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Observables and First Principles

t ∼ 10−32s

〈φφ . . .〉

heightheight

t ∼ 105yrs

〈δT δT . . .〉

heightheight

t ∼ 1010yrs

〈δρgδρg . . .〉

H|infl. ∼ 1014 GeV Ψ



Observables and First Principles

Flat space: What are the rules governing physical processes?

CausalityLorentz
Invariance

Unitarity

Mn = Mn(si1...ik )
Sufficient Analiticity:
Poles, Branch cuts

Perturbative

Tree-level & 1-loop fixed

Higher loops: no complete set of rules



Observables and First Principles

Flat space: What are the rules governing physical processes?

CausalityLorentz
Invariance

Unitarity

3-particle amplitudes fixed.
Yang’s theorem; Weinberg-Witten theorem.
Charge conservation (spin 1); Equivalence principle (spin 2).
Consistent interactions involve spins: 0, 1/2, 1, 3/2, 2.
Spin-1 self-interactions just for different species.
Graviton uniqueness theorem; N = 1 Sugra
Spin > 2: No self-interactions; no interactions with s ≤ 2;

No elementary massive particles

[Weinberg, 64; P. B., Cachazo, 07; P. B., Conde, 11;
McGady, Rodina 13; Arkani-Hamed, Huang, Huang, 17]



Observables and First Principles

Cosmology: What are the rules governing physical processes?

Causality Unitarity

What’s their imprint and their consequences?



Observables and First Principles

Cosmology: What are the rules governing physical processes?

Causality Unitarity

What’s their imprint and their consequences? – First ε steps

Cosmological Optical Theorem [Goodhew, Jazayeri, Pajer, 20]

Steinmann-like relations [P. B., McLeod, Vergu, 20]
[P. B., Di Tucci, Vergu, w.i.p.]

Bootstrap programs [Arkani-Hamed, Baumann, Lee, Pimentel, 18]
[Baumann, Duaso Pueyo, Joyce, Lee, Pimentel, 19-20]

[Sleight, Taronna, 18-20]; [Pajer, Stefanyszyn, Supel, 20]
[P. B., Di Tucci, w.i.p.]



Flat-Space Causality and Steinmann Relations

1 General notion of causality: [φ(x1), φ(x2)] = 0 for (x − x1)2 > 0

2 Retarded products: [Lehmann, Symanzik, Zimmerman, 1957]

R(x ; x1) = −iϑ(x0 − x01 )[φ(x),φ(x1)]

R(x ; x1, . . . , xn) = (−i)n
∑

π∈Sn

ϑ(x0 − x0π(1)) · · ·ϑ(x
0
π(n−1) − x0π(n))[[· · · [φ(x),φ(xσ(1))], · · · ],φ(xσ(n))]

3 Generalised Retarded Functions: [Steinmann, 1960; Ruelle, 1961; Araki, 1961]

r (x ,σ; x1,σ1, . . . , xn,σn) = 〈0|R(x ,σ; x1,σ1, . . . , xn,σn)|0〉

4 (Generalised) Steinmann Relations: [Steinmann, 1960; Ruelle, 1961; Araki, 1961]

E.g.: rjn − aik = akl − rnj ,
{

rjn = r (xj ,+; , xk .−; xl ,−; xn,+)
ajn = r (xj ,−; , xk .+; xl ,+; xn,−) , π =

(
1 2 3 4
j k l n

)



Flat-Space Causality and Steinmann Relations: S-matrix

5
Double discontinuities on partially overlapping channels vanish

[Stapp, 71; Cahill, Stapp, 73,75; Lassalle, 74]

DiscsI (DiscsJ A) = 0,


I * J
J * I
I ∩ J 6= ∅
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Steinmann relations constrain the analytic structure of scattering amplitudes
Used to bootstrap amplitudes and integrals in planar N = 4 SYM
[Caron-Huot, Dixon, Drummond, Dulat, Foster, Grudogan, Harrington, von Hippel, McLeod, Papathanasiou, Spradlin, 16-20]

Also valid for individual Feynmann graphs
[Bourjaily, Hannesdottir, McLeod, Schwartz, Vergu, 20]



Questions

Big question:

What are the invariant properties that Ψ ought to satisfy in order to come
from a consistent causal evolution in cosmological space-times?

Smaller questions:

1 Can we see flat-space causality emerging from the wavefunction?

2 Do similar constraints hold for the wavefunction?
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Questions

Big question:

What are the invariant properties that Ψ ought to satisfy in order to come
from a consistent causal evolution in cosmological space-times?

Smaller questions:

1 Can we see flat-space causality emerging from the wavefunction?

ResWg1

(
ResWg2

Ω(SG)
)
= 0 =⇒ Discsg1

(
Discsg2AG

)
= 0

2 Do similar constraints hold for the wavefunction?

ResEg1

(
ResEg2

ψG
)
= 0 =⇒ Discsg1

(
Discsg2 Ψtree

G
)
= 0



Combinatorics and the Wavefunction:
the Cosmological Polytopes

Mathematical objects with their own first-principles definition
(no reference to Hilbert space and space-time)

Any question about the (pertubative) wavefunction becomes a combinatoric-geometrical
question



A Combinatorial Description of the Wavefunction

S [φ] =
0∫

−∞

dη
∫

ddx

1
2 (∂φ)2 −

∑
k≥3

λ(η)

k !
φk

 , λ(η) =

+∞∫
−∞

dε eiεηλ̃k(ε)

[N. Arkani-Hamed, P.B., A. Postnikov, 17]; [P.B., 19]

−→p 1
−→p 2

−→p 3
−→p 4

−→p 5

x1 x2 x3

y12 y23

x1 x2 x3

y12 y23

=
∏
v∈V

 +∞∫
Xv

dxv λ̃(xv )

 0∫
−∞

∏
v∈V

[
dηv eixvηv

] ∏
e∈E

G(ye , ηve , ηv ′
e )︸ ︷︷ ︸

ψ(xv , ye)

G(ηi , ηj) =
1
2ye

[
e−iye(ηve−ηv′

e
)
ϑ(ηve − ηv ′

e ) + eiye(ηve−ηv′
e
)
ϑ(ηv ′

e − ηve )︸ ︷︷ ︸
Feynman propagator

b.c.︷ ︸︸ ︷
−eiye(ηve+ηv′

e
)
]



A Combinatorial Description of the Wavefunction

x1 x2

y12
x1 x2

y12

x1 − y12 + x2

x1 + y12 − x2 −x1 + y12 + x2

Y =
∑

v
xvXv +

∑
e

yeYe ∈ Pnv+ne−1

[N. Arkani-Hamed, P.B., A. Postnikov, 17]
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(x1 + x2)(x1 + y)(y + x2)

meromorphic function with single poles only,
with residues corresponding to codimension-1 boundaries
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A Combinatorial Description of the Wavefunction

Y =
∑

v
xvXv +

∑
e

yeYe ∈ Pnv+ne−1

[N. Arkani-Hamed, P.B., A. Postnikov, 17]
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〈123〉2
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A Combinatorial Description of the Wavefunction
[N. Arkani-Hamed, P.B., A. Postnikov, 17]

Residues of ψ ⇐⇒ Facets ⇐⇒ Connected subgraphs g ⊆ G

Facet: PG ∩Wg ⊂ Pnv+ne−2

1. Marking all the internal edges of g in the middle
2. Marking all the edge departing from g close to g
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A Combinatorial Description of the Wavefunction
[N. Arkani-Hamed, P.B., A. Postnikov, 17]

Residues of ψ ⇐⇒ Facets ⇐⇒ Connected subgraphs g ⊆ G
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Emergence of Flat-Space Unitarity and Causality



Emergence of Flat-Space Unitarity
Scattering Facet: SG ≡ PG ∩WG ⊂ Pnv+ne−2 [N. Arkani-Hamed, P.B., 18]
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×A[g]×A[ḡ] cutting rules!



Emergence of Flat-Space Unitarity
Scattering Facet: SG ≡ PG ∩WG ⊂ Pnv+ne−2 [N. Arkani-Hamed, P.B., 18]
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x2 x3 x4

x5

x6x7

g

g
ḡ

Lower-dimensional Face:
SG ∩Wg ⊂ Pnv+ne−3

7∑
j=1

xj −→ 0

y23 + y37 + y56 +
5∑

j=3
xj −→ 0

Ω(SG ∩Wg) = Ω(Σ 6E)×Ω(Sg)×Ω(Sḡ) =

=

∏
e∈/E

1
2ye

×A[g]×A[ḡ] cutting rules!

Measure for the Lorentz Invariant Phase Space



Emergence of Flat-Space Causality
Vanishing of the double discontinu-

ities along partially-overlapping channels
(Steinmann Relations)

[P.B., A. J. McLeod, C. Vergu, 20]
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x3

x5 x6 x7

x8

x9
x13

x1 x11 x10

x2 x12

x4
g1ḡ1
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Emergence of Flat-Space Causality
Vanishing of the double discontinu-

ities along partially-overlapping channels
(Steinmann Relations)

[P.B., A. J. McLeod, C. Vergu, 20]
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ḡ1 ∩ ḡ2
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g1 ∩ g2

g2 ∩ ḡ1
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G = 0
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∑
v∈g

xv +
∑

e∈Eextg

ye

1. The double residues of the universal integrand ψG vanish ∀ G

2. The double discontinuities of the tree-level wavefunction Ψtree
G vanish

(Ψtree
G is given in terms of polylogs) [Arkani-Hamed, P. B., Postnikov, 17; Hillman, 19]



Conclusion

Steinmann relations for amplitudes are implied by causality.

They arise in a simple way from the combinatorics of the scattering facet
of the cosmological polytope.

Steinmann-like constraints for the wavefunction.

They arise via the same mechanism as the flat-space ones.

The analysis holds for a large class of models in FRW cosmologies.

A final proof of the relation between these new constraints on the wavefunction
and causality yet to be established [P. B., A. Di Tucci, C. Vergu; work-in-progress]

Obs: Perturbative integrands of in-in correlators as R-products


