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TheQMRKapproach

Factorizationscaleµ≈MT=
√

M2+|pT|2

InthecollinearPartonModel(PM)S>µ
2
�Λ

2
QCDandonehasDokshitzer-Gribov-

Lipatov-Altarelli-Parisi(DGLAP)evolutionequationwithlargeln(µ/ΛQCD)forcollinear

gluonsqT=0.

Inthehigh-energyReggelimit(x=µ/
√
S�)1thesummationofthelargelogarithms

ln(
√
S/µ)intheevolutionequationcanbemoreimportant,wehaveBalitsky-Fadin-

Kuraev-Lipatov(BFKL)evolutionequationandqT6=0forreggeizedt-channel

gluons.

Asthetheoreticalframeworkofhigh-energyfactorizationschemeweconsiderthe

quasi-multi-Reggekinematics(QMRK)approach[Lipatov,Kuraev,Fadin].

QMRKisbasedoneffectivequantumfieldtheoryimplementedwiththenon-abelian

gauge-invariantaction,aswassuggestedafewyearsago[Lipatov,1995].

IntheQMRKapproach,q
2

=q
2
T=−|qT|

2
6=0.

TheunintegratedgluondistributionfunctionΦ(x,|qT|
2
,µ

2
)isused.
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Inthestageofthenumericalcalculations,wehavetesteddifferentunintegrateddistribution

functions(unDF)forreggeizedgluonsΦ(x,|qT|
2
,µ

2
).

V.A.SaleevandD.V.Vasin:

1)Phys.Rev.D68,114013(2003);

2)Phys.Atom.Nucl.68,94(2005)[Yad.Fiz.68,95(2005)];

3)InProc.ofFirstInt.Workshop”HSQCD2004”,73(2004);

4)Phys.Lett.B605,311(2005);

B.A.Kniehl,V.A.SaleevandD.V.Vasin:

5)Phys.Rev.D73,074022(2006).

6)Phys.Rev.D74,014024(2006).

WehaveshownthatonlyKimber(Watt)-Martin-RyskinunDFdescribesalldataforheavy

quarkandquarkoniumproductionwell.
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In2005[Antonov,Kuraev,Lipatov,Cherednikov]theFeynmanrulesfortheeffective

theorybasedonthenon-abeliangauge-invariantaction[Lipatov,1995]werederivedfor

theinducedandthesomeimportanteffectivevertices.
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Bydefinition:

(n
+
)
ν

=P
ν
1/E1,P1=E1(1,0,0,1)

(n
−

)
ν

=P
ν
2/E2,P2=E2(1,0,0,−1)

(n
+
n
−

)=2,(n
±
n
±

)=0,

k
µ
:k

±
=(kn

±
).

q1=q1T+
q
−
1

2n
+

=q1T+x1P1,

q2=q2T+
q
+
2

2n
−

=q2T+x2P2,

q
+
1=q

−
2=0.
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TheinducedverticesofreggeizedgluontransitiontoYang-MillsgluonR
±

→g

(PR-vertices)hastheform:

Γ
±ν
ab(q)=iδ

ab
q
2
(n

±
)
ν
,(1)

��������

�
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TheinducedinteractionverticesofreggeizedgluonwithtwoYang-Millsgluons

(PPR-vertices)reads:

Γ
µ±ν
acb(k1,q,k2)=−gsf

abcq
2

k
±
1

(n
±

)
µ
(n

±
)
ν
.(2)

��
	

���
�
�
�

����
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Thereggeizedgluonpropagatorisspecifiedasfollows:

D
µν
ab(q)=−iδ

ab1

2q2
[

(n
+
)
µ
(n

−
)
ν

+(n
+
)
ν
(n

−
)
µ
]

.(3)

�������

�
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Theeffective3-vertices,whichdescribestheproductionofasinglegluonwithmomentum

k=q1+q2andcolorindexbinthe”tworeggeonscollision”R
+
R

−
→g(PRR-vertices):

Γ
+µ−
cba(q1,k,q2)=

=V
ηνµ
cab(−q1,−q2,k)(n

+
)
η
(n

−
)
ν

+Γ
η−µ
cab(q1,q2,k)(n

+
)
η

+Γ
ν+µ
acb(q2,q1,k)(n

−
)
ν

=

=2gsf
cba

[

(n
−

)
µ
(

q
+
2+

q
2
2

q
−
1

)

−(n
+
)
µ
(

q
−
1+

q
2
1

q
+
2

)

+(q1−q2)
µ

]

.

b,µ

c,+a,−

k

q1q2

=

b,µ

c,+,ηa,−,ν

k

q1q2

+

b,µ

c,+,ηa,−

k

q1q2

+

b,µ

c,+a,−,ν

k

q1q2

EffectivevertexR
+
R

−
→g.
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Thegaugeinvarianceoftheeffectivetheoryleadstothefollowingconditionforamplitudes

intheQMRK:

lim
|q1T|,|q2T|→0|A(R+R→H+X)|2=0.(4)

IntheQMRKapproach,thehadroniccrosssectionofquarkonium(H)productioninthe

process

p+p→H+X(5)

andthepartoniccrosssectionforthereggeized-gluonfusionsubprocess

R+R→H+X(6)

areconnectedas

dσ(p+p→H+X)=

∫

dx1

x1

∫

d
2
q1T

π
Φ(x1,|q1T|

2
,µ

2
)×

∫

dx2

x2

∫

d
2
q2T

π
Φ(x2,|q2T|

2
,µ

2
)×dσ̂(R+R→H+X),(7)

x1=
q
−
1

2E1
,x2=

q
+
2

2E2
.
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xG(x,µ
2
)=

∫

d
2
qT

π
Φ(x,|qT|

2
,µ

2
),(8)

Thepartoniccrosssectionforthetworeggeizedgluoncollisioncanbepresentedasfollows:

dσ̂(R+R→H+X)=N
2x1x2S×

|A(R+R→H+X)dΦ,(9)

N=
(x1x2S)

2

16|q1T|2|q2T|2.(10)

Sothatwhenq1T=q2T=0weobtaintheconventionalfactorizationformulaofthe

collinearpartonmodel:

dσ(p+p→H+X)=
∫

dx1G(x1,µ
2
)

∫

dx2G(x2,µ
2
)×

dσ̂(g+g→H+X)(11)
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TheQMRKapproachgivesthefollowing:

1.ThenewsetofFeynman’srulesforthegaugeinvariantamplitudeswithreggeized

gluons(andreggeizedquarks).

2.Theopportunitytoperform(inprincipal)calculationsintheNLOapproximationinαs

withreggeizedamplitudes.
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NRQCDformalism

ThefactorizationhypothesisofnonrelativisticQCD(NRQCD)assumestheseparationof

theeffectsoflongandshortdistancesinheavy-quarkoniumproduction.

NRQCDisorganizedasaperturbativeexpansionintwosmallparameters,the

strong-couplingconstantαsandtherelativevelocityvoftheheavyquarks.

IntheframeworkoftheNRQCDfactorizationapproach,thecrosssectionofheavy-

quarkoniumproductioninapartonicsubprocessa+b→H+Xmaybepresentedasa

sumoftermsinwhichtheeffectsoflongandshortdistancesarefactorizedas

dσ̂(a+b→H+X)=
∑

n

dσ̂(a+b→QQ̄[n]+X)〈O
H

[n]〉,(12)

Thecrosssectiondσ̂(a+b→QQ̄[n]+X)canbecalculatedinperturbativeQCDasan

expansioninαsusingthenon-relativisticapproximationfortherelativemotionofthe

heavyquarksintheQQ̄pair.

Thenon-perturbativetransitionoftheQQ̄pairintothephysicalquarkoniumstateHis

describedbytheNMEs〈O
H

[n]〉,whichcanbeextractedfromexperimentaldata.
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Toleadingorderinv,weneedtoincludetheQQ̄Fockstatesn=
3
S

(1)
1,

3
S

(8)
1,

1
S

(8)
0,

3
P

(8)
J

ifH=Υ(nS),ψ(nS),andn=
3
P

(1)
J,

3
S

(8)
1ifH=χbJ,cJ(nP),whereJ=0,1or2.Their

NMEssatisfythemultiplicityrelations

〈O
Υ(nS)

[
3
P

(8)
J]〉=(2J+1)〈O

Υ(nS)
[
3
P

(8)
0]〉,

〈O
χbJ(nP)

[
3
P

(1)
J]〉=(2J+1)〈O

χb0(nP)
[
3
P

(1)
0]〉,

〈O
χbJ(nP)

[
3
S

(8)
1]〉=(2J+1)〈O

χb0(nP)
[
3
S

(8)
1]〉,

whichfollowtoLOinvfromheavy-quarkspinsymmetry.

〈O
Υ(nS)

[
3
S

(1)
1]〉=2Nc(2J+1)|Ψn(0)|

2
,(13)

whereNc=3andJ=1.

〈O
χbJ(nP)

[
3
P

(1)
J]〉=2Nc(2J+1)|Ψ

′
(0)|

2
.(14)
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dσ̂(a+b→QQ̄[
2S+1

L
(1,8)
J]→H)=

dσ̂(a+b→QQ̄[
2S+1

L
(1,8)
J])〈O

H
[
2S+1

L
(1,8)
J]〉

NcolNpol

whereNcol=2Ncforthecolor-singletstate,Ncol=N
2
c−1forthecolor-octetstate,and

Npol=2J+1.

Theproductionamplitude

A(a+b→QQ̄[
2S+1

L
(1,8)
J])

canbeobtainedfromtheoneforanunspecifiedQQ̄state,A(a+b→QQ̄),bythe

applicationofappropriateprojectors.
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Theprojectorsonthespin−0andspin−1statesread:

Π0=
1

√
8m3

(

p̂

2−q̂−m

)

γ5

(

p̂

2
+q̂+m

)

,

Π
α
1=

1
√

8m3

(

p̂

2−q̂−m

)

γ
α

(

p̂

2
+q̂+m

)

Theprojectionoperatorsonthecolor-singletandcolor-octetstatesread:

C1=
δij
√N

c

andC8=
√

2T
c
ij.(15)
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Toobtaintheprojectiononthestatewithorbital-angular-momentumquantumnumber

L,weneedtakeLtimesthederivativewithrespecttoqandthenputq=0.

A(a+b→QQ̄[
1
S

(1,8)
0])=Tr

[

C1,8Π0A(a+b→QQ̄)
]

|q=0,

A(a+b→QQ̄[
3
S

(1,8)
1])=Tr

[

C1,8Π
α
1A(a+b→QQ̄)εα(p)

]

|q=0,

A(a+b→QQ̄[
3
P

(1,8)
J])=

d

dqβ
Tr

[

C1,8Π
α
1A(a+b→QQ̄)εαβ(p)

]

|q=0
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Heavyquarkoniumproductionbyreggeizedgluons

Inthissection,weobtainthesquaredamplitudesforinclusivequarkoniumproductionvia

thefusionoftworeggeizedgluonsintheframeworkoftheNRQCD.WeworkatLOinαs

andvandconsiderthefollowingpartonicsubprocesses:

R+R→H[
3
P

(1)
J,

3
S

(8)
1,

1
S

(8)
0,

3
P

(8)
J],

R+R→H[
3
S

(1)
1]+g,
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R,q2,−

R,q1,+

H,p

R,q2,−

R,q1,+

H,p

R,q2,−

R,q1,+

H,p

R,q2,−

R,q1,+

H,p

R,q2,−

R,q1,+

H,p

FeynmandiagramsforsubprocessesR
+
R

−
→H.
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Wehaveobtained

|A(R+R→H[3P(1)
0]|2=

8

3
π

2
α

2
s

〈O
H

[
3
P

(1)
0]〉

M5F
[
3
P0]

(t1,t2,ϕ),

|A(R+R→H[3P(1)
1]|2=

16

3
π

2
α

2
s

〈O
H

[
3
P

(1)
1]〉

M5F
[
3
P1]

(t1,t2,ϕ),

|A(R+R→H[3P(1)
2]|2=

32

45
π

2
α

2
s

〈O
H

[
3
P

(1)
2]〉

M5F
[
3
P2]

(t1,t2,ϕ),

|A(R+R→H[3S(8)
1]|2=

1

2
π

2
α

2
s

〈O
H

[
3
S

(8)
1]〉

M3F
[
3
S1]

(t1,t2,ϕ),

|A(R+R→H[1S(8)
0]|2=

5

12
π

2
α

2
s

〈O
H

[
1
S

(8)
0]〉

M3F
[
1
S0]

(t1,t2,ϕ),

|A(R+R→H[3P(8)
0]|2=5π

2
α

2
s

〈O
H

[
3
P

(8)
0]〉

M5F
[
3
P0]

(t1,t2,ϕ),

|A(R+R→H[3P(8)
1]|2=10π

2
α

2
s

〈O
H

[
3
P

(8)
1]〉

M5F
[
3
P1]

(t1,t2,ϕ),

|A(R+R→H[3P(8)
2]|2=

4

3
π

2
α

2
s

〈O
H

[
3
P

(8)
2]〉

M5F
[
3
P2]

(t1,t2,ϕ)
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F
[
3
S1]

(t1,t2,ϕ)=
16t1t2

(M2+t1+t2)2(M2+|pT|2)
[

(t1+t2)
2

+

+M
2
(

t1+t2−2
√

t1t2cosϕ
)]

,

F
[
1
S0]

(t1,t2,ϕ)=
32M

2
t1t2sin

2
ϕ

(M2+t1+t2)2,

F
[
3
P0]

(t1,t2,ϕ)=
32M

2
t1t2

9(M2+t1+t2)4
[

(3M
2

+t1+t2)cosϕ+

+2
√

t1t2
]

2
,

F
[
3
P1]

(t1,t2,ϕ)=
32M

2
t1t2

9(M2+t1+t2)4
[

(t1+t2)
2
sin

2
ϕ+

+M
2
(

t1+t2−2
√

t1t2cosϕ
)]

,

F
[
3
P2]

(t1,t2,ϕ)=
16M

2
t1t2

3(M2+t1+t2)4
[

3M
4

+3(t1+t2)M
2

+

+(t1+t2)
2
cos

2
ϕ+4t1t2+

+2
√

t1t2
[

3M
2

+2(t1+t2)
]

cosϕ
]

,
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HerepT=q1T+q2T,t1,2=|q1,2T|
2
,andϕ=ϕ1−ϕ2istheangleenclosedbetweenq1T

andq2T,sothat

|pT|
2

=t1+t2+2
√
t1t2cosϕ

|A(g+g→H[2S+1L(1,8)
J]|2=lim

t1,t2→0

∫

2π

0

dϕ1

2π

∫

2π

0

dϕ2

2πN×|A(R+R→H[2S+1L(1,8)
J]|2.
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Inthisway,werecoverthewell-knownresults:

|A(g+g→H[3P(1)
0]|2=

8

3
π

2
α

2
s

〈O
H

[
3
P

(8)
0]〉

M3,

|A(g+g→H[3P(1)
1]|2=0,

|A(g+g→H[3P(1)
2]|2=

32

45
π

2
α

2
s

〈O
H

[
3
P

(8)
2]〉

M3,

|A(g+g→H[3S(8)
1]|2=0,

|A(g+g→H[1S(8)
0]|2=

5

12
π

2
α

2
s

〈O
H

[
1
S

(8)
0]〉

M
,

|A(g+g→H[3P(8)
0]|2=5π

2
α

2
s

〈O
H

[
3
P

(8)
0]〉

M3,

|A(g+g→H[3P(8)
1]|2=0,

|A(g+g→H[3P(8)
2]|2=

4

3
π

2
α

2
s

〈O
H

[
3
P

(8)
2]〉

M3.
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R,q2,−

R,q1,+

H,p

g,k3

R,q2,−

R,q1,+

H,p

g,k3

g,k3 R,q2,−

R,q1,+

H,p

g,k3 R,q2,−

R,q1,+

H,p

g,k3 R,q2,−

R,q1,+

H,p

g,k3 R,q2,−

R,q1,+

H,p

FeynmandiagramsforsubprocessesR
+

+R
−
→H[

3
S

(1)
1]g.
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HeavyquarkoniumproductionattheTevatron

NowadaysTevatronCDFdataincorporatepT-spectraforpromptΥ(1S,2S,3S)atthe
√
S=1.8TeVandforpromptΥ(1S)inthedifferentintervalsofrapidityatthe

√
S=1.96

TeV;fordirectJ/ψ,forJ/ψfromψ
′
decays,forJ/ψfromχcJdecaysatthe

√
S=1.8

TeV;forpromptJ/ψatthe
√
S=1.96TeV.

σ
prompt

(Υ(nS))=σ
direct

(Υ(nS))+
∑

n′

σ(Υ(n
′
)→Υ(nS))+

∑

n′

σ(χbJ(n
′
P)→Υ(nS))(16)
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Therapidityandpseudorapidityofaheavyquarkoniumstatewithfour-momentum

pµ=(p0,pT,p3)aregivenby

y=
1

2
ln
p0+p3

p0−p3
,η=

1

2
ln|p|+p3

|p|−p3
,

respectively.

Weusealsofollowingvariables

ξ1=
p0+p3

2E1
,ξ2=

p0−p3

2E2
.
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Inthecaseofthe2→1subprocesses,weobtain

dσ(p+p→H+X)

d|pT|dy
=|pT|

8

∫

d
2
q1T

|q1T|2
∫

d
2
q2T

|q2T|2Φ(ξ1,|q1T|
2
,µ

2
)×

×Φ(ξ2,|q2T|
2
,µ

2
)δ(q1T+q1T−pT)|A(R+R→H)|2.

Forthe2→2subprocess,wehave

dσ(p+p→H+X)

d|pT|dy
=|pT|

128π3

∫

d
2
q1T

|q1T|2
∫

d
2
q2T

|q2T|2
∫

dx2

x2−ξ2
×

×Φ(x1,|q1T|
2
,µ

2
)Φ(x2,|q2T|

2
,µ

2
)|A(R+R→H+g)|2,

where

x1=
1

(x2−ξ2)S

(

(q1T+q2T−pT)
2
−M

2
−|pT|

2
+x2ξ1S

)

.
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InpreviousfitofCDFdatawereusedfortheregionoflarge|pT|>8(4)GeVonly,and

thelinearcombination

M
H
r=〈O

H
[
1
S

(8)
0]〉+

r

m2
Q

〈O
H

[
3
P

(8)
0]〉(17)

wasfixedbecauseitwasunfeasibletoseparatethecontributionsproportionalto

〈O
H

[
1
S

(8)
0]〉and〈O

H
[
3
P

(8)
0]〉.

Bycontrast,QMRKfitallowustodetermine〈O
H

[
1
S

(8)
0]〉and〈O

H
[
3
P

(8)
0]〉separately,

whichisduetothedifferent|pT|dependenceoftherespectivecontributionsfor

|pT|<8(4)GeV.
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ContributionstothepTdistributionofdirectΥ(1S)hadroproductioninpp̄scattering

with
√
S=1.8TeVand|y|<0.4fromtherelevantcolor-octetstates.Alldistributionsare

normalizedonunitintheirpeakvalues.
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Table:Inclusivebranchingsfractionsfortransitionsbetweenspin-tripletbottomonium

states.

In\OutΥ(3S)χb2(2P)χb1(2P)χb0(2P)Υ(2S)χb2(1P)χb1(1P)χb0(1P)Υ(1S)

Υ(3S)10.1140.1130.0540.1060.0072080.007420.0040280.102171

χb2(2P)—1——0.1620.0110160.011340.0061560.129565

χb1(2P)——1—0.210.014280.01470.007980.160917

χb0(2P)———10.0460.0031280.003220.0017480.0167195

Υ(2S)————10.0680.070.0380.319771

χb2(1P)—————1——0.22

χb1(1P)——————1—0.35

χb0(1P)———————10.06

Υ(1S)————————1
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Table:NMEsforΥ(1S,2S,3S),andχbJ

n/nPMFitJBFitJSFitKMR

〈OΥ(1S)[1S
(8)
0]〉,GeV31.4·10−10.00.00.0

〈OΥ(1S)[3S
(1)
1]〉,GeV31.1·1011.1·1011.1·1011.1·101

〈OΥ(1S)[3S
(8)
1]〉,GeV32.0·10−25.3·10−30.00.0

〈OΥ(1S)[3P
(8)
0]〉,GeV50.00.00.09.5·10−2

〈Oχb0(1P)[3S
(8)
1]〉,GeV31.5·10−20.00.00.0

〈Oχb0(1P)[3P
(1)
0]〉,GeV52.42.42.42.4

〈OΥ(2S)[1S
(8)
0]〉,GeV30.00.00.00.0

〈OΥ(2S)[3S
(1)
1]〉,GeV34.54.54.54.5

〈OΥ(2S)[3S
(8)
1]〉,GeV31.6·10−10.00.03.3·10−2

〈OΥ(2S)[3P
(8)
0]〉,GeV50.00.00.00.0

〈Oχb0(2P)[3S
(8)
1]〉,GeV38.0·10−31.1·10−20.00.0

〈Oχb0(2P)[3P
(1)
0]〉,GeV52.62.62.62.6

〈OΥ(3S)[1S
(8)
0]〉,GeV35.4·10−20.00.00.0

〈OΥ(3S)[3S
(1)
1]〉,GeV34.34.34.34.3

〈OΥ(3S)[3S
(8)
1]〉,GeV33.6·10−21.4·10−25.9·10−31.1·10−2

〈OΥ(3S)[3P
(8)
0]〉,GeV50.02.4·10−23.4·10−35.2·10−2

χ2/d.o.f—2.92.7·1014.9·10−1

ColorOctetContribution

ColorSingletContribution�1

v
2
cc̄'0.3,v

2
bb̄'0.1
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Table:NMEsforJ/ψ,ψ
′
andχcJ

B.A.Kniehl,V.A.SaleevandD.V.Vasin,Phys.Rev.D73,074022(2006).

NMEPMFitJBFitJSFitKMR

〈O
J/ψ

[
3
S

(1)
1]〉/GeV

3
1.31.31.31.3

〈O
J/ψ

[
3
S

(8)
1]〉/GeV

3
4.4·10

−3
1.5·10

−3
6.1·10

−3
2.7·10

−3

〈O
J/ψ

[
1
S

(8)
0]〉/GeV

3
4.3·10

−2
6.6·10

−3
9.0·10

−3
1.4·10

−2

〈O
J/ψ

[
3
P

(8)
0]〉/GeV

5
2.8·10

−2
000

〈O
ψ

′

[
3
S

(1)
1]〉/GeV

3
6.5·10

−1
6.5·10

−1
6.5·10

−1
6.5·10

−1

〈O
ψ

′

[
3
S

(8)
1]〉/GeV

3
4.2·10

−3
3.0·10

−4
1.5·10

−3
8.3·10

−4

〈O
ψ

′

[
1
S

(8)
0]〉/GeV

3
6.9·10

−3
000

〈O
ψ

′

[
3
P

(8)
0]〉/GeV

5
3.9·10

−3
000

〈O
χc0

[
3
P

(1)
0]〉/GeV

5
8.9·10

−2
8.9·10

−2
8.9·10

−2
8.9·10

−2

〈O
χc0

[
3
S

(8)
1]〉/GeV

3
4.4·10

−3
02.2·10

−4
4.7·10

−5

χ
2
/d.o.f–2.2(*)4.13.0
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PromptΥ(nS)pT-spectra.Υ(1S)–a,Υ(2S)–b,Υ(3S)–c,KMRdistributionfunction
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02468101214161820
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0.4 , pb/G
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PromptΥ(nS)pT-spectra.Υ(1S)–a,Υ(2S)–b,Υ(3S)–c,KMRdistributionfunction,

ColorSingletModelwithχbJ(3P)contribution.
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Conclusions

1.WorkingatLOintheQMRKplusNRQCDapproach,weanalyticallyevaluatedthe

squaredamplitudesofheavyquarksanddirectheavyquarkoniumproductionintwo

reggeizedgluoncollisions.

2.Weextractedtherelevantcolor-octetNMEs,〈O
H

[
3
S

(8)
1]〉,〈O

H
[
1
S

(8)
0]〉,and〈O

H
[
3
P

(8)
0]〉

forH=Υ(1S,2S,3S),J/ψ,ψ
′
,χcJ(1P)andχbJ(1P,2P),throughfitstopTdistributions

measuredbytheCDFCollaborationinpp̄collisionsattheTevatronwith
√
S=1.8TeV

and1.96TeV.OurfittotheTevatronCDFdataturnedouttobesatisfactorywiththe

KMRunintegratedgluondistributionfunctionintheproton.

3.4S'4L'0.

4.〈O
(bb̄)

[
2S+1

L
(8)
J]〉�〈O

(cc̄)
[
2S+1

L
(8)
J]〉

5.WehavedemonstratedphenomenologicalapplicationoftheQMRKapproachforheavy

quarkoniumproductionathighenergies.

V.A.Saleev,BottomoniumproductionintheReggelimitofQCD


