1670) K2(1770)† ÷2(1870) ÷2(1645)
13

D1 1≠≠ fl(1700) Kú(1680)‡ Ê(1650)
13

D2 2≠≠ K2(1820)†

13
D3 3≠≠ fl3(1690) Kú

3(1780) „3(1850) Ê3(1670) 31.8 30.8
13

F4 4++ a4(1970) Kú
4(2045) f4(2300) f4(2050)

13
G5 5≠≠

fl5(2350) K
ú
5 (2380)

21
S0 0≠+ fi(1300) K(1460) ÷(1475) ÷(1295)

23
S1 1≠≠ fl(1450) Kú(1410)‡ „(1680) Ê(1420)

23
P1 1++ a1(1640)

23
P2 2++ a2(1700) K

ú
2 (1980) f2(1950) f2(1640)

These mixing relations are often rewritten to exhibit the uū+dd̄ and ss̄ components which decouple
for the “ideal” mixing angle ◊i, such that tan ◊i = 1/

Ô
2 (or ◊i = 35.3¶). Defining – = ◊ + 54.7¶,

one obtains the physical isoscalar in the flavor basis

f
Õ = 1Ô

2
(uū + dd̄) cos – ≠ ss̄ sin – , (15.9)

1st June, 2020 8:28am

Valence quantum numbers Current quark Fock states

E.g., pion decay

Mesons have a sizeable
current qq̅ Fock component

Stan Brodsky

What prevents the strong color field from creating abundant qq̅, g constituents?

Valence Fock states govern quantum numbers and decays,
even for highly relativistic constituents.
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 4Perturbative expansion: Scattering vs. bound states

e+ e+

e– e–

Scattering amplitudes are
expanded around free states

Atoms are expanded around
an initial bound state

Positroniume⁺e⁻ → e⁺e⁻

Schrödinger wave functions for atoms Φin(α) are exponential in α

Their power corrections Φin(α)(1 + c₁α + c₂α² …) depend on Φin(α)

The perturbative expansion of bound states is not unique,
it depends on the choice of initial state.

Caswell & Lepage (1975)

+ … γ Φin(α)
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Instantaneous ( t = 0) interactions�

Gauge theories are an exception: 
Although their action is local, the gauge may be fixed non-locally

The lack of ∂₀A0 and ∇⋅A in LQED means that A0 and AL do not propagate

Feynman gauge fixing: LGF= (∂μ Aμ)2 adds the missing terms 
⇒ All gauge fields propagate, explicit Poincaré invariance

∇⋅A(t,x) = 0  (Coulomb gauge)

   A0(t,x) = 0  (Temporal gauge)
Instantaneous gauge interactions for

A qq̅ Fock state is bound by an instantaneous interaction.

Theories with a local action generally do not have instantaneous potentials.

Cf. the V(r) = – α/r potential of the NR Schrödinger equation.



 6Canonical quantization

<latexit sha1_base64="CbKd/MMSsJa2kLo8AULR8rfbJcw="></latexit>

⇡↵(t,x) =
@L(', @')

@[@0'↵(t,x)]

<latexit sha1_base64="Ari4LhmaUciyWxp1MXWyMSEkbUQ="></latexit>

['↵(t,x),⇡�(t,y)]± = i�↵��
3(x� y)

Conjugate field πα Commutation relations

A0 has no conjugate field, due to the absence of ∂₀A0 in LQED. 

Not a problem in temporal gauge: A0(t,x) = 0.

This determines  EL in terms of the charge distribution, and ensures 
that the states are invariant under t-independent gauge transformations.

r·

Choose temporal gauge.

A0(t,x) = 0 is preserved under time-independent 
gauge transformations, which are generated by

<latexit sha1_base64="AjXK/7K72HIAVF1sE6VnBHDTGC4="></latexit>

�SQED

�A0(x)
= @iE

i(x)� e † (x)

Physical states are required to satisfy the constraint:
<latexit sha1_base64="fM3PI3orgab4Hc3Ujx8MCaJRPNI="></latexit>

�SQED

�A0(x)
|physi = 0

Willemsen (1978)
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<latexit sha1_base64="fM3PI3orgab4Hc3Ujx8MCaJRPNI="></latexit>

�SQED

�A0(x)
|physi = 0

The classical, instantaneous field EL

is not an operator relation, it is a constraint on 

<latexit sha1_base64="iSPv0Ox1qHhNi/1u88qfqN1UFIs="></latexit>

�SQED

�A0(x)
|0i = 0 implies EL = 0 in the vacuum. No particles are created.

In temporal gauge the electric field EL is classical, not an operator.

EL can bind e+e– Fock states strongly, without pair creation. 

<latexit sha1_base64="XTZVT34jhCQ1wkscWacmo3CGsnA="></latexit>

|physi
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 8Fock state expansion for Positronium in A0=0 gauge

A perturbative expansion in α can start
from the |e+e–〉 Fock state, bound by 
its classical field EL :

��e+e�
↵

<latexit sha1_base64="wdn8vG7+RhVlXVTjbR4aqSSbEEc="></latexit>

e–

e+
EL

Each Fock component of  the bound state 
includes its particular instantaneous EL field.

This Fock expansion is valid in any frame,
and is formally exact at O(α∞).

Higher order corrections include states
with transverse photons and e+e– pairs,
as determined by HQED |e+e–〉

��e+e��
↵

<latexit sha1_base64="gfYubbcBiKhfI5eYlBtmrSkSvUU="></latexit>

AT

e–

e+
EL



 9Temporal gauge in QCD: Aa0 = 0

The instantaneous gauge constraint determines EL,a for all hadron Fock states:

@iE
i
L,a(x) |physi = g

⇥
� fabcA

i
bE

i
c +  †T a (x)

⇤
|physi

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

In QED we impose the boundary condition:  EL(x) → 0 for |x| → ∞

⇒  Each color component of the Fock state has EL,a (x) ≠ 0

Ei
L,a(x) |physi = �@x

i

Z
dy

h
x · y +

g

4⇡|x� y|

i
Ea(y) |physi

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

where Ea(y) = �fabcA
i
bE

i
c(y) +  †T a (y)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The homogeneous solution ∝ κ is the only one that is
compatible with invariance under space translations and rotations

In QCD EL,a (x) ≡ 0 for (globally) color singlet Fock states.



 10Including the κ ≠ 0 homogeneous solution for 

Ei
L,a(x) |physi = �@x

i

Z
dy

h
x · y +

g

4⇡|x� y|

i
Ea(y) |physi
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where Ea(y) = �fabcA
i
bE

i
c(y) +  †T a (y)
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The linear dependence on x makes EL independent of x, as required by
translation invariance: The field energy density is spatially constant.

The field energy ∝ volume of space is 
irrelevant only if it is universal.
This relates the normalisation κ of all 
Fock components, leaving an
overall scale Λ as the single parameter.

@iE
i(x) = 0

<latexit sha1_base64="Zvs4eV1DK1LbY42jytSyNkfR6o4="></latexit>

 6= (x,y)
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: this is a homogeneous solution of

Ei
L,a
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“Bag model without a bag”
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The potential energy HV ⌘

1
2

Z
dx

X

a

Ea
L ·Ea

L

<latexit sha1_base64="y/LnBf7mje5m9eVwAk0ubbh1JuI="></latexit>

Ea(y) = �fabcA
i
bE

i
c(y) +  †T a (y)
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Recall:

Gives translation invariant potentials for (globally) color singlet states

This potential is valid also for relativistic qq̅ Fock states,
in any frame

|q(x1)q̄(x2)i ⌘
X

A

 ̄A(x1) 
A(x2) |0i

<latexit sha1_base64="lbd4cESyhPMNRbzkf6zIWydHoAI="></latexit>

Vqq̄(x1,x2) = ⇤2|x1 � x2|� CF
↵s

|x1 � x2|

<latexit sha1_base64="I300IL8ktnl/KGseWtdyR290vOk="></latexit>

Cornell potential

Meson: 
<latexit sha1_base64="bl23Gb02JMATVIAoL23RyjcbToA="></latexit>

HV |qq̄i = Vqq̄ |qq̄i

<latexit sha1_base64="zsjFLaWu7gLZZ3FKZ2DHi75U6Fs="></latexit>

HV =

Z
dydz

n
y · z

h
1
2

2

Z
dx+ g

i
+ 1

2

↵s

|y � z|

o
Ea(y)Ea(z)



 12Baryon Fock state potential

Baryon: |q(x1)q(x2)q(x3)i ⌘
X

A,B,C

✏ABC 
†
A(x1) 

†
B(x2) 

†
C(x3) |0i

<latexit sha1_base64="e9hBTY25R2QOzW+tmTPBOuF/F4Q="></latexit>

Vqqq(x1,x2,x3) = ⇤2dqqq(x1,x2,x3)�
2

3
↵s

⇣ 1

|x1 � x2|
+

1

|x2 � x3|
+

1

|x3 � x1|

⌘

<latexit sha1_base64="P4FaT3OezJUk+2KpgueiTMZoqyw="></latexit>

dqqq(x1,x2,x3) ⌘
1p
2

p
(x1 � x2)2 + (x2 � x3)2 + (x3 � x1)2

<latexit sha1_base64="ICKqdX4LeMmtbzoRvEtuZmVSOjA="></latexit>

Analogous potentials are obtained for any quark and gluon Fock state,
such as qq̅g and gg.

When two of the quarks coincide the potential reduces to the qq̅ potential:
<latexit sha1_base64="ZuEHtliMMKMSJwA3W3dqbaZh6Vk="></latexit>

Vqqq(x1,x2,x2) = ⇤2|x1 � x2|�
4

3

↵s

|x1 � x2|
= Vqq̄(x1,x2)



 13Summary

The similarities of hadrons and atoms are unlikely to be “accidental”

Need to consider the principles of QED bound states 

Temporal gauge (A0 = 0) is advantageous for equal-time bound states

Perturbative expansion, starting from non-perturbative valence Fock states

The gauge constraint determines the classical, instantaneous EL field 
for each Fock component

A homogeneous solution of the gauge constraint gives confinement in QCD

Many features of hadrons thus obtained look promising & intriguing

PH 2101.06721v2
PH 2109.06257

Special thanks to Matti Järvinen, for valuable advice
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Back-up slides
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There is a difference between QED and QCD

Global gauge invariance allows a classical gauge field for neutral atoms,
but not a color octet gluon field for color singlet hadrons.

However: 
The classical gluon field is non-vanishing 
for each color component C of the state

Positronium (QED) Proton (QCD)

The blue quark feels the color field generated by the red and green quarks.

An external observer sees no field:
The gluon field generated by a color 
singlet state vanishes.

for all x

x1

x2 x1 x2

x3

EL(x) = � e

4⇡
rx

⇣ 1

|x� x1|
� 1

|x� x2|

⌘

<latexit sha1_base64="yvWb1AVaCEy8vLvkCLPFGv+UbCM="></latexit>

Ea
L(x) = 0

<latexit sha1_base64="GonsJmWpYjxzHy0U/fg0fHReGlY="></latexit>

Ea
L(x, C) 6= 0

<latexit sha1_base64="rRlHSklH6FP0Apf+TU+8R1TmypQ="></latexit>

X

C

Ea
L(x, C) = 0

<latexit sha1_base64="nkssEfvEXs9ZFQ4nmZbTkoi2NaU="></latexit>
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V (0)
qgq (x1,xg,x2) =

⇤2

p
CF

dqgq(x1,xg,x2)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

dqgq(x1,xg,x2) ⌘
q

1
4 (N � 2/N)(x1 � x2)2 +N(xg � 1

2x1 � 1
2x2)2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

V (1)
qgq (x1,xg,x2) =

1
2 ↵s

h 1

N

1

|x1 � x2|
�N

⇣ 1

|x1 � xg|
+

1

|x2 � xg|

⌘i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

V (0)
qgq (x1 = xg,x2) = ⇤2|x1 � x2| = V (0)

qq̄
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

When q and g coincide:

V (1)
qgq (x1 = xg,x2) = V (1)

qq̄
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(universal Λ)

The qgq ̅potential

A qq̅ state, after the emission of a transverse gluon:

|q(x1)g(xg)q̄(x2)i ⌘
X

A,B,b

 ̄A(x1)A
j
b(xg)T

b
AB B(x2) |0i

<latexit sha1_base64="4A47M1oNzVnscPPsuHznqAz2ZsM="></latexit>
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Vgg =

r
N

CF
⇤2 |x1 � x2|�N

↵s

|x1 � x2|
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

This agrees with the qgq̅ potential where the quarks coincide:

Vgg(x,xg) = Vqgq̄(x,xg,x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

It is straightforward to work out the instantaneous potential for any Fock state.

The gg potential

|g(x1)g(x2)i ⌘
X

a

Ai
a(x1)A

j
a(x2) |0i

<latexit sha1_base64="b7SFvYI2CKTLDh+oNwPNkMU5Bgk="></latexit>

A “glueball” component:

has the potential
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|Mi =
X

A,B;↵,�

Z
dx1dx2  ̄

A
↵ (t = 0,x1)�

AB�↵�(x1 � x2) 
B
� (t = 0,x2) |0i
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The bound state condition H |Mi = M |Mi
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gives, at

⇥
i�0� ·

!
r+m�0

⇤
�(x) + �(x)

⇥
i�0� ·

 
r�m�0

⇤
=

⇥
M � V (|x|)

⇤
�(x)

where x ≡ x1 – x2 and V(| x |) = V´| x | = Λ2| x | .

In the non-relativistic limit (m ≫ Λ) this reduces to the Schrödinger equation.
If we add the instantaneous gluon exchange potential:

The quarkonium phenomenology with the Cornell potential.⇒ 

   light qq ̅bound statesO
�
↵0
s

�
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 An                meson state with P = 0 and wave function Φ:O
�
↵0
s

�
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