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Overview

BLFQ-NJL Model and Applications

Pion DA & π→γ∗γ Transition Form Factor

π→γ∗γ∗ Transition Form Factor

Conclusions

CM, Nair, Jia, Zhao and Vary, Phys. Rev. D 104, 094034 (2021)

• Sreeraj Nair : Tuesday, Nov. 30 at 14:30, Parallel Session 1-B

• Jiangshan Lan : Thursday, Dec. 2 at 9:05, McCartor Award Session
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Basis Light-Front Quantization (BLFQ) Vary: Nov. 29 at 11:00; Zhao: Nov. 30 at 11:50

A computational framework for solving relativistic many-body bound state
problems in quantum field theories1

P−P+|Ψ〉 = M2|Ψ〉

• P− : light-front Hamiltonian

• P+ : longitudinal momentum

• |Ψ〉 mass eigenstate

• M2 : mass squared eigenvalue
for eigenstate |Ψ〉
• First-principles / effective

Hamiltonian as input

• Evaluate observables

O ∼ 〈Ψ|Ô|Ψ〉

• Direct access to light-front
wavefunction of bound states

GOAL

1
Vary, Honkanen, Li, Maris, Brodsky, Harindranath, et. al., Phys. Rev. C 81, 035205 (2010).
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Effective Hamiltonian : BLFQ-NJL Model

Heff =
~k⊥2+m2

q

x
+

~k⊥2+m2
q̄

1−x + κ4x(1− x)~r⊥2

+ κ4

(mq+mq̄)2
∂x
(
x(1− x)∂x

)
+ Heff

NJL

| π〉phys = a | qq̄〉 + b | qq̄g〉+ c | qq̄qq̄〉+ ...

kinetic energy transverse confining potential [2]

longitudinal confining potential [3]

Nambu–Jona-Lasinio (NJL) interaction [4]

1
Jia and Vary, Phys. Rev. C 99, 035206 (2019)

2
Brodsky, Teramond, Dosch and Erlich, Phys. Rep. 584, 1 (2015).

3
Li, Maris, Zhao and Vary, Phys. Lett. B 758, 118 (2016)

4
Klimt, Lutz, Vogl and Weise, Nucl. Phys. A 516, 429-468 (1990).
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Meson Light-Front Wave Functions (LFWFs)
• Valence LFWFs in orthonormal bases

ψrs(x,~κ
⊥) =

∑
n,m,l

〈n,m, l, r, s|ψ〉 × φnm
(
~κ⊥
)
χl(x)

• Transverse direction (2D-HO)

φnm
(
~κ⊥
)
∼
(
|~κ⊥|

)|m|
× exp

(
−~κ⊥2

)
L
|m|
n

(
~κ⊥2

)
; 0 ≤ n ≤ Nmax

• Longitudinal direction (Jacobi polynomial basis)

χl(x) ∼ xβ/2(1− x)α/2 P
(α,β)
l (2x− 1); 0 ≤ l ≤ Lmax

• Coefficients 〈n,m, l, r, s|ψ〉 : eigenvector in BLFQ basis representation.

2
Li, Maris, and Vary, Phys. Rev. D 96 , 016022 (2017)
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BLFQ-NJL model parameters

• Parameters are fixed to

• reproduce ground state masses

• experimental charge radii of π+ and the K+ 1

• Successfully applied to

• compute the PDAs and the EMFFs 1

• PDFs for the pion and the kaon and pion-nucleus induced Drell-Yan
cross sections 23

• GPDs 4

• Summary of the model parameters

Valence flavor Nmax Lmax κ(MeV) mq(MeV) mq̄(MeV)

ud̄ 8 8−32 227 337 337

us̄ 8 8−32 276 308 445

1
Jia and Vary, Phys. Rev. C 99, 035206 (2019)

2
Lan, CM, Jia, Zhao, Vary, Phys. Rev. Lett. 122 172001 (2019)

3
Lan, CM, Jia, Zhao, Vary, Phys. Rev. D 101, 034024 (2020)

4
Adhikari, CM, Nair, Xu, Jia, Zhao and Vary, [arXiv:2106.04954] accepted by Phys. Rev. D
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Applications: Light Meson PDFs
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Light-front effective Hamiltonian, Heff : (µ2
0π = 0.240± 0.024 GeV2)

Diagonalizing Heff ⇒ LF wavefunction ⇒ Initial PDFs ⇒ Scale evolution 1.

ψrs(x,~κ
⊥) =

∑
n,m,l

〈n,m, l, r, s|ψ〉 × φnm
(
~κ⊥
)
χl(x)

• 2D-HO φnm
(
~κ⊥
)

in the transverse plane.

• Jacobi polynomial basis χl(x) in the longitudinal direction.

1
Lan, CM, Jia, Zhao, Vary, Phys. Rev. Lett. 122 172001 (2019)
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Moments of Pion PDF

Moments of the valence quark PDF

〈xn〉 =

∫ 1

0

dx xnfπv (x, µ2), n = 1, 2, 3, 4.
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Consistent with global fit, lattice QCD, and phenomenological models.

1
Lan, CM, Jia, Zhao, Vary, Phys. Rev. D 101, 034024 (2020)
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GPDs → Transverse Densities S. Nair : Nov. 30 at 14:30, Parallel Session 1-B

• Moments of GPDs:
∫ 1

0
dx x

n−1
H
π

(x, b
2
⊥) = A

π
n0(b

2
⊥) ,

∫ 1

0
dx x

n−1
E
π
T (x, b

2
⊥) = B

π
Tn0(b

2
⊥) .

• Define density

ρ
n

(b⊥, s⊥) =
1

2

[
A
π
n0(b

2
⊥) −

si⊥ε
ij b

j
⊥

mπ
B
π′
Tn0(b

2
⊥)

]
,

• Reasonable agreement with Lattice QCD
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1
Brömmel, et. al., [QCDSF and UKQCD], Phys. Rev. Lett. 101, 122001 (2008)

2
Nam and Kim, Phys. Lett. B 700, 305-312 (2011).

3
Adhikari, CM, Nair, Xu, Jia, Zhao and Vary, [arXiv:2106.04954] accepted by Phys. Rev. D
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Distribution Amplitudes

DAs of pseudoscalar states

φ(x, µ0) ∼
1√

x(1− x)

∫
d2~k⊥

2(2π)3

(ψ↑↓ − ψ↓↑)√
2

• DA evolution: ERBL equations
(Gegenbauer basis)

Ruiz, et. al. PRD 66, (2002)

• Oscillations → Basis artifacts

• With increasing Lmax the DA tends
toward a smooth function

• Evolved DA (10 GeV2) : Asymptotic
DA

Decay constant fπ :

BLFQ (Basis [8, 32]): 145.3 MeV

Experimental data: 130.2± 1.7 MeV
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• Consistent with the FNAL-E-791
1
Mondal, Nair, Jia, Zhao and Vary, Phys. Rev. D 104, 094034 (2021)
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Moments of Pion DA

〈zp〉 =

∫ 1

0

dx zp φ(x, µ) ,

z ≡ (2x− 1) when p ≥ 1 and z ≡ x for p = −1.

1
Mondal, Nair, Jia, Zhao and Vary, Phys. Rev. D 104, 094034 (2021)

11 / 19



BLFQ-NJL Model & Applications DA & TFF Double virtual TFF Conclusions

Radiative Decay Width

• Alder-Bell-Jackiw (ABJ) anomaly12 relations

FABJ
πγ (0) =

1

2
√

2π2fπ0

• The radiative decay width

Γπ→γγ =
π

4
α2

EMM
3
π |Fπγ(0)|2

• Demonstrate a good convergence trend.

1
Adler, Phys. Rev. 177, 2426 (1969)

2
Bell and Jackiw, Nuovo Cimento A 60, 47 (1969)

3
Mondal, Nair, Jia, Zhao and Vary, Phys. Rev. D 104, 094034 (2021)
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π→γ∗γ Transition Form Factor

〈γ(P − q)|Jµ|P (P )〉 = −ie2FPγ(Q2)εµνρσPνερqσ ,

• Evaluated from convolution of a hard
scattering amplitude (HSA) with DA.

• Results for {Nmax, Lmax} ≡ {8, 8},
{8, 16}, and {8, 32} (upper panel)

• Good convergence trend.

• Consistent with Brodsky-Lepage limit 1:
Q2Fπγ(Q2 →∞) = const.

• ERBL evolution effects & αs order
correction considered (lower panel).
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1
Lepage and Brodsky, Phys. Rev. D 22, 2157 (1980)

2
Mondal, Nair, Jia, Zhao and Vary, Phys. Rev. D 104, 094034 (2021) 13 / 19
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π→γ∗γ Transition Form Factor

Q2Fπγ(Q2) =

√
2

3
fπ

∫ 1

0
dxTH(x,Q2)φ(x, x̄Q),

• The hard scattering amplitude (HSA)12

TH(x,Q2) =
1

1− x
+O(αs) + . . .

• Assumption φ(x, (1− x)Q) ' φ(x,Q):
reasonable at Q2 →∞2.

• NOT well justified below the asymptotic
region.

• Need to take into account the ERBL
evolution effects.

Belle 12'
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With QCD evolution

1
Braaten, Phys. Rev. D 28, 524 (1983)

2
Brodsky, Cao, and de Teramond, Phys. Rev. D 84, 033001 (2011)

3
Mondal, Nair, Jia, Zhao and Vary, Phys. Rev. D 104, 094034 (2021)

14 / 19



BLFQ-NJL Model & Applications DA & TFF Double virtual TFF Conclusions

π→γ∗γ∗ Transition Form Factor

Fπγ∗ (Q2
1, Q

2
2) =

√
2

3
fπ

∫ 1

0
dxT γ

∗γ∗→π0

H (x,Q2
1, Q

2
2)φ(x, Q̄)

T γ
∗γ∗→π0

H =
1

(1− x)Q2
1 + xQ2

2

+O(αs) + . . .

• Fπγ∗ (Q2
1, Q

2
2) ∼ 1/(Q2

1 +Q2
2) when

(Q2
1, Q

2
2)→∞.

• Consistent with PQCD prediction1.

• Vector meson dominance (VMD) model:
FVMD
πγ∗ (Q2

1, Q
2
2) ∼ 1/(Q2

1Q
2
2).

• Qualitative behavior → consistent with
the LFQM results.

Choi, Ryu and Ji, PRD 99, 076012 (2019)

• Singly virtual TFF → by setting one of
the momentum transfers to zero.

1
Lepage and Brodsky, Phys. Rev. D 22, 2157 (1980)

2
Mondal, Nair, Jia, Zhao and Vary, Phys. Rev. D 104, 094034 (2021) 15 / 19
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π→γ∗γ∗ Transition Form Factor

Fπγ∗ (Q2
1, Q

2
2) =

√
2

3
fπ

∫ 1

0
dxT γ

∗γ∗→π0

H (x,Q2
1, Q

2
2)φ(x, Q̄)

1
Choi, Ryu and Ji, Phys. Rev. D 99, 076012 (2019)

1
Mondal, Nair, Jia, Zhao and Vary, Phys. Rev. D 104, 094034 (2021)
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Effective Hamiltonian with One Dynamical Gluon

Heff =
~k⊥2+m2

q

x
+

~k⊥2+m2
q̄

1−x + κ4x(1− x)~r⊥2

+ κ4

(mq+mq̄)2
∂x
(
x(1− x)∂x

)
+ Hvertex +Hinst

| π〉phys = a | qq̄〉+ b | qq̄g〉 + c | qq̄qq̄〉+ ...

kinetic energy transverse confining potential [2]

longitudinal confining potential [3] QCD interactions [4]

1
Lan, Fu, CM, Zhao and Vary, arXiv:2106.04954 [hep-ph].

2
Brodsky, Teramond, Dosch and Erlich, Phys. Rep. 584, 1 (2015).

3
Li, Maris, Zhao and Vary, Phys. Lett. B (2016).

4
Brodsky, Pauli, and Pinsky, Phys. Rep. 301, 299 (1998).
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DA & Transition Form Factors

| π〉phys = a | qq̄〉+ b | qq̄g〉 + c | qq̄qq̄〉+ ...

{Nmax, Lmax} = {14, 15}

Decay constant fπ :

BLFQ : 138 MeV

Experimental data: 130.2± 1.7 MeV
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1
Work in progress; Jiangshan Lan: Thursday, Dec. 2 at 9:05, McCartor Award Session
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Conclusions
• Pion structure from the eigenstates of light-front effective Hamiltonians

• |qq̄〉 (BLFQ-NJL model) and |qq̄〉+ |qq̄g〉 (with QCD interactions).

• LF Hamiltonian ⇒ Wavefunctions ⇒ Observables.

• π→γ∗γ TFF : Consistent with Belle data; deviates from BaBaR data.

• Fπγ∗(Q2
1, Q

2
2) ∼ 1/(Q2

1 +Q2
2) when (Q2

1, Q
2
2)→ large.
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With QCD evolution

Thank You
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