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TBA(like) integral equation
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TBA(-like) integral equation:

B
Xn(0) — / d0'K(0 — 0")xn(0") = coshnb
-B

TBA context: 2-dim integrable QFT;

K (0): logarithmic derivative of S-matrix
(pcosh 6, psinh 0) relativistic 2-momentum
B: (bosonic) fermi-rapidity

densities:

B

Onm = 5= dOx . (0) cosh mb
~B

explicit B-dependence dropped:

0| < B

X’n(e) ~ Xn(97 B) On,m ~ On,m(B)
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Relativistic QFT:

e=p?011 p=p010  {e(B);p(B)} = ¢ =¢(p)

Free energy (Legendre transform)

(p) — F(h) = ¢ - ph\h__

O(N) nonlinear sigma model:
2
Fihy=—gix(3+e-3-5+00%)  A=gh
Wiener-Hopf method; NP running coupling v (h — oo, v — 0):

1 — Int
;+A1n7—lnu
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Ordinary PT:

(only these 3 terms are known from explicit perturbative calculations)
L4t Alna=In2 A = Asrs
o A MS

15¢ application of F(h) as a tool: exact u/A ratio:

c A
=" = Q) rm

==

Polyakov, Wiegmann '83 Hasenfratz, Maggiore, Niedermayer '90
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Lieb-Liniger physics:

(same kernel as for O(3) NLS model; 0: velocity)

B
k
0= ()" Oounl g =2 [ doxo(0)6"
—B
o ~ particle density 19 ~ NR energy density
3
T=om =) {eaB)A(B)} — eal)

Disk capacitor:

(O(3) NLS model kernel)

Oopo: ES capacity of two conducting parallel disks
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Volin's method

combination of WH method and resolvent expansion

Volin "09

allows calculation of very long PT series and study of Borel plane
NR models: Lieb-Liniger, Gaudin-Yang, Hubbard

Marino, Reis '19

Disk capacitor

Reichert, Ristivojevic '20

Relativistic integrable QFT

Marino, Miravitllas, Reis '19-'22  Abbott, Bajnok, B., Hegedus, Vona '20-'22

Large NV

Marino, Miravitllas, Reis '21  DiPietro, Marino, Sberveglieri, Serone '21
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Differential relations among densities

On7m — Om,n (I) On,m — %pnpm ¢ — (c:li_g

where
pn = Xn(B) |~ xn(B, B)]

(II) fpn —n%pn = Fpn F =F(B) {n —independent}

Ristivojevic '22

1 density determines all:

O11 — pr — F — pn — Onm
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Wiener-Hopf solution of TBA integral equations
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Riemann-Hilbert problem

~

1 - K(w) = G+(w)1(;_(w) G- (w) = G4 (—w)

O(N) NLS model

T
~ _ YN COSh§(1—2A)w ~

T
cosh 5w

o(w) = ooy - cut and poles along positive imaginary axis
poles and residues:

olizte) ™ Fihe £=1,2,...

go:

% N even
{ £, =1 for O(3), O(4)]

N —2 N odd
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discontinuity:

o(iz+€)—o(iz —e) = —2i6(2)

B(z): meromorphic with poles at z = 2/4¢,

expansion in terms of running coupling:
QB:%—k”ylnv—kL v=2A—1
e 2B 3 (pr) = e T A(x) {A(x) ~ Az, v)}

A(x) =1+ Z(vx)k Li(Inx)

k=1

(Lx polynomial of degree k)
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v = e 2B: NP expansion parameter v: PT expansion parameter

cn, =v"0(in + €)
reduced densities:

Onm = 1= G (in)G4(im)e"t™B W,

9

Pn

WH integral equation:

c : p2teog n e YA o
Qula) + i+ et 1 [ A gy -
_|_

Cy: (just) above the real line
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Q) (x): meromorphic upper half-plane, only pole at z = n/v

Y _

VS0 S0qn 0 e TA(x)Qn(w) 1

dn,s + n—|—28£ + 2£O Z l+s + %/C 2s&otvx da n—28£o
/=1 +

densities:

Wy =14 cp+1 Y v*8qn 0+ %/ e "A(z)Qn(z)dx
Ct

(=1
conditions: n,m >0 n #m n,m #* 2§,

20
v2%08q,, 4

W, . — 1 4 Cm= Cn+cmknm‘|_z , ‘I‘%/ e—mA(ZB)Qn(x)dx
Ct

) n+m n—m m—24&, m—ux

(=1

kn,m — n+m m—+2£4€, T m-tvx

00
__n V%gosﬁqfn,ﬁ . Q/ _xA(a:)Qn(x)dx
/=1 +
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Building blocks: TBA asymptotic series and
transseries
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Purely perturbative:

e Y o
Po(x) + + /C Anfel) gy = 1
+

well-defined (as asymptotic series) for all o # 0

Pog =7 / e de
Ct

well-defined (as asymptotic series) for all «a, 5 # 0
perturbatively:

Wa,6 — Aa,p = 35 + Pas

well-defined for all o, B, ¢ + 3 # 0

W — Qg = 1 + %/ e "A(x)P,(x)dz = lim BA, 3

C_|_ B—)OO
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differential relations for the reduced densities:

(n + m)Wn,m + Wn,m — WnpWm

Wy, + 2nw,, = Fw,

perturbative limit:

(n =+ m)An,m =+ An,m — Upm

an + 2na,, = Foa,

Volin's result determines all:

Aig — a1 — Fo — an — Anm
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Volin's result for A; ;:
2
2410 =1+ 3+ (F+9 o7+ (- +20 4 30) o
+ 20 (=367%(21Cs — 94) + 109244 + 13344y + 9(14425 + 625)) + - -

where

Yokl = Qgik_:—i(A2k—l—l — 142721

next step

2
a =145+ (F+H) v+ (F+ %+ 5) 00

v*(—2887%(21¢3—94)+43696~°+351607+9(115223+1225))
6144

next step

Fo=—v?—6y0° — 267°v* + v° (37°(63¢5 — 386) — 2723) + - - -
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next step

. — 1_|_L_|_v2(20'yn—|—9) 03(640’y2n2—|—636’yn—|—225)
o 4n 32n2 38413

v?(288n°(v%(94—21(3)+3623 ) +436967°n*+35160yn+11025)

6144n4

finally

’U2(20fymn—|—9m—|—9n)

32m?2n?
v?(m?(6407°n°+636yn~+225)+6mn(106yn+39)+225n%)
384m3n3

An,m: ; + - +

m-+n 4dmmn
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transseries solution of the linear problem:

Qn(7) = Po() + cnPn() +1i Y v**Sen 1 Poe, (v)
/=1

Complete (transseries) solution:

©.@)
Qnys =0 ) V¥ S0n A e, —25¢, = An,—25¢, T CnAon —as,
/=1

~

00
Wn,m — Anam + Z V2€§OS€(jn,€A—2££O,m + CnA—n,m + CmAn,—m
/=1

00
) 20 ~
=+ CnCmA—n,—m + 1Cp, § v gOSEQn,EA—Qéfo,—m
/=1

A, 5 (PT) and Stokes constants .S, (NP) universal building blocks!
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Energy density Wl,l

n~ 1 Cn:V{ho+%(1—n)+0((1—n)2)} hozaN’g

N > 4 and N = 3 cases drastically different!

A\2AT(1-A) irA
M — —2e () INEEWN N >4

~m 4+ 22B4+1-95—1n2) N=3
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n=1 m=1+06—1

N >4
@)
d1,s — ZZ V2££OS£§1,£A—2650,—25§0 = Ay _2s¢,
r=1
©.@)
Wii=A 1 +82+1 Z V208, G, 1AL o,
r=1
N =3

@)

~ : W~ ~

q1,s — 1 E v Seqr e A_op 05 = A1 25+ ZA 1, _2s
(=1

T . My 2 2
Win=A1+5+=PL1+5A 0

+ 1 Z V280G 0 [A1,—20 + LA_1, o]

(=1
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Compact form N >4

N ~ Nap = A_2ae,,—20¢,
Y ~ Y= A1 _op,
q~ q1,
D ~ Dy = i6ap1>%°8,
M =ND

Neumann series solution

(1-M)g=Y q=MY M=01-M)"=> M
k=0
energy density in compact form

W — 2W1,1 — (Mo + iMl)V + f + QYTDMY

where
M = MO + ZMl f = 2A171
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Compact form N =3

Z~Zyp=2A_1 _o

Neumann series solution

(1-M)g=Y +vZ q=MY +vMZ

energy density in compact form

W = 2W1,1 = O 4 )4 272
iMiv +2Y'DMY + 4vZ " DMY + +20°ZDMZ

where

FO =24, & = Mo+ o fA=2%A_

e
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The main conjecture and median resummation of
the asymptotic series
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Main conjecture

~

W = Wrpa = So (W)

~

ambiguity: S_(W) if we use C.. — C_ and ¢,, = v"o(in — €)

Stokes automorphism:

S = exp{—D} D = VA1 +D D= Z V2k£OA2k§O
k=1

modified alien derivatives:

A, = (v7e)TA¥  N=4 A,=AF N=3 A,

|
N
2
N—"
3
>
@

for F real asymptotic series:

2ilm S (F) = S+[(1 - & HF]
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N >4

~

W = (Mo+iM1) v+ f+2iS1 Y2004 (2i S5 YE—252Y 2N 1 )4 4+-0 (15%0)
O(v):

W =Re S, (f) + Sy {Mov + iMyv — XA, f} + O(1%)

reality condition:

AlAl,l — My (COnSt.) — AlAn,m =0

Stokes automorphism simplifies:

DA f=ADFf=0 & 'f=iMv+exp{—D}f
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O(v?%%):

W =Re Sy (f) + Si{Mov — 5v*°Nge, f + 2iS1/°Y P} + O(v**)

reality condition:

Age A1 1 = 2iS1Ai_2§O

Lemma:

AwAl,l — SwAi_w — Ac,uféln,rn — gwAn,—wAm,—w

all Age, alien derivatives known
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O(v4e):
W =Re S (f) + S+ {Mov — 50" Aye, f — 1A%, f1**
+ (2iS2Yy — 2S7YPN11 )V e} + O(v%)

reality condition:

A4§OA1,1 — 22.5214%’_4&-0 — A4£0An,m — QiSQAn,_4§OAm,_4§O

next step:

W =ReSi{f + Mo + 25747 _5c A_se, —2e,v*} + O(1%%)

step by step full resurgence structure (closed A, ,,):

Aope, A11 = QiSkAi_zkgo — Aope, Anm = 205, An, —oke, Am,—2ke,
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Median resummation

@)
D = Z V2k€OA2k§O
k=1

DY = 2MY DYTD =2y TDM

Df =4Y'DY
D?*f = 16Y'DMY
D3 f =96Y ' DM?Y

D f = 2"y TDMM Y

Quantization and Resurgence, Les Diablerets, 31 January 2023
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Ambiguity free median resummation:

Smed(f) = S_(Gl/zf) — S+(6_1/2f)

|.Aniceto, R.Schiappa '13

In our case:
Y L(B) F=2) Y'DMFlY =2y TDMY
k=1 k=1

S V2 = fr A f +2YTDMY
W = My + & /2%f

Stronger conjecture:

W = Wrga = S+ (W) = Myv + Smea(f)
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1.020 -
1.015 -
1.010 -

1.005 -

error

0.100 |
0.010 !
0.001 |
1074 |
1079,

—_ 1+§v2+03 v3+cy VA

| | | | | | | | | | | | | | | | | 4
0.05 0.10 0.15 0.20

Plot of —8e®P [Wrpa — ReS.(f)] for O(4)

Difference absolute magnitude for smallest v: ~ 10734

conclusion:

Wexact — WTBA — Smed(f)

Strongest resurgence!
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The exceptional O(3) case
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Main conjecture (N = 3)

~

W = Wrpa = Sy (W)

reality of W (recursively):
A f@ =2iMb, 0 a=0,1,2

A2/4141,1 — QiSkAi_Qk — AQkAn,m — QiSkAn,—QkAm,—Qk

calculation of Stokes automorphism:

DZVA1+D D:ZVQICAQk
k=1

eo‘Df(“) = 2iaMyvig o + gD pla) a=20,1,2
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extra building blocks Z:
DZ =2MZ

DfO —4yT™py  DfW=82"py Df® =427"Dz

Stokes automorphism:
e3P FO =iMy+ fO 4+ 2y TDMY
o3 fO =D a7z MYy
o3P f =@ 4 o7TDMZ
summing up:

W =c"1/2 [f(O) FufM 4 u2f(2)]

W = Wrpa = S+ (W) = Smea[f@ + vfD) + 2]

Quantization and Resurgence, Les Diablerets, 31 January 2023
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(]
error
1.004 - .
1074 |
[ )
107 |
1.003 -
1076 |
10—7 _“'C 5
1.002- — | ~ ~CsP
0.04 0.06 0.08
1.001 -
— 1433242238, 39
I 8'8 32'83 3254
1.004—m—m—™——— 3
0.00 0.02 0.04 0.06 0.08

Plot of —%eSB{WTBA — ReS [f(o) + I/f(l) + 1/2f(2)] } for O(3)

Difference absolute magnitude for smallest 5: ~ 1

0—63

conclusion: resurgence for 0 + 1 + 2 instanton sectors!
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Instantons and/or renormalons?
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o found (by WH) W as transseries

e is S_ (W) convergent?

e found (by WH) (%) ¢ =0,1,2 sectors for O(3)
o (@) g-instanton sector?

e adding f-term at § = 7 gives f(4) — (—1)2f(@)

Marino, Miravitllas, Reis '22

TO DO

e construct by direct field theory calculation instanton sectors

e numerical study of the convergence of the transseries
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Thank you!
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