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Basis Light-Front Quantization

➢ Solve the time-independent Schrödinger Equation:

𝑃− ۧ𝛽 = 𝑃𝛽
− ۧ𝛽

o 𝑷−: Light-Front Hamiltonian;
o | ۧ𝜷 : Eigenstates;
o 𝑷𝜷

−: Eigenvalues for eigenstates.
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Figure 1: Dirac’s three forms of Hamiltonian dynamics.

The two four-volume elements are related by the Jacobian J (x) = ||∂x/ ∂x||, part icularly

d4x = J (x) d4x. We shall keep track of the Jacobian only implicit ly. The three-volume

element dω0 is t reated correspondingly.

All the above considerat ions must be independent of this reparametrizat ion. The

fundamental expressions like the Lagrangian can be expressed in terms of either x or x.

There is however one subt le point . By matter of convenience one defines the hypersphere

as that locus in four-space on which one sets the ‘init ial condit ions’ at the same ‘init ial

t ime’, or on which one ‘quant izes’ the system correspondingly in a quantum theory. The

hypersphere is thus defined as that locus in four-space with the same value of the ‘t ime-

like’ coordinate x0, i.e. x0(x0, x) = const. Correspondingly, the remaining coordinates

are called ‘space-like’ and denoted by the spat ial three-vector x = (x1, x2, x3). Because

of the (in general) more complicated metric, cuts through the four-space characterized

by x0 = const are quite different from those with x0 = const. In generalized coordinates

the covariant and contravariant indices can have rather different interpretat ion, and one

must be careful with the lowering and rising of the Lorentz indices. For example, only

∂0 = ∂/ ∂x0 is a ‘t ime-derivat ive’ and only P0 a ‘Hamiltonian’, as opposed to ∂0 and P0

which in general are completely different objects. The actual choice of x(x) is a matter

of preference and convenience.

2D Forms of H amilt onian Dynamics

Obviously, one has many possibilit ies to parametrize space-t ime by introducing some

generalized coordinates x(x). But one should exclude all those which are accessible by a

➢ Quantum numbers of basis states in BLFQ:

[Vary, et.al, Phys.Rev.C ’10] 

I. Longitudinal direction
— discrete longitudinal momentum (labeled by k):

II. Transverse direction

— 2-dimensional harmonic oscillator (labeled by n , m)
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Light-Front Hamiltonian

𝑷− = 𝑯𝑲.𝑬. +𝑯𝒕𝒓𝒂𝒏𝒔 +𝑯𝒍𝒐𝒏𝒈𝒊 +𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕

𝑯𝒕𝒓𝒂𝒏𝒔 ~ 𝜿𝑻
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𝒑𝒊
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𝟐

𝒑𝒊
+

𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕 = −
𝑪𝑭𝟒𝝅𝜶𝒔
𝑸𝟐 
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′ 𝜸𝝁𝒖𝒔𝒋(𝒌𝒋)

---Y Li, X Zhao , P Maris , J Vary, PLB 758(2016)

-- Brodsky, Teramond arXiv: 1203.4025

| ൿ𝑃𝑏𝑎𝑟𝑦𝑜𝑛 = | ۧ𝑞𝑞𝑞 + 𝑞𝑞𝑞𝑔 + 𝑞𝑞𝑞 𝑞ത𝑞 + ⋅⋅⋅⋅⋅⋅

➢ Only include first Fock sector

➢ Include the first and second Fock sector

𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕 = 𝑯𝑽𝒆𝒓𝒕𝒆𝒙 +𝑯𝒊𝒏𝒔𝒕 = 𝒈ഥ𝝍 𝜸𝝁𝑻𝒂 𝝍 𝑨𝝁
𝒂 +

𝒈𝟐𝑪𝑭
𝟐

𝒋+
𝟏

𝒊𝝏+ 𝟐 𝒋
+



Angular Momentum Distributions

• Spin decomposition

In the quark model ΔΣ = 1
The spin decomposition can be measured 
by polarized DIS

• Ji decomposition:
1

2
=
1

2
ΔΣ + 𝐿𝐽𝑖

𝑞
+ 𝐽𝑔

Jaffe-Manohar Decomposition



Angular Momentum Distributions
• Total angular momentum density:

𝐽𝑧 𝑏⊥ = 𝐿𝑧 𝑏⊥ + ⟨𝑆𝑧ۧ(𝑏⊥)

𝑆𝑧 𝑏⊥ =
𝑠𝑧

2
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2𝜋 2 𝑒
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𝑗 ,

[In preparation, Ping Yi, Siqi Xu, C. Mondal et.al ]

Quark Helicity > 90%

ΔΣ𝑞 ≈ 0.92

No Gluon contribution

ΔΣu ≈ 1.18

ΔΣd ≈ −0.26



Light-Front QCD Hamiltonian

| ൿ𝑃𝑏𝑎𝑟𝑦𝑜𝑛 = 𝜓1| ۧ𝑞𝑞𝑞 + 𝜓2 𝑞𝑞𝑞𝑔

𝑁max = 9,𝐾 = 16.5

𝒎𝒖 𝒎𝒅 𝜿 𝒎𝒈 𝒎𝒊𝒏𝒕 𝒃𝒊𝒏𝒔𝒕 b g

0.30 GeV 0.25 GeV 0.54 GeV 0.50 GeV 1.80 GeV 3.00 GeV 0.70 GeV 2.40

Different Mass
Asymmetry of u and d

Higher Fock Sector effect Remove Soft Gluon effect

UV Cutoff
In Instantaneous term

𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕 = 𝑯𝑽𝒆𝒓𝒕𝒆𝒙 +𝑯𝒊𝒏𝒔𝒕 = 𝒈ഥ𝝍 𝜸𝝁𝑻𝒂 𝝍 𝑨𝝁
𝒂 +

𝒈𝟐𝑪𝑭
𝟐

𝒋+
𝟏

𝒊𝝏+ 𝟐 𝒋
+



• Elastic scattering of proton

𝑒 𝑝 + ℎ 𝑃 → 𝑒 𝑝′ + ℎ(𝑃′)

• Elastic electron scattering established 
the extended nature of the proton 
(proton radius).

The Fourier transformation of these form factors provide spatial distributions 
(charge and magnetization distributions).

[ R. Hofstadter, Nobel Prize 1961 ]

Electromagnetic Form Factor

Dirac Form Factor Pauli Form Factor



Form Factor with Dynamical Gluon
[In preparation, Siqi Xu, C. Mondal et.al ]

Including the One Dynamical Gluon 
Fock Sector, the valence quark 

distributions are almost same with 
effective interaction results

the gluon distributions are always 
smaller than the d quarks 
distributions.

𝑅 = อ−
𝐹1 𝑄2

𝑄2

𝑄2=0

= ൞

0.375 fm u quark
0.341 fm d quark
0.368 fm gluon

R is a variable related to the radii of 
particle distribution



Form Factor with Dynamical Gluon

Including the One Dynamical Gluon Fock Sector, the valence quark distributions 
are almost same with effective interaction results

[In preparation, Siqi Xu, C. Mondal et.al ]



Form Factor with Dynamical Gluon

At 𝑄2 ≫ 𝑚2 = 0.09 GeV2,  we find our Form Factor ratio is proportional to 
log2(𝑄2/Λ)/𝑄2. 

In our calculation, we use the quark mass around 0.3 GeV, and fix the proton mass 
around 0.94 GeV

[In preparation, Siqi Xu, C. Mondal et.al ]

𝟐



Nucleon Observable

Quantity BLFQ (no gluon)c BLFQ (gluon) Measurementa Latticeb

𝜇𝑝 2.443 ± 0.027 2.228 2.79 2.43(9)

𝑟𝐸
𝑃 [fm] 0.802 ± 0.04 0.847 0.833 ± 0.01 0.742(13)

𝑟𝑀
𝑃 [fm] 0.834 ± 0.029 0.88 0.851 ± 0.026 0.710(26)

• Nucleon radii and magnetic moment [In preparation, Siqi Xu, C. Mondal et.al ]

a. C. Alexandrou et al. Phys. Rev. D 96, no. 11, 114509

b. M.Tanabashi et al. [Particle Data Group], Phys. Rev. D 98, no.3, 030001

c. 2108.03909 [hep-ph], Siqi Xu, C. Mondal, et al. , accepted by PRD

https://arxiv.org/abs/2108.03909


Parton Distribution Functions (PDF)

• Deep Inelastic Scattering (SLAC 1968)

𝑒 𝑝 + ℎ 𝑃 = 𝑒′ 𝑝′ + 𝑋(𝑃′)

• Parton distribution functions (PDFs) are extracted from 

DIS processes.

PDFs encode the distribution of longitudinal momentum and polarization 

carried by the constituents

Discovery of spin ½ quarks and 
partonic structure

𝑋

𝑋

Φ 𝛾+ 𝑥, 𝑄2 = න
𝑑𝑧−

8𝜋
𝑒𝑖𝑥𝑃

+𝑧−/2⟨𝑃, Λ ത𝜓 𝑧 𝛾+𝜓 0 𝑃, Λۧ



Unpolarized Parton Distribution Functions

Without second Fock sector 𝑞𝑞𝑞𝑔 , the gluon is generated dynamically from the DGLAP 
evolution。

[Work in progress, C. Mondal, Siqi Xu, et.al ]

Preliminary results

Including the One Dynamical Gluon Fock Sector, the gluon distribution is closer to the 
global fit.

𝜇0
2 = 0.19 ± 0.02 GeV2

𝑥𝑓𝑔 𝑥

10

𝜇0
2 = 0.25 ± 0.02 GeV2

[EPJC 77 (2017) 663]



Unpolarized Parton Distribution Functions

Without second Fock sector 𝑞𝑞𝑞𝑔 , the gluon is generated dynamically from the DGLAP 
evolution。

[Work in progress, C. Mondal, Siqi Xu, et.al ]

Preliminary results

Including the One Dynamical Gluon Fock Sector, the gluon distribution is closer to the 
global fit.

𝜇0
2 = 0.19 ± 0.02 GeV2

𝑥𝑓𝑔 𝑥

10

𝜇0
2 = 0.25 ± 0.02 GeV2

[EPJC 77 (2017) 663]

𝑥𝑓𝑔 𝑥

10



Axial Form Factor of The Proton

Including the dynamic gluon, the u quark’s contribution is suppressed and closer 
to the experimental data results.

• Provide information on spin-isospin distributions

[Chandan Mondal, EPJC 2017]

ΔΣ𝑞 ≈ 0.7

[In preparation, Siqi Xu, C. Mondal et.al ]

Δ𝐺 ≈ 0.13 < 0.2

[COMPASS, EPJC 77 (2017) 209]

ΔΣ𝑢 ≈ 0.86 ΔΣ𝑑 ≈ 0.16 (COMPASS)



Prediction of Other Approach   
[Alexandre Deur et al 2019 Rep. Prog. Phys. 82 076201]



Helicity Parton Distribution Functions
Preliminary results

Including the One Dynamical Gluon Fock
Sector, the valence quark distributions at small 
x region are improved.

𝜇0
2 = 0.25 GeV2

JAM 𝜇2 = 1.0 GeV2

[In preparation, Siqi Xu, C. Mondal et.al ]



Without Dynamical Gluon

With One Dynamical Gluon

Gluon Distribution

COMPASS u

COMPASS d

0.001 0.010 0.100 1

- 0.2

0.0

0.2

0.4

x

x
g
1q
(x

)

μ2=3.0 GeV2

Helicity Parton Distribution Functions

• Without second Fock sector 𝑞𝑞𝑞𝑔 , the gluon is generated dynamically from the 
DGLAP evolution。

Preliminary results

• Including the One Dynamical Gluon Fock Sector, the valence quark distributions at 
small x region and x larger than 0.5 region are improved.

𝜇0
2 = 0.25 GeV2

[In preparation, Siqi Xu, C. Mondal et.al ]

u quark

d quark



Generalized Parton Distribution Functions (GPD)

With dynamical gluon

Without dynamical gluon

[In preparation, Siqi Xu, C. Mondal et.al ]



Generalized Parton Distribution Functions (GPD)

With dynamical gluon

Without dynamical gluon

[In preparation, Siqi Xu, C. Mondal et.al ]



Generalized Parton Distribution Functions (GPD)

Including the One Dynamical Gluon Fock Sector, we can calculate the gluon 

distribution at initial scale and Increase the distribution of gluon at large x region.

[In preparation, Siqi Xu, C. Mondal et.al ]

➢ Generalized Parton Distribution Functions For Gluon



Transversity Parton Distribution Functions
Preliminary results

𝜇0
2 = 0.25 GeV2

[In preparation, Siqi Xu, C. Mondal et.al ]
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Due to the gluon distribution, we can’t 
evolve the PDF from initial scale to 
experimental scale.

We are still working on the calculation 
of the gluon transversity PDF.

𝑔𝑇
𝑢 = 0.55, 𝑔𝑇

𝑑 = −0.29 dynamical Gluon

𝑔𝑇
𝑢 = 0.94, 𝑔𝑇

𝑑 = −0.20 no dynamical Gluon

𝑔𝑇
𝑢 = 0.39−0.12

+0.18 , 𝑔𝑇
𝑑 = −0.25−0.10

+0.30

[Phys. Rev. D87, 094019(2013)]

Extracted

Without Dynamical Gluon

u quark

d quark



Conclusion
• Light-front Hamiltonian approach: mass spectrum  and  structure.

• Investigate the structure of the nucleon from the eigenstates of effective Hamiltonians 
and one dynamical gluon effective Hamiltonians.

• Wavefunctions lead to a good description of various observables such as 
electromagnetic form factors, PDFs, GPDs, etc.

• While including higher Fock Sectors, the effective interaction is replaced by the QCD 
vertex function and the gluon distribution can be explored.

• Including the one dynamical gluon Fock Sector, the Axial Form Factor of u quark is 
suppressed, and the d quark’s Axial FF is almost same with only the leading Fock sector 
case.

• As we include the gluon contribution at initial scale, the gluon distributions are closer to 
the NNPDF results.

Thank you



Effective Hamiltonian

| ൿ𝑃𝑏𝑎𝑟𝑦𝑜𝑛 = 𝜓1| ۧ𝑞𝑞𝑞

𝑯𝑰𝒏𝒕𝒆𝒓𝒂𝒄𝒕 = −
𝑪𝑭𝟒𝝅𝜶𝒔
𝑸𝟐 

𝒊,𝒋(𝒊<𝒋)

ഥ𝒖𝒔𝒊
′ 𝒌𝒊

′ 𝜸𝝁𝒖𝒔𝒊 𝒌𝒊 ഥ𝒖𝒔𝒋
′ 𝒌𝒋

′ 𝜸𝝁𝒖𝒔𝒋(𝒌𝒋)

𝑁max = 10,𝐾 = 16.5

Note: In our calculation, we fix the basis scale b equal to 0.6 GeV



Nucleon Radii and Axial Charges
• The magnetic moment of the proton and neutron

• The radii of the proton and neutron

• The axial charge and axial radius

[ 2108.03909 [hep-ph], Siqi Xu, C. Mondal, et.al ], accepted by PRD

https://arxiv.org/abs/2108.03909


The Quark Tensor Charge in The Proton

• The first moment of the transversity PDF

The BLFQ predicts the tensor charges for the down quark in good agreement with the 
global QCD qnqlysis

• The second moment of the transversity PDF

𝜇2 = 2.4 GeV2

𝜇2 = 2.4 GeV2

The BLFQ prediction for 𝑥 𝑇
𝑢−𝑑agrees reasonably well with the lattice data.

[ 2108.03909 [hep-ph], Siqi Xu, C. Mondal, et.al ], accepted by PRD

https://arxiv.org/abs/2108.03909


Generalized Parton Distribution Functions (GPD)

𝑡 = Δ2, 𝑥 =
𝑘+

𝑃+
, 𝜻 =

𝚫+

𝑷+
= 𝟎

With increasing  momentum transfer (𝑡), the peaks 
of distributions shift to larger 𝑥;

Encode the information about three dimensional spatial 
structure the spin and orbital angular momentum

Impact parameter distribution (𝑏⊥):

𝑏⊥
𝐹𝑇

Δ⊥

[ 2108.03909 [hep-ph], Siqi Xu, C. Mondal, et.al ]

https://arxiv.org/abs/2108.03909


Generalized Parton Distribution Functions (GPD)

𝑡 = Δ2, 𝑥 =
𝑘+

𝑃+
, 𝜻 =

𝚫+

𝑷+
= 𝟎

Δ
Fourier Transform

𝑏

[In preparation, Ping Yi, Siqi Xu, C. Mondal et.al ]



Angular Momentum Distributions
• Total angular momentum density:

𝐽𝑧 𝑏⊥ = 𝐿𝑧 𝑏⊥ + ⟨𝑆𝑧ۧ(𝑏⊥)

𝑆𝑧 𝑏⊥ =
𝑠𝑧

2

𝑑2Δ⊥

2𝜋 2 𝑒
−𝑖Δ⊥b⊥𝐺𝐴(−Δ⊥

2 )𝐿𝑧 𝑏⊥ = −𝑖𝜖3𝑗𝑘 
𝑑2Δ⊥

2𝜋 2 𝑒
−𝑖Δ⊥b⊥

𝜕 𝑇+𝑘

𝜕Δ⊥
𝑗 ,

• Belinfante-improved tensors 𝐽𝑧 𝑏⊥ = 𝐽𝐵𝑒𝑙
𝑧 𝑏⊥ + ⟨𝑀𝑧ۧ(𝑏⊥)

[In preparation, Ping Yi, Siqi Xu, C. Mondal et.al ]

Quark Helicity > 90%


