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Many nonperturbative models predict PDFs in a free hadron.

A PDF is not a physical observable.

It enters QCD observables through factorized approximations known up to power suppressed terms.

Our goal is to understand conditions necessary for learning about primordial PDFs from scattering data.

 We will use the CT18NNLO global fit of proton PDFs.

 We will explore what we can learn about quark counting rules — the classical prediction of QCD theory.

 We study proton PDFs because they are well understood.

 Some considerations, such as the functional mimicry of PDFs, also apply to the simpler analysis of pion PDFs.

Probing nonperturbative models 
with QCD scattering data
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as shown, the exponent is “2”, reproducing Eq. (2). This
feature removes the need to use moments of arbitrarily high
order, enabling one to focus instead on the lower-order
moments which provide information on the mid-x shape.
One remark may be valuable here. This application of the

SPM requires the coefficient of the highest active denom-
inator power in Eq. (31) to be unity. Hence, when one
uses Eq. (31) for m ¼ 0, 1, 2, 3 moments, b2 ¼ 1 and
a2 ¼ 0 ¼ b3. Referring to the lower panels of Table I, this
presents an appearance of sensitivity in the coefficients to
the number of moments employed; but that is misleading.
The relevant measure is not these coefficients, but the
similarity between the curves obtained via reconstruction.
Our result, Eq. (32), is depicted in Fig. 5. The mean
absolute relative error between its first eleven moments and
those of the separate reconstructed distributions is 4(3)%.
Given the remarks in Sec. I, it is worth reiterating that

Eq. (32) exhibits the x ≃ 1 behavior predicted by the QCD
parton model, Eq. (2); and because it is a purely valence
distribution, this same behavior is also evident on x ≃ 0.
However, in contrast to the scale-free valence-quark dis-
tribution computed in Ref. [37]:

qsfðxÞ ≈ 30x2ð1 − xÞ2; ð33Þ

obtained using parton-model-like algebraic representations
of S, Γπ, the distribution computed with realistic inputs
is a much broader function. A similar effect is observed in
the pion’s leading-twist valence-quark distribution ampli-
tude [114] and those of other mesons [108,
115–118]. The cause is the same, viz. the valence-quark
distribution function is hardened owing to DCSB, which is
a realization of the mechanism responsible for the emer-
gence of mass in the Standard Model [119]. Emergent mass
is expressed in the momentum-dependence of all QCD
Schwinger functions. It is therefore manifest in the point-
wise behavior of wave functions, elastic and transition
form factors, etc.; and as we have now displayed, also in
parton distributions. (This was to be expected, given the
connection between light-front wave functions and parton
distributions.)

V. EVOLUTION OF PION DISTRIBUTION
FUNCTIONS

The pion valence-quark distribution in Eq. (32) is
computed at ζH ¼ mα, Eq. (24). On the other hand, existing
lQCD calculations of low-order moments [33–36] and
phenomenological fits to pion parton distributions are
typically quoted at ζ ≈ ζ2 ¼ 2 GeV [120–122]; and the
scale relevant to the E615 data is ζ5 ¼ 5.2 GeV [9,13].
We therefore employ the effective charge in Eq. (23) to
integrate the one-loop DGLAP equations, therewith evolv-
ing qπðx; ζH ¼ mαÞ to obtain results for qπðx; ζ2Þ and
qπðx; ζ5Þ. This procedure ensures that saturation of the
effective charge is expressed, e.g., αPIðζHÞ=ð2πÞ ¼ 0.20,
½αPIðζHÞ=ð2πÞ%2 ¼ 0.04, stabilizing our evolved results on
ζ > ζH. Notably, given that ζH ¼ mα is fixed by our
analysis, all results are predictions. We checked that with
fixed ζH, varying mα → ð1& 0.1Þmα does not measurably
affect the evolved distributions. We therefore report results
with mα fixed and an uncertainty determined by vary-
ing ζH → ð1& 0.1ÞζH.

A. ζH → ζ2
Our prediction for qπðx; ζ2Þ is depicted in Fig. 6. The

solid curve and surrounding bands are described by the
following function, a generalization of Eq. (32):

qπðxÞ ¼ nqπxαð1 − xÞβ

× ½1þ ρxα=4ð1 − xÞβ=4 þ γxα=2ð1 − xÞβ=2%; ð34Þ

where nqπ ensures Eq. (9) and the powers and coefficients
are listed in Table II. Evidently, the large-x exponent is

βðζ2Þ ¼ 2.38ð9Þ: ð35Þ

FIG. 5. Solid (black) curve: pion valence-quark distribution
function at the hadronic scale, ζH , Eq. (32). Dashed (blue) curve:
scale-free distribution, Eq. (33).

FIG. 6. Pion valence-quark momentum distribution function,
xpπðx; ζÞ, p ¼ q, evolved ζH → ζ2 ¼ 2 GeV—solid (blue) curve
embedded in shaded band; and long-dashed (black) curve—ζ2
result from Ref. [12]. Equations (39), (40): gluon momentum
distribution in pion, xgπðx; ζ2Þ—dashed (green) curve within
shaded band; and sea-quark momentum distribution,
xSπðx; ζ2Þ—dot-dashed (red) curve within shaded band. In all
cases, the shaded band indicates the effect of ζH → ζHð1& 0.1Þ.
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PDFs in nonperturbative QCD
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PDFs in nonperturbative QCD Phenomenological PDFs

   we can learn about nonperturbative dynamics by 
comparing predictions to data for the simplest scattering 
processes (DIS and DY)

    

  pheno PDFs are determined from analyzing many 
processes with complex scattering dynamics

How to relate the x dependence of the perturbative and nonperturbative pictures? 

µ2
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Fig. 4. The so-called handbag diagram.

Fig. 5. The !∗N collinear frame. Note our convention for the axes.

We de!ne the quark–quark correlation matrix "ij(k; P; S) as

"ij(k; P; S)=
∑

X

∫
d3 PX

(2#)32EX
(2#)4$4(P − k − PX )⟨PS| j(0)|X ⟩⟨X | i(0)|PS⟩: (3.2.3)

Using translational invariance and the completeness of the |X ⟩ states this matrix can be re-
expressed in the more synthetic form

"ij(k; P; S)=
∫

d4% eik·%⟨PS| " j(0) i(%)|PS⟩: (3.2.4)

With the de!nition (3.2.3) the hadronic tensor becomes

W &'=
∑

a

e2a

∫
d4k
(2#)4

∫
d4(
(2#)4

$((2)(2#)4$4(k + q− () Tr["!&(=!']

=
∑

a

e2a

∫
d4k
(2#)4

$((k + q)2) Tr["!&(k= + q=)!']: (3.2.5)

In order to calculate W &', it is convenient to use a Sudakov parametrisation of the four-
momenta at hand (the Sudakov decomposition of vectors is described in Appendix A). We
introduce the null vectors p& and n&, satisfying

p2 =0= n2; p · n=1; n+ =0=p− (3.2.6)

and we work in a frame where the virtual photon and the proton are collinear. As is customary,
the proton is taken to be directed along the positive z direction (see Fig. 5). In terms of p&

and n& the proton momentum can be parametrised as

P&=p& +
M 2

2
n& ≃ p&: (3.2.7)

Note that, neglecting the mass M , P& coincides with the Sudakov vector p&. The momentum
q& of the virtual photon can be written as

q& ≃ P · qn& − xp&; (3.2.8)

22 V. Barone et al. / Physics Reports 359 (2002) 1–168

We have now to parametrise ⟨!"⟩, which is a vector quantity containing information on the
quark dynamics. At leading twist, i.e., considering contributions O(P+) in the in!nite momentum
frame, the only vector at our disposal is p" ≃ P" (recall that n"=O(1=P+) and k" ≃ xP").
Thus we can write

⟨!"⟩ ≡
∫

d4k
(2#)4

$
(

x − k+

P+

)

Tr(!"%)

=
∫
d&
2#
ei&x⟨PS| " (0)!" (&n)|PS⟩=2f(x)P"; (3.2.17)

where the coe#cient of P", which we called f(x), is the quark number density, as will become
clear later on (see Sections 4.2 and 4.3). From (3.2.17) we obtain the following expression
for f(x):

f(x)=
∫
d'−

4#
eixP

+'−⟨PS| " (0)!+ (0; '−; 0⊥)|PS⟩: (3.2.18)

Inserting (3.2.17) into (3.2.16) yields

W (S)
"( =

∑

a

e2a(n"P( + n(P" − g"()fa(x): (3.2.19)

The structure functions F1 and F2 can be extracted from W"( by means of two projectors (terms
of relative order 1=Q2 are neglected)

F1 =P"(
1 W"(=

1
4

(
4x2

Q2
P"P( − g"(

)

W"(; (3.2.20a)

F2 =P"(
2 W"(=

x
2

(
12x2

Q2
P"P( − g"(

)

W"(: (3.2.20b)

Since (P"P(=Q2)W"(=O(M 2=Q2) we !nd that F1 and F2 are proportional to each other (the
so-called Callan–Gross relation) and are given by

F2(x)=2xF1(x)=− x
2
g"(W (S)

"( =
∑

a

e2axfa(x); (3.2.21)

which is the well-known parton model expression for the unpolarised structure functions, re-
stricted to quarks. To obtain the full expressions for F1 and F2, one must simply add to (3.2.20b)
the antiquark distributions "fa, which were left aside in the above discussion. They read (the
rôle of  and " is interchanged with respect to the quark distributions: see Section 4.2 for a
detailed discussion)

"f(x)=
∫
d'−

4#
eixP

+'−⟨PS|Tr[!+ (0) " (0; '−; 0⊥)]|PS⟩ (3.2.22)

and the structure functions F1 and F2 are

F2(x)=2xF1(x)=
∑

a

e2ax[fa(x) + "fa(x)]: (3.2.23)

Quark–quark correlation matrix
20 V. Barone et al. / Physics Reports 359 (2002) 1–168

Fig. 4. The so-called handbag diagram.

Fig. 5. The !∗N collinear frame. Note our convention for the axes.

We de!ne the quark–quark correlation matrix "ij(k; P; S) as

"ij(k; P; S)=
∑

X

∫
d3 PX

(2#)32EX
(2#)4$4(P − k − PX )⟨PS| j(0)|X ⟩⟨X | i(0)|PS⟩: (3.2.3)

Using translational invariance and the completeness of the |X ⟩ states this matrix can be re-
expressed in the more synthetic form

"ij(k; P; S)=
∫

d4% eik·%⟨PS| " j(0) i(%)|PS⟩: (3.2.4)

With the de!nition (3.2.3) the hadronic tensor becomes

W &'=
∑

a

e2a

∫
d4k
(2#)4

∫
d4(
(2#)4

$((2)(2#)4$4(k + q− () Tr["!&(=!']

=
∑

a

e2a

∫
d4k
(2#)4

$((k + q)2) Tr["!&(k= + q=)!']: (3.2.5)

In order to calculate W &', it is convenient to use a Sudakov parametrisation of the four-
momenta at hand (the Sudakov decomposition of vectors is described in Appendix A). We
introduce the null vectors p& and n&, satisfying

p2 =0= n2; p · n=1; n+ =0=p− (3.2.6)

and we work in a frame where the virtual photon and the proton are collinear. As is customary,
the proton is taken to be directed along the positive z direction (see Fig. 5). In terms of p&

and n& the proton momentum can be parametrised as

P&=p& +
M 2

2
n& ≃ p&: (3.2.7)

Note that, neglecting the mass M , P& coincides with the Sudakov vector p&. The momentum
q& of the virtual photon can be written as

q& ≃ P · qn& − xp&; (3.2.8)

DIS handbag diagram for the structure function

Bjorken regime

leading-twist
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d4k
(2#)4

$
(

x − k+

P+

)

Tr(!"%)

=
∫
d&
2#
ei&x⟨PS| " (0)!" (&n)|PS⟩=2f(x)P"; (3.2.17)

where the coe#cient of P", which we called f(x), is the quark number density, as will become
clear later on (see Sections 4.2 and 4.3). From (3.2.17) we obtain the following expression
for f(x):

f(x)=
∫
d'−

4#
eixP

+'−⟨PS| " (0)!+ (0; '−; 0⊥)|PS⟩: (3.2.18)

Inserting (3.2.17) into (3.2.16) yields

W (S)
"( =

∑

a

e2a(n"P( + n(P" − g"()fa(x): (3.2.19)

The structure functions F1 and F2 can be extracted from W"( by means of two projectors (terms
of relative order 1=Q2 are neglected)

F1 =P"(
1 W"(=

1
4

(
4x2

Q2
P"P( − g"(

)

W"(; (3.2.20a)

F2 =P"(
2 W"(=

x
2

(
12x2

Q2
P"P( − g"(

)

W"(: (3.2.20b)

Since (P"P(=Q2)W"(=O(M 2=Q2) we !nd that F1 and F2 are proportional to each other (the
so-called Callan–Gross relation) and are given by

F2(x)=2xF1(x)=− x
2
g"(W (S)

"( =
∑

a

e2axfa(x); (3.2.21)

which is the well-known parton model expression for the unpolarised structure functions, re-
stricted to quarks. To obtain the full expressions for F1 and F2, one must simply add to (3.2.20b)
the antiquark distributions "fa, which were left aside in the above discussion. They read (the
rôle of  and " is interchanged with respect to the quark distributions: see Section 4.2 for a
detailed discussion)

"f(x)=
∫
d'−

4#
eixP

+'−⟨PS|Tr[!+ (0) " (0; '−; 0⊥)]|PS⟩ (3.2.22)

and the structure functions F1 and F2 are

F2(x)=2xF1(x)=
∑

a

e2ax[fa(x) + "fa(x)]: (3.2.23)

Quark–quark correlation matrix
20 V. Barone et al. / Physics Reports 359 (2002) 1–168

Fig. 4. The so-called handbag diagram.

Fig. 5. The !∗N collinear frame. Note our convention for the axes.

We de!ne the quark–quark correlation matrix "ij(k; P; S) as

"ij(k; P; S)=
∑

X

∫
d3 PX

(2#)32EX
(2#)4$4(P − k − PX )⟨PS| j(0)|X ⟩⟨X | i(0)|PS⟩: (3.2.3)

Using translational invariance and the completeness of the |X ⟩ states this matrix can be re-
expressed in the more synthetic form

"ij(k; P; S)=
∫

d4% eik·%⟨PS| " j(0) i(%)|PS⟩: (3.2.4)

With the de!nition (3.2.3) the hadronic tensor becomes

W &'=
∑

a

e2a

∫
d4k
(2#)4

∫
d4(
(2#)4

$((2)(2#)4$4(k + q− () Tr["!&(=!']

=
∑

a

e2a

∫
d4k
(2#)4

$((k + q)2) Tr["!&(k= + q=)!']: (3.2.5)

In order to calculate W &', it is convenient to use a Sudakov parametrisation of the four-
momenta at hand (the Sudakov decomposition of vectors is described in Appendix A). We
introduce the null vectors p& and n&, satisfying

p2 =0= n2; p · n=1; n+ =0=p− (3.2.6)

and we work in a frame where the virtual photon and the proton are collinear. As is customary,
the proton is taken to be directed along the positive z direction (see Fig. 5). In terms of p&

and n& the proton momentum can be parametrised as

P&=p& +
M 2

2
n& ≃ p&: (3.2.7)

Note that, neglecting the mass M , P& coincides with the Sudakov vector p&. The momentum
q& of the virtual photon can be written as

q& ≃ P · qn& − xp&; (3.2.8)

DIS handbag diagram for the structure function

Bjorken regime

fa/A(x, µ
2) = MS PDFs

<latexit sha1_base64="9KoBVIZpitUo/Vc3gULGFR9Skqs="></latexit>

k2 ~ Q2

k2 > 2

k2 < 2

Fig. 12. The higher order contributions in the upper part of the diagram (a), where the quark virtuality
is greater than µ2 lead to more O

(

αs(ξ2) lnµ2ξ2
)

corrections. The lower radiative corrections (b) can
be absorbed into the quark-hadron amplitude which will then depend on the renormalization scale µ2.

k2 ~ Q2

k2 > 2

k2 < 2

Fig. 13. The upper part (a) here generates a c-number coefficient function for gluonic operators in the
product of two currents, beginning at O

(

αs(ξ2) lnµ2ξ2
)

, while the lower part (b) can be absorbed into
a new gluon-hadron amplitude.
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F (xB, Q
2) =

X

a

Z 1

xB

dx

x

f

a/A

(x, µ2) F̂2,a

✓
xB

x

,

µ

2

Q

2

◆
+O(M/Q)

<latexit sha1_base64="LFfoj9Zvty5WevuwpJJSVdkKpyM="></latexit>

Collinear factorization: virtuality of the photon gives HARD scale

+O(M/Q)
<latexit sha1_base64="dwOvYG2jp452opyjN/EoKz+zQjc=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBItQEcaZWtBl0Y0bsQX7gHYsmTStoZnMkGSUMvQ/3LhQxK3/4s6/MdNW8Hngcg/n3Etujh9xprTjvFuZufmFxaXscm5ldW19I7+51VBhLAmtk5CHsuVjRTkTtK6Z5rQVSYoDn9OmPzxL/eYtlYqF4kqPIuoFeCBYnxGsjXR9kHQI5uhyXLw4rO138wXHLjsp0G/i2pPuFGCGajf/1umFJA6o0IRjpdquE2kvwVIzwuk414kVjTAZ4gFtGypwQJWXTK4eoz2j9FA/lKaERhP160aCA6VGgW8mA6xv1E8vFf/y2rHun3gJE1GsqSDTh/oxRzpEaQSoxyQlmo8MwUQycysiN1hiok1QORPC50/R/6RRst0ju1QrFyqnsziysAO7UAQXjqEC51CFOhCQcA+P8GTdWQ/Ws/UyHc1Ys51t+Abr9QOsqpFS</latexit>

mathematical object ⟶

leading-twist

MS
<latexit sha1_base64="OUUAHXisTtajT/Bvc4PEL2aMxMQ=">AAAB/XicdVBLSwMxGMz6rPW1Pm5egkXwtOxWQY9FL16EivYB3aVk02wbmmyWJCvWZfGvePGgiFf/hzf/jdm2gs+BkGHmG/JlwoRRpV333ZqZnZtfWCwtlZdXVtfW7Y3NphKpxKSBBROyHSJFGI1JQ1PNSDuRBPGQkVY4PC381jWRior4So8SEnDUj2lEMdJG6trbvjB2kc58Hoqb7Pwyz7t2xXWqbgH4m3jO+HYrYIp6137zewKnnMQaM6RUx3MTHWRIaooZyct+qkiC8BD1ScfQGHGigmy8fQ73jNKDkZDmxBqO1a+JDHGlRjw0kxzpgfrpFeJfXifV0XGQ0ThJNYnx5KEoZVALWFQBe1QSrNnIEIQlNbtCPEASYW0KK5sSPn8K/yfNquMdONWLw0rtZFpHCeyAXbAPPHAEauAM1EEDYHAL7sEjeLLurAfr2XqZjM5Y08wW+Abr9QN1qZXf</latexit>



A. Courtoy & P. Nadolsky ________________Testing Counting Rules____________________AMBER@CERN meeting

�8

Testing Quark Counting Rules

Complementary testing to first principles: support, endpoints, positivity
QCD-based large-x behavior

Threshold limit in DIS  x →1
Proved for exclusive and inclusive processes

p=#spectators

}n
s

= 2 }ns

= 3 }ns

= 4

Figure 7: The number of spectator partons in a proton consisting of three quarks, whether a valence
quark (a), a gluon (b) or a sea quark (c) is struck by a virtual photon �⇤ in deep-inelastic scattering.

the agreement is only qualitative. Note that for ABM12 and CJ15 the uncertainties are often
substantially underestimated due to parametrisation constraints in the extrapolation region.

At large x, the Brodsky-Farrar quark counting rules predict that xf
i

⇠ (1� x)2ns�1, where
n
s

is the minimum number of spectator partons. These are defined to be the partons that are
not struck in the hard scattering process, since it is assumed that in the limit x ! 1, there can
be no momentum left for any of the partons other than the struck parton. In a proton made
of three quarks, one has: for a valence quark, n

s

= 2 and thus b
uV = b

dV = 3; for a gluon,
n
s

= 3 and b
g

= 5; for a sea quark, n
s

= 4 and b
S

= 7; see Fig. 7. Note that the values of the
exponents predicted by Brodsky-Farrar quark counting rules are di↵erent if the polarization of
the quark with respect to the polarization of the parent hadron is retained [55]. This also a↵ects
the di↵erence between up and down distributions. A detailed comparison between PDFs and
quark counting rules in the polarized case was presented in Ref. [26]. Again it is unclear from
the quark model argument at which scale these predictions are supposed to apply, but again we
are fortunate that the scale dependence of large-x PDFs is reasonably moderate (see Fig. 5 and
Fig. 6), and it is reasonable to make the comparison at a low scale [25].

The predictions b
uV (x,Q

2) and b
dV (x,Q

2) for the valence distributions are then in broad
agreement with the e↵ective exponents determined from most of the global PDF fits, though
some deviations from Brodsky-Farrar quark counting rule expectations are observed for the
MMHT14 down valence quarks: this seems to be a result of the oscillation noted already in Fig. 2.
For the quark sea and the gluon, the success is again rather mixed, and only CT14 seems to
provide results which agree with the prediction; for NNPDF3.0 the uncertainties on the quark sea
are too large for the extraction to be meaningful, while the result for the gluon is a little low; for
MMHT14 the result for the gluon is far too low, with a substantially underestimated uncertainty.

In addition to the Brodsky-Farrar quark counting rules, the behaviour of PDFs at large x
has been predicted by several nonperturbative models of nucleon structure (see e.g. [56,57] and
references therein). In many cases, these provide expectations for the ratio of u to d valence
distributions in the proton, d

V

/u
V

, and of neutron to proton structure functions, Fn

2 /F
p

2 . These
ratios are particularly interesting because while all PDFs vanish at x = 1, their ratio does not
necessarily do so, and thus it is a useful discriminator among models of nucleon structure.

In the parametrisation Eq. (1), d
V

/u
V

⇠ (1 � x)bdV �buV as x ! 1, so if b
uV = b

dV , as
predicted by the counting rules, then d

V

/u
V

! k, with k some constant. Indeed it is the
constant k that many of the models try to predict. Moreover, as noted above, both CT14 and
CJ15 assume b

uV = b
dV in their fits. However while one may expect b

uV ' b
dV because of isospin

symmetry, it is also reasonable to expect that exact equality will be broken by isospin breaking
or electromagnetic e↵ects. The sign of these e↵ects is crucial: if b

uV > b
dV then d

V

/u
V

will
become infinite as x ! 1, while if b

uV < b
dV , as x ! 1 d

V

/u
V

! 0. These two possibilities result
in naive limits on the ratio Fn

2 /F
p

2 : if the sea quarks can be ignored at large x, then d
V

� u
V

,

12

01

03

02

Can we see the evidence for QCRs in data described 
by pQCD?

Can we test the effective power?

Is the effective power the same

• in F2(x, Q2), uV and dV?
• for all processes?

Brodsky and Farrar, PRL31 and PRD11
Ezawa, Nuovo Cim. A23
Berger and Brodsky, PRL42.

f(x) ����!
xB!1

(1� xB)
3 (1� xB)

5 (1� xB)
7

<latexit sha1_base64="sVHjjbywla8PwCNbRwH96drNMCg="></latexit>

extended to PDFs — without  λ[Ball et al, Eur.Phys.J.C 76]

F2(xB) ����!
xB!1

(1� xB)
2p�1+2|�q��A|

<latexit sha1_base64="vKW47Xo7IbaOPpM3G7skoSZhpcU="></latexit>



A. Courtoy & P. Nadolsky ________________Testing Counting Rules____________________AMBER@CERN meeting

�=� ���

�=� ���

�=�� ���

���� ���� ���� ���� ���� ���� ���� ����

��

���

��

���

�

� ���
� (�

�)

���� ����� ��������������� ����������

�9

Can we see the evidence for QCRs in data on F2 described by pQCD?

A

eff
2 (F2) ⌘

@ ln (F2(x,Q))

@ ln (1� x)
<latexit sha1_base64="gehL4JjMeEdH4idxoyvx+wY8Bh0="></latexit>

Pheno global fits from CT18NNLO

Effective exponent for x →1

CT18 and all main global fits assume

fa/A(x,Q
2
0) = x

A1,a(1� x)A2,a ⇥ �a(x)
<latexit sha1_base64="YYKrXgzz+ucGYQyorZq4Io8NniA="></latexit>

Structure Function follows QCRs within uncertainties.

Non-negligible running with Q2

Bjorken regime defined for particular W2 and Q2 regions 
(Q2 →∞ and W2 >mp2+(1-x)/x Q2 )

Two sources of uncertainties  showed: 
1. Hessian errors from fit output

2. Parametrization choice

[Hou et al, 1912.10053]

         a Bézier curve for CT18
           ≣smooth pol. of degree n
�a,n

<latexit sha1_base64="3Vzp1sQ49Ek7faBfbTDJeRT8Ous=">AAAB8XicdVDLSgNBEOz1GeMr6tHLYBA8yLKJgh6DXjxGMA9MltA7mU2GzM4uM7NCWPIXXjwo4tW/8ebfOJtE8FkwTFHVTXdXkAiujee9OwuLS8srq4W14vrG5tZ2aWe3qeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsYXeZ+644pzWN5Y8YJ8yMcSB5yisZKt936kPcyPJaTXqnsuVUvB/lNKu7098owR71Xeuv2Y5pGTBoqUOtOxUuMn6EynAo2KXZTzRKkIxywjqUSI6b9bLrxhBxapU/CWNknDZmqXzsyjLQeR4GtjNAM9U8vF//yOqkJz/2MyyQ1TNLZoDAVxMQkP5/0uWLUiLElSBW3uxI6RIXU2JCKNoTPS8n/pFl1Kydu9fq0XLuYx1GAfTiAI6jAGdTgCurQAAoS7uERnhztPDjPzsusdMGZ9+zBNzivH12QkLc=</latexit>
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�10NNLO Pheno PDFs: 
experiments compatible with multiple parametric forms at large x

Data do not constrain the x> 0.8 region

Q0=1.3 GeV is the starting evolution scale

1. Hessian error propagation from fit output
2. Choice of functional form: 

• there is more than one representation with equally good agreement
• dominant error for valence quarks

x=0.8Q=2GeV

[Hou et al, 1912.10053]

CT18: W2>15GeV2 , fixed order, Q2>4GeV2
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Can we see the evidence for QCRs in uV and dV?

��� ��� ���

���

���

���

���

���

� �
��
��
[�
�]

�=�����
�=��� ���

��� ��� ���

���

���

���

���

���
�=�����
�=�� ���

��� ��� ���

���

���

���

���

���
�=�����

�=��� ���

��� ��� ��� ��� ��� ��� ��� ���
���

���

���

���

���
� �

��
��
[�
�]

�=�����
�=��� ���

��� ��� ��� ��� ��� ��� ��� ���
���

���

���

���

��� �=�����
�=�� ���

��� ��� ��� ��� ��� ��� ��� ���
���

���

���

���

��� �=�����
�=��� ���

��� ��� ��� ��� ��� ���

���

���

���

���

���

� �
��
��
[�
�]

�=�����
�=��� ���

��� ��� ��� ��� ��� ���

���

���

���

���

���

�=�����
�=�� ���

��� ��� ��� ��� ��� ���

���

���

���

���

���

�=�����
�=��� ���

��� ��� ��� ��� ��� ���

���

���

���

��� ��� [��]

� �
��
��
[�
�]

�=�����
�=��� ���

��� ��� ��� ��� ��� ���

���

���

���

��� ��� [��]

�=�����
�=�� ���

��� ��� ��� ��� ��� ���

���

���

���

��� ��� [��]

�=�����
�=��� ���

��� ��� ���

���

���

���

���

���

� �
��
��
[�
�]

�=�����
�=��� ���

��� ��� ���

���

���

���

���

���
�=�����
�=�� ���

��� ��� ���

���

���

���

���

���
�=�����

�=��� ���

��� ��� ��� ��� ��� ��� ��� ���
���

���

���

���

���

� �
��
��
[�
�]

�=�����
�=��� ���

��� ��� ��� ��� ��� ��� ��� ���
���

���

���

���

��� �=�����
�=�� ���

��� ��� ��� ��� ��� ��� ��� ���
���

���

���

���

��� �=�����
�=��� ���

��� ��� ��� ��� ��� ���

���

���

���

���

���

� �
��
��
[�
�]

�=�����
�=��� ���

��� ��� ��� ��� ��� ���

���

���

���

���

���

�=�����
�=�� ���

��� ��� ��� ��� ��� ���

���

���

���

���

���

�=�����
�=��� ���

��� ��� ��� ��� ��� ���

���

���

���

��� ��� [��]

� �
��
��
[�
�]

�=�����
�=��� ���

��� ��� ��� ��� ��� ���

���

���

���

��� ��� [��]

�=�����
�=�� ���

��� ��� ��� ��� ��� ���

���

���

���

��� ��� [��]

�=�����
�=��� ���

Running expected in pQCD 
(e.g. Eur.Phys.J.C 76, Phys. Lett. B112)

Repeat the fit with N~300 functional forms

Variations of less than .5% in   

Extrapolation in the region x>0.75-0.8

1. Hessian error propagation from tabulated A2

2. Hessian error propagation for A2,eff from CT18NNLO

3. Scatter plot for the central fits for N parametrizations 
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QCRs expectation
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Can we see the evidence for QCRs in gluon and         ?

Running expected in pQCD 
(e.g. Eur.Phys.J.C 76, Phys. Lett. B112)

Repeat the fit with N~300 functional forms

Variations of less than .5% in   

Extrapolation in the region x>0.75-0.8

1. Hessian error propagation from tabulated A2

2. Hessian error propagation for A2,eff from CT18NNLO

3. Scatter plot for the central fits for N parametrizations 
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Ball et al
 QCRs expectation

ū+ d̄
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Are the effective powers the same for all processes?

  Sensitivity

• PDFSense: 
correlation between observable and objective function of a given fit.

•  [Phys.Rev. D98 (2018) & Phys.Rev.D 100 (2019)]

  Tool to estimate the preferences for the value of A2,eff per data set 

• At x~1
• Proton BCDMS and DY E866 favors a larger value of A2,eff[uV]
• Deuteron BCDMS favors a smaller value of A2,eff[uV]
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�14What is the error on the effective power that accounts for realistic 
measurement effects?

1.  Free hadron vs. modification of hadron before hard scattering 

 affects O(M/Q) corrections in a process dependent way

2.  At threshold, soft gluon resummation modifies the hard cross section.

and, for DIS, the resonance region requires a nonpert. treatment too!

• CJ: large-x PDF with TMC and higher-twist

• NNPDF with threshold resummation

Proton-proton collision: Increase in underlying hadronic activity with energy

e.g. PYTHIA [0710.3820]Accardi et al, PRD93 

Bonvini et al, JHEP 09

 J. Collins (Cambridge University Press, 2013)
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Does A2,eff capture the true leading (1-x)-power?

A2,eff depends on x and Q2

The same curve can be described to polynomials of different orders.

 polynomial mimicry

1. Bézier curves give an example of mathematical equivalence of polynomials of different orders

2.  Global/local degree of polynomial

f(x) = ↵(1� x)2 + 2�(1� x)x+ �x

2
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 A sum of (1-x)-power contributions can globally fit to a lower power 

4X

n=2

↵n (1� x)n
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Does A2,eff capture the true leading (1-x)-power?

A2,eff depends on x and Q2

The same curve can be described to polynomials of different orders.

 polynomial mimicry

1. Bézier curves give an example of mathematical equivalence of polynomials of different orders

2.  Global/local degree of polynomial

f(x) = ↵(1� x)2 + 2�(1� x)x+ �x

2
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 A sum of (1-x)-power contributions can globally fit to a lower power 
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↵n (1� x)n
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Know your model:

What are the characteristics of the underlying dynamics present/missing? 

 Is DGLAP valid at       ?

 sources of uncertainty in the comparison with QCRs at a scale 

µ2
0
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 The shape of PDFs and manifestations of low-energy dynamics

28 Pion Distribution Amplitude

with � = 11/3Nc � 2/3Nf and ⇤ is the scale of QCD. In order to find the value of Q0, we need
to fix the value of ⇤ consistently with the evolution code; i.e. we choose ⇤ = 0.174GeV. Following
the NLO evolution, one is to use ⇤ = 0.246GeV.

Knowing that the momentum fraction of each valence quark at Q = 2 GeV is 0.235 [192], we
fix the initial point of the evolution in such a way that the evolution of the second moment of the
pion Parton Distribution reproduces this result. This condition is fulfilled at a rather low value,
i.e.

Q0 = 0.29GeV , for the LO evolution ;

Q0 = 0.43GeV , for the NLO evolution .

(2.30)

Figure 2.4: Pion parton distribution. See text.

The first result that we obtained is that the PDF
resulting from the NLO evolution is basically unim-
proved with respect to the one evolved to LO. In
order to illustrate the latter statement, we have de-
picted the pion PD evolved at both LO and NLO in
Fig. 2.4. The solid (black) line of the Figure corre-
sponds to the LO evolution of the NJL model pre-
diction while the dashed (red) line represents the
NLO. Both evolved results are compared to the ex-
perimental data [65]. The agreement with the data
is not better in one or the other case. The e↵ect of
the NLO evolution is compensated in the LO evolu-
tion going to a lower value of Q0, a result that has
already been noticed in proton Parton Distributions
[200]. It is therefore obvious that, for numerical rea-
sons, we will prefer to evolve the distributions to LO.

The method used here is also applied by the au-
thors of Ref. [103]. There exists other ways of fixing

the scale, using di↵erent data or comparing with lattice data. They are reviewed in the latter
Reference.

The QCD evolution of the Pion DA

The Distribution Amplitudes have a logarithmic dependence in Q which is completely determined
by the QCD evolution equations derived in Ref. [138, 139, 140]. The QCD evolution equations for
the distribution amplitudes can be expressed, to leading order, in terms of Gegenbauer polynomials

�(x,Q) = x(1� x)
1
X

n=0
even

anC
3/2
n (2x� 1)

✓

ln
Q2

⇤2

◆��
n

, (2.31)

where only even n contribute since �(x,Q) = �(1 � x,Q) is required by isospin. The anomalous
dimensions are

�n =
CF

�

 

1 + 4
n+1
X

2

1

k
� 2

(n+ 1)(n+ 2)

!

, (2.32)
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LO
NLO

E615 “extraction”

Efforts needed to mindfully compare both pictures.

Nonperturbative theoretical uncertainties also get in the way of the comparisons.

Mimicry:

Multi-parameter analysis: impact of each nonpert. manifestation on objective function?  

  A2,eff can be determined, A2 cannot.

Relevant for the upcoming pion analyses at JLab and AMBER
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Conclusions

We have analyzed the quark counting rules for the CT18NNLO global fit for the proton PDFs.

We have addressed the question of their universality for processes, flavors as well as Structure Function vs. PDFs.

 The Q2 dependence of the (1-x)-power is not negligible — supported by other global fits and by pQCD.

 Global analyses rely on complex processes: underlying hadronic activity —not only scaling violations or resummation.

 The universality of Quark Counting Rules for PDFs depends on the validity of factorization —O(M/Q) terms.

 Mimicry reconciles many parametrizations of PDFs with measurements.

 The uncertainties must be estimated from both the nonperturbative and the pheno side.

How do we cast nonperturbative manifestations into measurable observables? 

We advocate for interpretative effective (1-x)-exponent.



“

”

It is worth emphasizing that, as long as the basic theoretical requirements are satisfied, all GPD 
representations present the same field theoretical object. Therefore, in principle, it should be 
possible to map a GPD within one representation to that in a different representation […]. This 
generally makes the popular question “Which GPD representation is better?” meaningless. Instead, 
one may hope to get an additional insight of GPDs and their physical interpretation by comparing the 
manifestation of GPD properties within different representations.

Müller, Polyakov & Semenov


