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Motivation
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 ⇒ NLO calculation (MC@NLO) has ∼40-60% uncertainty 
     experimental errors smaller than theoretical ones 

[CDF-note 8418]

NLO vs data for b-jet inclusive cross section
b-jet ≡ any jet 
containing at 
least a b-quark 
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NLO heavy quark production mechanisms
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O(α2
s)

At LO:
‣ flavour creation (FC): ll→ bb̄
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NLO heavy quark production mechanisms

3

O(α2
s)

At LO:
‣ flavour creation (FC): ll→ bb̄

‣ gluon splitting (GSP): ll→ l(l→ bb̄)

ll→ (b→ bl)b̄

gluonarc

At NLO:

‣ flavour creation (FC):



‣ flavour excitation (FEX): l(l→ bb̄)→ lbb̄ O(α3
s)}
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NLO heavy quark production mechanisms

3

O(α2
s)

At LO:
‣ flavour creation (FC): ll→ bb̄

‣ gluon splitting (GSP): ll→ l(l→ bb̄)

ll→ (b→ bl)b̄

gluonarc

At NLO:

‣ flavour creation (FC):

 How important are those contributions?

⇒ two new channels open up at NLO 
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NLO decomposition of b-jet spectrum
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Why are higher order channels so large?

⇒ LO channel (FCR) nearly always smaller than NLO channels
     (GSP and FEX)

 ⇒ large K-factors and uncertainties both with MCFM and MC@NLO 



O
(
α2

s · (αs ln(Pt/mb))
n)

O ((αs ln(Pt/mb))n)

O (αs ln(Pt/mb))

Giulia Zanderighi − Accurate predictions for b-jets at the Tevatron and LHC /16

Logarithmic enhancements

5

FEX:
‣hard process 

‣collinear splitting 

‣add n collinear gluons

⇒ 

O(α2
s)
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Logarithmic enhancements

5

FEX:
‣hard process 

‣collinear splitting 

‣add n collinear gluons

⇒ 

O(α2
s)

O
(
α2

s · αn
s ln2n−1(Pt/mb)

)

O (αs ln(Pt/mb))

O
(
(αs ln2(Pt/mb))n

)

GSP:
‣hard process 

‣collinear splitting 

‣n soft/collinear gluons

⇒ 

O(α2
s)
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Logarithmic enhancements
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‣origin of logarithms: collinear splittings of gluons into bb-pairs

‣could eliminate these logarithms by defining a b-jet as a jet containing 
a net-number of b-quarks, i.e. remove gluon jets from b-jet spectra

‣this would only partially cure the problem. Infrared logarithms due 
soft to large angle bb-pairs would survive.  

⇒ switch instead to an infrared safe flavour-kt algorithm



Standard kt-algorithm
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kt-algorithm: recombine close particles according to distance measure 

dij =
2min{Ei, Ej}

Q2
(1− cos θ) ∼ k2

t

Q2



Standard kt-algorithm

∼ αsCA

π

dθ2

θ2

dEj

Ej

Ej ! Ei, θ ! 1
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kt-algorithm: recombine close particles according to distance measure 

This distance reflects the structure of the divergences of QCD matrix 
elements for gluon emission: soft and collinear divergence

Overview
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t

Q2
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kt-algorithm: recombine close particles according to distance measure 

This distance reflects the structure of the divergences of QCD matrix 
elements for gluon emission: soft and collinear divergence

Overview

i

j

However, for quark production: only collinear divergence
Overview

i

j
Ej ! Ei, θ ! 1
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t

Q2



Standard kt-algorithm

∼ αsCA

π

dθ2

θ2

dEj

min{Ei, Ej}
Ej ! Ei, θ ! 1

dij =
2min{Ei, Ej}

Q2
(1− cos θ) ∼ k2

t
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kt-algorithm: recombine close particles according to distance measure 

This distance reflects the structure of the divergences of QCD matrix 
elements for gluon emission: soft and collinear divergence

Overview

i

j

However, for quark production: only collinear divergence
Overview

i

j
∼ αsTR

π

dθ2

θ2

dEj

max{Ei, Ej}
Ej ! Ei, θ ! 1



Infrared safe flavour-algorithm
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To construct IR-safe flavour modify the distance measure for quarks 
so as to respect the divergences of QCD matrix elements 

         [Banfi, Salam & GZ ’06]

d(F )
ij =

2(1− cos θ)
Q2

×
{

min(E2
i , E2

j ) softer of i, j is flavourless (gluon)
max(E2

i , E2
j ) softer of i, j is flavoured (quark)
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Illustration of IR-safety at fixed order
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⇒ non-vanishing misidentification in 2-jet limit sign of IR-unsafety

Generate                   events with e.g. Event2 and look at the rate of 
misidentifications (events clustered as     ) 

g

e+e−

g

e+e− → qq̄
gg

[For a proof of IRsafety see 
App. A of hep-ph/0601139]
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Comparison of algorithms for b-jets
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Standard algorithms 
(IR-unsafe):

Flavour algorithms 
(IR-safe):

‣must keep finite      in PT 
calculation, FEX and GSP at LO

‣ full NLO massless QCD 
calculation (much simpler)

mb
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Comparison of algorithms for b-jets
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Standard algorithms 
(IR-unsafe):

Flavour algorithms 
(IR-safe):

‣ cross-sections have large 
logarithms                            
due to gluon splitting (GSP) 

‣ no large logs from gluon 
splitting, because gluon jets do 
not contribute to b-jet spectra

α2
s ·αn

s ln(Pt/mb)2n−1

‣must keep finite      in PT 
calculation, FEX and GSP at LO

‣ full NLO massless QCD 
calculation (much simpler)

mb
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Comparison of algorithms for b-jets

10

Standard algorithms 
(IR-unsafe):

Flavour algorithms 
(IR-safe):

‣ cross-sections have large 
logarithms                            
due to gluon splitting (GSP) 

‣ no large logs from gluon 
splitting, because gluon jets do 
not contribute to b-jet spectra

α2
s ·αn

s ln(Pt/mb)2n−1

‣must keep finite      in PT 
calculation, FEX and GSP at LO

‣ full NLO massless QCD 
calculation (much simpler)

mb

‣ logarithms from initial state 
gluon branchings to     can be 
resummed in   -PDFs

‣ cross-sections have large logs
                               due to initial 
state collinear branchings (FEX)
α2

s ·(αs ln(Pt/mb))n bb̄
b
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b-jet spectrum with flavour algorithm
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⇒ considerable 
reduction of theory 
uncertainties

⇒ NLO: moderate 
effect ∼ 30%

⇒ largest  
uncertainties from 
PDFs at high Pt

NB: spectra obtained by extending NLOjet++ so as to have access to the 
flavour of incoming and outgoing partons
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charm-jet spectrum with flavour algorithm

12

⇒ high sensitivity 
to possible intrinsic 
charm component 
of the proton

NB: spectra obtained by extending NLOjet++ so as to have access to the 
flavour of incoming and outgoing partons
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⇒ similar results 
as for b-jets
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Sensitivity to scale variations
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⇒ heavy- and all-jets have the same sensitivity to scale variations

Look at the ratio                                                                          
for different bins in Pt

r(x, Pt) ≡ σ(µR = µF = xPt)/σ(µR = µF = Pt)
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Figure 6: Ratio of b-jet to inclusive jet spectrum at the Tevatron (right) and at the LHC
(left).

uncertainty is proportional to the ll → ll cross-section times the branching ration g → bb
times one minus the b-tagging efficiency and is clearly reduced by a improuving the b-
tagging efficiency.

Experimentally b-tagging algorithms exploit the fact that long-lived b-hadrons gives
rize to displaced vertices which can be tagged either directely by reconstructing the vertex
from the decay produces or by studying the impact parameter of the decay products. The
rejection of light jets relies then on the fact that the decay products of short-lived objects
appear to come directely from the primary vertex. The discrimination is or course not
perfect and a higher b-tagging efficiency necessarily implies a lower purity of the extracted
b-jet sample. In many studies purity is an issue because of the large background due to
charm production which also give rise to secondary vertexes.

It seems to us that a way to reduce the “background” due to gluon splitting where
one b-quark is not tagged would be to look for b-quarks using standard b-tagging efficiency
and once one b-quark is found, re-looking for a second b-quark using the highest possible
tagging efficiency. This is insofar very promising since the production of both b and c quark
pairs is rare. We look forward to further investigations in this direction.
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Ratios heavy-jets/all jets
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⇒ theory uncertainty 
reduced in the ratio 

⇒ different behaviour 
at high PT due to 
different dominant 
sub-process

⇒ many common 
exp. uncertainties 
cancel in the ratio 

b-jets
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Ratios heavy-jets/all jets

14

⇒ theory uncertainty 
reduced in the ratio 

⇒ different behaviour 
at high PT due to 
different dominant 
sub-process

⇒ many common 
exp. uncertainties 
cancel in the ratio 

c-jets



Other applications of flavour-algorithms
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Flavour algorithms allow one to give a meaning to decompositions 
into subprocesses beyond LO. Important to



Other applications of flavour-algorithms

match multi-leg NLO calculations with Monte Carlo showers
         [e.g. CKKW, MC@NLO, Nagy-Soper,Nason]

Exceptional momentum configurations (cont.)

Similarly for det(Sij) ! 1, choose yi to be eigenvector of Sij with

eigenvalue λi ! 1, then one obtains “expanded relations” , e.g.

I(D; {νk}) = −
1

D − 1 − σ

(
N

∑

j=1

yj
∑N

i=1 yi

I(D − 2; {νk − δkj})

︸ ︷︷ ︸

“big terms”: O(1)

“simpler” integrals

+
N

∑

j=1

∑N
i=1 Sjiyi

∑N
i=1 yi

νjI(D; {νk + δkj})

︸ ︷︷ ︸

“small terms”: O(λi)

“more difficult” integrals

)

! for D = 1 + σ − 2ε a different relation is needed, details in hep-ph/0508308

Reach any predefined accuracy by applying expanded relations itera-
tively, at the price of evaluating more integrals with higher D and σ

Note:

! general method, no analytical understanding of “singularities” needed

! method should work unaltered in the presence of internal masses
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Flavour algorithms allow one to give a meaning to decompositions 
into subprocesses beyond LO. Important to
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match multi-leg NLO calculations with Monte Carlo showers
         [e.g. CKKW, MC@NLO, Nagy-Soper,Nason]
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)
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match multi-leg NLO with analytical resummations
         [e.g. CAESAR+NLOJET]

Exceptional momentum configurations (cont.)

Similarly for det(Sij) ! 1, choose yi to be eigenvector of Sij with

eigenvalue λi ! 1, then one obtains “expanded relations” , e.g.

I(D; {νk}) = −
1

D − 1 − σ

(
N

∑

j=1
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i=1 yi
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“simpler” integrals

+
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νjI(D; {νk + δkj})

︸ ︷︷ ︸

“small terms”: O(λi)

“more difficult” integrals

)

! for D = 1 + σ − 2ε a different relation is needed, details in hep-ph/0508308

Reach any predefined accuracy by applying expanded relations itera-
tively, at the price of evaluating more integrals with higher D and σ

Note:

! general method, no analytical understanding of “singularities” needed

! method should work unaltered in the presence of internal masses

Flavour algorithms allow one to give a meaning to decompositions 
into subprocesses beyond LO. Important to



Other applications of flavour-algorithms

match multi-leg NLO calculations with Monte Carlo showers
         [e.g. CKKW, MC@NLO, Nagy-Soper,Nason]

Exceptional momentum configurations (cont.)

Similarly for det(Sij) ! 1, choose yi to be eigenvector of Sij with

eigenvalue λi ! 1, then one obtains “expanded relations” , e.g.

I(D; {νk}) = −
1

D − 1 − σ

(
N

∑

j=1

yj
∑N

i=1 yi

I(D − 2; {νk − δkj})

︸ ︷︷ ︸

“big terms”: O(1)

“simpler” integrals

+
N

∑

j=1

∑N
i=1 Sjiyi

∑N
i=1 yi

νjI(D; {νk + δkj})

︸ ︷︷ ︸

“small terms”: O(λi)

“more difficult” integrals

)

! for D = 1 + σ − 2ε a different relation is needed, details in hep-ph/0508308

Reach any predefined accuracy by applying expanded relations itera-
tively, at the price of evaluating more integrals with higher D and σ

Note:

! general method, no analytical understanding of “singularities” needed

! method should work unaltered in the presence of internal masses
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match multi-leg NLO with analytical resummations
         [e.g. CAESAR+NLOJET]

Exceptional momentum configurations (cont.)

Similarly for det(Sij) ! 1, choose yi to be eigenvector of Sij with

eigenvalue λi ! 1, then one obtains “expanded relations” , e.g.

I(D; {νk}) = −
1

D − 1 − σ

(
N

∑

j=1

yj
∑N

i=1 yi

I(D − 2; {νk − δkj})

︸ ︷︷ ︸

“big terms”: O(1)

“simpler” integrals

+
N

∑

j=1

∑N
i=1 Sjiyi

∑N
i=1 yi

νjI(D; {νk + δkj})

︸ ︷︷ ︸

“small terms”: O(λi)

“more difficult” integrals

)

! for D = 1 + σ − 2ε a different relation is needed, details in hep-ph/0508308

Reach any predefined accuracy by applying expanded relations itera-
tively, at the price of evaluating more integrals with higher D and σ

Note:

! general method, no analytical understanding of “singularities” needed

! method should work unaltered in the presence of internal masses
count the relative number of quark vs gluon jets

         [e.g. multiplicity studies, Monte Carlo tuning]

Exceptional momentum configurations (cont.)

Similarly for det(Sij) ! 1, choose yi to be eigenvector of Sij with

eigenvalue λi ! 1, then one obtains “expanded relations” , e.g.

I(D; {νk}) = −
1

D − 1 − σ

(
N

∑

j=1

yj
∑N

i=1 yi

I(D − 2; {νk − δkj})

︸ ︷︷ ︸

“big terms”: O(1)

“simpler” integrals

+
N

∑

j=1

∑N
i=1 Sjiyi

∑N
i=1 yi

νjI(D; {νk + δkj})

︸ ︷︷ ︸

“small terms”: O(λi)

“more difficult” integrals

)

! for D = 1 + σ − 2ε a different relation is needed, details in hep-ph/0508308

Reach any predefined accuracy by applying expanded relations itera-
tively, at the price of evaluating more integrals with higher D and σ

Note:

! general method, no analytical understanding of “singularities” needed

! method should work unaltered in the presence of internal masses

Flavour algorithms allow one to give a meaning to decompositions 
into subprocesses beyond LO. Important to



Other applications of flavour-algorithms

match multi-leg NLO calculations with Monte Carlo showers
         [e.g. CKKW, MC@NLO, Nagy-Soper,Nason]

Exceptional momentum configurations (cont.)

Similarly for det(Sij) ! 1, choose yi to be eigenvector of Sij with

eigenvalue λi ! 1, then one obtains “expanded relations” , e.g.

I(D; {νk}) = −
1

D − 1 − σ

(
N

∑

j=1

yj
∑N

i=1 yi

I(D − 2; {νk − δkj})

︸ ︷︷ ︸

“big terms”: O(1)

“simpler” integrals

+
N

∑

j=1

∑N
i=1 Sjiyi

∑N
i=1 yi

νjI(D; {νk + δkj})

︸ ︷︷ ︸

“small terms”: O(λi)

“more difficult” integrals

)

! for D = 1 + σ − 2ε a different relation is needed, details in hep-ph/0508308

Reach any predefined accuracy by applying expanded relations itera-
tively, at the price of evaluating more integrals with higher D and σ

Note:

! general method, no analytical understanding of “singularities” needed

! method should work unaltered in the presence of internal masses
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match multi-leg NLO with analytical resummations
         [e.g. CAESAR+NLOJET]

Exceptional momentum configurations (cont.)

Similarly for det(Sij) ! 1, choose yi to be eigenvector of Sij with

eigenvalue λi ! 1, then one obtains “expanded relations” , e.g.

I(D; {νk}) = −
1

D − 1 − σ

(
N

∑

j=1

yj
∑N

i=1 yi

I(D − 2; {νk − δkj})

︸ ︷︷ ︸

“big terms”: O(1)

“simpler” integrals

+
N

∑

j=1

∑N
i=1 Sjiyi

∑N
i=1 yi

νjI(D; {νk + δkj})

︸ ︷︷ ︸

“small terms”: O(λi)

“more difficult” integrals

)

! for D = 1 + σ − 2ε a different relation is needed, details in hep-ph/0508308

Reach any predefined accuracy by applying expanded relations itera-
tively, at the price of evaluating more integrals with higher D and σ

Note:

! general method, no analytical understanding of “singularities” needed

! method should work unaltered in the presence of internal masses
count the relative number of quark vs gluon jets

         [e.g. multiplicity studies, Monte Carlo tuning]

Exceptional momentum configurations (cont.)

Similarly for det(Sij) ! 1, choose yi to be eigenvector of Sij with

eigenvalue λi ! 1, then one obtains “expanded relations” , e.g.

I(D; {νk}) = −
1

D − 1 − σ

(
N

∑

j=1

yj
∑N

i=1 yi

I(D − 2; {νk − δkj})

︸ ︷︷ ︸

“big terms”: O(1)

“simpler” integrals

+
N

∑

j=1

∑N
i=1 Sjiyi

∑N
i=1 yi

νjI(D; {νk + δkj})

︸ ︷︷ ︸

“small terms”: O(λi)

“more difficult” integrals

)

! for D = 1 + σ − 2ε a different relation is needed, details in hep-ph/0508308

Reach any predefined accuracy by applying expanded relations itera-
tively, at the price of evaluating more integrals with higher D and σ

Note:

! general method, no analytical understanding of “singularities” needed

! method should work unaltered in the presence of internal masses

use massless calculations to reduce uncertainties in b-quantities
         [e.g. forward-backward asymmetry AbFB, see Weinzierl ‘06]

Exceptional momentum configurations (cont.)

Similarly for det(Sij) ! 1, choose yi to be eigenvector of Sij with

eigenvalue λi ! 1, then one obtains “expanded relations” , e.g.

I(D; {νk}) = −
1

D − 1 − σ

(
N

∑

j=1

yj
∑N

i=1 yi

I(D − 2; {νk − δkj})

︸ ︷︷ ︸

“big terms”: O(1)

“simpler” integrals

+
N

∑

j=1

∑N
i=1 Sjiyi

∑N
i=1 yi

νjI(D; {νk + δkj})

︸ ︷︷ ︸

“small terms”: O(λi)

“more difficult” integrals

)

! for D = 1 + σ − 2ε a different relation is needed, details in hep-ph/0508308

Reach any predefined accuracy by applying expanded relations itera-
tively, at the price of evaluating more integrals with higher D and σ

Note:

! general method, no analytical understanding of “singularities” needed

! method should work unaltered in the presence of internal masses

Flavour algorithms allow one to give a meaning to decompositions 
into subprocesses beyond LO. Important to



Conclusions

Giulia Zanderighi − Accurate predictions for b-jets at the Tevatron and LHC /1616

I have improved on the technology to tackle a variety of relevant problems.

we defined the flavour of jets in an IR-safe way

we exploited IR-safety of the new definition of b-jets to improve 
on the current theoretical prediction by 

removing or resumming all large logarithms

doing a true NLO massless calculation (no new channels at NLO) 

with IR-safe definition 

give a true meaning to the decomposition into FC, FEX, GSP

reduced the theoretical uncertainties from 40-50% to 10-20% 

experimentally? must know efficiency for single & double tagging 

We look forward to experimental investigations in this direction


