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EDUCATION
IS NOT THE

LEARNING

OF FACTS

BUT THE
TRAINING
OF THE

MIND TO

THINK

Human existence is
based on two pillars:
compassion and
curiosity.
Compassion without

curiosity is ineffective.
Curiosity without

compassion Is inhuman.

-Victor F. Weisskopf
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Why High Energies?

> Particle physics deals with “elementary particles”.
> Elementary means the particles have no substructure or they are
point-like objects.

Note: Elementariness depends on the resolution of the probe
used to investigate the structure/sub-structure.

Note: Once “atom” was elementary
The word atom is derived from the Greek word atomos, which means "uncuttable” or

Indivisible - no substructure- elementary !

Assuming the probing beams consist of point-like particles the
resolution is limited by the de Broglie wavelength of these beam
particles given by:

A= where, p = beam momentum and A = Planck’s constant.

P
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Why High Energies?

h /
7L=; where, p = beam momentum and A = Plancks constant.

Beams of high momentum have shorter de Broglie wavelength
and can thus have higher resolution.

Example: To probe a dimension of 1 Fermi (= 10-!5> meters) (say the
inner structure of a nucleon, the charge radius of protfon

being ~ 0.843 fm), we need to use a beam momentum of
around 1.47 GeV.

Matter Atom L Electron MNeutron

prrp— Nucleus Proton

l 10-2cm 103 cm
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Why High Energies?

probe
|

Low energy probe: larger wavelength  High energy probe: smaller wavelength

In addition, remember Einsteins formula: £ = mc?

High energy helps us to produce particles of higher masses (massive
gauge bosons, Higgs, other exotic particles/resonances) in natures way !

The essential mathematic tool in high energy physics:
Special Theory of Relativity.

00, IIT Indore, ALICE-India School, 5-20



Speeial Theory o tivity 11

Why special theory of relativity in high energy physics?

In HEP, particles are treated relativistically, because F ~ pc > me?

Relativistic factor, y = E/m

Note, for a particle at rest, y =1

> when close to the speed of light (v ™ c), there is no use to
talk about velocities

> two particles of similar velocities may have very different y,
e.g. a pion and electron of 1 GeV/c
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Caveats:

v’ Space and time cant be treated independently as is done in Newtonian
mechanics.

v' Physical objects that were treated as an independent 3-component
vector and a scalar in non-relativistic physics mix in high energy
phenomena e.qg. Energy and Momentum, Time and Space Coordinates.

v’ Combined to form a 4-component Lorentz vector that transforms
like a tfime and space coordinate.

For a consistent and unified treatment, we rely on Einsteins
Special Theory of Relativity (1905) having the following two
underlying principles..
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\Spmefl al Theory o lativi ty 13
Principle-1: Invariance of velocity of light:

Velocity of light always remains as the constant c¢ in any /nertial frame.

Principle-2:  Relativity Principle:

This requires covariance of the equations: physical law should keep its
form invariant in any inertial frame of reference.

Note:
* The principle of relativity applies to Galilean transformation and is
valid in Newtonian mechanics as well.

* The invariance of velocity of light necessitates Lorentz transformation
in changing from one inertial system to another that are moving
relative fo each other with constant speed.
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Special Theory of Relativity )
Lorentz Transformation Yy Yy
S s’
Consider a Lorentz boost in x- T
direction. A particle at (£t x, ¥, z)
in a coordinate frame S is boosted R PR

to (t, x, v, z7) with velocity v. Event”

This is equivalent to changing to another coordinate frame S”which is
moving in the x-direction at velocity -v.

S’is assumed to coincide with S at # = #'=0. The the two coordinates
are related by the following equations:
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X2' = X2
X3' = X3
In matrix form: O vy By 0 0 50
x' | By v 00 o x!
x* 0 0 1 0 x*
x® O 0 0 1 X’
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Relativity Equations
Change in Length

2 v = velocity of object
| = |0 = — c= velocity of light
C
Where | = observed length s 0.9 06 03 oY
I, = rest length
Change in Time 5 [
- I
t=t, 1- :_2 4k
Where t = observed time
t, = rest time E= 3+
Change in Mass "'é oL
m,
m —
1 v 1
o I
0 1 1 1 | L | L 1 1 |
Where m = observed mass 00 02 04 06 08 10

m, = rest mass

B:V/ C
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Why should 1
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The Proper Time (T)

It /s the time an observer feels/records in its own rest frame.

The proper time Jdr = dt\/l — 32 is a Lorentfz invariant scalar.

Proof: ,
ds® =(cdt)” —dx* -dy’ -dz’

2 2 2
=c’dt*|1- dx2 — dy2 — dZ2
dt~ dt~ dt
= c*dr? (1 - /32)
= (cdr)2

is Lorentz invariant by definition.
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Primary Cosmic

i\/lcters Rays
=50 000 K 2MN\x+
T+ :
Muonic Cascade: > '
hadronic component
and neutrinos -
cade=" N = heavy
- T+ nucleus
n, K= Kaon
f es=" 7+ = Pion
20 000, - < ) v = neutrino
m+ n = neutron
A n P = proton
’ e-= electron
[} u-{- .
: ) e+ = positron
' 0 ¥y =gamma
=10 000
' N rays
M ! pt = muon
'y '
' '
-5 000 ' N
’ '
' '
' K
(] Va
= Sea ' H Electromagnetic
level ] Cascade
Hadron Cascade: :

nuclear fragments and
hadronic component
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The STR and Cosmi¢c Muons

Problem-1.0: Cosmic ray muons are produced
high in the atmosphere (at 50 Km, say) and

Development of cosmic-ray air showers

travel towards the earth at a speed nearly @ (o5 rom e
equal to light (0.99998c say) without colliding l
with anything on the way down. N \\ fest nteacti
\
(a) Given the lifetime of the muon (2.2 X 10" jouwies A ‘ ‘u pon dcay

sec), how far would it go before
disintegrating, according to pre-relativistic
physics? Would the muons make it to the
ground level?

(b) Now answer the same question using
relativistic physics. (Because of time dilation,
the muons last longer, so they travel
farther.)

second interaction

Home Assignment-1.0: 7@ —u + v,

Lifetime of pion is much shorter (2.6 x 10-8 sec). Assuming that the pions
have the same speed (0.998c), will they reach the ground level?

_na’rh Sahoo, IIT Indore, ALICE-India School, 5-20 Nov. 20_
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Solution to Problem-1.0: :LL— — e Ve V,u

Pre-relativistic:
The distance travelled by muon: d = vt = (3 x 108 m/sec.) x (2x10~¢ sec)
= 600 meter

This is less than 50 km
= muons dont reach the earth before decaying.

Relativistic: The muons live longer in the earth frame by a factor y:

1
a V1—v2/c?

The correct distance travelled in earth frame is: d = v (yT) = 100 km.

~ 160

Y

[The proper time interval (in observers own rest frame): A7 = At/~]

The fact that muons reach the laboratory in predicted abundances (while the
naive d = vT reasoning would predict that we shouldnt see any) is one of the
many experimental tests that support the special theory of relativity.

hoo, IIT Indore, ALICE-India School, 5-20 N
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ergy Physics

Note that velocity of light (¢) appears directly in these and many formulae.

The de Broglie relation between 4-momentum and wave
vector of a particle is: FE=hw

In 4-vector notation, P =#aK, where P = {E,p} K = {E,k}

C

Choose a system of unit in which, h=c=1

Now the relativistic formula for energy, £? = p?c? + mg2c?

in the new system of units becomes, | 2 — ;2 | 4,2

In particle physics, the unit of energy is GeV (1 GeV = 10° eV).
This is motivated by the fact that the rest mass of profon is m,™ 1 GeV.

_h Sahoo, IIT Indore, ALICE-India School, 5-20 Nov. _
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> W 9,

The Choice of Units in High Energy Physies

—_——— ——— P

This gives rise to mass (m), momentum (mc), energy (mc?) in GeV.

Length ( E ) and time ( i ) in GeV-l.
me mc?

In this system of units, we can obtain

1 sec = 1.52 x 10** GeV ' |1 meter = 5.07 x 10> GeV !

1 fermi=1 fm=10""*m = 5.07 GeV !

1 fm =3.33 x 1072° sec

197 MeV =1 fm™*

The advantage of using natural unit in particle physics:

“* We deal with strong interaction

% Lifetime is ~ 10-% sec

% Decay length of particles can be betfter expressed in terms of fermi/
* Energy scale is GeV/TeV

Sahoo, IIT Indore, ALICE-India School, 5-20 No
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Tour Vectors

The position-time 4-vector: x*, u = 0, 1, 2, 3; with
X=ct X =xx=yx°=z

() =) =) - ()
=) () () ()

I'is called the 4-dim length element, which is Lorentz Invariant (LI):
A quantity having the same value in all inertial frame.

Il

This is like r? = x? + y?+z? being invariant under spatial rotfation.

IIT Indore, ALICE-India School, 5-
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Four Vectors
3
I could be written in the form of a sum: | — quxu

u=0
. 100 0
To take care of the negative signs, 0 1 0 0
lets define a metric g, such that g= j
0 0 -1 0
0 0 0 -1

Temporal component is positive and spatial component is negative:
convention, can be vice-versa as well.

Now | = gw/gglu’gj'u

Define covariant 4-vector x, (index down): T, — Juv z”

x* (index up) is called “contravariant 4-vector”

With the above definitions, now [ — gj'ux'u — x“gjlu

_’rh Sahoo, IIT Indore, ALICE-India School, 5-20 Nov. 2_
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_ no_ o
I—:I:Mx =z,

To each contravariant 4-vector &, a covariant 4-vector could be assigned
and vice-versa.

a“=g"a,
. g are the elements in g -, since g - =g, g = g,,
a‘u = guva

Given any two 4-vectors, ¢ and 4,
a'b, = a,b" = a’b’ — albl — a?b? — a’b®

is LI

This is called “4-vector scalar product”.

hoo, IIT Indore, ALICE-India School, 5-20 N
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Four Vectors

Remember Einsteins summation convention b=a b
(repeated Greek indices are to be summed), a.b=4,

070 —= 7.
t oot =a b —-a.b

timelike future &

spacelike spacelike X / \

temporal component  spatial component

timelike past

a? > 0: a* is called time-like

> Events are in the forward light-cone

» They appear later than the origin O

> Events in the backward light-cone appear earlier than O

> Only events in the backward light-cone can influence O.

» And O can have influence only on the events in forward cone

_ Sahoo, IIT Indore, ALICE-India School, 5-20 Nov. _
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+ et 2 (CLO)2 —2

timelike future &

& / \

temporal component  spatial component

spacelike spacelike X

timelike past

a? < 0: a is called space-like

» Events are called space-like events and there is no interaction with O

a? = 0: a* is called light-like
» Connects all those events with the origin which can be reached by
a light signal

hoo, IIT Indore, ALICE-India School, 5-20
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Four-Veloeity

The velocity of a particle is given by:

dx dx : distance travelled in the lab. frame

y=

dt dt : time measured in the same frame

Proper velocity of the particle is:

7o 4 d% : distance travelled in the lab. frame
dr dt : is the proper time

One can show that: |17 = yU

Note that it is easy to work with the proper velocity as only dx
transforms under LT.

Now N = dx" o = dx’ _ d(ct) e
dt dt 1
—dt
Y

Sahoo, IIT Indore, ALICE-India School, 5-20 No
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o,

Four-Velocity

Hence,

" =~(c, v, vy, V2)| This is called the proper velocity 4-vecfor.

> As per our convention, spatial component brings up negative sign for
covariant tensors.

We can show that: 77“77# — 2

which is L.I. and also proves that 4-vector scalar product is L.I.

0, IIT Indore, ALICE-India School, 5-2
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Energy-Momentum Four Vector

| G
—_— =

We know: momentum = (mass) x (velocity)
Velocity could be ‘ordinary velocity”or the ‘proper velocity”.

Classically, both are same.

In relativity, momentum is the product of

mass and proper velocity /e. ~ _
p=mn

pM — mnﬂ
The spatial component of p* constitutes the (relativistic)
momentum vector:

L 20 = yme
\/ 1-v*/c?
2
Relativistic energy, E: E = ymcz — mc
\/1 —v*/c?
Hence, po — E
C

_ Sahoo, IIT Indore, ALICE-India School, 5-20 Nov. _
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The energy-momentum 4-vector: wo__ L
P = ;7 Pz, p’ya Pz

One can show that:

pipy =m?| = | E* = p* + m?

(in natural units)

p? = m? > O0: Ordinary massive particle
p? = m? = O0: Massless particles like photons, gravitons, etc.

p? < O: Tachyon or virtual particles

P = 0: Vacuum

_ Sahoo, IIT Indore, ALICE-India School, 5-20 Nov._
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Note: the relativistic equations p = ymv and FE = ym
do not hold good for massless particles and m=0 is only allowed,
if the particle travels with the speed of light.

Problems: 1.1

A pion at rest decays info a muon plus a neutrino. What is the speed of the
muon? Use the conventional method and 4-vector method, which one do you
like?

Problems: 1.2 p+p—>p+p+p+p

What is the threshold energy of the reaction.
Use 4-vector method.

Note the production of antibaryons need more threshold energy !

hoo, IIT Indore, ALICE-India School, 5-20
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Why Rapidity?

Successive Lorentz boosts in the same direction is represented by a
single boost, where the transformation velocity is given by:

6” — |U/C|H — 15_:_565/

Assume that velocity v’in frame L is observed as v”in frame L7,
where the frame L’is travelling in the x-direction with -vin frame L.

Proof:

The coordinates (*, x'’) are expressed in terms of (£ x’) using the
usual Lorentz transformation equations.

Omitting coordinates which are not suffered by LT,
2 = (2 + Ba')
r! = y(B2" + ')
A

g ==

¢ daO then

_a’rh Sahoo, IIT Indore, ALICE-India School, 5-20 Nov. 20_




36

Why Rapidity?

dzt"  ~4(Bdx® + dat)

7w y(dx® + Bdaxt)
o B+ 5/
BT

< The velocity is not an additive quantity.
< It is non-linear in successive transformations.

T Indore, ALICE-India School,
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Why Rapidity?

Here comes the need of “rapidity” to circumvent this drawback,
by defining B=tanhy or y=%ln(i+§)

We can show that rapidity is an additive quantity in successive LT, /e.

y//:y_l_y/

Using rapidity, a Lorentz transformation with finite y, can be
decomposed into N successive transformations with rapidity:

Ay =y/N
Solving B, v in terms of y, we have
p=tanhy, y=coshy, py=sinhy

Lorentz boost can now be written as:

x° = (cosh y) x” + (sinh y) x'

x' = (sinh y)x° + (cosh y) x'

_a’rh Sahoo, IIT Indore, ALICE-India School, 5-20 Nov. 20_
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Why Rapidity?

Comparing this with rotation in x-y plane:

' =x cos 0 — vy sin 0,

y = x sin 0 +y cos 0
We can obtain the former equations from the later by substituting:

0 — —iy

x = ix’

y—=x
Lorentz boost (in x-direction) is formally a rotation by an angle (-iy)
in the x and imaginary time (ix°) plane.

00, IIT Indore, ALICE-India School, 5-20



Rapidity gy
+
Experimental Considerations: y=§ln(1_ﬁ)

In high-energy collider experiments, the secondary particles produced
from the interaction, are boosted in z-direction (along the beam axis).
The boosted angular distribution is better expressed as rapidity
distribution.

At high-energies, each particle has £ ~ pc, py= pcos 6, and its rapidity
is approximated by so-called pseudo-rapidity:

;1 (1—|—ﬁ||> 1 (E-i—pHc)
— Z In = — In ~ —In tan(0/2
T \1=s,) T2 "\ Eope (6/2)

This fact is taken into account in designing detectors, which are divided
into modules that span the same solid angle in the n-® (azimuthal
angle) plane.

_na’rh Sahoo, IIT Indore, ALICE-India School, 5-20 Nov. 202_



At very high energies, when p >> m

40

y~n=—Inltan(0/2)] D peum i
x_ 700 prrerrrrrrrrereprer e 5700
g 6001PD-P. Sy = 5.02 TeV (30-40)% | % s0ok \ X (Center of LHO)
© 500l ™ CM Frame 500 Tl
Y4 = 0.95
400F 400F .
300} 300} / o
6 = 90°
200} 200 6 = 60° n =1.32
100f 100} S NP
oo 650 s 46 810 0 2 468 1012141618 0 = 30°
y* y e 2.44
0 = 10°
1 6=0° —> 7 =00
For a symmetric collider, Yem = i(ya + yb) &
Ybeam = T IN(/SNN/Mp) = £Ymax ‘
Important:

Yem = Yb = 8.52

shape invariance of the spectra
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> Lets say accelerating a charged particle from 0.Ic - 0.2 c takes AE
energy, what about accelerating the same particle from 0.8¢c-0.9¢c?
Will it take the same energy, AE ?

» Why to dig million tons of earth fo collide tiny particle?
» Why is LHC(LEP) tunnel 27 Km long?

> CERN is planning to go for 100 Km circumference (FCC) ring to increase the
energy to 7-10 times the present one. Will the beam particles reach velocity
of light?

Before we move to CM and LS frames, try to decay the pion which was
earlier at rest and now having some finite momentum ....solve the problem
and realize that working on a frame with net momentum = O, has many
advantages i.e. the CM frame.

IIT Indore, ALICE-India School, 5
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& The Center of Momentum m (CM) Energy and Velogity

% Consider a Lorentz sys’rem— call it Laborafory sysfem, with
two particles m, m, and 4-momenta p, and p,, respectively.

< Each of the two momenta p, and p, may again stay (contribute)
to the fotal momentum of the system of particles.

What is the center of mass(momentum) energy, E?

it is independent of the Lorentz system in
which p, and p, are given.

< it must be possible to give this answer in p=(E.p)
terms of the three invariants:

2 9 2 9
p] = mi and p; = m;

and

[p1p2 or (p1 +p2)2 or (p1 —p2)2]

The answer could be obvious in the CM system
itself (we use * in CM frame).

_’rh Sahoo, IIT Indore, ALICE-India School, 5-20 Nov. _




f Momentum (CM) Energy and Velocity
pi"+p =0
= p1+p2 = (Ey + E3,0)
and E* = E{ + E;
* 2 * *\ 2 * *\ 2
Hence, ["" = (E] + [5)" = (p1 + p3)
2
= (P1+D12)" since (p1 + p2)° is L.I.

Let M = total mass of the system.
— M2 _ (pl _|_p2)2 _ P2 _ E*Q
= (B + E2)2 — (p1 -I-p_§)2 = Invariant > (1)

i.e. Kinematically our two particles p; and p, are equivalent to one single
particle with 4-momentum P and mass M = E_,

IIT Indore, ALICE-India School, 5



Furthermore,
= |
p=rymy V= T > (2)
E=ym I-v
Hence the total 4-momentum of the two-particle system P = M3y
E = M~
+
P = L (P1 pz) is the velocity of the CM seen from the lab.
E (E +E,)
_ 1 _ E
)/cm \/1_[))2 M
_ E1+E2 _ E1+E2 > (3)

\/(El +E2)2 _(1_51 +l_52)2 Eon
is the Lorentz boost of the CM.

~ Sum of the energies of the particles in LS
- Energy of the CM

hoo, IIT Indore, ALICE-India School, 5-20
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tum (CM) Energy and Velocity

For practical calculations one has to express everything either in
Eqi, Ey and cosf

or in |pi|, |pz2| and cos

using E = \/m2 + p 2

It could be shown that

B = (m} +m3) +2E.B; F2\/(E2 —m3) (B} —m3)

- sign for parallel motion and + sign for antiparallel motion.

Problems: 3.1 (Hagedorn)

In nuclei the K.E. of bound nucleons goes up to the order of 20 MeV. Illustrate

formulas (1) and (2) by calculating the effect of this motion when it is parallel

or antiparallel to an incoming beam of 25 GeV (K.E.) protons (put m=1 GeV).

(a) What is the difference in the CM energy?

(b) What energies must the incoming protons have to produce the same CM
energies on nucleon at rest?

(a) What is the difference in B and y of the CM system?

_fh Sahoo, IIT Indore, ALICE-India School, 5-20 Nov. 2_




& The Center of Momentum (CM) Energy and Velocity

Problems: 3.2 (Hagedorn)

Suppose that a group of A nucleons (at rest) as a whole would interact with an
incoming proton of 25 GeV kinetic energy.

(a) What energy would be available for the production of particles and for
Kinetic energy? (put m =1 GeV)
(a) How do B and y¢, depend on A?

hoo, IIT Indore, ALICE-India School, 5-20 N



47

Q
2

—.-

>

o+

=3

= |
o

g -
o

on

®

—t

>

®

®

>

®

-3

Q

~

» Suppose, we sit on particle 1, movin
of particle 2, for us?

» The answer to this question must always be the same, no matter in
which Lorentz system we start.

» It must be therefore expressible by invariants and the only invariants

are again.
pi=mi and p;=m;

and
[p1p2 or (p1 +p2)° or (p1 —p2)2}

Let £, : energy of particle 2 if we look at it in the rest system of 1
E, = E, in the system where p; = 0.

Lets write £, in an invariant form.

_h Sahoo, IIT Indore, ALICE-India School, 5-20 Nov. _
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pp,=EE,-p.p,
=mE, (as p,=0)

- (the RHS is already in an invariant form)
1

(p1p2 )2 — m12m§

- 2 2
| Dy = E5 —m;, = 2
m,

If p, and p, are the momentum 4-vectors of any two particles in any
Lorentz system, then

ahoo, IIT Indore, ALICE-India School, 5-20 N
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I'he E, P and v of one particle as seen from

> (4

are the energy £, and momentum P21 of particle 2 seen from
particle 7 and v, is the relative velocity (symmetric in 7 and 2).

All these expressions are invariants and can be evaluated in
any Lorentz system.

_ Sahoo, IIT Indore, ALICE-India School, 5-20 Nov._




50

Ih\: _J

m
\
33
Qi
<
"-'5
(33
:

=
(S
{ﬁﬁ
@
@
@
()
| -
e
(e

=

This problem is like all the above quantities are as seen from a
fictitious particle M, called the ‘cenfer-of-momentum-particle’,
whose 4-momentum is:

P =p1+p2

We need to apply formulas (4) with p,replaced by P and p, by the
4-momentum of that particle whose energy, momentum and velocity
we wish to know.

With CM quantities as *, from eqn. (4),

_tp S (P pl)Z‘M ‘m;
1‘? 1 p 2
) ( pl) > (5)
|l—?>* |2=(Ppl) _M2m12
1 M? U]ithP:pl—l-pg

_h Sahoo, IIT Indore, ALICE-India School, 5-20 Nov. _



The E, P and v of a particle as seen from h

1 2 .2 9
and P1P2 = 5 [(pl -I-p2) — P1 —PQ}
_1(M2_m2_m2)
_ 9 1 2
Using the above equations, one obtains:
M a(miomd) L M (miom) g E M
E = E, = 1 2
2M 2M
1p 17 =Ip 1°=1p, I
£ \2
M4—2M2(m12+m§)+(m12—m§)2 = |p |
) e " E]
[Mz—(ml+m2)2HM2—(ml—mz)z]
= > (6)
4M°

Sahoo, IIT Indore, ALICE-India School, 5-20 Nov
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The E,

l\
fa:
(=P
<
©
(=
e
-
=7
> (E
@
e
@”
@
z
@
=
¢

where £, v," are energy and velocity of par’ricleQJ, as seen from either
common ¢M system and M? = P? = (p; + p2)
is the total mass squared.

Eqgn. (6) gives the energies, the momenta and the velocities of two
particles m, and m, for which ] — mi + mo

Problems: 3.3 (Hagedorn)

What are the energy and momentum of particle 2 seen
from particle 77?

_ Sahoo, IIT Indore, ALICE-India School, 5-20 Nov. _



Mandelstam Variables >

In the interaction of two incoming particles 1 and 2 with
two particles in the final state, 3 and 4, one can construct
the following Lorentz invariants called Madelstam Varlables

1+2 — 3+4 Two-particle final state /

=(p,+p,) =(ps+p,)
t=(p-p;) =(P.=ps)

2

u=(p1 _p4)2 =(p2 _p3)

% s is the square of the center of mass energy

/

% tis 4-momentum transfer square, if 1 and 3
are the same particle.

S+t+U=m +m, +m;+m,

2
S =(p1 +p2) =m12+m§ +2p,.p,

nath Sahoo, IIT Indore, ALICE-India School, 5-20 Nov. 202
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. e . 2
< The minimum value s can have |s:(m1 +m2) .

2
o As §= D; +p4) , the minimum value s can have to
)
produce final state particles is (m3+m4).

Hence the minimum CM energy required for a reaction fo occur
is given by:

sy =max| (m, +m, )" (m; +m,)’

It could be shown that #is negative for real processes.
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Example 2.4 Find the center-of-mass energy of A, in terms of the Mandelstam
variables and the particles masses.

Solution
A+B — C+D
s = (pa + pp)*
= pi + Py +2pa-Ps
= pi + Py + 2(EsEp — Pa.Pp)
In CM frame, js.fp = — 5.
S Pi=Ei- P (2.44)
= js = EX — pi = —Pa-Ps (2.45)

and p% = E3 — p5 = E3 — P> (" |Pal = |Psl in CM system)

— Eg = ,/ plzg + ﬁﬁ
=, / p% + E% — p [by using Eqn. 2.45] (2.46)

Now s = p3 + p3 + 2[Ea /p% + E2 — p? + E3 — p3] (by using Eqns. 2.45 and 2.46).

s+ pi — py - 2E: =2E,+\/py + E5 - P

Squaring both the sides of the above equation, we get:

, IIT Indore, ALICE-India School, 5-

Ref: Relativistic Kinematics for Beginners:
(CRC Press- 2020)
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Mandelstam Variables

(s + pi — ph)? + 4E} — 4E%(s + pi — p3) = AE3(py + E2 — p3)
— (s+ p5 — p3) =4EX(p3— pi + s+ pi—P3)

= 4E,s
, (s+py—pp)’
A= 4s
. ESM _ (s +m5 —m3)
2+s

Example 2.7 For elastic scattering of identical particles like the Moller scattering
(ee” — e e), show that the Mandelstam variables become

(CRC Press- 2020)

s = 4p* +m?)
t = =2p*(1 — cos 6)
u=-2p*(1+ cosb)

Ref: Relativistic Kinematics for Beginners:

Raghunath Sahoo & Basanta K. Nandi

Here j is the CM momentum of the incident particle and @ is the scattering angle.
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Mandelstam Variables

Solution
We know s = (pa + pg)* = (Ea + Eg)> — (P4 + Pp)™
In CM frame, pj + pp = 0and E4 = Eg = /2 + m?

5= (2Ex)?
= 4(p> +m?*)
Further by definition, Q,("‘"
&
.\Q .
t = (pa— pc)* Q;Q’q (\b\
P L
= (Ex— Ec)’ - (ph — pc)’ N
{\\(‘(9 xO
But E4, = E¢ and & &
.(\Q/‘(\Qp"
(Pa— Pe)’ = Pa” + P&’ — 2Pa-pe Ly 0q,®
)
= 2ﬁ2(1 —cosé) ) \‘;\ \(\00 v
— 1= —2(1 — cos 6) Q_q>° o
&
RIS
Again as per the definition of u, é & ()Q-
Q—Q&q S
u=(pa—po)

= (Es — Ep)’ - (Pa — D)’
= —(pa" + p»” — 2pa.p») (.- Ea = Ep)
= —25*(1 + cos §)

= u = -2p*(1 +cosb)
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Recap.........what did we learn so far

e St ll e W N W W N N N N W —_—— — %ees

A= E=mc’  Two essential formulae to go to high energies.

< |

2

FE =~ pc > mc® Particle is said to be relativistic.

/
8" = |u/c|" = B0 Velocity is not an additive quantity. It is
1 4+ BB’ non-linear in successive Lorentz transformations.

y=lln(1+/3) Y Rapidity is additive under successive
Y =Y 7Y |17 and preserves the shape.

a- = a.a = (a0)2 — @* 4-vector scalar product is LI

pMpMZmQ :>E2:p—2_|_m

h=c=1 Natural Unit
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