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1. Introduction
Single scale processes in massless Quantum Field Theories, or being
considered in the limit m2/Q2 → 0, exhibit significant simplifications when
calculated in Mellin space.
This is, to some extent, due to structure of Feynman parameter integrals
which possess a Mellin symmetry.
Harmonic sums form the appropriate language to derive compact
expressions in the respective calculations.
We will line out the relations of the harmonic sums, resp. their
continuations to N ε Q,R,C.

x-space results :
Nielsen-type integrals, resp. harmonic polylogarithms (E. Remiddi and J. Vermaseren (1999)

Sn,p,q(x) =
(−1)n+p+q−1

Γ(n)p!q!

∫ 1

0

dz

z
ln(n−1)(z) lnp(1 − zx) lnq(1 + zx)
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2 Loop Wilson Coefficients: x space

W.L. van Neerven et al.: 79 functions 80 objects would be maximal.
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2. Algebraic Relations
cf. J.Blümlein, Comput. Phys. Commun. 159 (2004) 19

Number of harmonic sums up to weight w : 3w−1.
Harmonic sums form a quasi-shuffle algebra through tt . (M. Hoffman)

Sa1,a2
ttSa3,a4

= Sa1,a2,a3,a4
+ Sa1,a3,a2,a4

+ Sa1,a2,a4,a2

+Sa3,a4,a1,a2
+ Sa3,a1,a4,a2

+ Sa3,a1,a2,a4
etc.

Solve all the linear equations possible for the harmonic sums =⇒
algebraic basis.
Let {a, a, a, ..., b, b, ..., ..., z, z} a set of n1 a’s, n2 b’s etc. The number
of basis elements corresponding to all words formed by ALL the
above letters is:

ln(n1, ..., nq) =
1

n

X

d|ni

µ(d)
(n/d)!

(n1/d)!...(nd/d)!
,

X

i

ni = n

(E. Witt, 1937) =⇒ # Lyndon words

w 1 2 3 4 5 6
#c 2 8 26 80 242 728
#r 0 1 7 23 69 183
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Algebraic Relations

Observation in Quantum Field Theory :

At least up to O(α3
s) the contributing harmonic sums never

exhibit any index ak = −1 applying a compact representation.

The number of sums of this type is

N¬{−1}(w) =
1

2

[(

1 −
√

2
)w

+
(

1 +
√

2
)]

Nbasic
¬{−1}(w) =

2

w

∑

d|w

µ
(

w

d

)

Nbasic
¬{−1}(d) .

w 1 2 3 4 5 6
#c 1 4 11 28 69 168
#r 1 3 7 14 30 60
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Algebraic Relations

Side Remark:

Harmonic, Generalized Harmonic Polylogarithms and Multiple
Polylogarithms also form shuffle algebras. As shuffle algebras are
sub-sets of the quasi-shuffle algebra studied above, the
respective algebraic relations can be derived directly.

• Form the index alphabet.
• Solve the shuffle-relations =⇒ Basis

As the relations in J.Blümlein, Comput. Phys. Commun. 159 (2004) 19 are of arbitrary
weight (general alphabet) and depth d ≤ 6 the corresponding
relations can be read off there.

Algorithms to extend this scenario are available and can be run.
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3. Structural Relations
w = 1:

1

1 − x
&

1

1 + x

1

1 − x2
=

1

2

[

1

1 − x
+

1

1 + x

]

M

[

(

1

1 − x

)

+

]

(

N

2

)

= M

[

(

1

1 − x

)

+

]

(N) + M

[

1

1 + x

]

(N) + ln(2)

− ψ

(

N

2

)

− γE = −ψ(N) − γE + β(N) + ln(2)

β(N) =
1

2

[

ψ

(

N + 1

2

)

− ψ

(

N

2

)]

• S−1(N) depends on S1(N) for N ε Q
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Structural Relations
N ε R :

S2(N) = − d

dN
S1(N) + ζ2 (etc.)

For N ε R : only one independent single sum occurs.

S1(N) =

N
∑

k=1

1

k
= ψ(N + 1) + γE

w = 2:

M

»

ln(1 − x)

1 + x

–

(N) = −M

»

ln(1 + x)

1 + x

–

(N) − [ψ(N) + γE + ln(2)]β)N) + β′(N)

See also relations for Nielsen’s ξ, η, ξ1 and ξ2 functions.

F1(N) := M

[

ln(1 + x)

1 + x

]

(N) → S1,−1(N)
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Structural Relations
The Reduction for Lik(−x)/(x± 1) :

1

2k−2

Lik(x2)

1 − x2
=

Lik(x)

1 − x
+

Lik(x)

1 + x
+

Lik(−x)
1 − x

+
Lik(−x)
1 + x

→ Lik(−x)
1 − x

• There always exists another IBP relation to express also
Lik(−x)/(1 + x)

• At even k there exists an algebraic relation which yields an
additional relation for Lik(x)/(1 + x).

• Applying differential operators one may show :

For N ε R double harmonic sums can always be represented
by one basic function for even weight and two basic functions
for odd weight.
w = 3:

→ Li2(x)

x± 1
,

ln2(1 + x)

x± 1
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Structural Relations
w = 4; i 6= −1,→

Li3(x)

x+ 1
,

S1,2(x)

x± 1

w = 5; i 6= −1,→

Li4(x)

x± 1

S1,3(x)

x+ 1

S2,2(x)

x± 1

Li22(x)

x+ 1

S2,2(x) − Li22(x)/2

x± 1

w = 6; i 6= −1,→

Li5(x)

x+ 1

S3,2(x)

x± 1

S2,3(x)

x± 1

S1,4(x)

x± 1

Li2(x)Li3(x)

x± 1

Li2(−x)Li3(−x)
x− 1

S3,2(−x)
x− 1

A1(x)

x+ 1

A1(−x)
x− 1

A2(x)

x+ 1
,+ . . .
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Structural Relations
New numerator functions :

A1(x) =

∫ x

0

dy

y
Li22(y)

A2(x) =

∫ x

0

dy

y
[Li4(1 − y) − ζ4], . . .
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Representation of some Observables

Unpolarized and Polarized Drell-Yan an Higgs-Boson Production Cross
Section O(α2

s) w = 4 J.B. and V. Ravindran, Nucl. Phys. B716 (2005) 128.

Unpolarized and Polarized Time-like Anomalous Dimensions and Wilson
Coefficients O(α2

s) w = 4 J.B. and V. Ravindran, Nucl. Phys. B749 (2006) 1.

Anomalous Dimensions and Wilson Coefficients O(α3
s) w = 5, 6 from: S. Moch, J.

Vermaseren, A. Vogt, Nucl. Phys. B688 (2004) 101; 691 (2004) 129; B724 (2005) 3 → J.B., DESY 07-042

Polarized and Unpolarized Wilson Coefficients O(α2
s) w = 4 J.B. and S. Moch, to

appear

Polarized and Unpolarized asymptotic Heavy Flavor Wilson Coefficients
O(α

2(3)
s ) w = 4 J.B., A. de Freitas, W. van Neerven, S. Klein, Nucl. Phys. B755 (2006) 272; I. Bierenbaum, J.B., S. Klein, DESY 07-026, J.B.

and S. Klein, DESY 07-027

Virtual and soft corrections to Bhabha Scattering O(α2) w = 4 J.B. and S. Klein
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Example: Bhabha s+v
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Example: Bhabha s+v
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z-space: A. Penin, (2005)
=⇒ 3 basic sums only; no alternating sums.
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4. Factorial Series
Consider

Ω(z) =

∫ 1

0

dt tz−1 ϕ(t); ϕ(1 − t) =
∞
∑

k=0

akt
k

Re(z) > 0, Ω(z) =
∞
∑

k=0

ak+1k!

z(z + 1) . . . (z + k)

• Ω(z) is meromorphic in z ε C, obeys a recursion z → z + 1 and
has an analytic asymptotic representation.
Example:

F5(z) = M

»

Li2(z)

1 + z

–

(z)

F5(z + 1) = −F5(z) +
1

z

»

ζ2 −
ψ(z + 1) + γE

z

–

Asymp. ser. : Li2(z) → Li2(1 − z)

M

»

Li2(1 − z)

1 + z

–

(N) ∝
1

2N2
+

1

4N3
−

7

24

1

N4
−

1

3

1

N5
+

73

120

1

N6
. . .
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5. The Basis

w = 1 1/(x− 1)+
w = 2 ln(1 + x)/(x+ 1)

w = 3 Li2(x)/(x± 1)

w = 4 Li3(x)/(x+ 1) S1,2(x)/(x± 1)

w = 5 Li4(x)/(x± 1) S1,3(x)/(x+ 1) S2,2(x)/(x± 1)

Li22(x)/(x+ 1) [S2,2(−x) − Li22(−x)/2]/(x± 1)

w = 6 Li5(x)/(x+ 1) S1,4(x)/(x± 1) S2,3(x)/(x± 1)

S3,2(x)/(x± 1) . . .

• O(α) Wilson Coefficients/anom. dim. #1

• O(α2) Anomalous Dimensions #2

• O(α2) Wilson Coefficients # ≤ 5

• O(α3) Anomalous Dimensions #15

• O(α3) Wilson Coefficients #29+
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6. Conclusions

The single-scale quantities in Quantum Field Theories to 3 Loop
Order ⇔ w = 6 can be represented in a polynomial ring spanned
by a few Mellin transforms of the above basic functions, which are
the same for all known processes. This points to their general
nature.
The basic Mellin transforms are meromorphic functions with single
poles at the non-positive integers.
The total amount of harmonic sums reduces due to algebraic
relations [index structure], and structural relations N ε Q, N ε R.
They can be represented in terms of factorial series up to simple
“soft components”. This allows an exact analytic continuation.
Up to w = 6 physical (pseudo-) observables are free of harmonic
sums with index = {-1}. Up to w = 5 all numerator functions are
Nielsen integrals.
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