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Inclusion of fermions 103

If fermions are to interact with the W, W~ and W° bosons, they must

transform as doublets under SU(2)yy, just like the scalar doublet ®(x)

Consider a fermion doublet (we could do a similar thing for SU(N) ...)

(0

where the 1, and Y5 are two mass-degenerate Dirac fermions.

Construct the ‘free’ Lagrangian density
L=iPy"0,¥Y —mPY
where W = ({4 ).

Sum of two free Dirac fermion Lagrangian densities, with equal masses.
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Now, under a global SU(2),, gauge transformation, if 104

W(x) - ¥ (x) = U¥(x)
then
P(x) - P (x) = P(x)UT

It follows that the Lagrangian density
L=iPy*0,¥ —mPY
must be invariant under global SU(2),, gauge transformations.

As before, we try to upgrade this to a local SU(2),y gauge invariance, by
writing

L= iPy"D,¥ — mPY — Tr[F,, F" ]

where D, =19, + igA, (x) as before. Invariance is now guaranteed.
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Expand the covariant derivate and get the full Lagrangian density 105

L=iP0,¥-mPY —ITr[F, F" |- gPyrA,Y

- \\-_ iy - T

" vV
free fermion ‘free’ gauge  interaction term

Expand the interaction term...
Lint = _QLTIVHAHIP
= —gPy* (W, T, + W, T_+ W T3)¥
= —gPy*T YW — gPyFT_W W, — gPy T3 W W)

= —gjt W' —gj* W, —gjo W

LT’y*“']I‘Jr‘}’ are ‘charged’ currents

—.
o= 4+ =

PyHT,W¥ isa ‘neutral’ current

—~—.
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Werite the currents explicitly:

o jF = PyrT W = Pyr — (’JI‘1+1’II‘2)‘P

== () o) (5) = FPar s

o jt = PyrT W = PyH _i(Tl — iT,)¥
0 0 wg 1 -
" — L Pavh
=G B (] o) (h0) =7 Paria
® J[J;i = ITJ']/‘HTglP

= %(1!_&4 e (é _01) (51‘;) = %(@AV”U’A — YY" ip)
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Line = =94 W' — g2 W, = gjo W
= — j—itﬁﬂy“lpg %+ — %TEBy“'T,[JA W, c.c.interactions

- %(rﬁﬂyﬂ'lpﬂ — Ypy*g) %ﬂ n.c. interactions

This leads to vertices
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Comparing with the IVB hypothesis for the T/I/L , we should be able to
identify

Ya _ (P Ya (Ve Wa _ (Vu
(UJB) N (’n) (TJJB) - (e) (TJJB) - (H)
Q. Can we identify the I/I/LU with the photon (forgetting the mass)?

If the I/Lif—r are charged, we will have, under U(1).,,

F .
%—I— _ M/;,!—i_ _ E—leﬁ W+ M/;I_ N M’{I_ — e—l—ieﬂ M/L_

Now, if the term Y, y* g %+ is to remain invariant, we must assign

charges g4€ and gge to the A and B, s.t. the term transforms as
JJAV'”T!JB S —ief +iqgael —iqgel w V”UJB W+

To keep the Lagrangian neutral, we require gy —gp = 1
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But if we look at the WO vertices, and consider them to be QED

vertices, we must identify

J__ e and A e
> qa > 4B
l.e. g = —(qp.
Now solve the equations: g4 —gg = 1 and g4 = —qp ...
result is
1
da = =498 = 3

Two alternatives:

e A and B cannot be the Fermi-IVB particles (defeats whole effort...)

. WO cannot be the photon... (already hinted by the mass)
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Electroweak unification

Why not just include the U(1)., group as a direct product with the
SU(2)w group?

The transformation matrix on a fermion of charge ge will then look like
U = e—igg.ﬁ:—iqe 6'T
where T is the generator of U(1).,, and the direct product means that

[T, T,]=0 Va

The gauge field matrix should expand to

gA, = gW, T, + gW, T_ + gW,? T3 + qeA, T

and give us interaction terms as before...

Electroweak Unification and the Standard Model : Lecture-5



i.e., to the interaction terms with the W boson we must now add

interaction terms with the photon:
g .7 _ g .71 —
Lintg = — ET){JAVFT,[JB %Jr - ﬁq}By#d}A W,
g .7 g .7
— SPay*Pa W, + ~YpYF e W,

— qae Pay*iPad, — qge Ppy*iPpa,

Working back, we can write this as

9 o , 9 w+
o mwreqen,  Ewe o\
Ling = (lpfl T){JB)V g _ g 0 Y
5 % -3 M/;i + deAH B

. —= ' o da 0
= —W(gAr . T+eA,T)¥ where T = (0 q.e)

111
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This generator of U(1),,, can be rewritten

" _ (44 O)ZQA+QB da — 4B
T (0 05 > 1+ > T,

If we rememberthat 74 —gp = 1 , then

: 1
T =(2qg,+ 1)1 + ETg

Paradox!

[T, T,]#0 for a=1,2

Glashow (1961) :

112

We cannot treat weak interactions and electromagnetism as separate

(direct product) gauge theories = electroweak unification
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Glashow (1961) : 113

We cannot treat weak interactions and electromagnetism as separate

(direct product) gauge theories = electroweak unification

SU(2)wxU(1)y model

Introduce a new U(1), which is different from U(1).,, and exists as a

direct product with the SU(2)w...

The gauge transformation matrix will become
U= e—ig0.T+ig 6'T
where T = %]1 , Which, by construction, will commute with all the T
We now expand the gauge field matrix as
gA, = gW Ty + gW T_+ gW Tz — g'B, T

B, is a new gauge field and y is a new quantum number which is

clearly same for both the A and B component of the fermion doublet.
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We now construct the gauge-fermion interaction term as before
Line = —gPyHA,Y
= — Pyt (gW, Ty + gW, T_+ gW. T3 — g'B, T ¥

Expanding as before

g 11,0 _9Y 9
u | 2 Wy 2 By V2 W Y
mt — (l!{.q 1!)3)]/ '
Lw- —Lyo_9Yp |\Vs
vz ; M =5 B

= — %@AV”U’B W' —%@Byﬂlﬂ’a W,

VG (2 W — ) + YpyHyg ( Wy + 22 B )

114
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Glashow (1961): for some reason, the Mﬂ and B, mix, i.e. the physical

states are orthonormal combinations (demanded by gauge kinetic
terms) of the %ﬂ and By, ...

I/V#U B C —S Z‘u B .
— A C=COSwW, S=SIhw
Bﬂ S C H

In terms of this, the neutral current terms come out to be

an = —%V“lﬂﬁ ( WU g }’ ) + LEB}/HT)[JB ( WU + B )

1 - ! !
—=Par*Pal(ge = g'ys)Z, — (gs + g'yo)A,]

1 + ! !
_Ed}ByﬁwB[(QC — 9y Z, + (g5 — 'y 4]
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If we now wish to identify A, with the photon, we require to set
1 ! 1 r
—5(gs+gyc) = que 5(gs —g'yc) = qpe

Solving for g and g’ we get

—gs = (qa —qp)e —gfyff = (qa +qp)e

Recall that g, — qp = 1. It follows that

r Y
e =—gs e=-—gc
7 I da + 93
Choose —y = g4 + ¢qp. Then
e =—gsinw g’=gtanw

Note that w is some arbitrary angle... it must be nonzero, else e = 0

116
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We can also obtain

1 1
qa =5+ qp = —5+

o<
(NN

1 : :
Now, these iE are precisely the eigenvalues of the T; operator

i.e. we can write a general relation Sheldon L.

Glashow
q =13 ‘I'%

Looks exactly like the Gell-Mann-Nishijima relation...

Call t3 the weak isospin and y the weak hypercharge

This gauge theory works pretty well and can give the correct couplings
of all the gauge bosons... up to the angle w, which is not determined by

the fermion sector...
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Determination of w : (Salam 1966-67, Weinberg 1967) 118

Back to the gauge boson mass term...

Lmass = gZ(&y“D))'f' (Ay<q)>) = (gﬁl“((l)>)'1' (gﬁy<q)>)

For the Glashow theory, we must include the U(1), field in the gauge

field matrix, i.e.

gA, = gW, T, + gW, T_+ gW? T3 — g'B, T

g .0 gf} g

EM/;" _TBﬁi _z%i \
I - _d o9t
7 W, > W, > Bﬁ/

where Y is the hypercharge of the @ field.
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Thus, 119

9 ywo _9Y 9 s+ 0
ga oy =2 " T2 a
: I w- _Qwﬂ_ﬂg 2
V2 OB 2 H 2 TH Ny
gv
_%(9 W) +g YB#)
and
-~ N
t — Lywu- I 1o 'y BU
(gA* (Nt = FTW S5 (g WH + g YBY)
“— v

Multiplying these

Linass = (ﬁ) VI’LJrW +(

: ) (gWH +g'YB")(g WP + g'YB,)
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Consider only the neutral bosons:
(gWH +g'YBM)(g W, + g YB,)
= g2 WHO WL + gg'Y WHOB, + gg' YB* W0 + (g Y)?B*B,

One cannot have mass terms of the form I/I/'J“D,B’PL and B* I/I/J”;'Sl in a viable

field theory, since our starting point is always a theory with free fields.

Thus, it is essential to transform to orthogonal states

M/;LO B C S Zp B o
= | A C=CosSsw, S=SInhw
B S U

I

and choose w to cancel out cross terms...
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Rewrite the neutral boson mass terms as

(gWre + g'YB*)(g W' + g YB,)
= g? WO WL + gg'Y WHOB, + gg' YB* W, + (g'Y)?BHB,

2 ! 0
g gg’y \ [ W,
gg'’yY (gY)?)\ By

The diagonalising matrix will be

(COS(U Sin w )
— Sin w cOS

where

gy
fanw = ———
g
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How to determine Y ?

Werite out the interaction terms for the gauge bosons with the scalar
doublet. One finds that once again, to match the couplings to the

charges of the W bosons, we get the Gell-Mann-Nishijima relation, i.e.

Y
q—tg‘l‘g

Now, the lower component @p develops a vacuum expectation value,

so it must be neutral, i.e.

1 Y
0——E+E —>Y=1

It follows that Weinberg angle

I

—tanw =g—=tan9w
g
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Eigenvalues of the mass matrix:

(92 99’)
99" 9°
Determinant =0 ; trace = g° + grz, l.e.

MA:O 2

Steven Weinberg

and
Mg =2 (L)Z (g + g°) = (ﬁ)z (1 +i) = My (1 + tan® 6y)
? 242 2 g° w
= Mg sec? 6y,
M
— MZ — W

Cos By,
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Determination of parameters:

E?Z 1 M MW

—_— = — —

41t 137 2 cos O

e = g sin By, gtzgtanﬁw
Experimental measurements show that ‘ ' ‘

My ~80.4GeV and M, ~91.2GeV  CarloRubbis
It follows that cos 6y, = My, /M, = 0.8816 = 6y, =~ 28°.17

We can now calculate: e = vV4nra =~ 0.303
g =-e/sinfy = 0.642
g =gtan8, =~ 0.344
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