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Recent Results from
BelleBelle Belle

Measurement of partial branching fractions of inclusive  
decays with hadronic tagging [PRD 104, 012008 (2021), arXiv:2102.00020]

B → Xuℓν̄ℓ1.

2.

3.

Measurement of differential branching fractions of inclusive  decays 
with hadronic tagging [Phys. Rev. Lett. 127, 261801 (2021), arXiv:2107.13855]

B → Xuℓν̄ℓ

Measurements of  moments of inclusive  decays with 
hadronic tagging [PRD 104, 112011 (2021), arXiv:2109.01685

q2 B → Xcℓν̄ℓ

4.

5.

6.

Measurement of the branching fraction of the decay  in 
fully reconstructed events at Belle [PRD 103, 112001 (2021), arXiv:2005.07766]

B+ → π+π−ℓ+ν

Measurement of the branching fraction of the  and  
decays with signal-side only reconstruction in the full  range  

[Submitted to PRD, arXiv:2104.13354]

B+ → ηℓ+ν B+ → η′ ℓ+ν
q2

First test of lepton flavor universality in the charmed baryon decays   
using data of the Belle experiment [Submitted to PRL, arXiv:2112.10367]

Ω0
c → Ω−ℓ+νℓ
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Introduction 4

9. The Decay B� Xu��

The B meson, being the lightest meson containing a b quark, can only decay via the weak
interaction. In the following I discuss the semileptonic decay B � Xu��, where the final
state consists of a hadronic (Xu) and a leptonic (��) system.

At the energy scale of the B meson mass the propagator term of the virtual W± boson
can be integrated out and the weak interaction is described by the e�ective coupling GF
together with the corresponding CKM matrix elements. However, at this energy scale
the bound state of the two quarks, of which the B meson is composed, is described by
non-perturbative QCD. In case the virtual W± boson decays into a lepton and neutrino
pair there exists no strong interaction between the decay products of the W± and the
hadronic system Xu. Therefore it is possible to factorize the strong and weak interaction
contributions and treat them separately.

The e�ective Standard Model (SM) Lagrangian describing these decays is given by

Le� = �4GF�
2

Vub(u�µPLb)(��µPL�) + h.c., (9.1)

with Fermi’s constant GF, the CKM matrix element Vub and the projection operator
PL = (1� �5)/2. The decay B � ��� is shown at parton level and as an e�ective diagram
in Figure 9.1.
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Figure 9.1.: One possible parton level Feynman diagram (a) and the e�ective Feynman
diagram (b). In the e�ective Feynman diagram, the propagator of the W is
integrated out, i.e. the weak interaction is point-like, and the gluon interactions
are described by the blob.
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FIG. 1. The CKM suppressed and favored inclusive semilep-
tonic processes B ! Xu `+ ⌫` (left) and B ! Xc `

+ ⌫` (right)
for a B0 meson decay.

of the decay dynamics. The determination of |Vub| using
inclusive decays is very challenging due to the large back-
ground from the CKM-favored B ! Xc `+ ⌫` process.
Both processes have a very similar decay signature in
the form of a high momentum lepton, a hadronic system,
and missing energy from the neutrino that escapes detec-
tion. Figure 1 shows an illustration of both processes for
a B0-meson decay. A clear separation of the processes is
only possible in kinematic regions where B ! Xc `+ ⌫`
is kinematically forbidden. In these regions, however,
non-perturbative shape functions enter the description
of the decay dynamics, making predictions for the decay
rates dependent on the precise modeling. These functions
parametrize at leading order the Fermi motion of the b
quark inside the B meson. Properties of the leading-
order ⇤QCD/mb shape function can be determined using
the photon energy spectrum of B ! Xs � decays and mo-
ments of the lepton energy or hadronic invariant mass in
semileptonic B decays [10–12], but the modeling of both
the leading and subleading shape functions introduces
large theory uncertainties on the decay rate. In the fu-
ture, more model-independent approaches aim to directly
measure the leading-order shape function [13, 14].

As such methods are not yet realized, it is beneficial
to extend the measurement region as much as possible
into the B ! Xc `+ ⌫` dominated phase space. This
was done, e.g., by Refs. [15, 16]. This reduces the the-
ory uncertainties on the predicted partial rates [17–22],
although making the measurement more prone to sys-
tematic uncertainties. This strategy is also adopted in
the measurement described in this paper.

The corresponding world averages of |Vub| from both
exclusive and inclusive determinations are [6]:

|V excl.
ub | = (3.67 ± 0.09 ± 0.12) ⇥ 10�3 , (1)

|V incl.
ub | =

⇣
4.32 ± 0.12+0.12

�0.13

⌘
⇥ 10�3 . (2)

Here the uncertainties are experimental and from theory.
Both world averages exhibit a disagreement of about 3
standard deviations between them. This disagreement is
limiting the reach of present-day precision tests of the
KM mechanism and searches for loop-level new physics,
see e.g. Ref.[23] for a recent analysis.

One important experimental method to extend the
probed B ! Xu `+ ⌫` phase space into regions dominated
by B ! Xc `+ ⌫` transitions is the full reconstruction
of the second B meson of the e+ e�

! ⌥(4S) ! BB̄

process. This process is referred to as “tagging” and
allows for the reconstruction of the hadronic X sys-
tem of the semileptonic process. In addition, the neu-
trino four-momentum can be reconstructed. Properties
of both are instrumental to distinguish B ! Xu `+ ⌫`
and B ! Xc `+ ⌫` processes. In this manuscript the re-
construction of the second B meson and the separation of
B ! Xu `+ ⌫` from B ! Xc `+ ⌫` processes were carried
out using machine learning approaches. Several neural
networks were trained to identify correctly reconstructed
tag-side B mesons. The distinguishing variables of the
classification algorithm were carefully selected in order
not to introduce a bias in the measured partial branch-
ing fractions. In addition, the modeling of backgrounds
was validated in B ! Xc `+ ⌫` enriched selections. We
report the measurement of three partial branching frac-
tions, covering 30% - 85% of the accessible B ! Xu `+ ⌫`
phase space. The measurement of fully di↵erential dis-
tributions, which allow one to determine the leading and
subleading shape functions, is left for future work.

The main improvement over the previous Belle result
of Ref. [16] lies in the adoption of a more e�cient tagging
algorithm for the reconstruction of the second B meson
and the improvements of the B ! Xu `+ ⌫` signal and
B ! Xc `+ ⌫` background descriptions. In addition, the
full Belle data set of 711 fb�1 is analyzed and we avoid
the direct use of kinematic properties of the candidate
semileptonic decay in the background suppression. After
the final selection we retain a factor of approximatively
1.8 times more signal events than the previous analysis.

The remainder of this manuscript is organized as fol-
lows: Section II provides an overview of the data set
and the simulated signal and background samples, that
were used in the analysis. Section III details the analy-
sis strategy and reconstruction of the hadronic X system
of the semileptonic decay. Section IV introduces the fit
procedure used to separate B ! Xu `+ ⌫` signal from
background contributions. Section V lists the system-
atic uncertainties a↵ecting the measurements and Sec-
tion VI summarizes sideband studies central to validate
the modeling of the crucial B ! Xc `+ ⌫` background
processes. Finally, Section VII shows the selected sig-
nal events and compares them with the expectation from
simulation. In Section VIII the measured partial branch-
ing fractions and subsequent values of |Vub| are discussed.
Section IX presents our conclusions.

II. DATA SET AND SIMULATED SAMPLES

The analysis utilizes the full Belle data set of
(772 ± 10) ⇥ 106 B meson pairs, which were produced
at the KEKB accelerator complex [24] with a center-of-
mass energy of

p
s = 10.58 GeV corresponding to the

⌥(4S) resonance. In addition, 79 fb�1 of collision events
recorded 60MeV below the ⌥(4S) resonance peak are
used to derive corrections and for cross-checks.

The Belle detector is a large-solid-angle magnetic spec-
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of the decay dynamics. The determination of |Vub| using
inclusive decays is very challenging due to the large back-
ground from the CKM-favored B ! Xc `+ ⌫` process.
Both processes have a very similar decay signature in
the form of a high momentum lepton, a hadronic system,
and missing energy from the neutrino that escapes detec-
tion. Figure 1 shows an illustration of both processes for
a B0-meson decay. A clear separation of the processes is
only possible in kinematic regions where B ! Xc `+ ⌫`
is kinematically forbidden. In these regions, however,
non-perturbative shape functions enter the description
of the decay dynamics, making predictions for the decay
rates dependent on the precise modeling. These functions
parametrize at leading order the Fermi motion of the b
quark inside the B meson. Properties of the leading-
order ⇤QCD/mb shape function can be determined using
the photon energy spectrum of B ! Xs � decays and mo-
ments of the lepton energy or hadronic invariant mass in
semileptonic B decays [10–12], but the modeling of both
the leading and subleading shape functions introduces
large theory uncertainties on the decay rate. In the fu-
ture, more model-independent approaches aim to directly
measure the leading-order shape function [13, 14].

As such methods are not yet realized, it is beneficial
to extend the measurement region as much as possible
into the B ! Xc `+ ⌫` dominated phase space. This
was done, e.g., by Refs. [15, 16]. This reduces the the-
ory uncertainties on the predicted partial rates [17–22],
although making the measurement more prone to sys-
tematic uncertainties. This strategy is also adopted in
the measurement described in this paper.

The corresponding world averages of |Vub| from both
exclusive and inclusive determinations are [6]:

|V excl.
ub | = (3.67 ± 0.09 ± 0.12) ⇥ 10�3 , (1)

|V incl.
ub | =

⇣
4.32 ± 0.12+0.12

�0.13

⌘
⇥ 10�3 . (2)

Here the uncertainties are experimental and from the-
ory. Both world averages exhibit a disagreement of about
3 standard deviations between them. This disagree-
ment is limiting the reach of present-day precision tests
of the KM mechanism and searches for loop-level new
physics, see e.g. Ref. [23] for a recent analysis. For a
more complete review the interested reader is referred to
Refs. [24, 25].

One important experimental method to extend the
probed B ! Xu `+ ⌫` phase space into regions dominated

by B ! Xc `+ ⌫` transitions is the full reconstruction
of the second B meson of the e+ e�

! ⌥(4S) ! BB̄
process. This process is referred to as “tagging” and
allows for the reconstruction of the hadronic X sys-
tem of the semileptonic process. In addition, the neu-
trino four-momentum can be reconstructed. Properties
of both are instrumental to distinguish B ! Xu `+ ⌫`
and B ! Xc `+ ⌫` processes. In this manuscript the re-
construction of the second B meson and the separation of
B ! Xu `+ ⌫` from B ! Xc `+ ⌫` processes were carried
out using machine learning approaches. Several neural
networks were trained to identify correctly reconstructed
tag-side B mesons. The distinguishing variables of the
classification algorithm were carefully selected in order
not to introduce a bias in the measured partial branch-
ing fractions. In addition, the modeling of backgrounds
was validated in B ! Xc `+ ⌫` enriched selections. We
report the measurement of three partial branching frac-
tions, covering 31% - 86% of the accessible B ! Xu `+ ⌫`
phase space. The measurement of fully di↵erential dis-
tributions, which allow one to determine the leading and
subleading shape functions, is left for future work.

The main improvement over the previous Belle result
of Ref. [16] lies in the adoption of a more e�cient tagging
algorithm for the reconstruction of the second B meson
and the improvements of the B ! Xu `+ ⌫` signal and
B ! Xc `+ ⌫` background descriptions. In addition, the
full Belle data set of 711 fb�1 is analyzed and we avoid
the direct use of kinematic properties of the candidate
semileptonic decay in the background suppression. After
the final selection we retain a factor of approximatively
1.8 times more signal events than the previous analysis
with a ca. 20% improved purity.

The remainder of this manuscript is organized as fol-
lows: Section II provides an overview of the data set
and the simulated signal and background samples, that
were used in the analysis. Section III details the analy-
sis strategy and reconstruction of the hadronic X system
of the semileptonic decay. Section IV introduces the fit
procedure used to separate B ! Xu `+ ⌫` signal from
background contributions. Section V lists the system-
atic uncertainties a↵ecting the measurements and Sec-
tion VI summarizes sideband studies central to validate
the modeling of the crucial B ! Xc `+ ⌫` background
processes. Finally, Section VII shows the selected sig-
nal events and compares them with the expectation from
simulation. In Section VIII the measured partial branch-
ing fractions and subsequent values of |Vub| are discussed.
Section IX presents our conclusions.

II. DATA SET AND SIMULATED SAMPLES

The analysis utilizes the full Belle data set of
(772 ± 10) ⇥ 106 B meson pairs, which were produced
at the KEKB accelerator complex [26] with a center-of-
mass energy of

p
s = 10.58 GeV corresponding to the

⌥(4S) resonance. In addition, 79 fb�1 of collision events

≈ 3.3 σ

(HFLAV)
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were determined in Ref. [53] from a fit to B ! Xc `
+ ⌫`

and B ! Xs� decay properties. At leading order, the
non-perturbative parameter aKN is related to the aver-
age momentum squared of the b quark inside the B meson
and determines the second moment of the shape function.

It is defined as aKN = �3⇤
2
/�1 � 1 with the binding en-

ergy ⇤ = mB � mKN
b and the kinetic energy parameter

�1. The hadronization of the parton-level B ! Xu `
+ ⌫`

DFN simulation is carried out using the JETSET al-
gorithm [54], producing final states with two or more
mesons. The inclusive and exclusive B ! Xu `

+ ⌫` pre-
dictions are combined using a so-called ‘hybrid’ approach,
which is a method originally suggested by Ref. [55], and
our implementation closely follows Ref. [56] and uses the
library of Ref. [57]. To this end, we combine both pre-
dictions such that the partial branching fractions in the
triple di↵erential rate of the inclusive (�B

incl
ijk ) and com-

bined exclusive (�B
excl
ijk ) predictions reproduce the inclu-

sive values. This is achieved by assigning weights to the
inclusive contributions wijk such that

�B
incl
ijk = �B

excl
ijk + wijk ⇥ �B

incl
ijk , (9)

with i, j, k denoting the corresponding bin in the three
dimensions of q2, EB

` , and MX :

q2 = [0, 2.5, 5, 7.5, 10, 12.5, 15, 20, 25] GeV2 ,

EB
` = [0, 0.5, 1, 1.25, 1.5, 1.75, 2, 2.25, 3] GeV ,

MX = [0, 1.4, 1.6, 1.8, 2, 2.5, 3, 3.5] GeV .

To study the model dependence of the DFN shape func-
tion, we also determine weights using the BLNP model
of Ref. [58] and treat the di↵erence later as a systematic
uncertainty. For the b quark mass in the shape-function
scheme we use mSF

b = 4.61 GeV and µ2 SF
⇡ = 0.20 GeV2.

Figures detailing the hybrid model construction can be
found in Appendix A.

Table I summarizes the branching fractions for the sig-
nal and the important B ! Xc `

+ ⌫` background pro-
cesses that were used. Figure 2 shows the generator-
level distributions and yields of B ! Xc `

+ ⌫` and
B ! Xu `

+ ⌫` after the tag-side reconstruction (cf. Sec-
tion III). The B ! Xu `

+ ⌫` yields were scaled up by a
factor of 50 to make them visible. A clear separation can
be obtained at low values of MX and high values of EB

` .

III. ANALYSIS STRATEGY, HADRONIC
TAGGING, AND X RECONSTRUCTION

A. Neutral Network Based Tag Side
Reconstruction

We reconstruct collision events using the hadronic full
reconstruction algorithm of Ref. [59]. The algorithm re-
constructs one of the B mesons produced in the col-
lision event using hadronic decay channels. We label

FIG. 2. The generator-level EB
` and MX distributions

of the CKM suppressed and favored inclusive semileptonic
processes, B ! Xu `+ ⌫` (scaled up by a factor of 50) and
B ! Xc `

+ ⌫`, respectively, are shown, using the models de-
scribed in the text.

such B mesons in the following as Btag. Instead of at-
tempting to reconstruct as many B meson decay cas-
cades as possible, the algorithm employs a hierarchi-
cal reconstruction ansatz in four stages: at the first
stage, neural networks are trained to identify charged
tracks and neutral energy depositions as detector stable
particles (e+, µ+, K+,⇡+, �), neutral ⇡0 candidates, or
K0

S candidates. At the second stage, these candidate
particles are combined into heavier meson candidates
(J/ , D0, D+, Ds) and for each target final state a neu-
ral network is trained to identify probable candidates. In
addition to the classifier output from the first stage, ver-
tex fit probabilities of the candidate combinations, and
the full four-momentum of the combination are passed
to the input layer. At the third stage, candidates for
D⇤ 0, D⇤ +, and D⇤

s mesons are formed and separate neu-
ral networks are trained to identify viable combinations.
The input layer aggregates the output classifiers from all
previous reconstruction stages. The final stage combines
the information from all previous stages to form Btag

candidates. The viability of such combinations is again
assessed by a neural network that was trained to dis-
tinguish correctly reconstructed candidates from wrong
combinations and whose output classifier score we denote
by OFR. Over 1104 decay cascades are reconstructed in
this manner, achieving an e�ciency of 0.28% and 0.18%
for charged and neutral B meson pairs [60], respectively.
Finally, the output of this classifier is used as an input
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Clear separation only possible in 

certain kinematic regions, e.g. lepton 
endpoint or low MX

4

9. The Decay B� Xu��

The B meson, being the lightest meson containing a b quark, can only decay via the weak
interaction. In the following I discuss the semileptonic decay B � Xu��, where the final
state consists of a hadronic (Xu) and a leptonic (��) system.

At the energy scale of the B meson mass the propagator term of the virtual W± boson
can be integrated out and the weak interaction is described by the e�ective coupling GF
together with the corresponding CKM matrix elements. However, at this energy scale
the bound state of the two quarks, of which the B meson is composed, is described by
non-perturbative QCD. In case the virtual W± boson decays into a lepton and neutrino
pair there exists no strong interaction between the decay products of the W± and the
hadronic system Xu. Therefore it is possible to factorize the strong and weak interaction
contributions and treat them separately.

The e�ective Standard Model (SM) Lagrangian describing these decays is given by

Le� = �4GF�
2

Vub(u�µPLb)(��µPL�) + h.c., (9.1)

with Fermi’s constant GF, the CKM matrix element Vub and the projection operator
PL = (1� �5)/2. The decay B � ��� is shown at parton level and as an e�ective diagram
in Figure 9.1.

b u

d d

⌫

`+

W+

B0 ⇡�

(a) Parton level Feynman diagram.

B0 ⌫

`+

⇡�

(b) E�ective Feynman diagram.

Figure 9.1.: One possible parton level Feynman diagram (a) and the e�ective Feynman
diagram (b). In the e�ective Feynman diagram, the propagator of the W is
integrated out, i.e. the weak interaction is point-like, and the gluon interactions
are described by the blob.
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FIG. 1. The CKM suppressed and favored inclusive semilep-
tonic processes B ! Xu `+ ⌫` (left) and B ! Xc `

+ ⌫` (right)
for a B0 meson decay.

of the decay dynamics. The determination of |Vub| using
inclusive decays is very challenging due to the large back-
ground from the CKM-favored B ! Xc `+ ⌫` process.
Both processes have a very similar decay signature in
the form of a high momentum lepton, a hadronic system,
and missing energy from the neutrino that escapes detec-
tion. Figure 1 shows an illustration of both processes for
a B0-meson decay. A clear separation of the processes is
only possible in kinematic regions where B ! Xc `+ ⌫`
is kinematically forbidden. In these regions, however,
non-perturbative shape functions enter the description
of the decay dynamics, making predictions for the decay
rates dependent on the precise modeling. These functions
parametrize at leading order the Fermi motion of the b
quark inside the B meson. Properties of the leading-
order ⇤QCD/mb shape function can be determined using
the photon energy spectrum of B ! Xs � decays and mo-
ments of the lepton energy or hadronic invariant mass in
semileptonic B decays [10–12], but the modeling of both
the leading and subleading shape functions introduces
large theory uncertainties on the decay rate. In the fu-
ture, more model-independent approaches aim to directly
measure the leading-order shape function [13, 14].

As such methods are not yet realized, it is beneficial
to extend the measurement region as much as possible
into the B ! Xc `+ ⌫` dominated phase space. This
was done, e.g., by Refs. [15, 16]. This reduces the the-
ory uncertainties on the predicted partial rates [17–22],
although making the measurement more prone to sys-
tematic uncertainties. This strategy is also adopted in
the measurement described in this paper.

The corresponding world averages of |Vub| from both
exclusive and inclusive determinations are [6]:

|V excl.
ub | = (3.67 ± 0.09 ± 0.12) ⇥ 10�3 , (1)

|V incl.
ub | =

⇣
4.32 ± 0.12+0.12

�0.13

⌘
⇥ 10�3 . (2)

Here the uncertainties are experimental and from the-
ory. Both world averages exhibit a disagreement of about
3 standard deviations between them. This disagree-
ment is limiting the reach of present-day precision tests
of the KM mechanism and searches for loop-level new
physics, see e.g. Ref. [23] for a recent analysis. For a
more complete review the interested reader is referred to
Refs. [24, 25].

One important experimental method to extend the
probed B ! Xu `+ ⌫` phase space into regions dominated

by B ! Xc `+ ⌫` transitions is the full reconstruction
of the second B meson of the e+ e�

! ⌥(4S) ! BB̄
process. This process is referred to as “tagging” and
allows for the reconstruction of the hadronic X sys-
tem of the semileptonic process. In addition, the neu-
trino four-momentum can be reconstructed. Properties
of both are instrumental to distinguish B ! Xu `+ ⌫`
and B ! Xc `+ ⌫` processes. In this manuscript the re-
construction of the second B meson and the separation of
B ! Xu `+ ⌫` from B ! Xc `+ ⌫` processes were carried
out using machine learning approaches. Several neural
networks were trained to identify correctly reconstructed
tag-side B mesons. The distinguishing variables of the
classification algorithm were carefully selected in order
not to introduce a bias in the measured partial branch-
ing fractions. In addition, the modeling of backgrounds
was validated in B ! Xc `+ ⌫` enriched selections. We
report the measurement of three partial branching frac-
tions, covering 31% - 86% of the accessible B ! Xu `+ ⌫`
phase space. The measurement of fully di↵erential dis-
tributions, which allow one to determine the leading and
subleading shape functions, is left for future work.

The main improvement over the previous Belle result
of Ref. [16] lies in the adoption of a more e�cient tagging
algorithm for the reconstruction of the second B meson
and the improvements of the B ! Xu `+ ⌫` signal and
B ! Xc `+ ⌫` background descriptions. In addition, the
full Belle data set of 711 fb�1 is analyzed and we avoid
the direct use of kinematic properties of the candidate
semileptonic decay in the background suppression. After
the final selection we retain a factor of approximatively
1.8 times more signal events than the previous analysis
with a ca. 20% improved purity.

The remainder of this manuscript is organized as fol-
lows: Section II provides an overview of the data set
and the simulated signal and background samples, that
were used in the analysis. Section III details the analy-
sis strategy and reconstruction of the hadronic X system
of the semileptonic decay. Section IV introduces the fit
procedure used to separate B ! Xu `+ ⌫` signal from
background contributions. Section V lists the system-
atic uncertainties a↵ecting the measurements and Sec-
tion VI summarizes sideband studies central to validate
the modeling of the crucial B ! Xc `+ ⌫` background
processes. Finally, Section VII shows the selected sig-
nal events and compares them with the expectation from
simulation. In Section VIII the measured partial branch-
ing fractions and subsequent values of |Vub| are discussed.
Section IX presents our conclusions.

II. DATA SET AND SIMULATED SAMPLES

The analysis utilizes the full Belle data set of
(772 ± 10) ⇥ 106 B meson pairs, which were produced
at the KEKB accelerator complex [26] with a center-of-
mass energy of

p
s = 10.58 GeV corresponding to the

⌥(4S) resonance. In addition, 79 fb�1 of collision events

≈ 3.3 σ

(HFLAV)
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Belle recorded 711 fb�1 on the ⌥(4S) resonance.
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and combined with a range of event shape variables to
train a neural network to distinguish reconstructed B
meson candidates from continuum processes. The out-
put classifier score of this neural network is denoted as
OCont. Both classifier scores are mapped to a range of
[0, 1) signifying the reconstruction quality of poor to ex-
cellent candidates. We retain Btag candidates that show
at least moderate agreement based on these two outputs
and require that OFR > 10�4 and OCont > 10�4. De-
spite these relatively low values, knowledge of the charge
and momentum of the decay constituents in combination
with the known beam-energy allows one to infer the flavor
and four-momentum of the Btag candidate. We require
the Btag candidates to have at least a beam-constrained
mass of

Mbc =
q

E2
beam � |ptag|

2 > 5.27 GeV , (10)

with ptag denoting the momentum of the Btag candidate

in the center-of-mass frame of the colliding e+e�-pair.
Furthermore, Ebeam =

p
s/2 denotes half the center-of-

mass energy of the colliding e+e�-pair. The energy dif-
ference

�E = Etag � Ebeam , (11)

is already used in the input layer of the neural network
trained in the final stage of the reconstruction. Here Etag

denotes the energy of the Btag candidate in the center-

of-mass frame of the colliding e+e�-pair. In each event
a single Btag candidate is then selected according to the
highest OFR score of the hierarchical full reconstruction
algorithm. All tracks and clusters not used in the re-
construction of the Btag candidate are used to define the
signal side.

B. Signal Side Reconstruction

The signal side of the event is reconstructed
by identifying a well-reconstructed lepton with
EB

` = |p
B
` | > 1 GeV in the signal B rest frame3 us-

ing the likelihood mentioned in Section II. The signal B
rest frame is calculated using the momentum of the Btag

candidate via

psig = p
e
+

e
� �

✓q
m2

B + |ptag|
2,ptag

◆
, (12)

with p
e
+
e
� denoting the four-momentum of the colliding

electron-positron pair. Leptons from J/ and photon
conversions in detector material are rejected by combin-
ing the lepton candidate with oppositely charged tracks

3
We neglect the small correction of the lepton mass term to the

energy of the lepton.

(t) on the signal side and demanding that m`t > 0.14 GeV
and met /2 [3.05, 3.15] GeV or mµt /2 [3.06, 3.12] GeV. If
multiple lepton candidates are present on the signal side,
the event is discarded as multiple leptons are likely to
originate from a double semileptonic b ! c ! s cascade.
For charged Btag candidates, we demand that the charge
assignment of the signal-side lepton be opposite that of
the Btag charge. The hadronic X system is reconstructed
from the remaining unassigned charged particles and neu-
tral energy depositions. Its four momentum is calculated
as

pX =
X

i

✓q
m2

⇡ + |pi|
2,pi

◆
+
X

j

�
Ej ,kj

�
, (13)

with Ei = |ki| the energy of the neutral energy depo-
sitions and all charged particles with momentum pi are
assumed to be pions. With the X system reconstructed,
we can also reconstruct the missing mass squared,

M2
miss =

�
psig � pX � p`

�2
, (14)

which should peak at zero, M2
miss ⇡ m2

⌫ ⇡ 0 GeV2, for
correctly reconstructed semileptonic B ! Xu `

+ ⌫` and
B ! Xc `

+ ⌫` decays. The hadronic mass of the X sys-
tem is later used to discriminate B ! Xu `

+ ⌫` signal
decays from B ! Xc `

+ ⌫` and other remaining back-
grounds. It is reconstructed using

MX =
q

(pX)µ (pX)µ . (15)

In addition, we reconstruct the four-momentum-transfer
squared, q2, as

q2 =
�
psig � pX

�2
. (16)

The resolution of both variables for B ! Xu `
+ ⌫` is

shown in Figure 3 as residuals with respect to the gener-
ated values of q2 and MX . The resolution for MX has a
root-mean-square (RMS) deviation of 0.47 GeV, but ex-
hibits a large tail towards larger values. The distinct peak
at 0 is from B0

! ⇡� `+ ⌫` and other low-multiplicity
final states comprised of only charged pions. The four-
momentum-transfer squared q2 exhibits a large resolu-
tion, which is caused by a combination of the tag-side
B and the X reconstruction. The RMS deviation for
q2 is 1.59 GeV2. The core resolution is dominated by
the tagging resolution, whereas the large negative tail is
dominated from the resolution of the reconstruction of
the X system.

C. Background Suppression BDT

At this point in the reconstruction, the B ! Xc `
+ ⌫`

process completely dominates the selected events. To
identify B ! Xu `

+ ⌫`, we combine several distinguish-
ing features into a single discriminant. This is achieved

Charged Tracks Neutral Clusters

m2
miss = (psig − pX − pℓ)

2
≈ m2

ν = 0 GeV2
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squared, q2, as

q2 =
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psig � pX

�2
. (16)

The resolution of both variables for B ! Xu `
+ ⌫` is

shown in Figure 3 as residuals with respect to the gener-
ated values of q2 and MX . The resolution for MX has a
root-mean-square (RMS) deviation of 0.47 GeV, but ex-
hibits a large tail towards larger values. The distinct peak
at 0 is from B0

! ⇡� `+ ⌫` and other low-multiplicity
final states comprised of only charged pions. The four-
momentum-transfer squared q2 exhibits a large resolu-
tion, which is caused by a combination of the tag-side
B and the X reconstruction. The RMS deviation for
q2 is 1.59 GeV2. The core resolution is dominated by
the tagging resolution, whereas the large negative tail is
dominated from the resolution of the reconstruction of
the X system.

C. Background Suppression BDT

At this point in the reconstruction, the B ! Xc `
+ ⌫`

process completely dominates the selected events. To
identify B ! Xu `

+ ⌫`, we combine several distinguish-
ing features into a single discriminant. This is achieved
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and combined with a range of event shape variables to
train a neural network to distinguish reconstructed B
meson candidates from continuum processes. The out-
put classifier score of this neural network is denoted as
OCont. Both classifier scores are mapped to a range of
[0, 1) signifying the reconstruction quality of poor to ex-
cellent candidates. We retain Btag candidates that show
at least moderate agreement based on these two outputs
and require that OFR > 10�4 and OCont > 10�4. De-
spite these relatively low values, knowledge of the charge
and momentum of the decay constituents in combination
with the known beam-energy allows one to infer the flavor
and four-momentum of the Btag candidate. We require
the Btag candidates to have at least a beam-constrained
mass of
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2 > 5.27 GeV , (10)

with ptag denoting the momentum of the Btag candidate

in the center-of-mass frame of the colliding e+e�-pair.
Furthermore, Ebeam =
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s/2 denotes half the center-of-

mass energy of the colliding e+e�-pair. The energy dif-
ference
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is already used in the input layer of the neural network
trained in the final stage of the reconstruction. Here Etag

denotes the energy of the Btag candidate in the center-

of-mass frame of the colliding e+e�-pair. In each event
a single Btag candidate is then selected according to the
highest OFR score of the hierarchical full reconstruction
algorithm. All tracks and clusters not used in the re-
construction of the Btag candidate are used to define the
signal side.

B. Signal Side Reconstruction

The signal side of the event is reconstructed
by identifying a well-reconstructed lepton with
EB

` = |p
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` | > 1 GeV in the signal B rest frame3 us-

ing the likelihood mentioned in Section II. The signal B
rest frame is calculated using the momentum of the Btag
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with p
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conversions in detector material are rejected by combin-
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We neglect the small correction of the lepton mass term to the

energy of the lepton.
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and met /2 [3.05, 3.15] GeV or mµt /2 [3.06, 3.12] GeV. If
multiple lepton candidates are present on the signal side,
the event is discarded as multiple leptons are likely to
originate from a double semileptonic b ! c ! s cascade.
For charged Btag candidates, we demand that the charge
assignment of the signal-side lepton be opposite that of
the Btag charge. The hadronic X system is reconstructed
from the remaining unassigned charged particles and neu-
tral energy depositions. Its four momentum is calculated
as
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with Ei = |ki| the energy of the neutral energy depo-
sitions and all charged particles with momentum pi are
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we can also reconstruct the missing mass squared,
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which should peak at zero, M2
miss ⇡ m2

⌫ ⇡ 0 GeV2, for
correctly reconstructed semileptonic B ! Xu `

+ ⌫` and
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+ ⌫` decays. The hadronic mass of the X sys-
tem is later used to discriminate B ! Xu `

+ ⌫` signal
decays from B ! Xc `

+ ⌫` and other remaining back-
grounds. It is reconstructed using
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(pX)µ (pX)µ . (15)

In addition, we reconstruct the four-momentum-transfer
squared, q2, as

q2 =
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The resolution of both variables for B ! Xu `
+ ⌫` is

shown in Figure 3 as residuals with respect to the gener-
ated values of q2 and MX . The resolution for MX has a
root-mean-square (RMS) deviation of 0.47 GeV, but ex-
hibits a large tail towards larger values. The distinct peak
at 0 is from B0

! ⇡� `+ ⌫` and other low-multiplicity
final states comprised of only charged pions. The four-
momentum-transfer squared q2 exhibits a large resolu-
tion, which is caused by a combination of the tag-side
B and the X reconstruction. The RMS deviation for
q2 is 1.59 GeV2. The core resolution is dominated by
the tagging resolution, whereas the large negative tail is
dominated from the resolution of the reconstruction of
the X system.

C. Background Suppression BDT

At this point in the reconstruction, the B ! Xc `
+ ⌫`

process completely dominates the selected events. To
identify B ! Xu `

+ ⌫`, we combine several distinguish-
ing features into a single discriminant. This is achieved
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FIG. 4. The shape of the background suppression classifier
OBDT is shown. MC is divided into B ! Xu `+ ⌫` signal, the
dominant B ! Xc `

+ ⌫` background, and all other contribu-
tions. To increase visibility, the B ! Xu `+ ⌫` component
is shown with a scaling factor (red dashed line). The uncer-
tainties on the MC contain the full systematic errors and are
further discussed in Section V.

TABLE II. The selection e�ciencies for B ! Xu `+ ⌫` signal,
B ! Xc `

+ ⌫` and for data are listed after the reconstruc-
tion of the Btag and lepton candidate. The nominal selection
requirement on the BDT classifier OBDT is 0.85. The other
two requirements were introduced to test the stability of the
result, cf. Section VIII.

Selection B ! Xu `+ ⌫` B ! Xc `
+ ⌫` Data

Mbc > 5.27GeV 84.8% 83.8% 80.2%

OBDT > 0.85 18.5% 1.3% 1.6%

OBDT > 0.83 21.9% 1.7% 2.1%

OBDT > 0.87 14.5% 0.9% 1.1%

D. Tagging E�ciency Calibration

The reconstruction e�ciency of the hadronic full re-
construction algorithm of Ref. [59] di↵ers between simu-
lated samples and the reconstructed data. This di↵erence
mainly arises due to imperfections, e.g. in the simulation
of detector responses, particle identification e�ciencies,
or incorrect branching fractions in the reconstructed de-
cay cascades. To address this, the reconstruction e�-
ciency is calibrated using a data-driven approach and we
follow closely the procedure outlined in Ref. [32]. We re-
construct full reconstruction events by requiring exactly
one lepton on the signal side, and apply the same Btag

and lepton selection criteria outlined in the previous sec-
tion. This B ! X `+ ⌫` enriched sample is divided into
groups of subsamples according to the Btag decay chan-
nel and the multivariate classifier output OFR used in
the hierarchical reconstruction. Each of these groups of
subsamples is studied individually to derive a calibration
factor for the hadronic tagging e�ciency: the calibra-

TABLE III. The binning choices of the four fits are given.

Fit variable Bins

MX [0, 1.5, 1.9, 2.5, 3.1, 5.0]GeV

q2 [0, 2, 4, 6, 8, 10, 12, 14, 26]GeV2

EB
` 15 equidist. bins in [1, 2.5]GeV & [2.5, 2.7]GeV

MX : q2 [0, 1.5]GeV ⇥[0, 2, 4, 6, 8, 10, 12, 14, 26]GeV2

[1.5, 1.9]GeV ⇥[0, 2, 4, 6, 26]GeV2

[1.9, 2.5]GeV ⇥[0, 2, 4, 26]GeV2

[2.5, 4.0]GeV ⇥[0, 2, 26]GeV2

tion factor is obtained by comparing the number of in-
clusive semileptonic B-meson decays, N(B ! X `+ ⌫`),
in data with the expectation from the simulated sam-
ples, NMC(B ! X `+ ⌫`). The semileptonic yield is de-
termined via a binned maximum likelihood fit using the
the lepton energy spectrum. To reduce the modeling de-
pendence of the B ! X `+ ⌫` sample this is done in a
coarse granularity of five bins. The calibration factor of
each these groups of subsamples is given by

Ctag(Btag mode,OFR) =
N(B ! X `+ ⌫`)

NMC(B ! X `+ ⌫`)
. (19)

The free parameters in the fit are the yield of the semilep-
tonic B ! X `+ ⌫` decays, the yield of backgrounds from
fake leptons and the yield of backgrounds from true lep-
tons. Approximately 1200 calibration factors are deter-
mined this way. The leading uncertainty on the Ctag

factors is from the assumed B ! X `+ ⌫` composition
and the lepton PID performance, cf. Section V. We also
apply corrections to the continuum e�ciency. These are
derived by using the o↵-resonance sample and compar-
ing the number of reconstructed o↵-resonance events in
data with the simulated on-resonance continuum events,
correcting for di↵erences in the selection.

IV. FITTING PROCEDURE

In order to determine the B ! Xu `+ ⌫` signal yield
and constrain all backgrounds, we perform a binned like-
lihood fit in the discriminating variables. To reduce the
dependence on the precise modeling of the B ! Xu `+ ⌫`
signal, we use coarse bins over regions that are very sen-
sitive to the admixture of resonant and non-resonant de-
cays, cf. Section II. The total likelihood function is con-
structed as the product of individual Poisson distribu-
tions P,

L =
binsY

i

P (ni; ⌫i) ⇥

Y

k

Gk , (20)

with ni denoting the number of observed data events and
⌫i the total number of expected events in a given bin i.
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and combined with a range of event shape variables to
train a neural network to distinguish reconstructed B
meson candidates from continuum processes. The out-
put classifier score of this neural network is denoted as
OCont. Both classifier scores are mapped to a range of
[0, 1) signifying the reconstruction quality of poor to ex-
cellent candidates. We retain Btag candidates that show
at least moderate agreement based on these two outputs
and require that OFR > 10�4 and OCont > 10�4. De-
spite these relatively low values, knowledge of the charge
and momentum of the decay constituents in combination
with the known beam-energy allows one to infer the flavor
and four-momentum of the Btag candidate. We require
the Btag candidates to have at least a beam-constrained
mass of

Mbc =
q

E2
beam � |ptag|

2 > 5.27 GeV , (10)

with ptag denoting the momentum of the Btag candidate

in the center-of-mass frame of the colliding e+e�-pair.
Furthermore, Ebeam =

p
s/2 denotes half the center-of-

mass energy of the colliding e+e�-pair. The energy dif-
ference

�E = Etag � Ebeam , (11)

is already used in the input layer of the neural network
trained in the final stage of the reconstruction. Here Etag

denotes the energy of the Btag candidate in the center-

of-mass frame of the colliding e+e�-pair. In each event
a single Btag candidate is then selected according to the
highest OFR score of the hierarchical full reconstruction
algorithm. All tracks and clusters not used in the re-
construction of the Btag candidate are used to define the
signal side.

B. Signal Side Reconstruction

The signal side of the event is reconstructed
by identifying a well-reconstructed lepton with
EB

` = |p
B
` | > 1 GeV in the signal B rest frame3 us-

ing the likelihood mentioned in Section II. The signal B
rest frame is calculated using the momentum of the Btag

candidate via

psig = p
e
+

e
� �

✓q
m2

B + |ptag|
2,ptag

◆
, (12)

with p
e
+
e
� denoting the four-momentum of the colliding

electron-positron pair. Leptons from J/ and photon
conversions in detector material are rejected by combin-
ing the lepton candidate with oppositely charged tracks

3
We neglect the small correction of the lepton mass term to the

energy of the lepton.

(t) on the signal side and demanding that m`t > 0.14 GeV
and met /2 [3.05, 3.15] GeV or mµt /2 [3.06, 3.12] GeV. If
multiple lepton candidates are present on the signal side,
the event is discarded as multiple leptons are likely to
originate from a double semileptonic b ! c ! s cascade.
For charged Btag candidates, we demand that the charge
assignment of the signal-side lepton be opposite that of
the Btag charge. The hadronic X system is reconstructed
from the remaining unassigned charged particles and neu-
tral energy depositions. Its four momentum is calculated
as

pX =
X

i

✓q
m2

⇡ + |pi|
2,pi

◆
+
X

j

�
Ej ,kj

�
, (13)

with Ei = |ki| the energy of the neutral energy depo-
sitions and all charged particles with momentum pi are
assumed to be pions. With the X system reconstructed,
we can also reconstruct the missing mass squared,

M2
miss =

�
psig � pX � p`

�2
, (14)

which should peak at zero, M2
miss ⇡ m2

⌫ ⇡ 0 GeV2, for
correctly reconstructed semileptonic B ! Xu `

+ ⌫` and
B ! Xc `

+ ⌫` decays. The hadronic mass of the X sys-
tem is later used to discriminate B ! Xu `

+ ⌫` signal
decays from B ! Xc `

+ ⌫` and other remaining back-
grounds. It is reconstructed using

MX =
q

(pX)µ (pX)µ . (15)

In addition, we reconstruct the four-momentum-transfer
squared, q2, as

q2 =
�
psig � pX

�2
. (16)

The resolution of both variables for B ! Xu `
+ ⌫` is

shown in Figure 3 as residuals with respect to the gener-
ated values of q2 and MX . The resolution for MX has a
root-mean-square (RMS) deviation of 0.47 GeV, but ex-
hibits a large tail towards larger values. The distinct peak
at 0 is from B0

! ⇡� `+ ⌫` and other low-multiplicity
final states comprised of only charged pions. The four-
momentum-transfer squared q2 exhibits a large resolu-
tion, which is caused by a combination of the tag-side
B and the X reconstruction. The RMS deviation for
q2 is 1.59 GeV2. The core resolution is dominated by
the tagging resolution, whereas the large negative tail is
dominated from the resolution of the reconstruction of
the X system.

C. Background Suppression BDT

At this point in the reconstruction, the B ! Xc `
+ ⌫`

process completely dominates the selected events. To
identify B ! Xu `

+ ⌫`, we combine several distinguish-
ing features into a single discriminant. This is achieved

Charged Tracks Neutral Clusters

m2
miss = (psig − pX − pℓ)

2
≈ m2

ν = 0 GeV2
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and combined with a range of event shape variables to
train a neural network to distinguish reconstructed B
meson candidates from continuum processes. The out-
put classifier score of this neural network is denoted as
OCont. Both classifier scores are mapped to a range of
[0, 1) signifying the reconstruction quality of poor to ex-
cellent candidates. We retain Btag candidates that show
at least moderate agreement based on these two outputs
and require that OFR > 10�4 and OCont > 10�4. De-
spite these relatively low values, knowledge of the charge
and momentum of the decay constituents in combination
with the known beam-energy allows one to infer the flavor
and four-momentum of the Btag candidate. We require
the Btag candidates to have at least a beam-constrained
mass of

Mbc =
q

E2
beam � |ptag|

2 > 5.27 GeV , (10)

with ptag denoting the momentum of the Btag candidate

in the center-of-mass frame of the colliding e+e�-pair.
Furthermore, Ebeam =

p
s/2 denotes half the center-of-

mass energy of the colliding e+e�-pair. The energy dif-
ference

�E = Etag � Ebeam , (11)

is already used in the input layer of the neural network
trained in the final stage of the reconstruction. Here Etag

denotes the energy of the Btag candidate in the center-

of-mass frame of the colliding e+e�-pair. In each event
a single Btag candidate is then selected according to the
highest OFR score of the hierarchical full reconstruction
algorithm. All tracks and clusters not used in the re-
construction of the Btag candidate are used to define the
signal side.

B. Signal Side Reconstruction

The signal side of the event is reconstructed
by identifying a well-reconstructed lepton with
EB

` = |p
B
` | > 1 GeV in the signal B rest frame3 us-

ing the likelihood mentioned in Section II. The signal B
rest frame is calculated using the momentum of the Btag

candidate via
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e
+

e
� �

✓q
m2

B + |ptag|
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, (12)

with p
e
+
e
� denoting the four-momentum of the colliding

electron-positron pair. Leptons from J/ and photon
conversions in detector material are rejected by combin-
ing the lepton candidate with oppositely charged tracks

3
We neglect the small correction of the lepton mass term to the

energy of the lepton.

(t) on the signal side and demanding that m`t > 0.14 GeV
and met /2 [3.05, 3.15] GeV or mµt /2 [3.06, 3.12] GeV. If
multiple lepton candidates are present on the signal side,
the event is discarded as multiple leptons are likely to
originate from a double semileptonic b ! c ! s cascade.
For charged Btag candidates, we demand that the charge
assignment of the signal-side lepton be opposite that of
the Btag charge. The hadronic X system is reconstructed
from the remaining unassigned charged particles and neu-
tral energy depositions. Its four momentum is calculated
as

pX =
X
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with Ei = |ki| the energy of the neutral energy depo-
sitions and all charged particles with momentum pi are
assumed to be pions. With the X system reconstructed,
we can also reconstruct the missing mass squared,

M2
miss =
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psig � pX � p`
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, (14)

which should peak at zero, M2
miss ⇡ m2

⌫ ⇡ 0 GeV2, for
correctly reconstructed semileptonic B ! Xu `

+ ⌫` and
B ! Xc `

+ ⌫` decays. The hadronic mass of the X sys-
tem is later used to discriminate B ! Xu `

+ ⌫` signal
decays from B ! Xc `

+ ⌫` and other remaining back-
grounds. It is reconstructed using

MX =
q

(pX)µ (pX)µ . (15)

In addition, we reconstruct the four-momentum-transfer
squared, q2, as

q2 =
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psig � pX

�2
. (16)

The resolution of both variables for B ! Xu `
+ ⌫` is

shown in Figure 3 as residuals with respect to the gener-
ated values of q2 and MX . The resolution for MX has a
root-mean-square (RMS) deviation of 0.47 GeV, but ex-
hibits a large tail towards larger values. The distinct peak
at 0 is from B0

! ⇡� `+ ⌫` and other low-multiplicity
final states comprised of only charged pions. The four-
momentum-transfer squared q2 exhibits a large resolu-
tion, which is caused by a combination of the tag-side
B and the X reconstruction. The RMS deviation for
q2 is 1.59 GeV2. The core resolution is dominated by
the tagging resolution, whereas the large negative tail is
dominated from the resolution of the reconstruction of
the X system.

C. Background Suppression BDT

At this point in the reconstruction, the B ! Xc `
+ ⌫`

process completely dominates the selected events. To
identify B ! Xu `

+ ⌫`, we combine several distinguish-
ing features into a single discriminant. This is achieved
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and combined with a range of event shape variables to
train a neural network to distinguish reconstructed B
meson candidates from continuum processes. The out-
put classifier score of this neural network is denoted as
OCont. Both classifier scores are mapped to a range of
[0, 1) signifying the reconstruction quality of poor to ex-
cellent candidates. We retain Btag candidates that show
at least moderate agreement based on these two outputs
and require that OFR > 10�4 and OCont > 10�4. De-
spite these relatively low values, knowledge of the charge
and momentum of the decay constituents in combination
with the known beam-energy allows one to infer the flavor
and four-momentum of the Btag candidate. We require
the Btag candidates to have at least a beam-constrained
mass of
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2 > 5.27 GeV , (10)

with ptag denoting the momentum of the Btag candidate

in the center-of-mass frame of the colliding e+e�-pair.
Furthermore, Ebeam =
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s/2 denotes half the center-of-

mass energy of the colliding e+e�-pair. The energy dif-
ference

�E = Etag � Ebeam , (11)

is already used in the input layer of the neural network
trained in the final stage of the reconstruction. Here Etag

denotes the energy of the Btag candidate in the center-

of-mass frame of the colliding e+e�-pair. In each event
a single Btag candidate is then selected according to the
highest OFR score of the hierarchical full reconstruction
algorithm. All tracks and clusters not used in the re-
construction of the Btag candidate are used to define the
signal side.

B. Signal Side Reconstruction

The signal side of the event is reconstructed
by identifying a well-reconstructed lepton with
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` | > 1 GeV in the signal B rest frame3 us-

ing the likelihood mentioned in Section II. The signal B
rest frame is calculated using the momentum of the Btag
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(t) on the signal side and demanding that m`t > 0.14 GeV
and met /2 [3.05, 3.15] GeV or mµt /2 [3.06, 3.12] GeV. If
multiple lepton candidates are present on the signal side,
the event is discarded as multiple leptons are likely to
originate from a double semileptonic b ! c ! s cascade.
For charged Btag candidates, we demand that the charge
assignment of the signal-side lepton be opposite that of
the Btag charge. The hadronic X system is reconstructed
from the remaining unassigned charged particles and neu-
tral energy depositions. Its four momentum is calculated
as

pX =
X
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with Ei = |ki| the energy of the neutral energy depo-
sitions and all charged particles with momentum pi are
assumed to be pions. With the X system reconstructed,
we can also reconstruct the missing mass squared,

M2
miss =
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psig � pX � p`
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, (14)

which should peak at zero, M2
miss ⇡ m2

⌫ ⇡ 0 GeV2, for
correctly reconstructed semileptonic B ! Xu `

+ ⌫` and
B ! Xc `

+ ⌫` decays. The hadronic mass of the X sys-
tem is later used to discriminate B ! Xu `

+ ⌫` signal
decays from B ! Xc `

+ ⌫` and other remaining back-
grounds. It is reconstructed using

MX =
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(pX)µ (pX)µ . (15)

In addition, we reconstruct the four-momentum-transfer
squared, q2, as

q2 =
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psig � pX
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. (16)

The resolution of both variables for B ! Xu `
+ ⌫` is

shown in Figure 3 as residuals with respect to the gener-
ated values of q2 and MX . The resolution for MX has a
root-mean-square (RMS) deviation of 0.47 GeV, but ex-
hibits a large tail towards larger values. The distinct peak
at 0 is from B0

! ⇡� `+ ⌫` and other low-multiplicity
final states comprised of only charged pions. The four-
momentum-transfer squared q2 exhibits a large resolu-
tion, which is caused by a combination of the tag-side
B and the X reconstruction. The RMS deviation for
q2 is 1.59 GeV2. The core resolution is dominated by
the tagging resolution, whereas the large negative tail is
dominated from the resolution of the reconstruction of
the X system.

C. Background Suppression BDT

At this point in the reconstruction, the B ! Xc `
+ ⌫`

process completely dominates the selected events. To
identify B ! Xu `

+ ⌫`, we combine several distinguish-
ing features into a single discriminant. This is achieved
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FIG. 5. (Top) The MX and q2 spectra of the selected candidates prior to applying the background BDT are shown.
(Bottom) The EB

` spectrum of the selected candidates prior to applying the background BDT are shown for events with
MX < 1.7 GeV and MX > 1.7 GeV.

or other statistical uncertainties, are treated as uncorre-
lated. Both cases can be expressed as ⌃ks = �ks ⌦ �ks

or ⌃ks = Diag
⇣
�ks

2
⌘
, respectively. For particle identi-

fication uncertainties, we estimate ⌃ks using sets of cor-
rection tables, sampled according to their statistical and
systematic uncertainties. The systematic NPs are incor-
porated in Eq. 21 by rewriting the fractions fik for all
templates as

fik =
⌘MC
ikP
j ⌘MC

jk

!
⌘MC
ik (1 + ✓ik)P

j ⌘MC
jk

�
1 + ✓jk

� , (26)

to take into account changes in the signal or background
shape. Here ⌘MC

ik denotes the predicted number of MC
events of a given bin i and a process k, and ✓ik is the
associated nuisance parameter constrained by Gk.

VI. B ! Xc`⌫̄` CONTROL REGION

Figure 5 compares the reconstructed MX , q2, and EB
`

distributions with the expectation from MC before ap-
plying the background suppression BDT. All corrections

are applied and the MC uncertainty contains all system-
atic uncertainties discussed in Section V. The agreement
of MX and q2 is excellent, but some di↵erences in the
shape of the lepton momentum spectrum are seen. This
is likely due to imperfections of the modeling of the inclu-
sive B ! Xc `+ ⌫` background. The discrepancy reduces
in the MX < 1.7 GeV region. The main results of this
paper will be produced by fitting q2 and MX in two di-
mensions. We use the lepton spectrum to measure the
same regions of phase space, to validate the obtained re-
sults.

VII. B ! Xu `+ ⌫` SIGNAL REGION

Figure 6 shows the reconstructed MX , q2, and EB
`

distributions after the BDT selection is applied. The
B ! Xu `+ ⌫` contribution is now clearly visible at
low MX and high EB

` , while the reconstructed events
and the MC expectation show good agreement. The
B ! Xc `+ ⌫` background is dominated by contributions
from B ! D `+ ⌫` and B ! D⇤ `+ ⌫` decays, and the
remaining background is predominantly from secondary
leptons, and misidentified lepton candidates.

q2 = (pB − pX)2MX = p2
XHadronic Mass

MX ≈ mD,D*

Four-momentum transfer

squared

Lepton Energy in 

signal B restframe EB

ℓ
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FIG. 6. The MX , q2 and EB
` spectra after applying the background BDT but before the fit are shown. The B ! Xu `+ ⌫`

contribution is shown in red and scaled to the world average of B(B ! Xu `+ ⌫`) = (2.13± 0.30) ⇥ 10�3. The data and MC
agreement is reasonable in all variables. The EB

` spectra is shown with selections of MX < 1.7GeV and MX > 1.7GeV. The
cut of MX < 1.7GeV is later used in the fit to reduce the dependence on the B ! Xc `

+ ⌫` modeling of higher charmed states.
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FIG. 9. The post-fit projection ofMX of the two-dimensional
fit to MX : q2 on MX and the q2 distribution in the range
of MX 2 [0, 1.5]GeV are shown. The resulting yields are
corrected to correspond to a partial branching fraction with
EB

` > 1GeV. The remaining q2 distributions are given in
Figure 21 (Appendix D).

- DGE: The Dressed Gluon Approximation (short
DGE) from Andersen and Gardi [19, 20] makes pre-
dictions by avoiding the direct use of shape func-
tions, but produces predictions for hadronic observ-
ables using the on-shell b-quark mass. The calcu-
lation is carried out in the MS scheme and we use
mb(MS) = 4.19 ± 0.04 GeV.

- GGOU: The prediction from Gambino, Giordano,
Ossola, and Uraltsev [18] (short GGOU) incorpo-
rates all known perturbative and non-perturbative
e↵ects up to the order O(↵2

s �0) and O(1/m3
b), re-

spectively. The shape function dependence is incor-
porated by parametrizing its e↵ects in each struc-
ture function with a single light-cone function. The
calculation is carried out in the kinetic scheme and
we use as inputs mkin

b = 4.55 ± 0.02 GeV and

µ2 kin
⇡ = 0.46 ± 0.08 GeV2.

- ADFR: The calculation of Aglietti, Di Lodovico,
Ferrera, and Ricciardi [21, 22] makes use of the ra-
tio of B ! Xu `+ ⌫` to B ! Xc `+ ⌫` rates and
soft-gluon resummation at next-to-next-to-leading-
order and an e↵ective QCD coupling approach.
The calculation uses the MS scheme and we use
mb(MS) = 4.19 ± 0.04 GeV.

Table VI lists the decay rates and their associated uncer-
tainties for the probed regions of phase space, which we
use to extract |Vub| from the measured partial branching
fractions with Eq. 32.

C. |Vub| Results

From the partial branching fractions with EB
` > 1 GeV

and MX < 1.7 GeV determined from fitting MX we find

|Vub| (BLNP) = (3.90 ± 0.08 ± 0.15 ± 0.21) ⇥ 10�3 ,

|Vub| (DGE) =
⇣
4.08 ± 0.09 ± 0.16+0.20

�0.26

⌘
⇥ 10�3 ,

|Vub| (GGOU) =
⇣
3.97 ± 0.08+0.15

�0.16
+0.15
�0.16

⌘
⇥ 10�3 ,

|Vub| (ADFR) = (3.63 ± 0.08 ± 0.14 ± 0.17) ⇥ 10�3 .
(33)

The uncertainties denote the statistical uncertainty, the
systematic uncertainty and the theory error from the par-
tial rate prediction. For the partial branching fraction
with EB

` > 1 GeV, MX < 1.7 GeV, and q2 > 8 GeV2 we
find

|Vub| (BLNP) =
⇣
4.24+0.22

�0.23
+0.30
�0.32

+0.26
�0.28

⌘
⇥ 10�3 ,

|Vub| (DGE) =
⇣
4.16+0.22

�0.23
+0.29
�0.31

+0.18
�0.21

⌘
⇥ 10�3 ,

|Vub| (GGOU) =
⇣
4.25+0.22

�0.24
+0.30
�0.32

+0.24
�0.26

⌘
⇥ 10�3 ,

|Vub| (ADFR) =
⇣
3.68+0.19

�0.20
+0.26
�0.28 ± 0.17

⌘
⇥ 10�3 . (34)

Finally, the most inclusive determination with EB
` >

1 GeV from the two-dimensional fit of MX and q2 results
in

|Vub| (BLNP) =
⇣
4.05 ± 0.09+0.21

�0.22
+0.18
�0.20

⌘
⇥ 10�3 ,

|Vub| (DGE) =
⇣
4.16 ± 0.09+0.21

�0.22
+0.11
�0.12

⌘
⇥ 10�3 ,

|Vub| (GGOU) =
⇣
4.15 ± 0.09+0.21

�0.22
+0.08
�0.09

⌘
⇥ 10�3 ,

|Vub| (ADFR) =
⇣
4.05 ± 0.09+0.21

�0.22 ± 0.18
⌘
⇥ 10�3 .

(35)

In order to quote a single value for |Vub| we adapt the
procedure of Ref. [67] and calculate a simple arithmetic
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` > 1GeV. The remaining q2 distributions are given in
Figure 21 (Appendix D).

- DGE: The Dressed Gluon Approximation (short
DGE) from Andersen and Gardi [19, 20] makes pre-
dictions by avoiding the direct use of shape func-
tions, but produces predictions for hadronic observ-
ables using the on-shell b-quark mass. The calcu-
lation is carried out in the MS scheme and we use
mb(MS) = 4.19 ± 0.04 GeV.

- GGOU: The prediction from Gambino, Giordano,
Ossola, and Uraltsev [18] (short GGOU) incorpo-
rates all known perturbative and non-perturbative
e↵ects up to the order O(↵2

s �0) and O(1/m3
b), re-

spectively. The shape function dependence is incor-
porated by parametrizing its e↵ects in each struc-
ture function with a single light-cone function. The
calculation is carried out in the kinetic scheme and
we use as inputs mkin

b = 4.55 ± 0.02 GeV and

µ2 kin
⇡ = 0.46 ± 0.08 GeV2.

- ADFR: The calculation of Aglietti, Di Lodovico,
Ferrera, and Ricciardi [21, 22] makes use of the ra-
tio of B ! Xu `+ ⌫` to B ! Xc `+ ⌫` rates and
soft-gluon resummation at next-to-next-to-leading-
order and an e↵ective QCD coupling approach.
The calculation uses the MS scheme and we use
mb(MS) = 4.19 ± 0.04 GeV.

Table VI lists the decay rates and their associated uncer-
tainties for the probed regions of phase space, which we
use to extract |Vub| from the measured partial branching
fractions with Eq. 32.

C. |Vub| Results

From the partial branching fractions with EB
` > 1 GeV

and MX < 1.7 GeV determined from fitting MX we find

|Vub| (BLNP) = (3.90 ± 0.08 ± 0.15 ± 0.21) ⇥ 10�3 ,

|Vub| (DGE) =
⇣
4.08 ± 0.09 ± 0.16+0.20

�0.26

⌘
⇥ 10�3 ,

|Vub| (GGOU) =
⇣
3.97 ± 0.08+0.15

�0.16
+0.15
�0.16

⌘
⇥ 10�3 ,

|Vub| (ADFR) = (3.63 ± 0.08 ± 0.14 ± 0.17) ⇥ 10�3 .
(33)

The uncertainties denote the statistical uncertainty, the
systematic uncertainty and the theory error from the par-
tial rate prediction. For the partial branching fraction
with EB

` > 1 GeV, MX < 1.7 GeV, and q2 > 8 GeV2 we
find

|Vub| (BLNP) =
⇣
4.24+0.22

�0.23
+0.30
�0.32

+0.26
�0.28

⌘
⇥ 10�3 ,

|Vub| (DGE) =
⇣
4.16+0.22

�0.23
+0.29
�0.31

+0.18
�0.21

⌘
⇥ 10�3 ,

|Vub| (GGOU) =
⇣
4.25+0.22

�0.24
+0.30
�0.32

+0.24
�0.26

⌘
⇥ 10�3 ,

|Vub| (ADFR) =
⇣
3.68+0.19

�0.20
+0.26
�0.28 ± 0.17

⌘
⇥ 10�3 . (34)

Finally, the most inclusive determination with EB
` >

1 GeV from the two-dimensional fit of MX and q2 results
in

|Vub| (BLNP) =
⇣
4.05 ± 0.09+0.21

�0.22
+0.18
�0.20

⌘
⇥ 10�3 ,

|Vub| (DGE) =
⇣
4.16 ± 0.09+0.21

�0.22
+0.11
�0.12

⌘
⇥ 10�3 ,

|Vub| (GGOU) =
⇣
4.15 ± 0.09+0.21

�0.22
+0.08
�0.09

⌘
⇥ 10�3 ,

|Vub| (ADFR) =
⇣
4.05 ± 0.09+0.21

�0.22 ± 0.18
⌘
⇥ 10�3 .

(35)

In order to quote a single value for |Vub| we adapt the
procedure of Ref. [67] and calculate a simple arithmetic

Example projections of 2D fit:

Signal Signal

17

TABLE V. The fitted signal yields in (b⌘sig) and outside (b⌘sig�out) the measured phase-space regions, the background yields
(b⌘bkg) and the product of tagging and selection e�ciency are listed.

Phase-space region Additional Selection Fit variable(s) b⌘sig b⌘sig�out b⌘bkg 103
�
✏tag · ✏sel

�

MX < 1.7 GeV,

EB
` > 1 GeV

-
MX fit 1558± 66± 72 364± 51 6912± 138 0.26± 0.07

MX < 1.7 GeV,

EB
` > 1 GeV

MX < 1.7GeV EB
` fit 1285± 68± 136 22± 3 1362± 153 0.21± 0.07

MX < 1.7 GeV,

q2 > 8 GeV2,

EB
` > 1 GeV

MX < 1.7GeV q2 fit 938± 101± 98 474± 58 1253± 194 0.14± 0.07

EB
` > 1 GeV MX < 1.7GeV EB

` fit 1303± 69± 138 - 1366± 154 0.21± 0.19

EB
` > 1 GeV MX : q2 fit 1801± 81± 127 - 7032± 167 0.31± 0.12

by fitting EB
` , covering the same phase space (c.f. Fig-

ure 8):

�B(B ! Xu`+ ⌫`) = (1.69 ± 0.09 ± 0.26) ⇥ 10�3 . (31)

The uncertainties are larger, but both results are
compatible. The nuisance parameter pulls of all fits
are provided in Appendix D. The result of Eq. 30
can be further compared with the most precise mea-
surement to date of this region of Ref. [66], where
�B(B ! Xu` ⌫`) = (1.55 ± 0.12) ⇥ 10�3, and shows
good agreement. The measurement can also be com-
pared to Ref. [15] using a similar experimental approach.
The measured partial branching fraction of EB

` > 1 GeV
is �B(B ! Xu` ⌫`) = (1.82 ± 0.19) ⇥ 10�3, which is
compatible with Eq. 30 within 0.9 standard deviations.
Belle previously reported in Ref. [16] using also a similar
approach for the same phase space a higher value of
�B(B ! Xu` ⌫`) = (1.96 ± 0.19) ⇥ 10�3. We cannot
quantify the statistical overlap between both results, but
by comparing the number of determined signal events
one can estimate it to be below 55%. The dominant
systematic uncertainties of Ref. [16] were evaluated
using di↵erent approaches, but fully correlating the
dominant systematic uncertainties and assuming a
statistical correlation of 55% we obtain a compatibility
of 1.7 standard deviations. The main di↵erence of this
analysis with Ref. [16] lies in the modeling of signal
and background processes: since its publication our
understanding improved and more precise measurements
of branching fractions and form factors were made
available. Further, for the B ! Xu `+ ⌫` signal process
in this paper a hybrid approach was adopted (see
Section II and Appendix A), whereas Ref. [16] used
an alternative approach to model signal as a mix of
inclusive and exclusive decay modes. Note that this
work supersedes Ref. [16].

B. |Vub| Determination

We determine |Vub| from the measured partial branch-
ing fractions using a range of theoretical rate predictions.
In principle, the total B ! Xu `+ ⌫` decay rate can be
calculated using the same approach as B ! Xc `+ ⌫` us-
ing the heavy quark expansion (HQE) in inverse pow-
ers of mb. Unfortunately, the measurement requirements
necessary to separate B ! Xu `+ ⌫` from the dominant
B ! Xc `+ ⌫` background spoil the convergence of this
approach. In the predictions for the partial rates cor-
responding to our measurements, perturbative and non-
perturbative uncertainties are largely enhanced and as
outlined in the introduction the predictions are sensitive
to the shape function modeling.

The relationship between measured partial branching
fractions, predictions of the rate (omitting CKM factors)
��(B ! Xu `+ ⌫`), and |Vub| is

|Vub| =

s
�B(B ! Xu `+ ⌫`)

⌧B · ��(B ! Xu `+ ⌫`)
. (32)

with ⌧B = (1.579 ± 0.004) ps denoting the average of the
charged and neutral B meson lifetime [37]. We use four
predictions for the theoretical partial rates. All predic-
tions use the same input values as Ref. [6] chooses for
their world averages. The four predictions are:

- BLNP: The prediction of Bosch, Lange, Neubert,
and Paz (short BLNP) of Ref. [17] provides a pre-
diction at next-to-leading-order accuracy in terms
of the strong coupling constant ↵s and incorporates
all known corrections. Predictions are interpolated
between the shape-function dominated region (end-
point of the lepton spectrum, small hadronic mass)
to the region of phase space, that can be described
via the operator product expansion (OPE). As in-
put we use mSF

b = 4.58 ± 0.03 GeV and µ2 SF
⇡ =

0.20+0.09
�0.10 GeV2.
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TABLE VI. The theory rates ��(B ! Xu `+ ⌫`) from various theory calculations are listed. The rates are given in units of
ps�1.

Phase-space region BLNP [17] DGE [19, 20] GGOU [18] ADFR [21, 22]

MX < 1.7GeV 45.2+5.4
�4.6 42.3+5.8

�3.8 43.7+3.9
�3.2 52.3+5.4

�4.7

MX < 1.7GeV, q2 > 8GeV2 23.4+3.4
�2.6 24.3+2.6

�1.9 23.3+3.2
�2.4 31.1+3.0

�2.6

EB
` > 1GeV 61.5+6.4

�5.1 58.2+3.6
�3.0 58.5+2.7

�2.3 61.5+5.8
�5.1

average of the most precise determinations in Eq. 35 to
obtain

|Vub| = (4.10 ± 0.09 ± 0.22 ± 0.15) ⇥ 10�3 . (36)

This value is larger, but compatible with the ex-
clusive measurement of |Vub| from B ! ⇡ `+ ⌫` of
|Vub| = (3.67 ± 0.09 ± 0.12) ⇥ 10�3 within 1.3 standard
deviations.

D. Stability Checks

To check the stability of the result we redetermine the
partial branching fractions using two additional working
points. We change the BDT selection to increase and
decrease the amount of B ! Xc `+ ⌫` and other back-
grounds, and repeat the full analysis procedure. The
resulting values of �B(B ! Xu` ⌫`) are determined us-
ing the two-dimensional fit of MX : q2 and are shown
in Figure 10. The background contamination changes by

FIG. 10. The stability of the determined partial branching
fraction �B(B ! Xu` ⌫`) using the MX : q2 fit is studied
as a function of the BDT selection requirement. The clas-
sifier output selection of 0.83 and 0.87 correspond to signal
e�ciencies after the pre-selection of 22% and 15%, respec-
tively. These selections increase, or decrease the background
from B ! Xc `

+ ⌫` and other processes by 37% and 33%,
respectively. The grey and yellow bands show the total and
statistical error, respectively, with the nominal BDT working
point of 0.85.

+37% and �33%, respectively. The small shifts in cen-
tral value are well contained within the quoted system-
atic uncertainties. To further estimate the compatibility
of the result we determine the full statistical and sys-
tematic correlations of the results and recover that the
partial branching fraction with looser and tighter BDT
selection are in agreement with the nominal result within
1.1 and 1.4 standard deviations, respectively.

E. B ! Xu `+ ⌫` Charged Pion Multiplicity

The modeling the B ! Xu `+ ⌫` signal composition is
crucial to all presented measurements. One aspect dif-
ficult to assess is the Xu fragmentation simulation: the
charmless Xu state can decay via many di↵erent channels
producing a number of charged or neutral pions or kaons.
In Section V we discussed how we assess the uncertainty
on the number of ss̄ quark pairs produced in the Xu frag-
mentation. Due to the BDT removing such events to sup-
press the dominant B ! Xc `+ ⌫` background, no signal-
enriched region can be easily obtained. The accuracy of
the fragmentation into the number of charged pions can
be tested in the signal enriched region of MX < 1.7 GeV.
Figure 11 compares the charged pion multiplicity be-
tween simulated signal and background processes and
data. The signal and background predictions are scaled
to their respective normalizations obtained from the two-

FIG. 11. The post-fit charged pion multiplicity is shown for
events with MX < 1.7 GeV. The uncertainties on the MC
stack include all systematic uncertainties.

3 phase-space regions
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`
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IX. SUMMARY AND CONCLUSIONS

We report measurements of partial branching frac-
tions with di↵erent requirements on the properties of the
hadronic system of the B ! Xu `+ ⌫` decay and with
a lepton energy of EB

` > 1 GeV in the B rest-frame,
covering 31-86% of the available phase space. The size-
able background from semileptonic B ! Xc `+ ⌫` de-
cays is suppressed using multivariate methods in the
form of a BDT. This approach allows us to reduce such
backgrounds to an acceptable level, whilst retaining a
high signal e�ciency. Signal yields are obtained using a
binned likelihood fit in either the reconstructed hadronic
mass MX , the four-momentum-transfer squared q2, or
the lepton energy EB

` . The most precise result is ob-
tained from a two-dimensional fit of MX and q2. Trans-
lated to a partial branching fraction for EB

` > 1 GeV we
obtain

�B(B ! Xu`+ ⌫`) = (1.59 ± 0.07 ± 0.17) ⇥ 10�3 , (50)

with the errors denoting statistical and systematic un-
certainties. The partial branching fraction is compatible
with the value obtained by a fit of the lepton energy
spectrum EB

` and with the most precise determination
of Ref. [66]. In addition, it is stable under variations
of the background suppression BDT. From this partial
branching fraction we obtain a value of

|Vub| = (4.10 ± 0.09 ± 0.22 ± 0.15) ⇥ 10�3 (51)

from an average over four theoretical calculations. This
value is higher than, but compatible with, the value
of |Vub| from exclusive determinations by 1.3 standard
deviations. The compatibility with the value expected
from CKM unitarity from a fit of Ref. [73] of |Vub| =⇣
3.62+0.11

�0.08

⌘
⇥ 10�3 is 1.6 standard deviations. Fig-

ure 12 summarizes the situation. The result presented
here supersedes Ref. [16]: this paper uses a more e�-
cient tagging algorithm, incorporates improvements of
the B ! Xu `+ ⌫` signal and B ! Xc `+ ⌫` background
descriptions, and analyzes the full Belle data set of 711
fb�1. The measurement of kinematic di↵erential shapes
of MX , q2, and other properties are left for future work.
These results will be crucial for future direct measure-
ments with Belle II that will attempt to use data-driven
methods to directly constrain the shape function using
B ! Xu `+ ⌫` information.
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TABLE V. The fitted signal yields in (b⌘sig) and outside (b⌘sig�out) the measured phase-space regions, the background yields
(b⌘bkg) and the product of tagging and selection e�ciency are listed.

Phase-space region Additional Selection Fit variable(s) b⌘sig b⌘sig�out b⌘bkg 103
�
✏tag · ✏sel

�

MX < 1.7 GeV,

EB
` > 1 GeV

-
MX fit 1558± 66± 72 364± 51 6912± 138 0.26± 0.07

MX < 1.7 GeV,

EB
` > 1 GeV

MX < 1.7GeV EB
` fit 1285± 68± 136 22± 3 1362± 153 0.21± 0.07
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` fit 1303± 69± 138 - 1366± 154 0.21± 0.19

EB
` > 1 GeV MX : q2 fit 1801± 81± 127 - 7032± 167 0.31± 0.12

by fitting EB
` , covering the same phase space (c.f. Fig-

ure 8):

�B(B ! Xu`+ ⌫`) = (1.69 ± 0.09 ± 0.26) ⇥ 10�3 . (31)

The uncertainties are larger, but both results are
compatible. The nuisance parameter pulls of all fits
are provided in Appendix D. The result of Eq. 30
can be further compared with the most precise mea-
surement to date of this region of Ref. [66], where
�B(B ! Xu` ⌫`) = (1.55 ± 0.12) ⇥ 10�3, and shows
good agreement. The measurement can also be com-
pared to Ref. [15] using a similar experimental approach.
The measured partial branching fraction of EB

` > 1 GeV
is �B(B ! Xu` ⌫`) = (1.82 ± 0.19) ⇥ 10�3, which is
compatible with Eq. 30 within 0.9 standard deviations.
Belle previously reported in Ref. [16] using also a similar
approach for the same phase space a higher value of
�B(B ! Xu` ⌫`) = (1.96 ± 0.19) ⇥ 10�3. We cannot
quantify the statistical overlap between both results, but
by comparing the number of determined signal events
one can estimate it to be below 55%. The dominant
systematic uncertainties of Ref. [16] were evaluated
using di↵erent approaches, but fully correlating the
dominant systematic uncertainties and assuming a
statistical correlation of 55% we obtain a compatibility
of 1.7 standard deviations. The main di↵erence of this
analysis with Ref. [16] lies in the modeling of signal
and background processes: since its publication our
understanding improved and more precise measurements
of branching fractions and form factors were made
available. Further, for the B ! Xu `+ ⌫` signal process
in this paper a hybrid approach was adopted (see
Section II and Appendix A), whereas Ref. [16] used
an alternative approach to model signal as a mix of
inclusive and exclusive decay modes. Note that this
work supersedes Ref. [16].

B. |Vub| Determination

We determine |Vub| from the measured partial branch-
ing fractions using a range of theoretical rate predictions.
In principle, the total B ! Xu `+ ⌫` decay rate can be
calculated using the same approach as B ! Xc `+ ⌫` us-
ing the heavy quark expansion (HQE) in inverse pow-
ers of mb. Unfortunately, the measurement requirements
necessary to separate B ! Xu `+ ⌫` from the dominant
B ! Xc `+ ⌫` background spoil the convergence of this
approach. In the predictions for the partial rates cor-
responding to our measurements, perturbative and non-
perturbative uncertainties are largely enhanced and as
outlined in the introduction the predictions are sensitive
to the shape function modeling.

The relationship between measured partial branching
fractions, predictions of the rate (omitting CKM factors)
��(B ! Xu `+ ⌫`), and |Vub| is

|Vub| =

s
�B(B ! Xu `+ ⌫`)

⌧B · ��(B ! Xu `+ ⌫`)
. (32)

with ⌧B = (1.579 ± 0.004) ps denoting the average of the
charged and neutral B meson lifetime [37]. We use four
predictions for the theoretical partial rates. All predic-
tions use the same input values as Ref. [6] chooses for
their world averages. The four predictions are:

- BLNP: The prediction of Bosch, Lange, Neubert,
and Paz (short BLNP) of Ref. [17] provides a pre-
diction at next-to-leading-order accuracy in terms
of the strong coupling constant ↵s and incorporates
all known corrections. Predictions are interpolated
between the shape-function dominated region (end-
point of the lepton spectrum, small hadronic mass)
to the region of phase space, that can be described
via the operator product expansion (OPE). As in-
put we use mSF

b = 4.58 ± 0.03 GeV and µ2 SF
⇡ =

0.20+0.09
�0.10 GeV2.

Fit kinematic distributions and measure partial BF
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TABLE VI. The theory rates ��(B ! Xu `+ ⌫`) from various theory calculations are listed. The rates are given in units of
ps�1.

Phase-space region BLNP [17] DGE [19, 20] GGOU [18] ADFR [21, 22]

MX < 1.7GeV 45.2+5.4
�4.6 42.3+5.8

�3.8 43.7+3.9
�3.2 52.3+5.4

�4.7

MX < 1.7GeV, q2 > 8GeV2 23.4+3.4
�2.6 24.3+2.6

�1.9 23.3+3.2
�2.4 31.1+3.0

�2.6

EB
` > 1GeV 61.5+6.4

�5.1 58.2+3.6
�3.0 58.5+2.7

�2.3 61.5+5.8
�5.1

average of the most precise determinations in Eq. 35 to
obtain

|Vub| = (4.10 ± 0.09 ± 0.22 ± 0.15) ⇥ 10�3 . (36)

This value is larger, but compatible with the ex-
clusive measurement of |Vub| from B ! ⇡ `+ ⌫` of
|Vub| = (3.67 ± 0.09 ± 0.12) ⇥ 10�3 within 1.3 standard
deviations.

D. Stability Checks

To check the stability of the result we redetermine the
partial branching fractions using two additional working
points. We change the BDT selection to increase and
decrease the amount of B ! Xc `+ ⌫` and other back-
grounds, and repeat the full analysis procedure. The
resulting values of �B(B ! Xu` ⌫`) are determined us-
ing the two-dimensional fit of MX : q2 and are shown
in Figure 10. The background contamination changes by

FIG. 10. The stability of the determined partial branching
fraction �B(B ! Xu` ⌫`) using the MX : q2 fit is studied
as a function of the BDT selection requirement. The clas-
sifier output selection of 0.83 and 0.87 correspond to signal
e�ciencies after the pre-selection of 22% and 15%, respec-
tively. These selections increase, or decrease the background
from B ! Xc `

+ ⌫` and other processes by 37% and 33%,
respectively. The grey and yellow bands show the total and
statistical error, respectively, with the nominal BDT working
point of 0.85.

+37% and �33%, respectively. The small shifts in cen-
tral value are well contained within the quoted system-
atic uncertainties. To further estimate the compatibility
of the result we determine the full statistical and sys-
tematic correlations of the results and recover that the
partial branching fraction with looser and tighter BDT
selection are in agreement with the nominal result within
1.1 and 1.4 standard deviations, respectively.

E. B ! Xu `+ ⌫` Charged Pion Multiplicity

The modeling the B ! Xu `+ ⌫` signal composition is
crucial to all presented measurements. One aspect dif-
ficult to assess is the Xu fragmentation simulation: the
charmless Xu state can decay via many di↵erent channels
producing a number of charged or neutral pions or kaons.
In Section V we discussed how we assess the uncertainty
on the number of ss̄ quark pairs produced in the Xu frag-
mentation. Due to the BDT removing such events to sup-
press the dominant B ! Xc `+ ⌫` background, no signal-
enriched region can be easily obtained. The accuracy of
the fragmentation into the number of charged pions can
be tested in the signal enriched region of MX < 1.7 GeV.
Figure 11 compares the charged pion multiplicity be-
tween simulated signal and background processes and
data. The signal and background predictions are scaled
to their respective normalizations obtained from the two-

FIG. 11. The post-fit charged pion multiplicity is shown for
events with MX < 1.7 GeV. The uncertainties on the MC
stack include all systematic uncertainties.
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atic uncertainties. To further estimate the compatibility
of the result we determine the full statistical and sys-
tematic correlations of the results and recover that the
partial branching fraction with looser and tighter BDT
selection are in agreement with the nominal result within
1.1 and 1.4 standard deviations, respectively.

E. B ! Xu `+ ⌫` Charged Pion Multiplicity

The modeling the B ! Xu `+ ⌫` signal composition is
crucial to all presented measurements. One aspect dif-
ficult to assess is the Xu fragmentation simulation: the
charmless Xu state can decay via many di↵erent channels
producing a number of charged or neutral pions or kaons.
In Section V we discussed how we assess the uncertainty
on the number of ss̄ quark pairs produced in the Xu frag-
mentation. Due to the BDT removing such events to sup-
press the dominant B ! Xc `+ ⌫` background, no signal-
enriched region can be easily obtained. The accuracy of
the fragmentation into the number of charged pions can
be tested in the signal enriched region of MX < 1.7 GeV.
Figure 11 compares the charged pion multiplicity be-
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data. The signal and background predictions are scaled
to their respective normalizations obtained from the two-

FIG. 11. The post-fit charged pion multiplicity is shown for
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Measurement of differential branching fractions of 
inclusive  decays with hadronic tagging B → Xuℓν̄ℓ
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Differential BF of inclusive  B → Xuℓν̄ℓ

MX M2
X q2

EB
ℓ P+

P− light-cone momenta:

P± = EX ∓ |PX |

Background subtraction via coarse  fit:MX

Overlaid signal MC

(hybrid )B → Xuℓν̄ℓ

Measurement of 6 kinematic variables characterizing   in  region of PSB → Xuℓν̄ℓ EB
ℓ > 1 GeV

Selection and reconstruction analogous to partial BF measurement

Apply additional selections to improve resolution and background shape uncertainties

Bkg. 
subtracted 

data
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Unfolding
# �19

Unfolding

X: True distribution M: Detector response Y: Measured distribution

- The detector response is 
represented by a migration 
matrix M


- M(i, j) indicates the probability 
(%) to observe an event in   
bin i if it had a generator-level 
value in bin j

Direct solution for X:

This analysis uses: 

Singular-Value-Decomposition 

(SVD)  [NIMA 372:469(1996)]

arXiv:2107.13855,  
accepted by PRL

Detector response 

is represented by 
migration matrix M

M(i,j) indicate probability to 
reconstruct event in bin i if it had 
generator-level value in bin j

Direct solution 
to obtain X:

X = M−1Y

Use Singular-Value-
Decomposition (SVD) 
unfolding


[NIMA 372:469 (1996)]

by L. Cao
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Differential Spectra
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Quantitative comparison between measured spectra and various modelings

To quantify the agreement between the measured distributions and the three MC predictions (Hybrid, DFN [15],
BLNP [16]), we carry out a �2 test. For this test the full experimental correlations are taken into account and the
obtained �2 values are given in Table VIII. Note that no theory uncertainties were included. Overall the agreement
with the hybrid MC is fair for all measured distributions, but the comparisons in MX , M2

X and P+ show poor
agreement for DFN and BLNP. This is due to that in these measurements the B ! Xu `+ ⌫` resonance region is
resolved, which is not adequately modelled by fully inclusive predictions.

�2 EB
` MX M2

X q2 P+ P�

n.d.f. 16 8 5 12 9 10

Hybrid 13.5 2.5 2.6 4.5 1.7 5.2

DFN 16.2 63.2 13.1 18.5 29.3 6.1

BLNP 16.5 61.0 6.3 20.6 23.6 13.7

TABLE VIII. The �2 of the measured di↵erential branching fractions respect to various modelings. The number of degree of
freedom (n.d.f.) is equal to the number of bins, which is also listed.

The first three moments in the phase space region of EB
` > 1GeV

Using the measured di↵erential branching fractions, we determine the first to third moments of all measured
kinematic observables. The moments are determined with a progression of the kinematic variable and defined for the
partial phase-space with a selection of EB

` > 1GeV unless stated otherwise. As the moments are determined using
binned information, we validate their accuracy using binned and unbinned B ! Xu `+ ⌫` MC events. The resulting
biases from using binned information is negligible for all distributions, expect for the moments of the hadronic mass
spectrum. There, the resonance region leads to strong changes in the line-shape, which are not well captured by the
utilized binning. The resulting biases are still small in comparison to the experimental errors and for the hadronic
mass spectrum, we include them into the total experimental uncertainty. Figures 10-12 shows the results for each
measured kinematic variable, also showing the prediction from binned and unbinned B ! Xu `+ ⌫` hybrid MC.

FIG. 10. The first (left), second (middle) and third (right) moment of the measured di↵erential branching fraction of EB
` .

The full experimental uncertainty is included and shown for the extracted moments. The moments based on binned hybrid MC
(blue and including full modelling uncertainty) are compared to measured data and the event-wise treatment of generator-level
hybrid events (red dotted) in a ratio, respectively.

Agreement

(w/o theory uncertainties)
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Differential Spectra
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Frank Tackmann

Deutsches Elektronen-Synchrotron

Thomas Fest
Siegen, October 4, 2018

Florian Bernlochner, Heiko Lacker, Zoltan Ligeti,
Iain Stewart, Kerstin Tackmann, FT

Frank Tackmann (DESY) SIMBA. Thomas Fest, 2018-10-04 0 / 19

NNVub
P. Gambino, K. Healey, C. Mondino, 

Phys. Rev. D 94, 014031 (2016), 
[arXiv:1604.07598]

F. Bernlochner, H. Lacker, Z. Ligeti, I. 
Stewart, F. Tackmann, K. Tackmann

Phys. Rev. Lett. 127, 102001 (2021)


[arXiv:2007.04320]

Full experimental correlations

Can be used for future 
shape-function 

independent 
determinations

|Vub |

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
MX [GHV]

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00

10
3  

G
/G
M
X
(B

→
X X
ℓν

) DDtD
7otDl unFHrtDLnty
StDt unFHrtDLnty
HybrLG B→XXℓν 0C
D)1
B/13

0 2 4 6 8 10 12 14

M2
X [GHV2]

0.00

0.10

0.20

0.30

0.40

0.50

0.60

10
3  

G
/G
M

2 X
(B

→
X X
ℓν

) DDtD
TotDl unFHrtDLnty
6tDt unFHrtDLnty
HybrLG B→XXℓν 0C
D)1
B/13

0 5 10 15 20 25

q2 [GHV2]

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

0.16

0.18

10
3  

G
/G
q2

(B
→
X X
ℓν

) DDtD
TotDl unFHrtDLnty
6tDt unFHrtDLnty
HybrLG B→XXℓν 0C
D)1
B/13

0 1 2 3 4 5
P− [GHV]

0.00

0.10

0.20

0.30

0.40

0.50

0.60

0.70

0.80

10
3  

G
/G
P −

(B
→
X X
ℓν

)

DDtD
7otDl unFHrtDLnty
6tDt unFHrtDLnty
HybrLG B→XXℓν 0C
D)1
B/13

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
P+ [GHV]

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00
10

3  
G

/G
P +

(B
→
X X
ℓν

)
DDtD
7otDl unFHrtDLnty
StDt unFHrtDLnty
+ybrLG B→XXℓν 0C
D)1
B/13

1.0 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6

EBℓ  [GHV]

0.00

0.50

1.00

1.50

2.00

2.50

10
3  

G
/G
EB ℓ

(B
→
X X
ℓν

) DDtD
TotDl unFHrtDLnty
6tDt unFHrtDLnty
HybrLG B→XXℓν 0C
D)1
B/13

MX M2
X q2

EB
ℓ P+ P−

13

0-0
.3

0.3
-0.

6

0.6
-0.

9

0.9
-1.

2

1.2
-1.

5

1.5
-1.

8

1.8
-2.

1
2.1

-4 0-1 1-2 2-3 3-4 4-1
4 0-2 2-4 4-6 6-8 8-1

0
10

-12
12

-14
14

-16
16

-18
18

-20
20

-22

22
-26

.5
1-1

.1

1.1
-1.

2

1.2
-1.

3

1.3
-1.

4

1.4
-1.

5

1.5
-1.

6

1.6
-1.

7

1.7
-1.

8

1.8
-1.

9
1.9

-2
2-2

.1

2.1
-2.

2

2.2
-2.

3

2.3
-2.

4

2.4
-2.

5

2.5
-2.

65
0-0

.2

0.2
-0.

4

0.4
-0.

6

0.6
-0.

8
0.8

-1
1-1

.2

1.2
-1.

4

1.4
-1.

6
1.6

-4 0-11-1
.5

1.5
-2

2-2
.5

2.5
-3

3-3
.5

3.5
-4

4-4
.5

4.5
-5

5-5
.5

MX [Ge9]         M2
X [Ge92]               q2 [Ge92]                                   EBℓ  [Ge9]                                  P+ [Ge9]                     P− [Ge9]

0-0.3
0.3-0.6
0.6-0.9
0.9-1.2
1.2-1.5
1.5-1.8
1.8-2.1

2.1-4
0-1
1-2
2-3
3-4

4-14
0-2
2-4
4-6
6-8

8-10
10-12
12-14
14-16
16-18
18-20
20-22

22-26.5
1-1.1

1.1-1.2
1.2-1.3
1.3-1.4
1.4-1.5
1.5-1.6
1.6-1.7
1.7-1.8
1.8-1.9

1.9-2
2-2.1

2.1-2.2
2.2-2.3
2.3-2.4
2.4-2.5

2.5-2.65
0-0.2

0.2-0.4
0.4-0.6
0.6-0.8

0.8-1
1-1.2

1.2-1.4
1.4-1.6

1.6-4
0-1

1-1.5
1.5-2
2-2.5
2.5-3
3-3.5
3.5-4
4-4.5
4.5-5
5-5.5

M
X
 [G

e9
]  

 M
2 X
 [G

e9
2 ]

   
   

 q
2  

[G
e9

2 ]
   

   
   

   
   

   
  E

B ℓ
 [G

e9
]  

   
   

   
   

   
   

 P
+
 [G

e9
]  

   
   
P −

 [G
e9

]

100 -15 -5 8 5 7 5 3 37 1 9 4 4 2 4 5 9 12 13 16 16 16 22 30 37 3 3 4 3 4 8 8 9 12 13 12 16 23 25 30 26 44 2 6 8 8 7 6 5 4 35 24 16 19 17 16 11 5 4 1
-15 100 -15 -3 3 3 3 0 35 -5 4 3 0 -6 -6 -3 -1 7 9 18 22 25 27 34 22 2 3 3 1 -1 -1 0 3 6 8 8 12 20 17 24 23 35 2 4 2 3 -1 0 0 0 20 28 27 22 14 6 4 -5 -6 -6
-5 -15 100 -22 3 14 8 6 67 -3 12 7 4 5 2 2 9 16 20 33 41 44 35 25 13 -1 -1 0 1 2 5 5 5 8 11 13 20 22 27 24 16 33 41 15 5 13 9 8 6 5 19 35 41 37 24 16 8 2 3 4
8 -3 -22 100 -12 5 11 9 15 54 -3 0 3 4 5 9 9 13 19 22 21 16 8 4 2 7 6 6 7 8 7 8 9 11 10 12 13 16 9 5 -3 4 42 27 12 7 2 2 1 2 3 10 16 18 15 13 10 9 5 4
5 3 3 -12 100 -19 3 14 1 61 27 0 4 11 14 17 16 22 24 26 14 -1 -3 -3 -2 7 7 8 10 11 13 16 20 20 18 16 12 11 4 3 1 5 15 43 27 16 9 6 4 3 -6 -4 4 17 23 21 20 18 14 9
7 3 14 5 -19 100 -1 -5 12 1 73 12 -8 18 16 17 26 29 30 21 6 3 4 5 4 6 8 10 10 11 16 15 13 14 17 15 14 7 9 4 5 14 8 21 39 33 21 10 5 3 1 5 6 19 26 25 25 18 18 17
5 3 8 11 3 -1 100 17 7 3 -8 74 15 11 13 15 17 14 6 1 3 3 3 3 3 4 5 5 4 5 7 8 6 6 8 8 8 1 1 0 1 7 1 0 17 30 19 7 1 -3 4 5 2 3 10 15 16 15 14 8
3 0 6 9 14 -5 17 100 4 4 -6 -10 82 13 15 17 14 7 0 2 3 1 0 0 -1 6 7 8 8 9 7 6 5 5 4 3 1 1 1 1 1 4 4 1 -2 7 25 24 20 17 0 0 0 1 6 11 12 15 14 11

37 35 67 15 1 12 7 4 100 -10 17 14 8 -3 -5 -2 7 22 29 51 62 66 59 63 41 1 1 2 1 1 3 4 5 10 15 18 30 42 42 48 37 67 40 16 8 20 8 7 5 5 43 65 69 57 34 22 10 -3 -4 -3
1 -5 -3 54 61 1 3 4 -10 100 -9 2 15 12 16 21 19 23 27 26 15 1 -4 -9 -7 7 8 9 12 14 15 18 22 23 20 17 15 12 5 -2 -8 -1 36 45 25 13 7 4 2 2 -10 -7 3 16 23 22 21 22 16 12
9 4 12 -3 27 73 -8 -6 17 -9 100 0 -3 16 15 16 24 31 33 28 9 5 4 7 5 8 9 10 10 12 16 18 17 18 20 17 16 12 12 8 7 15 8 33 37 29 17 10 5 3 2 6 10 23 29 27 25 17 17 15
4 3 7 0 0 12 74 -10 14 2 0 100 18 12 12 13 16 14 11 3 4 4 4 4 3 5 6 6 4 5 6 7 5 5 9 9 8 1 2 2 3 8 1 2 28 30 15 2 -3 -5 4 6 4 5 11 15 15 13 14 9
4 0 4 3 4 -8 15 82 8 15 -3 18 100 16 19 22 19 12 0 2 4 1 0 0 1 6 7 9 8 9 11 9 8 7 6 5 3 0 1 0 1 5 4 0 -3 16 33 30 24 19 1 1 0 3 10 15 16 20 17 13
2 -6 5 4 11 18 11 12 -3 12 16 12 15 100 77 40 24 15 9 3 -7 -13 -16 -20 -13 26 30 36 34 33 38 32 22 20 12 9 4 -9 -9 -21 -13 9 3 17 29 19 13 27 35 36 -17 -16 -15 -6 1 4 12 35 74 89
4 -6 2 5 14 16 13 14 -5 16 15 12 18 77 100 72 36 18 11 4 -9 -17 -19 -23 -15 28 33 37 37 36 39 34 27 24 13 9 4 -11 -13 -24 -16 12 2 13 25 24 17 32 37 38 -22 -22 -20 -9 1 4 19 59 88 52
5 -3 2 9 17 17 15 15 -2 21 16 13 21 40 72 100 67 24 12 7 -4 -12 -14 -17 -11 25 29 32 31 31 34 31 27 26 16 13 6 -5 -9 -16 -12 12 9 14 19 27 23 32 31 30 -19 -20 -15 -6 1 7 44 85 44 26
9 -1 9 9 16 26 17 13 7 19 24 16 18 24 36 67 100 59 16 7 2 -5 -8 -11 -7 14 17 20 22 24 26 25 22 22 18 16 10 1 -1 -8 -5 16 11 15 18 24 30 27 23 19 -11 -12 -10 -1 7 39 79 32 20 14

12 7 16 13 23 29 14 7 22 23 31 14 11 15 18 24 59 100 61 22 11 11 7 5 1 7 10 13 18 21 22 23 26 26 23 18 15 16 8 6 0 21 19 21 19 20 23 26 20 16 -4 4 11 19 45 73 32 12 8 7
13 9 20 19 24 30 6 0 29 27 33 11 0 9 11 12 16 61 100 60 21 19 18 19 12 0 3 7 12 15 17 21 28 28 23 20 21 30 19 22 12 18 24 27 18 18 17 20 16 13 8 18 27 44 67 38 14 6 2 2
16 18 33 22 26 21 1 2 51 26 28 3 2 3 4 7 7 22 60 100 67 45 37 44 28 -1 -1 1 3 5 10 14 18 22 21 19 27 39 29 36 26 27 28 27 17 24 15 13 8 5 25 47 57 74 54 20 7 1 -3 -2
16 22 41 21 14 6 3 3 62 15 9 4 4 -7 -9 -4 2 11 21 67 100 81 59 57 37 -2 -3 -2 -4 -4 -1 2 6 12 17 18 30 46 43 49 35 21 31 26 12 19 8 6 3 2 43 66 80 78 34 10 0 -13 -14 -11
16 25 44 16 -1 3 3 1 66 1 5 4 1 -13 -17 -12 -5 11 19 45 81 100 85 69 41 -3 -4 -3 -5 -6 -5 -4 1 9 13 17 31 51 52 58 36 13 35 23 8 13 0 1 1 0 53 81 90 69 27 8 -4 -20 -21 -16
22 27 35 8 -3 4 3 0 59 -4 4 4 0 -16 -19 -14 -8 7 18 37 59 85 100 80 50 -4 -5 -4 -5 -7 -6 -5 -1 7 11 15 29 49 57 62 38 4 33 20 6 9 -1 0 0 0 60 87 80 59 24 7 -4 -20 -23 -18
30 34 25 4 -3 5 3 0 63 -9 7 4 0 -20 -23 -17 -11 5 19 44 57 69 80 100 75 -5 -7 -6 -9 -10 -8 -7 -4 3 7 10 25 45 45 60 46 29 19 12 1 11 0 0 0 1 68 89 80 57 24 7 -5 -21 -24 -22
37 22 13 2 -2 4 3 -1 41 -7 5 3 1 -13 -15 -11 -7 1 12 28 37 41 50 75 100 -4 -5 -4 -7 -7 -3 -2 0 4 7 10 20 35 44 54 42 16 14 11 3 6 1 1 1 1 87 63 47 36 19 7 -2 -13 -15 -14
3 2 -1 6 7 6 4 6 1 7 8 5 5 26 27 24 14 7 0 -1 -2 -3 -4 -5 -4 100 93 68 45 35 33 33 29 22 6 -1 -6 -1 2 -1 -3 5 5 9 12 8 4 15 18 20 -7 -7 -3 -2 -3 6 16 24 26 25
3 3 -1 6 7 8 5 6 1 8 9 6 6 30 33 29 17 10 3 -1 -3 -4 -5 -7 -5 93 100 87 65 49 42 39 33 24 6 -3 -9 -3 2 -2 -5 6 5 10 13 9 6 18 23 24 -9 -8 -4 -3 -1 9 19 29 31 28
4 3 0 6 8 10 5 7 2 9 10 6 8 35 37 32 20 13 7 1 -2 -3 -4 -6 -4 68 87 100 89 70 55 45 36 27 6 -4 -9 -2 3 -1 -4 6 6 11 15 10 8 25 31 32 -8 -7 -3 0 4 11 22 32 36 32
3 1 1 7 10 10 3 7 1 12 10 4 8 34 37 31 22 18 12 3 -4 -5 -5 -9 -7 45 65 89 100 90 69 51 36 26 4 -4 -11 -3 2 -2 -6 4 7 12 15 9 8 26 32 34 -10 -10 -5 0 9 13 23 32 36 30
4 -1 2 8 11 11 4 8 1 14 12 5 8 33 35 31 23 20 15 5 -4 -6 -7 -10 -7 35 49 70 90 100 87 64 41 25 3 -5 -10 -4 2 -3 -7 5 8 13 16 10 9 26 31 33 -10 -11 -6 1 12 15 24 32 35 28
8 -1 5 7 13 16 7 7 3 15 16 6 10 38 39 34 26 22 17 10 -1 -5 -6 -8 -3 33 42 55 69 87 100 86 56 31 8 -1 -4 -3 3 -3 -3 8 7 17 17 11 13 30 36 37 -5 -6 -5 6 16 18 27 35 40 32
8 0 5 8 16 15 7 5 4 18 17 6 9 31 34 31 24 23 21 14 2 -4 -5 -7 -2 33 39 45 51 64 86 100 82 49 19 8 3 5 5 1 -1 7 9 18 18 11 12 28 31 32 -5 -7 -3 10 18 19 26 33 33 27
9 3 5 9 19 13 6 5 5 22 17 5 7 22 26 27 21 26 27 18 5 1 -1 -4 0 29 33 36 36 41 56 82 100 81 46 29 20 19 10 7 3 5 12 20 19 11 10 24 26 26 -4 -5 3 15 22 21 25 28 24 20

12 6 8 11 20 14 5 5 10 23 18 5 6 20 23 26 21 26 28 22 12 9 7 3 4 22 24 27 26 25 31 49 81 100 80 58 42 36 18 14 9 6 16 24 20 11 10 24 25 23 1 3 10 21 25 22 27 25 21 19
13 8 11 10 18 17 8 4 15 19 20 8 6 12 13 16 18 23 23 21 17 13 11 7 7 6 6 6 4 3 8 19 46 80 100 85 63 43 19 13 11 8 17 20 18 15 13 13 7 5 7 9 13 21 24 21 21 16 13 11
12 8 13 12 16 15 8 3 18 17 17 9 4 9 9 13 16 18 20 19 18 17 15 10 10 -1 -3 -4 -4 -5 -1 8 29 58 85 100 81 50 19 14 10 7 18 20 18 16 13 5 3 2 11 13 15 21 20 18 18 12 9 8
16 12 20 13 12 13 8 1 29 15 15 8 3 4 4 6 10 15 21 27 30 31 29 25 20 -6 -9 -9 -11 -10 -4 3 20 42 63 81 100 68 26 21 17 13 20 23 16 17 6 3 2 0 23 29 30 32 24 16 14 6 4 3
23 20 22 16 10 7 1 1 41 12 12 1 0 -9 -11 -5 1 16 30 39 46 51 49 45 35 -1 -3 -2 -3 -4 -3 5 19 36 43 50 68 100 61 48 30 10 28 31 18 6 -3 0 -1 -1 41 47 50 47 31 18 11 -7 -14 -8
25 17 27 9 4 9 1 1 42 5 12 2 1 -9 -13 -9 -2 8 19 29 43 52 57 45 44 2 2 3 2 2 3 5 10 18 19 19 26 61 100 71 33 4 34 28 11 3 2 7 8 9 54 52 46 41 27 13 5 -11 -14 -9
30 24 24 5 3 4 0 1 48 -2 8 2 0 -21 -24 -16 -8 6 22 36 49 58 62 60 54 -1 -2 -1 -2 -3 -3 1 7 14 13 14 21 48 71 100 64 11 32 20 6 1 -1 3 3 4 59 60 57 47 28 11 0 -19 -26 -21
26 23 16 -3 1 5 1 1 37 -8 7 3 1 -13 -16 -12 -5 0 12 26 35 36 38 46 42 -3 -5 -4 -6 -7 -3 -1 3 9 11 10 17 30 33 64 100 17 17 11 2 2 3 4 4 3 47 43 38 33 21 7 0 -14 -17 -15
44 35 34 4 5 14 7 4 68 -1 15 8 5 9 12 12 16 21 18 27 21 13 4 29 16 5 6 6 4 5 8 7 5 6 8 7 13 10 4 11 17 100 -14 -4 9 24 15 9 7 6 8 17 23 20 17 19 15 12 14 9
2 2 41 42 15 8 1 4 40 37 8 1 4 3 2 9 11 19 24 28 31 35 33 19 14 5 5 6 8 8 7 9 12 16 17 19 20 28 34 32 17 -14 100 17 3 12 14 13 9 7 18 26 31 31 24 20 15 8 2 3
6 4 15 27 43 21 0 1 16 46 33 2 0 17 13 14 15 21 27 27 26 23 20 12 11 9 10 11 12 13 17 18 21 24 20 20 24 32 28 20 11 -4 17 100 43 12 10 14 13 12 16 19 21 28 30 22 19 14 14 16
8 2 5 12 28 39 16 -2 8 25 37 28 -3 29 25 19 18 19 18 17 12 8 6 1 3 12 14 15 15 16 17 19 19 20 18 18 17 18 12 6 2 9 3 43 100 62 17 -1 -5 -4 2 3 7 13 17 17 21 20 27 28
8 3 13 7 16 33 30 6 20 13 29 30 15 19 24 27 24 20 18 24 19 13 9 11 6 8 10 10 9 10 12 12 11 11 15 16 18 6 3 1 2 24 12 12 62 100 67 23 7 2 2 13 17 21 18 17 26 28 24 16
7 -1 9 2 9 21 19 23 8 7 17 15 31 13 17 23 30 23 17 15 8 0 -1 0 1 5 6 8 8 9 13 12 10 10 14 13 7 -3 2 -1 3 15 14 10 17 67 100 73 51 40 1 2 2 13 21 27 27 21 17 8
6 0 8 2 6 10 7 23 7 4 10 2 29 27 32 32 27 26 20 13 6 1 0 0 1 15 19 25 26 26 31 28 25 24 13 5 3 0 7 3 4 9 13 14 -1 23 73 100 95 88 1 2 3 14 25 26 23 29 29 20
5 0 6 1 4 5 1 19 5 2 5 -3 23 35 37 31 23 20 16 8 3 1 0 0 1 18 23 31 32 31 36 31 26 25 7 3 2 -1 8 3 4 7 9 13 -5 7 51 95 100 98 1 2 2 12 22 18 19 28 37 27
4 0 5 2 3 3 -3 16 5 2 3 -5 18 36 38 30 19 16 13 5 2 0 0 1 1 20 24 32 34 33 37 32 26 23 5 2 0 -1 9 4 3 6 7 12 -4 2 40 88 98 100 1 1 2 10 19 13 15 29 37 28

35 20 19 3 -6 1 4 0 43 -10 2 4 1 -17 -22 -19 -11 -4 8 25 43 53 60 68 87 -7 -9 -8 -10 -10 -5 -5 -4 1 7 11 23 41 54 59 47 8 18 16 2 2 1 1 1 1 100 77 50 35 18 6 -4 -21 -21 -19
24 28 35 10 -4 5 5 0 65 -7 6 6 1 -16 -22 -20 -12 4 18 47 66 81 87 89 63 -7 -8 -7 -10 -11 -6 -7 -5 3 9 13 29 47 52 60 43 17 26 19 3 13 2 2 2 1 77 100 86 63 26 9 -4 -20 -21 -17
16 27 41 16 4 6 2 0 69 3 10 4 0 -15 -20 -15 -10 11 27 57 80 90 80 80 47 -3 -4 -3 -5 -6 -5 -3 3 10 13 15 30 50 46 57 38 23 31 21 7 17 2 3 2 2 50 86 100 79 30 9 0 -15 -20 -16
19 22 37 18 17 19 3 1 57 16 23 5 3 -6 -9 -6 -1 19 44 74 78 69 59 57 36 -2 -3 0 0 1 6 11 16 21 21 21 32 47 41 47 33 20 31 28 13 21 13 14 12 10 35 63 79 100 57 18 9 -2 -5 -5
17 14 24 15 23 26 10 6 34 23 29 11 10 1 1 1 7 45 67 54 34 27 24 24 19 -3 -1 4 9 12 16 18 22 25 24 20 24 31 27 28 21 17 24 30 17 18 21 25 22 19 18 26 30 57 100 54 17 9 9 6
16 6 16 13 21 25 15 10 22 22 27 15 14 4 4 7 39 73 38 20 10 8 7 7 7 6 9 12 13 16 18 19 21 22 21 19 17 18 13 11 7 19 20 22 17 17 27 26 18 13 6 9 9 18 54 100 53 20 16 12
11 4 8 11 20 25 15 11 10 21 25 15 15 12 19 44 79 32 14 7 0 -4 -4 -5 -2 17 20 22 23 25 27 26 26 27 21 18 14 11 6 0 0 15 15 19 21 26 27 23 19 15 -4 -4 0 9 17 53 100 61 29 17
5 -5 2 9 18 18 15 14 -3 22 17 13 19 35 59 85 32 12 6 1 -13 -20 -20 -21 -13 24 29 32 32 32 35 33 28 25 16 12 6 -7 -11 -19 -14 12 8 14 20 28 21 29 28 29 -21 -20 -15 -2 9 20 61 100 68 36
4 -6 3 5 14 18 14 13 -4 16 17 14 17 74 88 44 20 8 2 -3 -14 -21 -23 -24 -15 26 32 36 36 35 40 34 24 21 13 9 4 -14 -14 -26 -17 14 2 14 27 24 17 29 37 37 -21 -21 -20 -5 9 16 29 68 100 76
1 -6 4 4 9 17 8 10 -3 12 15 9 12 89 52 26 14 7 2 -2 -11 -16 -18 -22 -14 25 28 32 30 28 32 27 20 19 11 8 3 -8 -9 -21 -15 9 3 16 28 16 8 20 27 28 -19 -17 -16 -5 6 12 17 36 76 100

−100

−75

−50

−25

0

25

50

75

100

FIG. 8. The full experimental (statistical and systematical) correlations of the di↵erential branching fractions are shown.

FIG. 9. Left: the total partial branching fraction with EB
` > 1GeV as calculated by each di↵erential measurement is compared

to the result of Ref. [1], which is based on the 2D fit of MX : q2 and obtained with a looser selection. The ratio compares
the total partial branching fractions to the result obtained by summing the measured MX distribution and the uncertainty
takes into account the full statistical and systematic correlations between the di↵erent results. Right: the full experimental
correlations between the total partial branching fractions from summing the individual bins are shown.
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Measurements of  moments of inclusive  
decays with hadronic tagging

q2 B → Xcℓν̄ℓ
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Measurement of  moments of q2 B → Xcℓν̄ℓ
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Inclusive |Vcb | 

Operator Product Expansion (OPE)

Traditional approach: Use hadronic mass moments, lepton energy moments 
etc. to determine non-perturbative matrix elements (ME) of OPE and extract |Vcb| 


Bad news: number of these matrix elements increases if one increases 
expansion in 1/mb,c
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Measurement of  moments of q2 B → Xcℓν̄ℓ

Fresh idea from [arXiv:1812.07472] (M. Fael, T. Mannel, K. Vos)

→ Number of ME reduce by exploiting reparametrization invariance, 
but not true for every observable (e.g. not for )
⟨MX⟩

But it holds for  and at  the # of ME reduces from 13 → 8(!)⟨q2⟩ 1/m4
b

Inclusive |Vcb | 

Operator Product Expansion (OPE)

Traditional approach: Use hadronic mass moments, lepton energy moments 
etc. to determine non-perturbative matrix elements (ME) of OPE and extract |Vcb| 


Bad news: number of these matrix elements increases if one increases 
expansion in 1/mb,c
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Key-technique: hadronic tagging

Can identify Xc 
constituents

q2 = (psig − pXc)
2

Measurement of  moments of q2 B → Xcℓν̄ℓ 8

FIG. 2. The resolution of the reconstructed MX and q2 values for B ! Xc `
+ ⌫` signal is shown as a residual with respect to

the generated values.

FIG. 3. The reconstructed MX and q2 distributions are
shown. The error band of the simulated samples incorporates
the full set of systematic uncertainties discussed in Section V.

of phase space below 3.0 GeV2 is dominated by processes
other than B ! Xc `+ ⌫`: secondary leptons from cas-
cade decays and fake lepton candidates make up a promi-
nent fraction of the selected event candidates.

Fig. 3 compares the selected events with the expec-
tation from simulation: the small continuum contribu-
tion is normalized using the off-resonance event sample,
while the remaining simulated events are normalized to
the number of reconstructed events from ⌥(4S) ! BB̄.
In the following, we separate the electron and muon can-
didates and analyze them separately.

C. Background Subtraction

In order to subtract background events, we carry out
a two-step procedure. First a binned likelihood fit of
the MX distribution determines the number of expected
signal and background events. For this fit we construct a
likelihood function L as the product of individual Poisson
distributions P,

L =
binsY

i

P(ni; ⌫i) ⇥

Y

k

Gk ⇥ Pcont , (17)

where ni denotes the number of observed data events
and ⌫i is the total number of expected signal and back-
ground events in a given bin i. Furthermore, the Gk de-
note nuisance-parameter (NP) constraints, whose role is
to incorporate systematic uncertainties on e.g. signal and
background shapes directly into the fit procedure, with
the index k labelling a given uncertainty source. More
details of this procedure will be given in Section V. The
Poisson term Pcont constrains the normalization of the
continuum contribution to its expectation as determined
from off-resonance collision events. The number of ex-
pected signal and background events in a given bin, ⌫i,
is estimated using simulated collision events and is given
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other than B ! Xc `+ ⌫`: secondary leptons from cas-
cade decays and fake lepton candidates make up a promi-
nent fraction of the selected event candidates.

Fig. 3 compares the selected events with the expec-
tation from simulation: the small continuum contribu-
tion is normalized using the off-resonance event sample,
while the remaining simulated events are normalized to
the number of reconstructed events from ⌥(4S) ! BB̄.
In the following, we separate the electron and muon can-
didates and analyze them separately.

C. Background Subtraction

In order to subtract background events, we carry out
a two-step procedure. First a binned likelihood fit of
the MX distribution determines the number of expected
signal and background events. For this fit we construct a
likelihood function L as the product of individual Poisson
distributions P,

L =
binsY
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P(ni; ⌫i) ⇥
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where ni denotes the number of observed data events
and ⌫i is the total number of expected signal and back-
ground events in a given bin i. Furthermore, the Gk de-
note nuisance-parameter (NP) constraints, whose role is
to incorporate systematic uncertainties on e.g. signal and
background shapes directly into the fit procedure, with
the index k labelling a given uncertainty source. More
details of this procedure will be given in Section V. The
Poisson term Pcont constrains the normalization of the
continuum contribution to its expectation as determined
from off-resonance collision events. The number of ex-
pected signal and background events in a given bin, ⌫i,
is estimated using simulated collision events and is given
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Moment determination

11

FIG. 6. The residual bias and acceptance correction factors, denoted as Ccal (circles) and Cacc (diamonds), respectively, are
shown for the first to fourth q2 moment for electrons. The corresponding plots for muons can be found in Appendix B.

q2 threshold selection and order of moment under study.
Lastly, since different selection efficiencies are observed
for different B ! Xc `+ ⌫` processes, we determine an
additional factor accounting for selection and acceptance
effects. The correction factor, Cacc, is calculated by
comparing the moments of the generator-level simulated
events with a sample without any selection criteria ap-
plied. Fig. 6 shows the size of both calibration factors
for the first to fourth q2 moment for electrons. Both fac-
tors are close to unity and the corresponding factors for
muons, displaying a similar behavior, are found in Ap-
pendix B. In addition, selection and acceptance efficien-
cies for generator-level simulated B ! Xc `+ ⌫` samples
are shown in Appendix D.

The q2 moments are then given by

hq2m
i =

Ccal · CaccPevents
i w(q2

i )
⇥

eventsX

i

w(q2
i ) · q

2m
cal i . (21)

Here the sums run over all selected events and q2
i denotes

the measured four-momentum transfer squared of a given
event i with a corresponding calibrated four-momentum
transfer squared q2m

cal i to the power of m. The continuous
signal probability w(q2

i ) is calculated for each event, while
the calculated moments are normalized by the sum of sig-
nal probabilities. The full background subtraction and
calibration procedure was tested on ensembles of statis-
tically independent simulated samples and no statistical
significant biases in the unfolded moments are observed.

V. SYSTEMATIC UNCERTAINTIES

Several systematic uncertainties affect the measured q2

moments and their impact on the background subtrac-
tion and calibration procedure are discussed in the fol-
lowing sections. The most important sources of system-
atic uncertainty are associated with the assumed compo-
sition of the B ! Xc `+ ⌫` process: the decays involving
the higher mass states beyond the 1S D and D⇤ meson
are poorly known and the composition affects the back-
ground subtraction as well as the calibration of the mea-
sured moments. In addition, we observe systematic shifts
in the energy and momentum of the X system, whose size
we use to estimate a q2 scale uncertainty. Tables II and
III summarize the relative statistical and systematic un-
certainties on the measured q2 moments for electron and
muon final states, given in permille.

A. Background Subtraction

We evaluate the uncertainties on the background sub-
traction by considering various sources of systematic un-
certainty included as NP constraints in the binned like-
lihood fits. By taking into account the full experimen-
tal covariance of the background shapes when perform-
ing the �2 minimization, we directly propagate these
sources of uncertainty into the signal probability func-
tions, w(q2). Subsequently, we determine orthogonal

Event-wise Master-formula

Step #1: Subtract Background Step #2: Calibrate moment

Step #3: If you fail, try again
Step #4: Correct for selection effects

9

FIG. 4. The reconstructed q2 distributions with an example q2 threshold selection of 3.0GeV2 (top) for electron (left) and
muon (right) candidates and the determined binned signal probabilities (bottom) are shown. The background contributions
are scaled to their estimated values using the fit described in the text. The binned signal probabilities are obtained by a fit of
a polynomial of a given order n (red curve).

by

⌫i = ⌘sigf sig
i + ⌘B bkgfB bkg

i + ⌘contf cont
i . (18)

Here, ⌘sig is the total number of B ! Xc `+ ⌫` sig-
nal events. Furthermore, ⌘B bkg denotes the back-
ground events stemming from double semileptonic cas-
cades, B ! Xu `+ ⌫` decays, and from hadrons misiden-
tified as leptons originating from B meson decays. The
number of continuum events is denoted as ⌘cont. Fur-
thermore, fi denotes the fraction of events being recon-
structed in a bin i with shapes as determined by the
MC simulation for a given event category. Eq. 17 is nu-
merically maximized to determine both the total num-
ber of B ! Xc `+ ⌫` and background events from the
observed event yields. This is done using the sequen-
tial least squares programming method implementation
of Ref. [59, 60]. The fit is carried out in 20 equidistant
bins of MX ranging from 0 to 3.5 GeV to determine the
number of background events for each studied threshold
selection on q2, taking into account systematic uncertain-
ties on the composition of B ! Xc `+ ⌫` and background
templates (more details about these will be discussed in
Section V). The continuum constraint Pcont is adjusted
to reflect the number of continuum events for a given q2

selection value as determined by the off-resonance sam-
ple, for which the Mbc selection was adjusted to account
for the difference in center-of-mass energies.

In a second step, the determined number of back-
ground (b⌘bkg) and continuum (b⌘cont) events are used to
construct binned signal probabilities as a function of q2,
which is defined as

wi = 1 �
b⌘bkgf̃ bkg

i + b⌘contf̃ cont
i

ni
. (19)

Here, f̃i denotes the estimated fractions of events being
reconstructed in a bin i of q2 for a given background
category as determined by the MC simulation. Fig. 4
shows the q2 spectrum for electron and muon candidates
and the wi distribution for the threshold selection with
q2 > 3.0 GeV2. To avoid dependence on binning effects,
we fit the binned signal probabilities for each q2 selec-
tion with a polynomial function of a given order n to
determine event-by-event weights, w(q2), by performing
a �2 minimization. The order of the polynomial is de-
termined using a nested hypothesis test and we accept a
polynomial of order n over n � 1 if the improvement in
�2 is larger than one. Furthermore, the �2 takes into ac-
count the full experimental covariance of the background
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FIG. 6. The residual bias and acceptance correction factors, denoted as Ccal (circles) and Cacc (diamonds), respectively, are
shown for the first to fourth q2 moment for electrons. The corresponding plots for muons can be found in Appendix B.

q2 threshold selection and order of moment under study.
Lastly, since different selection efficiencies are observed
for different B ! Xc `+ ⌫` processes, we determine an
additional factor accounting for selection and acceptance
effects. The correction factor, Cacc, is calculated by
comparing the moments of the generator-level simulated
events with a sample without any selection criteria ap-
plied. Fig. 6 shows the size of both calibration factors
for the first to fourth q2 moment for electrons. Both fac-
tors are close to unity and the corresponding factors for
muons, displaying a similar behavior, are found in Ap-
pendix B. In addition, selection and acceptance efficien-
cies for generator-level simulated B ! Xc `+ ⌫` samples
are shown in Appendix D.

The q2 moments are then given by

hq2m
i =

Ccal · CaccPevents
i w(q2

i )
⇥

eventsX

i

w(q2
i ) · q

2m
cal i . (21)

Here the sums run over all selected events and q2
i denotes

the measured four-momentum transfer squared of a given
event i with a corresponding calibrated four-momentum
transfer squared q2m

cal i to the power of m. The continuous
signal probability w(q2

i ) is calculated for each event, while
the calculated moments are normalized by the sum of sig-
nal probabilities. The full background subtraction and
calibration procedure was tested on ensembles of statis-
tically independent simulated samples and no statistical
significant biases in the unfolded moments are observed.

V. SYSTEMATIC UNCERTAINTIES

Several systematic uncertainties affect the measured q2

moments and their impact on the background subtrac-
tion and calibration procedure are discussed in the fol-
lowing sections. The most important sources of system-
atic uncertainty are associated with the assumed compo-
sition of the B ! Xc `+ ⌫` process: the decays involving
the higher mass states beyond the 1S D and D⇤ meson
are poorly known and the composition affects the back-
ground subtraction as well as the calibration of the mea-
sured moments. In addition, we observe systematic shifts
in the energy and momentum of the X system, whose size
we use to estimate a q2 scale uncertainty. Tables II and
III summarize the relative statistical and systematic un-
certainties on the measured q2 moments for electron and
muon final states, given in permille.

A. Background Subtraction

We evaluate the uncertainties on the background sub-
traction by considering various sources of systematic un-
certainty included as NP constraints in the binned like-
lihood fits. By taking into account the full experimen-
tal covariance of the background shapes when perform-
ing the �2 minimization, we directly propagate these
sources of uncertainty into the signal probability func-
tions, w(q2). Subsequently, we determine orthogonal

Determine Background 
normalizations by fitting  MX

Exploit linear dependence 
between rec. & true moments

q2m
cal i = (q2m

reco i − c)/m

very small 
> 1%

Overall event reconstruction itself

also biases measured

moment by 1-2%
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Measured Moments: ⟨q2⟩ − ⟨q8⟩

16

FIG. 8. The expectation of lepton flavor universality of the moments are tested for the first to fourth q2 moments: in the ratio
of electron to muon moments many of the associated systematic uncertainties cancel and all reported moments are compatible
with the expectation of lepton flavor universality (bottom top). Note that the individual electron and muon moments are
highly correlated. Furthermore, the measured and generated-level moments for all the threshold selections on q2 are compared
as a ratio (bottom middle) and difference (bottom lower) for both electrons and muons.
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FIG. 8. The expectation of lepton flavor universality of the moments are tested for the first to fourth q2 moments: in the ratio
of electron to muon moments many of the associated systematic uncertainties cancel and all reported moments are compatible
with the expectation of lepton flavor universality (bottom top). Note that the individual electron and muon moments are
highly correlated. Furthermore, the measured and generated-level moments for all the threshold selections on q2 are compared
as a ratio (bottom middle) and difference (bottom lower) for both electrons and muons.

Lepton flavor universality ratio

⟨q2⟩ ⟨q8⟩

Prediction from Xc cocktail

(from sum of exclusive modes)
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Measurement of the branching fraction of the decay 
 in fully reconstructed events at BelleB+ → π+π−ℓ+ν

[PRD 103, 112001 (2021), arXiv:2005.07766]
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Event selection
Event Selection

● Use full Belle dataset & hadronic tagging with Neural Networks

● Charged Btag selected to reconstruct the missing momentum

● Background suppressed by a BDT trained on 6 features e.g. ΔEsig, θmiss  etc.

● Signal yield extracted by fitting M2
miss in bins of Mππ and q2 wtih 3 configurations: 1D of each, 

and 2D

14

Projection of 1D(Mππ) fit result

ρ0 mass region

Use full Belle data set & hadronic tagging with neural networks

Select  candidates and reconstruct  B±
tag Pmiss = Pe+e− − pBtag

− Pℓ − Pπ+ − Pπ−

Suppress background via BDT trained on 6 features, e.g. , etc.ΔE, θmiss

Signal yield extracted via  in bins of  and  (as projections and in 2D)m2
miss = P2

miss Mππ q2
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Result
Result

● First measurement of full (π+π-) spectrum: resonant & nonresonant contributions

● Branching fraction derived with 3 configurations

● Systematic uncertainties dominates error budget  leading source is signal modelling

● Observe excess when comparing to ℬ( B+ → ρ0ℓ+ν )=[18.3 ± 1.0stat ± 1.0sys]x10-5     

15

Partial banching fractions 
with 1D(Mππ) and 1D(q2) config.

ρ0

f2(1270)

with same Belle dataset [PRD 88,032005(2013)]

First measurement of differential   BF with full mass spectrum:B+ → π+π−ℓν̄ℓ

→ includes resonant ( ,..) and non-resonant -contributionsρ, f2 ππ

Systematically dominated due to large signal modelling uncertainties

Clear evidence for additional resonant & non-resonant contributions, i.e. observe excess

over B+ → ρ0ℓ+νℓ

ℬ(B+ → ρ0ℓ+νℓ) = (18.3 ± 1.0 ± 1.0) × 10−3

ℬ(B+ → π+π−ℓ+νℓ) = (22.7 ± 1.9 ± 3.5) × 10−3

Mππ q2

→ Measured as a function of  ,  and  :  Mππ q2 Mππ q2
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Measurement of the branching fraction of the  and 
 decays with signal-side only reconstruction in the full  range  

B+ → ηℓ+ν
B+ → η′ ℓ+ν q2

[Submitted to PRD, arXiv:2104.13354]
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Results
Preliminary Result
● Using full Belle dataset 

● Background suppression is based on |cos(θ*Bη(’)ℓ+)|<1 
and two BDTs (BB bkg, continuum bkg)

● Signal yield extracted by a binned ML fit in beam-const. 
mass and energy difference 

● Statistical uncertainty is dominating error budget

17

_

ℬ( B+ → ηℓ+ν) 
= (2.83 ± 0.55stat ± 0.34sys) x 
10-5

ℬ( B+ → η’ℓ+ν) 
= (2.79 ± 1.29stat ± 0.30sys) x 10-5

Post-fit projectionsPreliminary

Use full Belle data set without tagging in 3 channels: η → γγ, η → π+π−π0, η′ → π+π−η

Suppress background via two BDTs and select events with |cos θB−ηℓ | < 1

Signal yield extracted via ML fit in 2D with Mbc : ΔE

cos θB−ηℓ =
2EBEηℓ − m2

B − m2
ηℓ

2 |pB | |pηℓ |

Mbc

ΔE ΔE

Mbc Mbc

ΔE

ℬ(B+ → ηℓν̄ℓ)
= (2.83 ± 0.55 ± 0.34) × 10−5

ℬ(B+ → η′ ℓν̄ℓ)

= (2.79 ± 1.29 ± 0.30) × 10−5
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First test of lepton flavor universality in the charmed baryon decays 
  using data of the Belle experimentΩ0

c → Ω−ℓ+νℓ

 [Submitted to PRL, arXiv:2112.10367]
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Results
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Figure 1: The fits to the (a) M!! , (b) M!e, and (c) M!µ distributions from the corresponding selected candidates from
data. The dots with error bars represent the data, the solid lines are the best fits, and the dashed lines are the fitted total
backgrounds. The “µ!! misID” in plot (c) means the background component from !0

c " !!!++ hadrons decays. The other
fit components are illustrated by the legends.

total number of the sideband events. Figure 1 shows the
fitted results for !0

c decays to (a) !!!+, (b) !!e+"e,
and (c) !!µ+"µ. The fitted results together with the
corresponding detection e"ciencies with the particle
identification correction factors included are listed in
Table I. The particle identification correction will be
described in the systematic part. The significances
of the !0

c ! !!#+"! are both larger than 10$. The
significances are calculated using

!

"2 ln(L0/Lmax),
where L0 and Lmax are the likelihoods of the fits without
and with a signal component, respectively.

Table I: List of the fitted signal yields and the corresponding
detection e"ciencies with the particle identification correction
factors included. The last column gives the ratios of branching
fractions R = B(!0

c " !!"+#")/B(!
0
c " !!!+). The

branching fractions of !!
" #K and # " p!! are not

included in the detection e"ciencies. Quoted uncertainties
are statistical only.

channel signal yields detection e"ciency R

!0
c " !!!+ 865.3 ± 35.3 18.87% ...

!0
c " !!e+#e 707.6 ± 37.7 7.40% 1.98 ± 0.13

!0
c " !!µ+#µ 367.9 ± 31.4 3.93% 1.94 ± 0.18

The !0
c semileptonic decay branching fraction ratios

are calculated using

B(!0
c ! !!#+"!)

B(!0
c ! !!!+)

=
N!! · %!"

N!" · %!!
,

where N and % are the fitted signal yields and detector
e"ciency of the corresponding !0

c decay, respectively.
The calculated results are listed in Table I. Similarly,
we also obtain B(!0

c ! !!e+"e)/B(!0
c ! !!µ+"µ) =

1.02± 0.10. Here, the uncertainties are statistical only.
Several sources of systematic uncertainties contribute

to the measurement of the branching fraction ratios.
Using D"+ ! D0!+, D0 ! K!!+, and J/& ! ##
control samples, the e"ciency ratios between data

and MC simulations are (95.4 ± 0.9)%, (98.2 ± 0.9)%,
and (98.7 ± 0.6)% for pion, electron, and muon,
respectively. The central values of the ratios are taken
as the e"ciency correction factors and the errors are
taken as systematic uncertainties, written as $PID.
The systematic uncertainties associated with tracking
e"ciency and !! selection approximately cancel in
the branching fraction ratio measurements so that the
uncertainties on those are negligible. We estimate the
systematic uncertainties associated with the fitting
procedures ($fit) for !0

c ! !!#+"! and !0
c ! !!!+

separately. For !0
c ! !!#+"! decays, we change the

bin width of the M!!!+ spectra by ±5 MeV/c2, change
the !! mass sidebands from four to three times that of
the signal region, and take the di#erences of the fitted
signal yields as $fit: these are 1.0% for the electron
mode and muon mode. For !0

c ! !!!+, we estimate
$fit by changing the range of the fit and the order of
the background polynomial, and take the di#erence of
the signal yields, 0.4%, as the systematic uncertainty.
For !0

c ! !!!+, the xp distribution is corrected with
e"ciencies bin by bin, and is fitted with Peterson’s
fragmentation function 1/(xp · (1 " 1

xp

" #p
1!xp

)2) [43].

The signal MC samples of all three decay modes are
generated with the fitted Peterson’s fragmentation
function, and the di#erence of the detection e"ciencies
obtained by changing the fitted 'p by ±1$ are taken
as the systematic uncertainty ($xp

), which are 0.5%,
0.5%, and 2.1% for electron, muon, and pion mode,
respectively. For semileptonic decays, to conservatively
estimate the uncertainties due to possible imperfect
modeling by pythia matrix element model, the signal
MC samples of !0

c ! !!#+"! decays are simulated with
phase space model. The changes in measured branching
fractions are taken as the uncertainties of MC model
($MC).

The changes of the measured branching fractions
by fitting the M!! spectra without the background

Use full Belle data set of on-resonance and off-resonance data; 
Production process is  + anythinge+e− → cc̄ → Ω0

c

Observe ratio of 

Signal yield extracted via ML fit of  and normalized to MΩℓ Ω−
c → Ω−π+

First observation of Ω−
c → Ω−μν̄μ

ℬ(Ω0
c → Ω−e+νe)

ℬ(Ω0
c → Ω−μ+νμ)

= 1.02 ± 0.10 ± 0.02
F. Huang, Q-A Zang

[arXiv:2108.06110]

ℬ(Ω0
c → Ω−e+νe)

ℬ(Ω0
c → Ω−μ+νμ)

= 1.03
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Summary
Measuring |Vub| and |Vcb|

* Decays don’t happen at quark level, non-perturbative physics make things
complicated

Vqb

W
�

�

⌫̄

b

q

Vqb

W
�

�

⌫̄

b

q
u

u

* Hadronic transition matrix element needs to be Lorentz covariant

! Function of Lorentz vectors and scalars of the decay ! p
2
B , p

2
X , pB · pX

! On-shell B ! X decay: form factors encode non-perturbative physics

* Form factors unknown functions of q
2 = (pB � pX )2 = (p` + p⌫)2

* E.g. decay rate in the SM for B ! scalar ` ⌫̄` decay: f = single form factor

|Vqb|2 ⇥ �(B ! X ` ⌫̄`) = |Vqb|2 ⇥ G
2
F �0

h
f (q2)

i2

12 / 31

b

q

q

He may look cute, but that 
might be deceiving…

… Long-standing discrepancy since 
about a decade
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Figure 66: Combined average on |Vub| and |Vcb| including the LHCb measurement of |Vub|/|Vcb|,
the exclusive |Vub| measurement from B ! ⇡`⌫, and the |Vcb| average from B ! D`⌫, B !

D⇤`⌫ and Bs ! D(⇤)
s µ⌫ measurements. The dashed ellipse corresponds to a 1� two-dimensional

contour (68% of CL). The point with the error bars corresponds to the inclusive |Vcb| from the
kinetic scheme (Sec. 7.2.2), and the inclusive |Vub| from GGOU calculation (Sec. 7.4.3).

access to many observables besides the branching fraction, such as D(⇤) momentum, q2 distri-3111

butions, and measurements of the D⇤ and ⌧ polarisations (see Ref. [611] and references therein3112

for recent calculations).3113

Experiments have measured two ratios of branching fractions defined as3114

R(D) =
B(B ! D⌧⌫⌧ )

B(B ! D`⌫`)
, (228)

R(D⇤) =
B(B ! D⇤⌧⌫⌧ )

B(B ! D⇤`⌫`)
(229)

where ` refers either to electron or µ. These ratios are independent of |Vcb| and to a large extent,3115

also of the B ! D(⇤) form factors. As a consequence, the SM predictions for these ratios are3116

quite precise:3117

• R(D) = 0.298±0.003: which is an average of the predictions from Refs. [612,613]. These3118

predictions use as input the latest results on the B ! D`⌫ form factors from BABAR and3119

Belle, and the most recent lattice calculations [513,521].3120

• R(D⇤) = 0.252±0.005: where the central value and the uncertainty are obtained from an3121

arithmetic average of the predictions from Refs. [613,614]. These calculations are in good3122

186

3.3 σ

Belle very active and produced several recent results:

‣ Discrepancy between exclusive & inclusive |Vub| is reduced by recent BF measurements

‣ First systematic measurements of differential  branching fractions provide input for future, 

less model-independent |Vub| determinations

‣ First measurement of   q2  moments; new observable for inclusive |Vcb|

‣ First measurements of  mass spectrum and q2 distribution; potentially new channel for 

exclusive |Vub| 

‣ New measurements of  and LFU test with 

B → Xuℓν̄ℓ

B → Xcℓν̄ℓ
B → ππℓν̄ℓ

B → η(′ )ℓν̄ℓ ΩC → Ωℓν̄ℓ


