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Fluctuations in strongly interacting matter
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Fluctuations probe finer details of the (QCD) equation of state

Fluctuation measures --- Cumulants (susceptibilities) of distributions --- are sensitive to fine
details of interactions, e.g., phase structure

In GCE:
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Lattice QCD (fluctuations of conserved charges)

cont. est.
N=6 v |
* * 8 '
m¢,/m=20 (open)
[aa]faN] S| |
= 27 (filled)
0y 06 . l
= 4
0.4 | | !m
0.2 &= i
free quark gas
B 4 & q g
0

140 160 180 200 220 240 260
T [MeV]

280

cont. est.

3§ N=6 & |
8
2+ mg/m=20 (open)
27 (filled)
o HRG
m?_g L
0 1 ] I‘ﬁ@@%—@—&—a—aﬁ—
1 ﬁ‘hﬂ:
A A
-1t
-2

140 160 180 200 220 240 260 280
T [MeV]

Bazavov et al. (HotQCD), 1701.04325



Statistical models (HRG, effective QCD,...)
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Grand canonical ensemble

R Total system, V=V,+V,, is in
5 the canonical ensemble (CE)

| Subsystem (observed), V,= aV

\ Reservoir (thermostat), V,

a=V,/V

coordinate space



Grand canonical ensemble

R Total system, V=V,+V,, is in
5 the canonical ensemble (CE)

| Subsystem (observed), V,= aV

\ Reservoir (thermostat), V,

a=V,/V

coordinate space
Requirements for GCE:

1) V> & --- (Thermodynamic limit) --- ratios of
extensive quantities become V-independent

2) V >V, --- (Subsystem is a small part of the system<=>q<<1)

V>V, » &




Equivalence of ensembles
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Subensemble
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Global conservation effects Finite size effects

Finite sybsystem in finite reservoir corresponds to Subensemble ---
the generalization of grand canonical and canonical statistical ensembles

V.Movchenko, O.Savchuk, R.P., M.Gorenstein, V.Koch, 2003.13905 [hep-ph], 2020

R.P., O.Savchuk,, M.Gorenstein, V.\Vovchenko, K. Taradiy, V.Begun, L.Satarov, J.Steinheimer, H.Stoecker
PRC, 2020

Relevant for heavy-ion collision experiments



Relativistic heavy-ion collisions (Event-by-event
fluctuations)

Facilities: CERN-LHC, BNL-RHIC, CERN-
SPS, FAIR-GSI, ...

viscous hydrodynamics

collision evolution
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NA61/SHINE program

STAR-BES program

M. Gazdzicki, CPOD2016



Event-by-event fluctuations

Cumulants are connected with moments of particle
multiplicity/conserved charge distribution:

A= (B AN

ke = (B”) — (B)° N (2)
ks = (B*) — 3(B*)(B) + 2(B)*
ka = (BY) —4(B°)(B) +12(B*)(B)* = 3(B*)* = 6(B)*

Intensive (volume independent in GCE) ratios of cumulants:

K2 K3 R4
(B) =K, W=—, Scr:—, ﬁ:az - —,
K1 K2 Ko

also strongly intensive quantities - expressed through cumulant ratios

: . o n _0"(p/T*)
Grand-canonical ensemble: kn = s Xe(Ton), XB(T p) = ig) T




Applicability of the GCE in heavy-ion collisions

Experiments measure fluctuations in a finite momentum acceptance

dN/dY
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V. Koch, 0810.2520

GCE applies If AY;prq1 > AYgccepe > AYick, AYcorr and momentum-space

correlation is strong (e.g. Bjorken flow)
In practice, difficult to satisfy all conditions simultaneously...

If AY;prq1 > AYgccepe does not hold, corrections from global conservation appear
10



Applicability of the GCE in heavy-ion collisions

Experiments measure fluctuations in a finite momentum acceptance

dN/dY
A

7
ﬂk 4_?/ %_’ AY ek

—
AYCOI’I’

=Y
— AYaccept —

| AY. |

total

V. Koch, 0810.2520

GCE applies If AY;prq1 > AYgccepe > AYick, AYcorr and momentum-space

correlation is strong (e.g. Bjorken flow)
In practice, difficult to satisfy all conditions simultaneously...
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effects and provmfes fluctuation measures insensible to global conservation! 10



Theory vs experiment: Caveats

proxy observables in experiment (net-proton, net-kaon) vs actual conserved
charges in QCD (net-baryon, net-strangeness)
Asakawa, Kitazawa, PRC *12; V.V,, Jiang, Gorenstein, Stoecker, PRC ‘18

volume fluctuations
Gorenstein, Gazdzicki, PRC ’11; Skokov, Friman, Redlich, PRC *13;

Braun-Munzinger, Rustamov, Stachel, NPA ‘17

non-equilibrium (memory) effects
Mukherjee, Venugopalan, Yin, PRC ‘15

final-state interactions in the hadronic phase
Steinheimer, V.V., Aichelin, Bleicher, Stoecker, PLB ‘18

accuracy of the grand-canonical ensemble (global conservation laws)

Jeon, Koch, PRL ’00; Bzdak, Skokov, Koch, PRC *13;
Braun-Munzinger, Rustamov, Stachel, NPA ‘17
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Subensemble acceptance method

Partition a thermal system with a globally conserved charge B (canonical
ensemble) into two subsystems which can exchange the charge

Neglect surface effects: Vs

H=H\1+H\2+V1,Zzﬁ1+ﬁ2

The canonical partition function then reads:
Z<(T,V,B) = Tre ?H ~ D Z(T, V1, B1) Z%(T,V -V}, B— By)

B

The probability to have charge B, is:
P(By) x Z(T,aV,B) Z(T,(1—«a)V,B — By), a=W/V

If the canonical partition function known, B;-cumulants can be calculated
explicitly

V.Vovchenko., Savchuk, R.P., Gorenstein, Koch, 2003.13905 12



Subensemble acceptance: Thermodynamic limit

In the thermodynamic limit, V — oo, Z¢¢ expressed through free energy density

Z(T,V,B) "2 exp [-% f(T, pB)]

B; cumulant generating function:

~

Gg, (1) ln{ZB e'B1 exp [— % f(T,By)]| x exp [—BTV f(T, Bg)} } + C.

B; cumulants:

anGBl (t) s 311—1/% B .
ot - = fin[Bl(t)”t:O or K'n[Bl] — atln[ll( )]

kn|B1] =

t=0

All k,, can be calculated by determining the t-dependent first cumulant ©, [B, (t)]

V.Vovchenko., Savchuk, R.P., Gorenstein, Koch, 2003.13905 13



Subensemble acceptance: Thermodynamic limit

fig(] - 28 PP g g P60 — exp {15, -y STLT0m) £ Tpm) |

ZBl P(Bi; t)

T

Thermodynamic limit: P(By;t) highly peaked at (B, (t))

B,/V

(B,(t)) is a solution to equation dP/dB; = 0:
t = fig[T, pe,(t)] — L8[ T, pe,(1)]
where fig =pus/T,  ws(T,ps)=0f(T,ps)/0ps

t=0: pg, = pp, =B/V , By =aB, le. conserved charge uniformly
distributed between the two subsystems

V.Vovchenko., Savchuk, R.P., Gorenstein, Koch, 2003.13905 14



Subensemble acceptance: k,|B4]

t = [g[T, pe,(t)] — 2i8[ T, p&,(t)] (*)

pp, (1) = (Bi(l))/(aV) P, (1) = [B — (B1(t)]/[(1 — a)V]
o(*) | ([ Ofig dpp1 d(B1) dfip dpp2 d(B,) O(Bi)
ot - b= (3P81)T ((9(31))\/ ot (3P82)T (5’(32))\/ d(By) Ot

GCE susceptibilities: [0/i5(T, pB,.)/0pB..Jr = [T X2 (T, pB, )"

Solve the equation for K,
v T3

O R T e T 10— ) BT )T

t=0:
ko[Bil = a(l—a)V T XzB

Connection between cumulant measured in the subsystem and GCE susceptibility
Higher-order cumulants: iteratively differentiate £, w.r.t. t

V.Vovchenko., Savchuk, R.P., Gorenstein, Koch, 2003.13905 15



Subensemble acceptance: Full result
up to Kg

1 Bl = VT3 XB ]
- : Model-independent!
/422_81_ = VT3 /szB

k3|Bi] = « VT35 (1 —2a) X?

B)2 B\ B
/€4:Bl: — o VT36 [Xf —3045(X3) ;_BX2 X4]
2

wal6i] = a V75 (1 - 20) {1 - 26028 — 1005238 1

2

we[Ba] = a VT® B[1 — 5aB(L — af)| xE+5 VT a2 2 {9045()?) )ff 308 823
2

_2(1_2 )2(9;4)2 _3[1_36 ]X3 X5 }

2 X3 f=1—-«

2"(p/ T?) . o
B

n — — grand-canonical susceptibilities
X0 = Bus/ Ty~ ° P

V.Vovchenko., Savchuk, R.P., Gorenstein, Koch, 2003.13905 16



Subensemble acceptance: Cumulant ratios

Some common cumulant ratios:

_ K| Bi] B
scaled variance 2L (1— ) X—zB,
K1 _Bl_ Xl
K3 B X3
skewness - = (1 — 2«) &%,
Ko|Bi] ( ) X5
- ka[B1] X5 B\
kurtosis —— = (1-3a8) =5 — 3af (—B) .
k2| B, X5 X5

V.\Vovchenko., Savchuk, R.P., Gorenstein, Koch, 2003.13905



Subensemble acceptance: Cumulant ratios

Some common cumulant ratios:

_ ko[ B1] B

scaled variance U (1-a) X—zB.
K1 _Bl_ Xl
K3 B X?',B

skewness - = (1 — 2«) &%,
K2[Bi) ( ) X5

- ka[B1] X5 B\

kurtosis —— = (1-3ap) =5 — 3ap (—B> .

k2| B, X5 X5

« Global conservation (a) and equation of state (y2) effects factorize in
cumulants up to the 3 order, starting from x, not anymore

* a— 0-GCE limit
* a—-1-CE limit

I(:Ehar conservati o?(s# gr es the m nltude ofsi:%le varian eand lﬁewness
uncorrelate sa cumula atios equal to I and su ensemble

acceptance Is reduced to binomial acceptance
V.Movchenko., Savchuk, R.P., Gorenstein, Koch, 2003.13905

18



Binomial acceptance vs actual acceptance

Binomial acceptance: accept each particle (charge) with a probability a
independently from all other particles

The binomial acceptance does not account for correlations between particles

Subensemble:

Accounts for correlations, connects measurements with GCE susceptibilities

19



Subensemble acceptance: van der Waals fluid

van der Waals equation of state: first-order phase transition and a critical point

NZ
cw(T, V. N)=ZF(T,V — bN, N) exp (i/—T) 6(V — bN)

Rich structures in cumulant ratios close to the CP

T T —

=

0 1 2 3 0 1 - -
n

3

\Vovchenko, R.P., Anchishkin, Gorenstein, 1507.06537
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Subensemble acceptance: van der Waals fluid

Calculate cumulants k,,[N] in a subvolume directly from the partition function
P(N) o< Zsw (T, xVo, N) Zs5w (T, (1 — x) Vo, Ng — N)

and compare with the subensemble acceptance results
30— .

Z 14 GCE —Thermodynamlc I|m|t NE. 0
3 2511~ — [
Finite system 8_10 i
20 20 F
1.5 -30 -
N 40 L
1.0} B
| -50 |
0.5F: &
L ~ -60 |- !
i T=12; n=1
oo 70
00 01 02 03 04 05 06 07 08 09 10 00 01 02 03 04 05 06 07 0.8 09 1.0
x=VIV, x=VIV,

Results agree with subsensemble acceptance in thermodynamic limit (N, — o)

Finite size effects are strong near the critical point: a consequence of large

correlation Ien%th §

P., Savchuk, Gorenstein, Taradiy, Begun, Satarov, Steinheimer, Stoecker, PRC, 2020 21



Global conservation effects at a = 0.4

halBl (1 - 3ap) X—‘E — 3af (i_i) .
2

fﬁlz[Bl] - X2

(d) K,/%, ' K4/ K5
500 500

100 100

10

-100 -100

-500 -500

GCE (a> 0) a=04

20



Net baryon fluctuations at LHC and top RHIC

g XB K XB XB 2
(—) — (1-305) XL () = [1-sas(1- a8 - 10a(1 - 205 (X5
K2/ Hc X2 K2/ 1 He X2 X2

o 1.0
08 \’}’@G ] 06|
LN . 45,;)0 - 0.4}
zc\l 06 gN 0‘2 | s
~ - ~o 0.0 _
2 04 % 0.2 -
! s~ 0.4} ]
0.2 ——T=160MeV ~  — ———==-— 0.6 —— T =160 MeV 1
= -=T =155 MeV 1 0.8+ —-=T=155MeV -
00 " 1 N 1 L 1 " 1 " _‘I _0 " 1 " 1 " 1 " 1 N
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o o

Lattice data for y2 /xZ and x2 /x% from Borsanyi et al., 1805.04445

For o > 0.2 difficult to distinguish effects of the EoS and baryon conservation in y2 /x2,
a < 0.1 is a sweet spot where measurements are mainly sensitive to the EoS

Estimates: « = 0.1 corresponds to AY,.. = 2(1) at LHC (RHIC)

Vovchenko, Savchuk, R.P., Gorenstein, Koch, 2003.13905 22



Multiple conserved charges

Let us have a vector Q = (Q1,....Qx) of N independent conserved charges in the system.

NOTATIONS

Diagonal and off-diagonal GCE susceptibilities:

XQI---QN _ gl v (p/T4)
ey a(MQl /T)ll < a(NQN /T)lN ’

Other notation:

l1+...+1ly =M.

oM (p/T") R .

Nivoing = — eim o e, N,
e a(:“/h /T) s a(luiM /T) Vs !
Xy = X111 s
XzBlclys = Y1123 = V1132 = ... = Y3011 - https://github.com/vlvovch/SAM

Z(T.V,Q) =Y _ Z(T,aV,Q") Z(T, BV, Q — Q")
Ql
\Vovchenko, R.P., Koch, 2007.03850

23



Special cases

6 =1—«
Two conserved charges: B,Q

2.6 B B( B
1 — 308) P — 30 5 08V = DI 0NE + 00

ka[BY] = aVT? 3 _
s — (i)

Three conserved charges: B,Q,S

3a 3
DIx2]

2SS B 5 ' B
{0 DENS — 6 + (G220 — (E5)+ NS — (1))

B B S . QS 5 B( S
—2 P 0N — xEIXE) — 2 BT EXES - x PO ED

ka[B'] = aVT? 3 [(1 —3aB)x] — X

The fact that electric (strange) charge is fixed has an effect on
observables which do not involve explicitly the electric charge.

But only for fluctuations of non-conserved quantities and for higher order
fluctuations of conserved charges

\Vovchenko, R.P., Koch, 2007.03850 24



General formulas

'%’il Ql — OfVTg Xiy
Riqiio Ql — Q’VT‘S 6 Xiyig
Riyigig Ql — O‘VTS 6 (1 - 205) )2'51??2%'3
o 1- 3 ~
Rijigiaiy Q | = VT~ 5 (1 — 30&5) Xiqioigis — ol 2' 5 Z Xble ngllo-le Xaggza4b

ocSy
For results up to the 6-th order see arXiv:2007.03850

Vovchenko, R.P., Koch, 2007.03850 25



General formulas

'%‘?51 Q — @VTg Xy
Riqiio Q — Q’VTg 6 Xiyig
F‘:"il?lgig Q — ang 6 (1 o 2()5) )2?:1?:27:3
Rijigizig Q — OdVTS 5 (1 - 3056) )2

21727374

5 | a-dependence as in the case

Cumulants up to 3-d order
have the same simple

of single conserved charge

2‘2'2! Z Xblbg Xz.;,l log bl Xaggza4b
oeESy

For results up to the 6-th order see arXiv:2007.03850

\Vovchenko, R.P., Koch, 2007.03850



General formulas

Cumulants up to third order
Fi QY] = aVT? ¥y, have the same simple
F AT 3 4 5 | o-dependence as in the case
Fivio Q] = VT Xy, P
P ; A of single conserved charge
Riqigig Q = aVie s (1 - 205) Xitigis
AL 3 - ~—1 q -
Rijigiaiy Q | = VT~ 5 (1 — 3@6) Xiqioigis — ol 2' 5 Xbiby Xioyiogbt Xisgio, bo
ocSy

For results up to the 6-th order see arXiv:2007.03850

A4

The global conservation effects cancel out in any ratio of second order cumulants and
in any ratio of third order cumulants

Ko Xo  Rjg X3 R Xo
5 ~— "B BT "B 5 — T.g5
Ko X2 K3 X3 Ro X2

Ensemble-independent fluctuatio measures, not sensitive to global conservation

Vovchenko. R.P.. Koch, 2007.03850 non-conserved quantities come later... 55




Check in Hadron Resonance Gas

1.0

cumulant ratios

0.6 T ' T T ' T
05| -
QSs, S
0.4 K‘H/KZ 1
T 0000000000000 ¢
R S
i BQ, B T
0.2 KK, 4
01L ™ Monte Carlocumulant ratios ]
X SAM (grand canonical ratios)
0.0 | -
0.1 | o o]
02 /K ]
-0—0—0—0—0—0—0—-0—00000000 0009
_03 N 1 1 | L 1 L 1 2

0.0

Two sources of correlations:
1) Global conservation:different hadron species do
carry different values of B,Q,S charges
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A N oy
T 7! 7'[ n-\' r TII T
A T[\]Vrr\t"\nn\,nn\"\‘ P
AT A
N K w A NN A "n‘p\'n" rNP K
nnp\np T p naA® N | .p ] T ’I[[p-\
T AT zvtxnf‘ﬂ‘\“.”rr T om N
T HV \Tei\n_\'rr.\nn ‘\h\“n%ﬂ N
Ag & T r[f\&\pn .\-71' n N
U PR NTARTA N KA D N O
w N nF DTt N - -~ NN ‘A A
AT L E NN N TN 2) Resonance decays
o EN PN NN P NN
nAnNAKp "N N mp "M NaNg g -
L n.\“N" n KeaNn o mpn P T
p "m'AN_gAm L aAfN 7 _\«'\n.\'
z PaN"n ,[;\'nﬁ\' n §nln
pr "‘\rr\:\p A m Tf\rr’
N n ,
v I I ! I ! 1 '
- X 3 -
0.6 = Monte Carlo k,/(aVT")
. X b
05 L SAM (grand canonical ;) XO _
2
A e
— 0.4} -
am B S
3 03} X2 A
S
< AN BN B An S n Bn an Bn B an Bn Sn An Bn An an B an 4
2
0.2 | B
Xz
i 1
0.1 =T = 160 MeV, u = 100 MeV, V = 522.8 fm* 7
B=20,Q=8,5S=0 I
00 N | 1 | 1 1 1
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(04

\Vovchenko, R.P., Koch, 2007.03850
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Check in Hadron Resonance Gas (third order)

A, N T't A
N n
A RHNR TT\I ‘(\Kn TC\ nn N 7 7{ p
d N . TR N - R
% o N RN REA RS g Ky p Two sources of correlations:
A sA R NRAL G P o N
N T A B0 BONT E o
n NN N N N e -
A7 T e BAF AP KN Ao carry different values of B,Q,S charges
N TPA. N S A T NAP gl Tn
n N P N R TN 4
ST At N 2) Resonance decays
T

RAnNAKp PN N mp ANE NNy NN
= n:\n‘," n TN T JmPm

p m N _gAn T m N n \"\ N
D NEN"A"g “A T
g PAN ® g ! Dl

’;T(

N, 'NKT pXg"
p KN";T TE\ P;;\nnn Tf\_rr
10 T T v T T I ! |
= Monte Carlo (/x})/(1-20) '
0.8 | -
SAM (grand canonical x,/x,) ]
-y B, B
ca\jl 0.6 | . s X
T 04} -
=
X i Q, Q 7
xéfm 02| Al
o0 -_o—o—o—o-o—o—O—Q—Q—IL.—o—o—o—o—o—o—o—o_-
S,..S
-0.2 | X3/X2 -
A | 1 | 1 1 1 1 1
0.0 0.2 04 0.6 0.8 1.0
04

\Vovchenko, R.P., Koch, 2007.03850

cumulant ratios

1) Global conservation:different hadron species do

3

Monte Carlo cumulant ratios
SAM (grand canonical ratios)




Check in Hadron Resonance Gas (higher order)

| ' ] ' | ! |
B Monte Carlo
SAM

— — — SAM (single charge)

0.0 -
0.0 0.2 0.4 0.6 0.8 1.0

B and S charge conservation do influence the higher order fluctuations of
electric charge.

The effect is stronger for non-conserved quantities, even higher
cumulants of conserved charges

\Vovchenko, R.P., Koch, 2007.03850 28



LHC energies

All odd-order GCE susceptibilities vanish

ka[B'|im0 = aVT? B (1 — 3ap8) Y

Now cumulants up to fifth order have the same simple a-dependence as for single
conserved charge.
~ 10aB(1 - 2a)°
DIx2]
{05 NS — B+ a2 s — ()2
+ (IS — O+ 28X (XD = i)

> B B > b
I BN = ) + 28 OEEE -}

wo[B']| o =aVI®p {(1 —5a8(1 — af))x§

Vovchenko, R.P., Koch, 2007.03850 29



Strongly intensive fluctuation measures

840101 =05 (i@ g - m g |
51Qu @ =05 {mi@UZ2 4022 2 0 @)

M.Gorenstein, M.Gazdzicki, PRC, 2011

X1
E[Qa;@b]:(leVT?’a(l—o:){X?bXQ %—QXQ Qb}.
Xl X1
VX X5 TN X5 Qe s Both strongly intensive and
S[Qu @) xf X T ensemble independent
AlQa, Qo] X7 N X5 2 X2 (insensitive to global
X7 v conservation)

Vovchenko, R.P., Koch, 2007.03850 30



Non-conserved quantities (net-proton, pion,
kaon....)

Example: net proton number Z(T,V,Q) = Z W(T,V,Q: N,) .
Np

Variance of non-conserved guantity:

X = (XQ{QJ' XQiP), i,j=1,...,N.
XpO,  Xpp @
det Y] &
3 =
Kpp = VT [(1 — ) Xpp T a1 E
/ X > -
/g
GCE susceptibility O
TNIT 08 m Monte Carlo /! .
CE SUSCepthI“ty I [(1-0) (5 )gce+0ﬂ(1);:(1Y )ie]/[(1-d)(x;)gceﬂ(xz)w] T
_1 O 1 1 1 1 1 | 1 | A
0.0 0.2 04 06 08 1.0

o
\Vovchenko, R.P., Koch, 2007.03850 31



Off-diagonal cumulants involving non-conserved

guantity

3
koA =aVT -
ij /8 Xij
K. A A K A R
rQ; Xij pQ; Xij
RQ%'QJ' XQ@Q;; RrLo, XkO,
0.25 : — -
®  Monte Carlo cumulant ratios
o 0.20 | SAM (susceptibility ratios) |
kQ, .Q
g KH/KZ 1
© 015 [ 0000-0-0-00-00000000000
= I Q. Q |
s KIS
S 0.10 e
S
3
0.05 | i
0.00 ! l 1 |
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Net-proton and net-A fluctuations
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Summary

» Subensemble acceptance method (SAM) provides general formulas to
correct cumulants of distributions in heavy-ion collisions for global
conservation of all QCD charges

« Formulas connect cumulants measured in the subsystem of the thermal
system with grand canonical susceptibilities. The method works for an
arbitrary equation of state and sufficiently large systems, such as created
In central collisions of heavy ions.

« Some fluctuation measures are insensitive to global conservation and,
thus, can be especially convenient for experimental measurement:

’QQQ /{? '%QBQ /{p@j /{p@j Hp@j E[Qaa Qb]
HJQB 7 ngB, HJQS 7 K/Qi@j 7 I{p@i 7 Klk@i 7 A[Qa;@b}
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Summary

» Subensemble acceptance method (SAM) provides general formulas to
correct cumulants of distributions in heavy-ion collisions for global
conservation of all QCD charges

« Formulas connect cumulants measured in the subsystem of the thermal
system with grand canonical susceptibilities. The method works for an
arbitrary equation of state and sufficiently large systems, such as created
In central collisions of heavy ions.

« Some fluctuation measures are insensitive to global conservation and,
thus, are can be especially convenient for experimental measurement:
’QQQ /{? ’{QBQ Rp@j RPQ;,‘ Kp@j E[Qaa Qb]
HJQB 7 ngB, HJQS 7 K/Qi@j 7 l{p@i 7 H/in 7 A[Qa;@b}

Outlook: Application of method to intermediate collision energies
(NAG61/SHINE, RHIC-BES,...). Effects of thermal smearing and
“imperfect” space-momentum correlations, net proton higher order
fluctuations.
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Thank you for attention! 24



