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Problem

Are there any ccc̄ c̄ bound states?

Motivations

Confinement

Open channels, scattering

Identical particles, color

X (6900)



In principle:

In practice:

1 Write HQCD

Write Hmodel

2 Spectrum of HQCD

Spectrum of Hmodel

∗

3 Answer the question

∗ Truncated

Problem:

None of the above steps can be done exactly
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Hmodel

Only two quarks and two antiquarks, but...

Full set of degrees of freedom of each quark

Only two-body interactions
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Hmodel

Harmonic oscillator a la AdS/QCD

+ complementary longitudinal
H.O.

Two-meson states!

Cluster decomposition principle

One-Gluon-Exchange-like color factors
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Hmodel

H = P+(P−free + V )− P2 .

Interactions

V =

∫
1′2′12

δ̃1′2′.12 U BDOGE

δ̃1′2′.12 = 4π δ(p+
1′ + p+

2′ − p+
1 − p+

2 ) · (2π)2 δ2(p1′ + p2′ − p1 − p2)

BDOGE =
1

2
Cqq b†1′b

†
2′b2b1 +

1

2
Cq̄q̄ d†1′d

†
2′d2d1 + Cqq̄ b†1′d

†
2′d2b1

Cqq = ta1′1t
a
2′2 Cq̄q̄ = ta11′t

a
22′ Cqq̄ = −ta1′1ta22′

U = Uconf,⊥ + Uconf,z + UOGE .
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Hmodel

Transverse confining potential

Uconf,⊥ = κ4 δσ1′ ,σ1δσ2′ ,σ2 4π δ(x12 − x1′2′)

× (x12x21)2

[
∂2

∂k⊥2
12

(2π)2δ2
(
k⊥12 − k⊥1′2′

)]
,

x12 = p+
1 /(p+

1 + p+
2 ), x21 = 1− x12

k⊥12 = x21p
⊥
1 − x12p

⊥
2

Cqq̄ κ4 x12x21(r⊥1 − r⊥2 )2ψM(12) r⊥i = −i∂/∂p⊥i
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HmodelThe kernel of the longitudinal confining potential is,

Uconf,z = −κ4 δσ1′ ,σ1δσ2′ ,σ2 (2π)2δ2
(
q⊥12 − q⊥1′2′

)
×

[
1√
D1′2′

∂

∂x1′2′

1√
D1′2′

1√
D12

∂

∂x12

1√
D12

4π δ(x12 − x1′2′)

]
,

where

q⊥12 =
k⊥12√
x12x21

,

qz12 = m
x12 − x21√

x12x21
,

and

D12 =
dqz12

dx12
=

m

2 [x12(1− x12)]3/2
.

We get −→ − Cqq̄ κ4 1√
D12

∂

∂x12

1

D12

∂

∂x12

1√
D12

ψM(12)



Hmodel

The kernel of OGE term is,

UOGE(1′, 2′; 1, 2) = −g2 ū1′γµu1ū2′γ
µu2

(x12 − x1′2′)D

√
p+

1 p
+
2 p

+
1′p

+
2′ ,

where D is the energy denominator,

D =
1

2

[
p⊥2

1 + m2

x12
− p⊥2

1′ + m2

x1′2′
− p⊥2

2 + m2

x21
+

p⊥2
2′ + m2

x2′1′

]
− (p⊥1 − p⊥1′)

2 + µ2

x12 − x1′2′
,



Hmodel

Three eigenvalue equations

H|ψ〉 = M2|ψ〉

|ψ〉 =

∫
12

P+
M δ̃12.PM

ψM(12) b†1d
†
2 |0〉 −→ 1

|ψ〉 =

∫
1234

P+
T δ̃1234.PT

ψT (1234) b†1b
†
2d
†
3d
†
4 |0〉 −→ 2

|ψ〉 =

∫
13

P+
A δ̃13.PA

ψA(13) b†1d
†
3

∫
24

P+
B δ̃24.PB

ψB(24) b†2d
†
4 |0〉 −→ 3



Hmodel1 Single meson

m2 + k2
12

x1
ψM(12) +

m2 + k2
12

x2
ψM(12) +

∑
c1′ ,c2′

ta11′t
a
2′2 κ

4 Ũ12ψMc1′ c2′ (12)

−
∫

1′2′
P+
M δ̃1′2′.PM

ta11′t
a
2′2 UOGE(1, 2; 1′, 2′)ψM(1′2′) = M2 ψM(12)

m2 + k2
12

x(1− x)
ψM(12) + ~T1 · ~T2 κ

4 Ũ12ψM(12) = M2 ψM(12) ,

where x = x12 and

Ũ12 = x(1− x)
(
r⊥1 − r⊥2

)2 − 1√
D12

∂x
1

D12
∂x

1√
D12

1
D12

= 2
m [x(1− x)]3/2 −ω2∂xx(1− x)∂x ← BLFQ0

ψM(12) =
δc1,c2√
Nc

√
D12 φ(~q12) −→

(
4m2 + ~q 2

12 − CFκ
4 ∂2

∂~q 2
12

)
φ = M2 φ
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4 Ũ12ψM(12) = M2 ψM(12) ,

where x = x12 and
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Hmodel

2 Tetraquark

4∑
i=1

m2 + k2
i

xi
ψ(1234) +

∑
i<j

~Ti · ~Tj κ
4

xi + xj
Ũij ψ(1234) = M2 ψ(1234) ,

~Ti · ~Tj =


∑8

a=1 T
a
i T

a
j for QQ∑8

a=1 T
a
i (−T a∗

j ) for QQ̄∑8
a=1(−T a∗

i )(−T a∗
j ) for Q̄Q̄

T a = λa/2



Hmodel

3 Two mesons

EAψB(24) + k⊥2
AB

xA
+
EBψA(13) + k⊥2

AB

xB
= M2ψA(13)ψB(24) ,

xA = x1 + x3, xB = x2 + x4

EA =
m2 + k2

13

x13x31
ψA(13) + ~T1 · ~T3 κ

4 Ũ13ψA(13) ,

EB =
m2 + k2

24

x24x42
ψB(24) + ~T2 · ~T4 κ

4 Ũ24ψB(24) .

M2 = (PAµ + PBµ)(PµA + PµB ) =
M2

A + k⊥2
AB

xA
+

M2
B + k⊥2

AB

xB
.



Problem with negative M2

We get negative M2

Modifications:

Htransverse =

∫
1′2′12

(p+
1 + p+

2 )δ̃1′2′.12 Uconf,⊥ BDOGE ,

Hlongitudinal =

∫
1′2′12

(p+
1 + p+

2 )δ̃1′2′.12 Uconf,z

×
[
aBDOGE +

4

3
(a− 1)BDCI

]
,

a = 0.85

BDCI = δc1′ ,c1δc2′ ,c2

(
1

2
b†1′b

†
2′b2b1 + b†1′d

†
2′d2b1 +

1

2
d†1′d

†
2′d2d1

)
.

CI stands for “color independent.”



BLFQ

Longitudinal box

x− ∈ [−L, L] , p+ =
2π

L
k ,

k = 1
2 ,

3
2 ,

5
2 , . . . for fermions

k = 0, 1, 2, 3, . . . for bosons

Finite resolution
∑

i ki = K , P+ = 2πK
L



BLFQ
Basis Light Front Quantization

Transverse basis of harmonic oscillator wave functions

Ψm
n (q) =

1

b

√
4πn!

(n + |m|)!
L|m|n

(
q2

b2

)
e−

q2

2b2

∣∣∣q
b

∣∣∣|m| e imϕ

Bi =
1√
P+

∫
d2q

(2π)2
Ψmi

ni (q)∗ bi |pi=
√
xiq

Di =
1√
P+

∫
d2q

(2π)2
Ψmi

ni (q)∗ di |pi=
√
xiq

〈0|b B†|0〉 =
√
P+Ψ

(
p⊥√
x

)



BLFQ

Truncation ∑
i

(2ni + |mi |+ 1) ≤ Nmax

M-scheme MJ =
∑

i (mi + σi )

Center of mass motion decouples in truncated basis



BLFQ
ccc̄ c̄ states:

|1234〉 = B†1B
†
2D
†
3D
†
4 |0〉 .

Double counting and degenerate states

|1234〉 = −|2134〉 , |1234〉 = −|2143〉 , |1134〉 = 0 .

Relation of strict order in the set of all possible quantum numbers:

1 > 2 ⇔

k1 > k2

or
k1 = k2 and n1 > n2

or
k1 = k2 and n1 > n2 and m1 > m2

or
k1 = k2 and n1 > n2 and m1 > m2 and σ1 > σ2

or
k1 = k2 and n1 > n2 and m1 > m2 and σ1 > σ2 and c1 > c2

Keep only states with 1 > 2 and 3 > 4



BLFQ

C2|Color singlet〉 = 0

Casimir operator C2 =
∑8

a=1 T̂
aT̂ a, where

T̂ a =
∑
12

knmσ

δ 1,2

(
tac1c2

B†1B2 − tac2c1
D†1D2

)
,

Case 1: 1� 2 and 3� 4

|1234,S〉 =
1

2
√

6

(
2|rr r̄ r̄〉+ 2|ggḡ ḡ〉+ 2|bbb̄b̄〉

+|rg r̄ ḡ〉+ |gr r̄ ḡ〉+ |gr ḡ r̄〉+ |rg ḡ r̄〉
+|gbḡ b̄〉+ |bgḡ b̄〉+ |bgb̄ḡ〉+ |gbb̄ḡ〉

+|br b̄r̄〉+ |rbb̄r̄〉+ |rbr̄ b̄〉+ |br r̄ b̄〉
)
,



BLFQ
Case 1: 1� 2 and 3� 4

|1234,A1〉 =
1√
12

(
|rg r̄ ḡ〉 − |gr r̄ ḡ〉+ |gr ḡ r̄〉 − |rg ḡ r̄〉

+|gbḡ b̄〉 − |bgḡ b̄〉+ |bgb̄ḡ〉 − |gbb̄ḡ〉

+|br b̄r̄〉 − |rbb̄r̄〉+ |rbr̄ b̄〉 − |br r̄ b̄〉
)
,

Case 2: 1 ≈ 2 and 3� 4

|1234,A2〉 =
|gr ḡ r̄〉 − |gr r̄ ḡ〉+ |br b̄r̄〉 − |br r̄ b̄〉+ |bgb̄ḡ〉 − |bgḡ b̄〉√

6

Case 3: 1� 2 and 3 ≈ 4

|1234,A3〉 =
|gr ḡ r̄〉 − |rg ḡ r̄〉+ |br b̄r̄〉 − |rbb̄r̄〉+ |bgb̄ḡ〉 − |gbb̄ḡ〉√

6

Case 4: 1 ≈ 2 and 3 ≈ 4

|1234,A4〉 =
|gr ḡ r̄〉+ |br b̄r̄〉+ |bgb̄ḡ〉√

3
.



BLFQ

Example of a matrix element:

V̂qq =
∑

5′,6′,5,6

ta5′5t
a
6′6 V5′,6′;5,6

1

2
B†5′B

†
6′B6B5

〈1′2′3′4′,S | V̂qq |1234,S〉 =

1

2
(V1′,2′;1,2 − V2′,1′;1,2 − V1′,2′;2,1 + V2′,1′;2,1) δe3′ ,e3 δe4′ ,e4



Results

Table: Parameters obtained from fit to experimental meson spectrum.

m κ α
1.25 GeV 1.21 GeV 0.367

Table: Fitted masses in MeV. Nmax = 6, K = 9.

ηc(1S) J/ψ χc0 χc1 χc2 hc ηc(2S) ψ(2S)
Fit 3031 3067 3415 3517 3564 3474 3676 3666

Exp. 2984 3097 3415 3511 3556 3525 3637 3686



Results

Numerical artifacts

Kinetic energy penalty

∆M2 = M2 free
ccc̄c̄ (Nmax,K )− min

N1,K1

[
M2 free

cc̄ (N1,K1)

K1/K
+

M2 free
cc̄ (N2,K2)

K2/K

]

Mcorrected
ccc̄c̄ =

√
M2 full

ccc̄c̄ (Nmax,K )−∆M2(Nmax,K )

Nmax 6 8 10 12
∆M2 [GeV2] 1.213 1.013 0.659 0.584
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Results

Two-body threshold estimate

T ′1 =

√
min
N1,K1

[
M2 full

cc̄ (N1,K1)

K1/K
+

M2 full
cc̄ (N2,K2)

K2/K

]

T1(Nmax,K ) = 2

√
M2 full

cc̄

(
Nmax

2
,
K

2

)

Four-body threshold estimate

T2 =
√
M2

two-meson(Nmax,K )−∆M2(Nmax,K )
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Extrapolations K →∞

Nmax = 12

M full
ccc̄c̄ = (7477 ± 2) MeV

Mcorrected
ccc̄c̄ = (7438 ± 2) MeV

T2 = (7009 ± 111) MeV
T1 = (6748 ± 225) MeV



0 1 / 1 8 1 / 1 4 1 / 1 0 1 / 64

5

6

7

8
G e V

 T 2
 T  1
 

�

�

����

����
�
���������

����
�

Extrapolations K →∞

Nmax = 12

M full
ccc̄c̄ = (7477 ± 2) MeV

Mcorrected
ccc̄c̄ = (7438 ± 2) MeV

T2 = (7009 ± 111) MeV
T1 = (6748 ± 225) MeV



Summary

Cluster decomposition principle

Identical particles

Color singlets

We computed tetraquark mass and thresholds numerically

Ground-state tetraquark seems unbound
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Outlook

Solve negative M2 problem and improve the computation

Apply the lessons to other systems

J/ψ J/ψ scattering?


