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Multi gluon production in dilute limit

For the BFKL approximation:
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Very schematically:
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What if we have multiple rescatterings? many letters: GLR-BK-JIMWLK and BKP
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x − Multiple scattering via eikonal

approximation

Wilson line S as scattering matrix of a

fast gluon

S(x) = P exp



i

Z

dx
−

T
a
A

a
t (x, x

−)

ff

.

Useful trick (similar to Schwinger-Keldish formalism):

introduce one target (S) for the amplitude and another target (S̄) for the conjugate:

dσ

dY1 dk2
1 . . . dYn dk2

n
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Z

DSDS̄ W
T
[S] δ(S−S̄) UYn−Y0O

kn
g . . . UY1−Y2O

k1
g UY −Y1Σ

P
[S, S̄]

U(Y1 − Y2) = Exp [− H3 (Y1 − Y2)]



The gluon production (and scattering) amplitude

Q
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The generators of the left/right color rotations

J
a
R(x) = − tr



S(x) T
a δ

δS†(x)

ff

, J
a
L(x) = − tr



T
a

S(x)
δ

δS†(x)

ff

The gluon emission operator

O
k
g [S, S̄] =

Z

d2z

2 π

d2z̄

2 π
e

i k (z − z̄)
Q

a
i (z, [S]) Q

a
i (z̄, [S̄])

Q[S] Q[S]

α α αααα

H3[S, S̄] ≡

Z

z

ˆ

Q
a
i (z, [S]) + Q

a
i (z, [S̄])

˜2



Single inclusive gluon production
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=
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DS DS̄ W
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dσ

dY1 dk2
=

αs

π
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z,z̄

e
i k(z − z̄)

Z

x,y

(z − x)i

(z − x)2

(z̄ − y)i

(z̄ − y)2
G

BFKL(x, y; Y − Y1) ×

× [〈Tz,y〉Y1
+ 〈Tx,z̄〉Y1

− 〈Tz,z̄〉Y1
− 〈Tx,y〉Y1

]

〈T 〉 denoting S-matrix of a gluonic dipole:

〈Tx,y〉Y1
≡

Z

DS W
T
Y1

[S] tr[S
†
x Sy]

can be deduced from solutions of the BK-JIMWLK eqn



The dipole limit

Introduce new degrees of freedom.

The dipole creation operator

sx,y =
1

N
tr[SF(x) S

†
F(y)] ; s̄x,y =

1

N
tr[S̄F(x) S̄

†
F (y)]

The quadrupole operator

qx,y,u,v =
1

N
tr[SF(x) S

†
F (y) SF(u) S

†
F(v)] ; q̄x,y,u,v =

1

N
tr[S̄F (x) S̄

†
F (y) S̄F(u) S̄

†
F(v)] .

No other higher multiplet operators if the projectile at rest is made only out of dipoles!

The quadrupoles of the mixed type

q
ss̄
x,y,v,u =

1

N
tr[SF(x) S

†
F(y) S̄F (u) S̄

†
F (v)] = qx,y,v,u + tx,y,v,u

Remember that we have to set S̄ = S at the end of our computation

→ perturbation theory in t



Re-express the Hamiltonian H3 in new degrees of freedom

H3 = Hs + Hq + Ht + Vt→tt

Hs is the dipole Hamiltonian which generates the Balitsky Kovchegov eq. for s.

∂y s(x, y) = K
BFKL

⊗ (s − s s)

Hq generates a linear evolution of q (similar to BKP) which is also coupled to s.

∂y q(x, y, u, v) = K1 ⊗ q + K2 ⊗ q s + K3 ⊗ s s

Ht generates a linear evolution of t which is coupled to s

∂y t(x, y, u, v) = G
−1[s] ⊗ t + λ ⊗ t t

G is a propagator in the external “Pomeron” field s. G → GBFKL for two-point

functions.
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Re-express the insertion operator Qg

Og(k) = A−1(k) + A0(k) + A1(k)

t  −> ss

s s q

k k

q

k k

qq

k k

t  −> ts

s

k

q

t  −> tq

k

t  −> tt

k

s

k

t  −> t(sq)

{sq} {sq}

λ t  −> {sq}
g(k)

λ λ λ
g(k) g(k)

t  −> sq

g(k) g(k)
t  −> tλ λ λ λ

g(k) g(k)

λ

λ t  −> qq

g(k)g(k)

t  −> q

tt ttt{sq}t

g(k)



Two gluon inclusive production
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Formally violates AGK cutting rules.

Formulas are computer ready. We need somebody brave to do the job.
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