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The 2D cross section of superconducting magnets is modelled with 
great level of geometrical detail by the finite element method. 
However, due to the high degree of complexity of the models, 
sensitivity analysis and optimisations are long-lasting. Furthermore, 
potential relevant relationships within the system might be unnoticed.

Development of the analytical formulae → Generalisation of 
the method:
The main objective of the method here presented is not to provide 

a tool to compute precise values of deformation or stress, but to 

establish an analytic framework to understand the main 

relationships between geometry and strain-stress developed 

within complex mechanical systems.

→ Action item from the 11T Dipole Technical Meeting 2019:
“Develop analytical formulae for the calculation of the deformed 
collared coils and resulting coil stress”
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The proposed method formulates the structure through the 
concept of the ! function, which is based on the idea of 
geometrical interference ", and the partial derivative of 
the strain energy of each component, summarising, to a 
certain level of complication, the main geometrical 
interactions between components, and their temperature 
dependency. 
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The cross section of a superconducting magnet can be conceptualised, 
to different levels of complexity, by describing mathematically its 
components and the relationships between them.

If one considers all structural components as linearly elastic isotropic 
bodies, and all internal and external forces as conservative, the relation 
between material properties, stress, strain, and displacements can be 
expressed in terms of the variation of elastic strain energy stored within 
the structure.
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A quick introduction to strain energy and deformation
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A quick introduction to strain energy and deformation
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A quick introduction to the variation of strain energy as a function of internal forces
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A quick introduction to the variation of strain energy as a function of internal forces

Pure bending body function! "
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An analytical method based on the concepts of geometrical interference and ! functions
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A ! function of a system in 
non-equilibrium, is defined, in 
general terms, as a function 
that relates the partial 
derivative of the strain energy 
of the bodies of the system, 
with the geometrical 
interference, where the 
equilibrium solution is found at 
Λ = 0.
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An analytical method based on the concepts of geometrical interference and ! functions
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An analytical method based on the concepts of geometrical interference and ! functions
Discontinuities

Global strain energy function
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An analytical method based on the concepts of geometrical interference and ! functions
Contribution of external variable pressure to internal forces 
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An analytical method based on the concepts of geometrical interference and ! functions
Imaginary loads, displacements and rotations In order to derive the displacement of the points of 

interest (or rotation in the case of an imaginary 
bending moment), in which the imaginary loads are 
exerted, it is necessary to include all imaginary 
loads within the energy formulation.
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The position and direction of imaginary loads could 
also be parametrised. In this case, the internal 
functions will have to be defined over dynamic sub-
domains, parametrised based on the same 
variables used for the imaginary load.
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An analytical method based on the concepts of geometrical interference and ! functions
Interaction between bodies
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Geometry and temperature General definitions
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Geometry and temperature General definitions
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Geometry and temperature Determination of the geometry of a coil
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Geometry and temperature Determination of the geometry of a coil
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Geometry and temperature
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Geometry and temperature
Are !",$% and !",&% really not equivalent? A quick Gedankenexperiment
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Strain energy formulation
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Strain energy formulation
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Strain energy formulation
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Strain energy formulation
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Strain energy formulation
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Strain energy formulation
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Strain energy formulation
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Strain energy formulation
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Strain energy formulation
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Strain energy formulation
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Solutions and discussion

A nominal collared case
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Solutions and discussion Collaring
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Solutions and discussion Geometrical non-equivalence principle
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Solutions and discussion Geometrical 
non-equivalence principle!",$ = !",$&, !",'( = 0case I
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Solutions and discussion

-200

-150

-100

-50

0
-0.06 -0.04 -0.02 0.00 0.02 0.04 0.06

N
or
m
al
st
re
ss

(M
Pa
)

��,co (mm)

� �� �
!",$ = !",$&, !",'( = 0 !",$ = 0, !",'( = !",$&

*+&

at Max collaring force

at Equilibrium after collaring

Min *",'(
! "

,$
=
0,
! "

,'
(
=
! "

,$&
! "

,$
=
! "

,$&
,!
",'

(
=
0

!/,01= 0.05 mm

Azimuthal Stress (MPa)

-150

-125

-100

-75

-50

-25

0

Uniform radial interference

A
tm
ax
im
um

co
lla
rin
g
fo
rc
e

Non-uniform radial interference

0.0 0.2 0.4 0.6 0.8 1.0 1.2

-0.04

-0.02

0.00

0.02

0.04

� (rad)

� �
,c
o
(m
m
)

-200

-150

-100

-50

0

N
or
m
al
st
re
ss

(M
Pa
)

0.0 0.2 0.4 0.6 0.8 1.0 1.2
0

20

40

60

80

� (rad)

R
ad
ia
lp
re
ss
ur
e
(M
Pa
)

*+&

at Max collaring force

at Equilibrium after collaring

Min *",'(

Modified

Non-modified

ModifiedNon-modified

� �� �
!",$ = !",$&, !",'( = 0 !",$ = 0, !",'( = !",$&



5. Conclusions I

36José Luis Rudeiros Fernández | An analytical approach to the mechanics of superconducting magnets

• A method created around the idea of the ! functions, based on the concepts of 
geometrical interference and the variation of elastic strain energy, has been developed for 
the structural analysis of complex structures.

• The potential of the method has been explored through the development of a mathematical 
framework in relation to the conceptualised collared coils of the cos % 11 T dipole.

• The importance and main challenges of characterising the geometry of the coil has also 
been discussed in depth.

• It has been shown that there are infinite number of solutions to the collar internal 
equilibrium equation, and therefore it is incorrect to establish transfer functions between the 
value of the collar nose stress (or pole stress) to the peak stress in the coil, without taking 
geometrical interferences into consideration. This concept can also be extended to 
establishing higher degree of relationships within the magnet hierarchical structure, e.g. 
inferring the peak stress in the coil from the strain within the shell of the magnet. 
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• It has been also demonstrated through the geometrical non-equivalence principle, that the 
geometrical interference created by an excessive size at the level of the mid-plane of the 
coil, cannot be balanced by creating azimuthal interference at the level of the pole, as 
different geometrical interference patterns are created. However, a compensation through 
variable radial interference should still be possible.

• Only the simultaneous consideration of all geometrical deviations of the regions of interests 
of the coil would allow to accurately estimate the stress-strain in the coil.

• Geometrical considerations are especially relevant in the context of Nb3Sn coils as the 
stress management is critical. Further, there is potential for optimisations based on 
geometrical parameters, e.g. !",$% to minimise the maximum stress during collaring, or to 
enhance radial support of the coil during powering at cold.
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