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1. Motivation

The 2D cross section of superconducting magnets is modelled with
great level of geometrical detail by the finite element method.
However, due to the high degree of complexity of the models,
sensitivity analysis and optimisations are long-lasting. Furthermore,
potential relevant relationships within the system might be unnoticed.

— Action item from the 11T Dipole Technical Meeting 2019:

“Develop analytical formulae for the calculation of the deformed
collared coils and resulting coil stress”

Development of the analytical formulae — Generalisation of
the method:

The main objective of the method here presented is not to provide
a tool to compute precise values of deformation or stress, but to
establish an analytic framework to understand the main
relationships between geometry and strain-stress developed
within complex mechanical systems.

José Luis Rudeiros Fernandez | An analytical approach to the mechanics of superconducting magnets




2. Introduction

The cross section of a superconducting magnet can be conceptualised,
to different levels of complexity, by describing mathematically its
components and the relationships between them.

If one considers all structural components as linearly elastic isotropic
bodies, and all internal and external forces as conservative, the relation
between material properties, stress, strain, and displacements can be
expressed in terms of the variation of elastic strain energy stored within |
the structure.

The proposed method formulates the structure through the . D

concept of the A function, which is based on the idea of &

geometrical interference y, and the partial derivative of o .

the strain energy of each component, summarising, to a 5

certain level of complication, the main geometrical Ny Key
interactions between components, and their temperature \
dependency N S e e ——— = .. - —
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3. Analytical formulation and method

Elementary work

A quick introduction to strain energy and deformation dW = Fdx
First law of thermodynamics dlU = dQ —dW Total strain 1energy stored
, i 5
y F | U= J Fdx
:' 1 0
Fl - O-xx . lZ g ly ':'
1
U1 — §F15x
Considering 6,.(F;)
L Fy?
U x TN
X Ox = Exx * Iy . ye
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3. Analytical formulation and method

A quick introduction to strain energy and deformation

First law of thermodynamics ] = dQ —dW

Y F

1
1
1
7
-
\
\
\
\
\
|
|
|
}

Castigliano’s second

theorem

U: R" > R
U(F, Fy, ..., E)
U ou

a_P,1= 51’."’6_F;,L= 571

|

The displacement 6, is derived
from the energy function as

oU; I Fy
oF; L ,E
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3. Analytical formulation and method

A quick introduction to the variation of strain energy as a function of internal forces

M Pure bending N Normal force V Shear force

.................

- _—-.u--_ = '

~ " neutral surface
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3. Analytical formulation and method

A quick introduction to the variation of strain energy as a function of internal forces

Global strain energy function

M (@) Pure bending body function
S M? N4 MN V2
N((p)l Normal force body function )} ——> U4y, = J + Y ——]ds
0

2AcER | 2AE _ AER

2AG

V((p)l Shear force body function

Transformation of internal forces into an azimuthal stress scalar field

M(p)y N N(¢p)

l % = Ae(r —vy) A

M(@)(R —e—p) N N(p)
Aep A

og(p, p) =
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3. Analytical formulation and method

An analytical method based on the concepts of geometrical interference and A functions

General definition N X

y ;" A A function of a system in

N . | non-equilibrium, is defined, in
y | | general terms, as a function

" | that relates the partial
derivative of the strain energy
. | of the bodies of the system,
j /| with the geometrical
x » | interference, where the
X . “‘. equilibrium solution is found at
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3. Analytical formulation and method

An analytical method based on the concepts of geometrical interference and A functions

General definition N X
y L
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3. Analytical formulation and method

An analytical method based on the concepts of geometrical interference and A functions

Discontinuities

fMl»Np Vi for oy <6 <@
M,, Ny, V, forp, <0 <@,

\Mn+1:Nn+1: Vi1 for @n <0 < ¢nyg
Global strain energy function

. ° _N* MN V2
body = | \24eER ' 2AE A

L M [ ’ + Ni . M I N L + Vi ’ U 2 _f § Rd
\" 9= 24err T 228 ~ 2ER T ¥ 240 Yy Jae
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3. Analytical formulation and method

An analytical method based on the concepts of geometrical interference and A functions

Contribution of external variable pressure to internal forces

do |
Vie< M) .- Vo] contre
’j : Ra
N(p)” | ]
ol
R; I
PO o>
H
Ll
. ¥l

Differential force and bending moment created
by a differential angular element df

dM = p(6)R;R, sin(p — 6) dO

Overall contribution to the internal forces

()
M() = RR; j p(6) sin(p — 6) do
0
N(p) = R; Jr(pp(é') sin(¢p — 0) d6
0

V(p) = R; Jr¢p<9> cos(g — 6) df
. J0 |
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3. Analytical formulation and method

An analytical method based on the concepts of geometrical interference and A functions

Imaginary loads, displacements and rotations In order to derive the displacement of the points of

Fﬁl interest (or rotation in the case of an imaginary
bending moment), in which the imaginary loads are
exerted, it is necessary to include all imaginary
loads within the energy formulation.

U,

~ OF
'B Fﬁ:O

op

The position and direction of imaginary loads could
also be parametrised. In this case, the internal
functions will have to be defined over dynamic sub-
domains, parametrised based on the same
variables used for the imaginary load.
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3. Analytical formulation and method

An analytical method based on the concepts of geometrical interference and A functions

Interaction between bodies oU; 4

0Fp;

=0
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4. The 11 T collared coils structure

Geometry and temperature General definitions

XO,LP
N

1 !
/ /

(7‘0 T+ X p,co)

Mid-plane
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4. The 11 T collared coils structure

Geometry and temperature General definitions

_______
~-
~
-
~~o
~
~
~
~
~
~
~
~
~

Generalisation of the inner radial boundary of the collar
. 2
N Pc = (5b - XH,MP) sinf + \[(To + RjacAT¢)? — (5b - XH,MP) cos® 0
....... Generalisation of the outer radial boundary of the
To \\\\ > 3
; Pco = O0gqCOSO + \[((ro + Xp,co)(l + aCOATCO)) — 8, sin? 0
IIII X*Q‘o \\\\\
VA\S, Peo Generalisation of the radial geometrical interference, y,,
; / Pc “\
e \ Xp = Pco — Pc
Xo Mpi 6 0 “-|
6bI i Yo
S

Geometrical interference created by the pole

T
Xop = apATp (E — y) Ty — (Rl-aCATC + 6, — )(QJMP) CoSy
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4. The 11 T collared coils structure

Geometry and temperature Determination of the geometry of a coil

P, = {{x1;)’1}» {x2,¥2} - {xnk'ynk}}

Normal deviation function of the loading plate

Ngeyrp = /X2 + y2sin (arctan (%) - y)

Normal deviation function of the outer radius

Ndev,OR = To — \/xz + yz

Global fitting minimisation function (i.e. alignment)

nrp NoRr
Mldplane 1 {xf ;?ler} ER (2(Ndev LP) + Z(Ndev OR) >

\\
~
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4. The 11 T collared coils structure

Geometry and temperature Determination of the geometry of a coil

Type I x,

I .
I |
I |
i b [
03- | ! 0.06- App=—03mm ~
r Ap;=—03 mm | I [ 1
F i | I Appy=—0.2 mm
02} | 0.04
Ap;=—0.2 mm | I ,¢/
[ 1 1 Ral i
0.1r 11 i 0021
_ r Ap;=—0.1 mm 11 i (T ar Ap ) . = L Apy=0.1
g ¥ o 117 . g L App=0.1 mm
£ oof I ! o’ £ 000 —
> L | i ,¢’ > Apy=-0.1 mm
Ap;=0.1 mm | . - |
—0.1+ | i —0‘0277
Ap;=0.2 mm | f I
H | 1 —0.041-
=021 | i F
Ap;=0.3 mm | b” - i App=0.2 mm
L T ! —0.06-2p=0.3 mm
P _0-3 I S S S T S Y SV Y SO WY WY W | 4 0 g V. e L L L | L L L | L L T S [T S SO R
-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3 -0.06 -0.04 -0.02 0.00 0.02 0.04 0.06
X (mm) a” X (mm)

José Luis Rudeiros Fernandez | An analytical approach to the mechanics of superconducting magnets




4. The 11 T collared coils structure

Geometry and temperature Determination of the geometry of a coil

wom - Type | x,

0.04
0.021

0.00——

Apparent y , after alignment
Type Il x,,

Ap;=0.2 mm

Ap;=0.1 mm

Ap;=0 mm

0.02-

0.04

~ @ from LP (rad)
1.2

Ap;=—0.1 mm

Ap;=—0.2 mm

Xp (mm)

0.04-

0.02-

000 F———L M 1 v 1L L e
1

-0.021

-0.041

2‘ 6 from LP (rad)

Apy=0.2 mm

App=0.1 mm
App=0 mm

App=—0.1 mm |

0.3r

0.2

-0.1

-0.2¢

-0.3"

0.1F

Apparent azimuthal interference after alignment

Type I x,,

_¥omp (mm)

/ A,D1=02 mm

Ap;=0.1 mm

Ap;=0 mm

35 40 45 50 55 6o XM

\ Ap;=—0.1 mm

\ Ap1=—0.2 mm

Type Il x,,
Jomp (Mm)
0.3r
0.2F
0.1
L App=0 mm
App=-0.2 mm
App=-0.1 mm
‘ ‘ ‘ ‘ ‘ — p (mm)
35—40—45—50—55—60——Ap;=0.1 mm
App=0.2 mm
-0.1r
-0.2r
-0.3~

Xo.1 = YAp;

)?9,11 = (2(7"0 + Ap”) arcsin(

T

(0]

;sinz) — YT,
T, + Ap; 2 o

José Luis Rudeiros Fernandez | An analytical approach to the mechanics of superconducting magnets




4. The 11 T collared coils structure

Geometry and temperature
Are xg 1.p and xg yp really not equivalent? A quick Gedankenexperiment

XO,LP

X0 MP ‘ !
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4. The 11 T collared coi!s structure

Strain energy formulation Energy formulation of the collar

Fs = Fgccos(y — B) + 1, jyp(e) cos(y —0)de6

Linear normal pressure .

p(0) =0 vo € [0,y] (M, () = My o + FR, sin® — FR, (1 — cos®) for 0 < & < (% =)

My (D) = My ¢ + Ry, J ) p(6) sin (@ — (% ~y)-6)de
° T VA
for (E—y) <P < (E—y+,8)
Ms,c(®) = My,c + FgcRq sin (@ — (% ~y)-8)

for (%—y+,8)<q§ﬁg

\

Collar’s global strain energy function

(z7) (z-v+p) z
UC = j g ,qu) +J g ,qu) +f g ,qu)
........ 0 ' (Z-v) i (Z-v+8) ’
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4. The 11 T collared coi!s structure

Strain energy formulation Energy formulation of the coil

Linear normal pressure

Ml,co((P) = Mo,co + Fpry(1 — cos @) — ToTa j(pp(e) sin(p — 6) do
p(8) =0 v €[0,y] ’

0.C Mz,co((P) =M, ¢ (o) + Fﬁcora sin(e — B) forp<¢@<y

0

N,, () = Ny co(9p) = —Fpcose —1, f(pp(e) sin(p —0)dé for0< @ <p
Na,c0(@) = Ni,co(9) + Fpeo sin(p — B) forB<o<y

@
Vico(p) = —Fpsing + roj p(@)cos(p —0)dO for0< o <p
Vco((P) = 0

VZ,CO((p) = Nl,co(‘P) — Fgeo cos(p — f) forB <<y

Coil’s global strain energy function

B Y
Uco =j gl,cod¢+ng,cod¢
0
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4. The 11 T collared coi!s structure

Strain energy formulation | Collar equilibrium

Linear normal pressure
p(6) =0 vO € [0,y]

Equilibrium of vertical forces in the pole Fc = Fpcosy

2F
bcce

F. ““" Vertical stress in the collar nose Ocny = —

n

, [V
Fp = 6 —6)do
= e | PO costy - 0)

Collar internal equilibrium equation

7, 4
F-= 0 —0)do
c tanyjo p(8) cos(y —6)

Tobccc

L, |4
........ OcN = — jo p(8) cos(y —6) do

2tany
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4. The 11 T collared coi!s structure

Strain energy formulation Collaring

Linear normal pressure
p(6) =0 vO € [0,y]

Vertical integration of the pressure in the coil
Y

0c Feoy =1 j p(6)sin(y — 6) d6
0

Minimum collaring force

21, (Y

F, =
A b 0

cos(y — 6
(v )) d9
tany

p(6) (sin(y —0) +

Dimensionless ratio between the total vertical force exerted by
the press, F,, and the force transferred through the collar nose

Fy
C—bﬁ
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4. The 11 T collared coils structure

Pressure (MPa)
Strain energy formulation 80|
/ 0! — »
o 4 i — m
Fr = p(6) cos(y — 0)do 4 —
1 T P4
20}
. . . — 0 (rad)
Radial deformation of the centre line 1.2
of the collar structure for quadrant | Visualisation of the centre line of the collar structure
0.15F T T T T T T L 0.1sF ™ 77 E T T T T T T T
aﬂ/ O.10i g
O'IOf aFC B
0.05F 1
. _ L N \N\Y I S~y q e W\ emm——— Ra
= " ey —p CO. —nr %
£ E 0.00r . g —
; [ / aFﬁC —_— D — ; [ P2 — ; 1
0.007 7 — s r — D3 - P
[ o —0.05:— 1 — | —n
Rt ] 010! ] T
0100 oo L —0.15;‘”“””“”‘HH_H Cd
-0.05 0.00 0.05 0.10 0.15 -0.15 -0.10 -0.05 0.00 0.05 0.15
X (mm) X (mm)
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4. The 11 T collared coils structure

Pressure (MPa)

Strain energy formulation

(90U,
3E. = 0cv1
) Clrc=Fci, p(0)=p1;
7 14
\Fa = any jo p1:(6) cos(y — 08) do

Solutions of p(8) will be restricted to those
in the form of polynomial expressions
5

p(0) = Z a;6"

i=0

Solutions for the polynomial coefficients to
be found through a minimisation problem

U,

min 5C V1 ﬁ

{ai}eR

Fc=Fci,p(0)=p1;

50

40

T

LI

30F

20F

0.04

0.02F

y (mm)

0.00

-0.02-

—0.04

-0.03-0.02-0.01 0.00 0.01 0.02 0.03

X (mm)

- P

— P1,50

P15

'2 — @ (rad)

- D
- PL50

P1,75

50F B
~ A VA [—— Ra
E o i
— = ! el S|
'] 1 — piso
r P15
_50 L

x100 |
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y (mm)

4. The 11 T collared coils structure

Strain energy formulation

5, (mm)

Total vertical deformation of the collars Total horizontal deformation of the collars
0.3 o 0.3+ o
0.2} : 0.2+ ®

i S i ¢ _
0.0 0.0 H
, * e |
0.1} : —0.1} :
i o i o |
_02 T S T S B S SR RS _02 T S T I S R B SR
40 50 60 70 &0 90 100 110 40 50 60 70 &0 90 100 110
—ocN (MPa) —ocn (MPa)
® P1 ® pp ©® ps ©® p, O P1,50 P1,75

José Luis Rudeiros Fernandez | An analytical approach to the mechanics of superconducting magnets




4. The 11 T collared coi!s structure

Strain energy formulation Global formulation of the collared coils

Linear normal pressure

Pole and ground insulation deformation
p(0) =0 vo €[0,y]

0,C 51 Fp ) <(% - V) Ta N tl-9>

- b(T'O — T Ep Ei

Assembly geometrical interference
X6,a = Xshim T Xo,Lp

Overall azimuthal geometrical interference

X6 = Xoap T Xor,co T Xop + Xo,a — 010

Approximated radial deformation

1 [ty 1,—15 1, (Rq
51 = ¥ +-(22-1)
tp bc<Ei Foou " Ec\R )PP
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4. The 11 T collared coi!s structure

Strain energy formulation The global A functions

The pole displacement contribution
U,
0,C dF

Compression on the loading-plane

aU,,
0Fp
Displacement of the coil due to deformation of the collar

(aUC s >
OFpc  °

A function for the azimuthal direction

Linear normal pressure

p(6) =0 Vo € [0,y] ——= oSy

+ 4, |siny
B=y

+ 6, |siny — xg
B=y

[, e v (v
........ S e T AT AR T
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4. The 11 T collared coi!s structure

The global A functions
A function for the rotation imposed in the loading-plane

Strain energy formulation

Linear normal pressure

p(8) =0 vO € [0,y] U,

0. Moot = M — Xrot

A function for the radial direction

A —fy We _[Yeo | (9 | +6,, | dB
P )y \0Fge  \ 0Fg  \0Fgo P g 7T g
B=v
Finding solutions

AQ =0 min |Ap|
Apor =0 = ek

A, =0 Ag =0

3 subject to Nyor =
........ p(6) =0 v € [0,y]
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A nominal collared case

4. The 11 T collared coils structure

-1
. . . . 1 _ [VFCOSY
Solutions and discussion Radil psition, Xoan = Xoan <1+;arcsm( L )) > 0.278 mm
30 40060 a
a . I b . C
sl T T 5
=S
- /~ RN g
g 0.00 B g
= \ / E £
~0.05} E
..................... <
010}
om0 w005 om0 005 010 S U N P—Ti
-50 0 50
X (mm) LP =-===- MP
X (mm)
d — Collar_-- Coll — Collar = Collar nominal position
===+ Coil ===+ Coil nominal position
g a, Polar representation of the magnitude of the radial displacement of the
S 30k centre line of the coil and collar for all quadrants. b, Polar representation of
g i the radial displacement of the centre line of the collar and coil in relation to
g i the un-deformed nominal position. The deformation is amplified in the
= 20¢ graph by a factor x200 for better visualisation. ¢, Azimuthal stress
S distribution in the coil’s loading-plane (LP) and mid-plane (MP). d, Radial
10} pressure distribution on the outer surface of the coil, where 6=0 represents Azimuthal Stress (MPa)
i the angular position of the loading-plane of the coil. e, Azimuthal stress s B
o scalar field for the collar and coil. -50 0 50 100 150

00 02 04 06 08 1.0 1.2
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Op (mm)

| c ~0.05 0.00 0.05
O . ‘ . . . . . . . T T T
4. The 11 T collared ™= A :
" B S -50f 4 |
‘ " i cN m
u ] [
coils structure .
g °
L] n n " o _150; .
Solutions and discussion Collaring T | | |
a b g L) I 0 0.1 02 0.3
70, Radial position, p (mm) 7 ... Y. 6 Tool gap (mm)
i 30 40 50 60
: A R R b d 5 (mm)
60¢ i ~0.05 0.00 0.05
[ 4000 -
£ ol :
= £ 3500+ @
S = E |
2 40! N £ 3000F ®
©n 40 - % L
= v 2 : °
o ~ L
i i & e 2500 ¢
S 30 =
2 [ é Il Il ,
[ N
200 5 0.1 0.2 0.3
i ‘ Tool gap (mm)
107\ L L L L L L L L L L L L L L L L L L L L L L L L
00 02 04 06 08 10 12 100l
6 (rad)
— 0,=—-0.075mm — 0,=—0.025mm — §,=0.025mm — §,=0.075 mm

a, Radial pressure distribution on the outer surface of the coil, where 6=0
represents the angular position of the loading-plane of the coil, as a function of §,.
b, Azimuthal stress distribution in the coil’s loading-plane (LP) and mid-plane
(MP). ¢, Collar nose stress, and minimum azimuthal stress in the mid-plane of the
coil. d, Force exerted by the press by length. e, Azimuthal stress scalar field for
the coil at the different stages considered.

Azimuthal Stress (MPa)

-100 -80 —-60 -40 =20 0
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_— {Xe,a = X6,an) XoMP = 0} == —>{X9,a =0,xgmp = )(e,aN}

4. The 11 T collared

coils structure "l
= 50¢
| | | ] | ] " " " " E P
Solutions and discussion Geometrical non-equivalence principle <
-1 § v
1 Vr COSY g I
Xoan = Xg.an | 1 +—arcsin <f—) - 0.278 mm £ 304
y ra "g L
r 20¢
case | {Xe,a = X6,aNn, XomMp = 0} ol
X6t = Xoat Xoup =—> ;
CaSe ]] _ 0 _ 0 L L L | L L L | L L L | L L L | L L L | L L L | |
XQ,a =0V, XG,MP = XQ,aN 00 02 04 06 08 10 12
6 (rad)
Radial position, p (mm) Radial position, p (mm)
30 40 50 60 30 40 50 60
015F  — >{xaa = xeun Xomp = 0} 1 ‘ “_
-= >{xea =0.Xomp = X0,an} ] 7 o
0.10 ] 25 e
L ] = = ," ‘z’ P
] & a I s Pl
0.05" ] S S sof s
g i /\ ] gj gj /// ,’,¢ ,,//
£ 000 - ] % § s
> L /,’/l,/ ] § E I /// "4
005, 7 , ER R
i TR g -100f g —100} e
i RN ‘] I -- MP — LP ] s -- MP — LP
~0.10 RN 1 < ; < ’
i \ ] -125¢ {x6.a = X0.an. Xo,up = 0} -12spf {X6.a = 0. xomp = X6,an}
L Ay ] L
-0.15} AN . 7 ;
~0.15 —0.10 —0.05 0.00 0.5 0.10 0.15 -150° -150°
x (mm) — 0p=-0.075 mm 0,=—0.025 mm — §,=0.025 mm — 0,=0.075 mm
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Collaring 6 (mm)

) ‘ —0‘.05 | | | | 0.90 | | | | 0_95 |
4- The 11 T COIIared {X0,a = X0,an: Xo,up = 0} % _52. ;ninaglMP . . é
i & —100f N
coils structure o=t 1n] 5 G 6 @

Solutions and discussion Geometrical 05 om0 oos

4000

3500 @

casel {Xg.a = Xo,an> Xo.mp = 0} non-equivalence principle § 3300, ®
E zsooé— @ @
case II {X@,a =0, xo,mp = XG,aN} 2000:6 011 012 03
Tool gap (mm) |

Equilibrium after collaring

0)

=

X6,aN» X6,MP

L98

{Xa,a

=

3

D

x

1]

S

D

=

=}

1]

3

S

{Xe,a = X6,aNn) Xo.Mp = 0} {)(e,a =0, xomp = Xe,aN} -

Azimuthal Stress (MPa) Azimuthal Stress (MPa)

HE i L i
—150 —-125 —100 =75 =50 =25 0

—100 0 100 200
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Non-uniform radial interference

4. The 11 T collared

|
|
|
|
' i
colls structure |
' = 0.02}
- - L I S L
Solutions and discussion | £ Loo
[} ° F
- - - I >§ O 02 :,
Uniform radial interference | aal
— - | ~0.04}
{x0.a = x6,an xoup = 0} {xo.a = 0, xomp = X0,an} I L
(mm) | 00 02 04 06 08 1.0 1.2
Xp.co Xp,co= 0.05 mm I
~0.06 —0.04 —0.02 0.00 0.02 0.04 0.06 | 6 (rad)
O . Azimuthal Stress (MPa) | — —
Ocn g 0 : {X0.a = xo.an xoup = 0} {X0.0 = 0. xoup = X0,an}
| " I ' or 80
Min o, (OIS _25 | i g Min ag yp
—-50+ 6,MP &) X I CN ,
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5. Conclusions |

A method created around the idea of the A functions, based on the concepts of

geometrical interference and the variation of elastic strain energy, has been developed for
the structural analysis of complex structures.

The potential of the method has been explored through the development of a mathematical
framework in relation to the conceptualised collared coils of the cos6 11 T dipole.

The importance and main challenges of characterising the geometry of the coil has also
been discussed in depth.

It has been shown that there are infinite number of solutions to the collar internal
equilibrium equation, and therefore it is incorrect to establish transfer functions between the
value of the collar nose stress (or pole stress) to the peak stress in the coil, without taking
geometrical interferences into consideration. This concept can also be extended to
establishing higher degree of relationships within the magnet hierarchical structure, e.g.
inferring the peak stress in the coil from the strain within the shell of the magnet.
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5. Conclusions |l

It has been also demonstrated through the geometrical non-equivalence principle, that the
geometrical interference created by an excessive size at the level of the mid-plane of the
coil, cannot be balanced by creating azimuthal interference at the level of the pole, as
different geometrical interference patterns are created. However, a compensation through
variable radial interference should still be possible.

Only the simultaneous consideration of all geometrical deviations of the regions of interests
of the coil would allow to accurately estimate the stress-strain in the coil.

Geometrical considerations are especially relevant in the context of Nb;Sn coils as the
stress management is critical. Further, there is potential for optimisations based on
geometrical parameters, e.g. x, ., to minimise the maximum stress during collaring, or to

enhance radial support of the coil during powering at cold.
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Thanks!

Special thanks to F. Savary, A. Devred, G. Spigo, H. Prin, A. Milanese,
F. Lackner, S. Izquierdo
and many others for their support, interest and fruitful discussions!!
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