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The BK Equation in full momentum
space

• The Non-Linear BK Equation:

∂Y N (b, r; Y ) = ᾱ

∫

d2z
(x−y)2

(x−z)2(z−y)2
[N (x, z)+N (z,y)−N (x,y)−N (x, z)N (z,y)]

• BK Equation ⇒ momentum-space
C.Marquet, G.Soyez, 2005
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• Traveling Wave Dictionnary (at zero transfer)
S.Munier, R.P, 2003

T ime = t ∼ Y

Space = x ∼ Log k2

Traveling Wave = u(t, x) ∼ u(t − vcx) ∝ Nq2=0
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Traveling waves
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• General Method

i) solve the linear equation: u(t, x, q2) ∼
∫

dγ eγ[x−v(γ,q2)t]

ii) find the critical (minimal) velocity min v(γ, q2) = v(γc, q
2)

iii) sharp enough initial conditions γ0 > γc(q
2)

• Mathematical properties

Universality: Independence from initial data,

from nonlinear damping, from “noncritical” features.

Universality classes Different equations → same asymptotics.

Validity: “Interior” of the wave and late times.



Traveling Waves at non-zero transfer
C.M, G.S, R.P, 2005

• Near-Forward region q << kTarget << kProjectile

Q2
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k2
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• Intermediate transfer region kTarget << q << kProjectile

Q2
s(Y ) ∼
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q2 exp

[

ᾱ
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ᾱχ′′(γc)

1√
Y

+ O(1/Y )

]

• High transfer region kTarget << kProjectile << q

no traveling wave solution ⇒ no scaling

• Prediction

Geometric Scaling at “semi − hard′′ q2



Numerical Simulations
C.M, G.S, 2005
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Ñ
(p

;q
)

1e+081e+061000010010.01

1000

100

10

1

0.1

0.01

0.001

1e-04

1e-05

Rp

Ñ
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QCD Saturation Model for Exclusive VM
production

C.M, G.S,R.P, 2007

z

1−z
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Q2 ρ, φ, J/ψ,γ

t = −q
2
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• Cross-Section and overlap function Φγ∗V
T,L

dσ
γ∗p→V p
T,L

dq2 = 1

16π
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dz Φγ∗V

T,L (z,r;Q2,M2

V ) e−izq·r T̃ (r,q;Y)
∣

∣

∣
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• Saturation Scale Evolution

Q2
s(Y ) = k2

Target (1 + c q2) exp [λY]

• Dipole Amplitude

T̃ (r,q; Y ) = 2π R2
p e−Bq2NIIM (r2 Q2

s(Y,q))

NIIM : Iancu Itakura Munier, Forward saturation model



Exclusive VM production (1)

ρ (H1) and φ (ZEUS) elastic cross-sections
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(b) γ∗p→ρp at fixed Q2
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Exclusive VM production (2)

ρ (H1) and φ (ZEUS) differential cross-sections
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(e) ρ meson at W = 75
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Exclusive VM production (3)

Comparisons
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Left: ρ-meson production at Q2=3.1 and 21.2 GeV. Right: φ meson at Q2=2.4 and 19.7 GeV.

Continuous: t-dependent saturation; Fat-dashed t-independent saturation, fixed slope;

Thin-dashed: Q2-dependent slope.

t-dependent Qs t-independent Qs

VM Quantity Npts χ2 χ2/Npts LCG B=cst. B = B(Q2 + M2

V )

ρ σel 47 54.297 1.156 1.688 1.732 1.968
dσ
dt

50 69.097 1.382 1.620 1.489 1.405

φ σel 34 44.932 1.322 0.830 2.247 1.036
dσ
dt

70 76.307 1.076 0.945 0.931 0.748

Total 201 243.632 1.212 1.267 1.480 1.245



Exclusive VM production (4)

Predictions for the DVCS measurements
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Conclusions

• Saturation at non-zero transfer:

The BK equation of QCD predicts saturation at

“semi-hard” transfer
Solves the “impact parameter puzzle”

• Characterisation of the universality class:

The same as forward BK with k2
Target→q2

(harder) initial saturation scale

• Phenomenology of Vector mesons

q2-QCD Saturation model is OK

But not required

• Prospects

Phenomenology: Addition of charm, LHC studies?

Theory: Saturation beyond BK? Including NP QCD?



Note added in proof(s): Including Charm
G.Soyez, to appear

Geometric Scaling Window
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