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Quantum ChromoDynamics

Action (for quarks and gluons)

S =
∫

d4x

1
2trFµνF

µν +
∑

f

q̄f [iγD + mf ]qf


Candidate theory of the strong interactions

hard scattering (HE) - well described by Perturbation Theory

(Asymptotic freedom)

also compute low energy properties of bound states (hadrons)

〈π(t)π(0)〉 ∝
∫

[dAdq̄dq]e−S[A,q̄,q]π(t)π(0) ∼ e−mπt
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LATTICE REGULARIZATION

gauge fields associated with a links x •−→−• x + aµ̂

Aµ(x) → Uµ(x) ∼ P exp
∫ 1

0

dt Aµ(x + taµ̂) ∈ SU(3)

quark fields q(x) defined at points x on a finite lattice Λ

∫
[dAdq̄dq] →

∫ ∏
x∈Λ

dUµ(x)dq̄(x)dq(x)

→ a non-perturbative definition of the path integral
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The action is bilinear in the quark fields

→ “integrate” out exactly:

〈O[U, q̄, q]〉 ∝
∫

[dU ] exp(−S[U ])O[U,D[U ]]

S[U ] = Sgauge[U ]− ln det(iγD[U ] + m)

reduces to evaluation of enormous integral (by Monte Carlo)

huge saving in computation if neglect the fermion determinant

→ “Quenched approximation” → uncontrolled systematic errors

“SERIOUS” DYNAMICAL SIMULATIONS ONLY RECENTLY
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MANY SOURCES OF SYSTEMATIC ERRORS

Source present simulations extrapolations

finite lattice spacing a ∼ 0.2− 0.07fm Symanzik

finite volume L ∼ 1.5− 2.5fm Lüscher

large quark mass mπ >∼ 300MeV Chiral PT

• Big effort in reducing/controlling these effects

• Setting the scales

• When do the theoretically expected behaviors set in?

4



UNIVERSALITY → freedom in choosing lattice action

Many different gauge and fermion actions maintaining locality in use

Fermion actions differ on how Chiral Symmetry is treated

Wilson (O(a) improved): (m0 = 0), broken, conceptually simple

Staggered (Kogut,Susskind): “too much”, relatively cheap

Overlap (Neuberger, Ginsparg, Wilson) exact, but expensive

Domain wall quarks (Kaplan): approximate

Perfect action (Hasenfratz, Niedermayer): ” ”

Twisted mass QCD (Frezzotti, Sint): sort of a compromise
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Claims of lattice phenomenological successes using
using staggered quarks

but problems when Nf/4 6= integer

“Rooting trick”: Det(iD + m) → Det(iD + m)1/4 by hand!

from FIRST to SECOND PRINCIPLES!

“Rooted staggered fermions, good, bad or ugly?”

“At least ugly” (Sharpe, LAT06)

see also “The Evil that is rooting” (Creutz ’07)
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Wilson quarks not as expensive as previously thought!

# Ops in TFlop Yr req. for an ensemble of 100 gauge fld. configs. ∗
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∗Nf = 2, V = 2L× L3, O(a)-improved Wilson quarks, m = mMS(2GeV).

7



Example

64× 323 lattice

L ' 2.5fm, a ' 0.08fm
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m[MeV]]

2001

2005

Many groups similar success

acceleration due to:

• progress in algorithms

Hasenbusch ’01, Lüscher ’03,

Urbach et al ’05, Clark & Kennedy ’06

• better program efficiency
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COMPUTING FACILITIES (incomplete list)

Peak[TFlops]

Custom computers: Blue GeneL, Jülich 46

KEK 57

PC clusters: Altix, LRZ 26

PACS-CS, Tsukuba 14

“Self-built”: QCDOC, BNL 20

APE-next, Rome 8

upcoming International Lattice Data Grid (storing configurations)
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measure Euclidean lattice correlation functions: 〈O1O2 . . .〉

e.g. 〈O(0)P(t)〉 for large t gives information on 〈0|O|P 〉

|P 〉: the lowest state with quantum numbers of P

→ many quantities of interest to hadron structure:

• Spectra

(resonances and phase shifts from finite volume effects (Lüscher))

• Hadronic contributions to g − 2, running couplings

• Meson distribution amplitudes

• Elastic and transition form factors

• Moments of (generalized) structure functions, . . . . . .

For a thorough review see Orginos, LAT06
Also Detmold SF-7, Hart HF-5
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MESON DISTRIBUTION AMPLITUDES

〈0|q̄(z)γργ5P exp
[
i
∫ z

−z A(x) · dx
]
s(−z)|K(p)〉z2=0

= fKipρ

∫ 1
−1 dξ eiξp·zφK(ξ, µ)

Moments: 〈ξn〉K(µ) =
∫ 1
−1 dξ ξnφK(ξ, µ)

expressed as matrix elements of local operators

〈ξ〉K(µ)fKpρpν = 〈0|q̄(0)γργ5
↔
Dνs(0)|K(p)〉
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omitted for clarity, as are data at masses beyond the range
of the graph.) The discrepancy in the vicinity of m2

! !
0:35 GeV2 is of the order of magnitude of the finite volume
effects in Fig. 1.

Conclusions.—In summary, we have calculated gA in
full QCD in the chiral regime. The hybrid combination of
improved staggered sea quarks and domain wall valence
quarks enabled us to extend calculations to the lightest
mass, 354 MeV, and largest box size, 3.5 fm, yet attained,
and to obtain statistical accuracy of 5% with negligible
error from volume dependence. Chiral perturbation theory
implies mild dependence on the pion mass, and a three
parameter constrained fit yields an excellent fit to the data
and generates an error band of size 7% at the physical pion
mass which overlaps experiment. Thus, this calculation
represents a significant milestone in the quest to calculate
hadron structure from first principles.

The fact that gA is so accurately measured and amenable
to lattice calculations offers significant opportunities for
further refining and testing the precision of lattice calcu-
lations. Extending the range of pion masses to include 300
and 250 MeV and decreasing error bars to 3% offers the
prospect of reducing the present statistical error by a factor
of 2, and the feasibility of this with existing MILC con-
figurations is being explored. Additional opportunities in-
clude calculation on MILC lattices with lattice spacings
a " 0:09 and 0.06 fm to determine finite lattice spacing
dependence, and using partially quenched hybrid "PT [27]
to account for differences in valence and sea quarks in
extrapolating to the continuum limit.

We are grateful for helpful discussions with Will
Detmold, Martin Savage, Tony Thomas, Wolfram Weise,
and Ross Young, and to Tony Thomas and Ross Young for
pointing out an error in conventions used in defining chiral

constants in an earlier version of this manuscript. This
work was supported by the DOE Office of Nuclear
Physics under Contracts No. DE-FC02-94ER40818,
No. DE-FG02-92ER40676, and No. DE-AC05-
84ER40150, the EU I3HP under Contract No. RII3-CT-
2004-506078 and by the DFG under Contract No. FOR
465. Computations were performed on clusters at Jefferson
Laboratory and at ORNL using time awarded under the
SciDAC initiative. We are indebted to members of the
MILC and SESAM Collaborations for providing the dy-
namical quark configurations which made our full QCD
calculations possible.

[1] D. Dolgov et al. (LHPC Collaboration), Phys. Rev. D 66,
034506 (2002).

[2] S. L. Adler, Phys. Rev. Lett. 14, 1051 (1965).
[3] W. I. Weisberger, Phys. Rev. Lett. 14, 1047 (1965).
[4] M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1178

(1958).
[5] S. R. Beane and M. J. Savage, Phys. Rev. D 70, 074029

(2004).
[6] W. Detmold and C. J. D. Lin, Phys. Rev. D 71, 054510

(2005).
[7] S. Sasaki, T. Blum, S. Ohta, and K. Orginos (RBC), Nucl.

Phys. B, Proc. Suppl. 106, 302 (2002).
[8] A. A. Khan et al., Nucl. Phys. B, Proc. Suppl. 140, 408

(2005).
[9] K. Orginos, D. Toussaint, and R. L. Sugar (MILC

Collaboration), Phys. Rev. D 60, 054503 (1999).
[10] K. Orginos and D. Toussaint (MILC), Phys. Rev. D 59,

014501 (1999).
[11] C. T. H. Davies et al. (HPQCD Collaboration), Phys. Rev.

Lett. 92, 022001 (2004).
[12] A. S. Kronfeld et al., hep-lat/0509169.
[13] Y. Shamir, hep-lat/0509163.
[14] C. Aubin et al., Phys. Rev. D 70, 094505 (2004).
[15] A. Hasenfratz and F. Knechtli, Phys. Rev. D 64, 034504

(2001).
[16] D. B. Kaplan, Phys. Lett. B 288, 342 (1992).
[17] V. Furman and Y. Shamir, Nucl. Phys. B439, 54 (1995).
[18] D. B. Renner et al. (LHP), Nucl. Phys. B, Proc. Suppl. 140,

255 (2005).
[19] C. W. Bernard et al., Phys. Rev. D 64, 054506 (2001).
[20] T. Blum et al., Phys. Rev. D 69, 074502 (2004).
[21] T. R. Hemmert, M. Procura, and W. Weise, Phys. Rev. D

68, 075009 (2003).
[22] W. Detmold, W. Melnitchouk, and A. W. Thomas, Phys.

Rev. D 66, 054501 (2002).
[23] R. L. Jaffe, Phys. Lett. B 529, 105 (2002).
[24] N. Eicker et al. (TXL Collaboration), Phys. Rev. D 59,

014509 (1999).
[25] S. Ohta and K. Orginos (RBCK Collaboration), Nucl.

Phys. B, Proc. Suppl. 140, 396 (2005).
[26] A. A. Khan et al., hep-lat/0510061.
[27] O. Bär, C. Bernard, G. Rupak, and N. Shoresh, Phys.

Rev. D 72, 054502 (2005).

0 2.0 4.0 6.0 8.0

mπ
2

VeG( 
2
)

0

2.0

4.0

6.0

8.0

1

2.1

4.1

gA
CLIM/CPHL

MASES/CPHL
KCBR

DCQKU/FSDCQ
tnemirepxE

FIG. 2 (color online). Comparison of all full QCD calculations
of gA, as described in the text. The solid line and error band
denote the infinite volume "PT fit of Fig. 1, and its continuation
to higher masses is indicated by the dotted line. Two of our data
points and one SESAM point have been displaced in mass by the
symbol width for clarity.

PRL 96, 052001 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
10 FEBRUARY 2006

052001-4

NUCLEON
AXIAL COUPLING

• consistent results among groups

• finite volume effects

• weak dependence on mπ

• LAT06: gA(mπ = 140MeV) = 1.23(8); cf exp. 1.2695(29)
• dynamical 2+1 at smaller mπ under way (RBC/UKQCD/QCDSF)
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ISOVECTOR F1 FORM FACTOR
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mπ = 775 MeV
mπ = 696 MeV
mπ = 605 MeV
mπ = 498 MeV
mπ = 359 MeV

(LHPC data ’06)

mπ still large, but approach experiment as mπ decreases

Difficulty: momenta quantized in units 2π/L for periodic bc
e.g. L = 24a with a = 0.1fm gives 2π/L ∼ 0.52GeV
(Bedaque, Sachrajda et al): using twisted pbc pi = (2πn + θi)/L
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Ratio of electric and magnetic isovector form factors

Alexandrou et al ’06 data

Present disagreement with JLab experimental data
Lattice artifacts??
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MOMENTS OF STRUCTURE FUNCTIONS

0 1 2 3 4 50.1

0.2

〈x〉u−d

QCDSF: quenched

overlap

LHPC: 2+1 dynam.

mπ/fπ.

large χPT logs: 〈x〉u−d = C
[
1− r2(A ln r2 + B) + . . .

]
r = mπ/(4πfπ); A = 6g2

A + 2 ∼ 11
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Ratios of Moments: Lattice/DIS
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Chiral logs not yet seen in dynamical simulations

But if fit to χPT get good agreement with experiment
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SUMMARY

? much algorithmic progress in the last 5 years

? serious dynamical quark simulations of QCD under way

? big effort still needed to simulate with mπ ∼ 140MeV

? chiral logs not yet clearly seen

? lattice + χPT gives reasonable agreement with experiment

? the (effort to) control the various systematic errors
is essential for the quality of a lattice experiment

18



Lattice EXPECTATIONS for the NEXT YEARS
(anonymous lattice astrologer ’07)

Dynamical quarks (2 + 1 flavors)

• 2008 : reasonable results for mπ ∼ 200MeV

• 2010 : reliable results for mπ ∼ 200MeV

• 2012 : reasonable results for mπ ∼ 140MeV

• 2014 : reliable results for mπ ∼ 140MeV
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