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Outline

• Basis Light-front Quantization approach

• Application to 𝜋 and 𝐾
• Leading Fock sector (based on NJL interacton)

• With one dynamical gluon

• Summary and Future Plan
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Hamiltonian Formalism

• Schrödinger equation universally describes different physics：
𝐻 𝜓 = 𝐸|𝜓〉

Nonrelativistic, few-body Nonrelativistic, many-body Relativistic, many-body

atom nucleus hadron

• Wave functions encode full information of the system

Neutron – proton densityProton density

9Be

Adapted from Yang Li’s talk



t º x0
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Figure 1: Dirac’s three forms of Hamiltonian dynamics.

The two four-volume elements are related by the Jacobian J (x) = ||∂x/ ∂x||, part icularly

d4x = J (x) d4x. We shall keep track of the Jacobian only implicit ly. The three-volume

element dω0 is t reated correspondingly.

All the above considerat ions must be independent of this reparametrizat ion. The

fundamental expressions like the Lagrangian can be expressed in terms of either x or x.

There is however one subt le point . By matter of convenience one defines the hypersphere

as that locus in four-space on which one sets the ‘init ial condit ions’ at the same ‘init ial

t ime’, or on which one ‘quant izes’ the system correspondingly in a quantum theory. The

hypersphere is thus defined as that locus in four-space with the same value of the ‘t ime-

like’ coordinate x0, i.e. x0(x0, x) = const. Correspondingly, the remaining coordinates

are called ‘space-like’ and denoted by the spat ial three-vector x = (x1, x2, x3). Because

of the (in general) more complicated metric, cuts through the four-space characterized

by x0 = const are quite different from those with x0 = const. In generalized coordinates

the covariant and contravariant indices can have rather different interpretat ion, and one

must be careful with the lowering and rising of the Lorentz indices. For example, only

∂0 = ∂/ ∂x0 is a ‘t ime-derivat ive’ and only P0 a ‘Hamiltonian’, as opposed to ∂0 and P0

which in general are completely different objects. The actual choice of x(x) is a matter

of preference and convenience.

2D Forms of H amilt onian D ynamics

Obviously, one has many possibilit ies to parametrize space-t ime by introducing some

generalized coordinates x(x). But one should exclude all those which are accessible by a
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2D Forms of H amilt onian Dynamics

Obviously, one has many possibilit ies to parametrize space-t ime by introducing some

generalized coordinates x(x). But one should exclude all those which are accessible by a
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¶
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j(t) = H j(t) i

¶

¶x+
j(x+ ) =

1

2
P- j(x+ )

P0 = m2 + P2
P- =

m2 + P̂2

P+

𝑥1, 𝑥2, 𝑥3

𝑃0, 𝑃

𝑥− = 𝑥0 − 𝑥3,
𝑥⊥ = 𝑥1,2

𝑃− = 𝑃0 − 𝑃3,
𝑃+ = 𝑃0 + 𝑃3,𝑃⊥ = 𝑃1,2

Advantages:

• Frame-independent wave functions

• Simple vacuum structure

• No square root in Hamiltonian 𝑃−

• Not just a coordinate transformation

• New theory !!!

Light-front Quantization
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Equal time quantization Light-front quantization

[Dirac, 1949]



Basis Light-front Quantization

• Nonperturbative eigenvalue problem
𝑃−| ۧ𝛽 = 𝑃𝛽

−| ۧ𝛽

• 𝑃−: light-front Hamiltonian
• | ۧ𝛽 : mass eigenstate
• 𝑃𝛽

−: eigenvalue for | ۧ𝛽

• Evaluate observables for eigenstate

𝑂 ≡ 𝛽 ෠𝑂 𝛽

• Fock sector expansion
• Eg.

• Discretized basis

• Transverse: 2D harmonic oscillator basis: Φ𝑛,𝑚
𝑏 Ԧ𝑝⊥ . 

• Longitudinal: plane-wave basis, labeled by 𝑘. 
• Basis truncation: 

σ𝑖 2𝑛𝑖 + 𝑚𝑖 + 1 ≤ 𝑁𝑚𝑎𝑥, 
σ𝑖 𝑘𝑖 = 𝐾. 

𝑁𝑚𝑎𝑥, 𝐾 are basis truncation parameters.

ۧ|𝝅 = 𝑎 ۧ|𝑞 ത𝑞 + 𝑏 ۧ|𝑞 ത𝑞𝑔 + 𝑐 ۧ|𝑞 ത𝑞𝑔𝑔 + 𝑑 ۧ|𝑞 ത𝑞𝑞ത𝑞 +. . . .

5Large 𝑁𝑚𝑎𝑥 and 𝐾 : High UV cutoff & low IR cutoff

[Vary et al, 2008]



Application to 𝜋 and 𝐾



𝐻eff =
𝑘⊥
2 +𝑚𝑞

2

𝑥
+
𝑘⊥
2 +𝑚 ത𝑞

2

1 − 𝑥
+ 𝜅4𝑥 1 − 𝑥 Ԧ𝑟⊥

2 −
𝜅4

𝑚𝑞 +𝑚 ത𝑞
2 𝜕𝑥 𝑥 1 − 𝑥 𝜕𝑥 + 𝐻eff

NJL

PDF from BLFQ and QCD Evolution for Light Mesons

[Lan, Mondal, Jia, Zhao, Vary, PRL122, 172001(2019)]

PDF for the valence quark result from the light-front wave functions obtain by 

diagonalizing the effective Hamiltonian.

Pion PDF Valence u PDF Kaon/Pion

7Agree with experimental results



The moments of pion valence quark PDF

[Lan, Mondal, Jia, Zhao, Vary, PRD101,034024(2020)]

Valence Gluon Sea

BLFQ-NJL 0.489 0.398 0.113

[Ding et. al., BSE model 2019’] 0.48(3) 0.41(2) 0.11(2)

8

Agree with other results



ۧ|𝜋 = 𝑎 ۧ|𝑞ത𝑞 + 𝑏 ۧ|𝑞ത𝑞𝑔 +⋯

ۧ|𝜋 = ۧ|𝑞ത𝑞 + ⋯

Jiangshan Lan



0

ۧ|𝑞 ത𝑞

|𝑞ത𝑞ۦ

|𝑞ത𝑞𝑔ۦ

ۧ|𝑞ത𝑞𝑔
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Structure of Hamiltonian

𝑃− =
𝑘⊥
2+𝑚𝑞

2

𝑥
+

𝑘⊥
2+𝑚ഥ𝑞

2

1−𝑥
+ 𝜅4𝑥 1 − 𝑥 Ԧ𝑟⊥

2

−
𝜅4

𝑚𝑞+𝑚ഥ𝑞
2 𝜕𝑥 𝑥 1 − 𝑥 𝜕𝑥 +𝑯𝐢𝐧𝐭

𝑯𝐢𝐧𝐭

ۧ|𝜋 = 𝑎 ۧ|𝑞ത𝑞 + 𝑏 ۧ|𝑞ത𝑞𝑔 +⋯
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Mass spectrum

[Lan, et al, in preparation ] 
Preliminary

𝜋 0.492 138

𝜌 0.486 129

𝑎0(980) 0.370 0

𝑏1 (1235) 0.306 0

𝑎1 (1260) 0.324 11

𝜋(1300) 0.284 53

𝑎2 (1320) 0.320 0

𝜋1 (1400) 0.002 0

𝜌(1450) 0.312 46𝑁max = 14, 𝐾max = 15

DC[MeV]norm𝒒ഥ𝒒





𝒎𝝅+ [MeV] 𝒎𝝆+ [MeV] 𝒇𝝅+ [MeV] 𝒇𝝆+ [MeV] 𝒓𝒄
𝟐 |𝝅+[fm]

norm
𝒒ഥ𝒒

BLFQ 139.57 775.26 138.2 129.0 0.516~? 0.492

PDG 139.57 775.26±0.25 130.2±1.7 221±2 0.672±0.008

BLFQ-NJL 139.57 775.23±0.04 202.10 100.12 0.68±0.05
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Pion mass, DC, Radii 

[Lan, et al, in preparation ] 

[Jia, Vary, PRC(2018)]

[Tanabashi, et al, PRD(2018)]

P
relim

in
ary

𝐹 𝑄2 =෍

𝑖

∫ 𝑑𝑥𝑖𝐻(𝑥𝑖 , 0, 𝑄
2)

𝑟𝑐
2 = −6

𝜕

𝜕𝑄2
𝐹 𝑄2 |𝑄2→0

𝑁max = 14, 𝐾max = 15,𝑀𝐽 = 0
𝑚q = 0.39 GeV, 𝑚g = 0.60 GeV, 

κ = 0.65 GeV, 𝑏 = 0.29 GeV,
α = 0.293 , 𝑚f = 5.69 GeV

BLFQ
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Pion Form Factor 

[Lan, et al, in preparation ] 

Preliminary: based on leading Fock Sector WF

𝐹 𝑄2 =෍

𝑖

∫ 𝑑𝑥𝑖𝐻(𝑥𝑖 , 0, 𝑄
2)
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ۧ|𝜋 = ۧ|𝑞ത𝑞 +⋯

ۧ|𝜋 = 𝑎 ۧ|𝑞ത𝑞 + 𝑏 ۧ|𝑞ത𝑞𝑔 +⋯

[Lan, et al, in preparation ] 

Valence close to BLFQ-NJL result at large x, more than BLFQ-NJL result at small x;

we have gluon in initial PDF.

P
relim

in
ary

𝜇0BLFQ−NJL
2 = 0.240 GeV2

𝜇0BLFQ
2 = 0.34 GeV2

Pion initial PDF

𝜋: (1 − 𝑥)0.56

large 𝑥
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Pion PDF
ۧ|𝜋 = 𝑎 ۧ|𝑞ത𝑞 + 𝑏 ۧ|𝑞ത𝑞𝑔 +⋯

[Lan, et al, in preparation ] 

P
relim

in
ary

Valence Gluon Sea

BLFQ 0.483 0.421 0.096

[Ding et. al., BSE model 2019’] 0.48(3) 0.41(2) 0.11(2)



Pion PDA

Ads/QCD

pQCD



Light meson in progress
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Kaon Spectrum

ۧ|𝐾 = 𝑎 ۧ|𝑢 ҧ𝑠 + 𝑏 ۧ|𝑢 ҧ𝑠𝑔 + ⋯

[Lan, et al, in preparation ] 

P
relim

in
ary

Norm1 

K 0.588 151

𝐾∗ 0.602 142

𝐾1 0.419 13

DC[MeV]

𝑁max = 14, 𝐾max = 15,𝑀𝐽 = 0
𝑚q = 0.39 GeV , 𝑚g = 0.60 GeV,

𝑚s = 0.586 GeV,  
κ = 0.65 GeV, 𝑏 = 0.29 GeV,
α = 0.293 , 𝑚f = 5.69 GeV
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Kaon Form Factor 

[Lan, et al, in preparation ] 

𝐹 𝑄2 =෍

𝑖

∫ 𝑑𝑥𝑖𝐻(𝑥𝑖 , 0, 𝑄
2)

Preliminary: based on leading Fock Sector WF



Wave function

Pion Kaon

0.997*norm𝑞ത𝑞 0.998*norm𝑞ത𝑞

k
k

r
r



Wave function

kk

rr

Pion Kaon

𝜓 2



Kaon PDA

Ads/QCD

pQCD
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[Lan, et al, in preparation ] 

P
relim

in
ary

ۧ|𝐾 = 𝑎 ۧ|𝑢 ҧ𝑠 + 𝑏 ۧ|𝑢 ҧ𝑠𝑔 + ⋯ۧ|𝐾 = ۧ|𝑢 ҧ𝑠 + ⋯ VS

𝜇0BLFQ−NJL
2 = 0.247 GeV2

𝜇0BLFQ
2 = 0.47 GeV2

Kaon initial PDF

𝐾: (1 − 𝑥)0.96
large 𝑥
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Kaon PDF

[Lan, et al, in preparation ] 

P
relim

in
ary

ۧ|𝐾 = 𝑎 ۧ|𝑢 ҧ𝑠 + 𝑏 ۧ|𝑢 ҧ𝑠𝑔 + ⋯ۧ|𝐾 = ۧ|𝑢 ҧ𝑠 + ⋯ VS
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[Lan, et al, in preparation ] 

P
relim

in
ary

ۧ|𝐾 = 𝑎 ۧ|𝑢 ҧ𝑠 + 𝑏 ۧ|𝑢 ҧ𝑠𝑔 + ⋯

𝜋: (1 − 𝑥)1.67

𝐾: (1 − 𝑥)2.02

large 𝑥

Kaon PDF
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Kaon PDF

[Lan, et al, in preparation ] 

P
relim

in
ary

ۧ|𝐾 = 𝑎 ۧ|𝑢 ҧ𝑠 + 𝑏 ۧ|𝑢 ҧ𝑠𝑔 + ⋯ۧ|𝐾 = ۧ|𝑢 ҧ𝑠 + ⋯ VS

ൗ𝜒2

d.o.f ~3.4



EicC ?

Kaon 



Conclusions

• Basis Light-front Quantization: 

- Nonperturbative approach to relativistic many-body bound states

• Light-front Hamiltonian          Wavefunction           Observables

- Mass spectrum            structure 

• Systematically expandable by including higher Fock sectors
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- Meson = 𝑞ത𝑞 + 𝑞ത𝑞𝑔 + 𝑞ത𝑞𝑞ത𝑞 + ⋯

Thank you !
Questions/suggestions: xbzhao@impcas.ac.cn


