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Introduction with a brief historical excursus

1) Observables can be written as an infinite number of ``sufficiently simple” 
series. One of such series corresponds to the perturbative expansion, the others 

to series which include non-perturbative corrections.

2) Most (or all) of the information encoded in the trans-series can 
be reconstructed using only the perturbative series.

The two main pillars of resurgence are:  

While we have several beautiful applications of resurgence in different 
contexts, understanding if and how resurgence works in Quantum Field 

Theory (QFT) (no TQFT, no SUSY) is to a large extent an open question.

One obvious reason: computing in QFT the many perturbative orders 
necessary to “activate” the resurgence program is hard!
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Early works were focused on understanding the large order 
behaviour of perturbative series and ways to possibly resum it.

Borel resummation of the perturbative series was thus considered essential.
In QM and QFT series are asymptotics because of the factorial 

growth of their  large order coefficients

Z(�) ⇠
1X

n=0

Zn�
n

<latexit sha1_base64="hX80hBYLMFYHryzl53XCILwn9TU=">AAACGXicbVBLSwMxGMzWV62vVY9egkWol7IrgiIIBS8eK9gH7bZLNs22oUl2SbLCsvRvePGvePGgiEc9+W9M2z1o60DCMDMfyTdBzKjSjvNtFVZW19Y3ipulre2d3T17/6CpokRi0sARi2Q7QIowKkhDU81IO5YE8YCRVjC+mfqtByIVjcS9TmPS42goaEgx0kbybadT8ZiJD9Ap9BTl5kq4n4lrZ9L3qAh1Cju+gHmmL6Bvl52qMwNcJm5OyiBH3bc/vUGEE06Exgwp1XWdWPcyJDXFjExKXqJIjPAYDUnXUIE4Ub1sttkEnhhlAMNImiM0nKm/JzLElUp5YJIc6ZFa9Kbif1430eFlL6MiTjQReP5QmDCoIzitCQ6oJFiz1BCEJTV/hXiEJMLalFkyJbiLKy+T5lnVdaru3Xm5dpXXUQRH4BhUgAsuQA3cgjpoAAwewTN4BW/Wk/VivVsf82jBymcOwR9YXz8EWp+n</latexit><latexit sha1_base64="hX80hBYLMFYHryzl53XCILwn9TU=">AAACGXicbVBLSwMxGMzWV62vVY9egkWol7IrgiIIBS8eK9gH7bZLNs22oUl2SbLCsvRvePGvePGgiEc9+W9M2z1o60DCMDMfyTdBzKjSjvNtFVZW19Y3ipulre2d3T17/6CpokRi0sARi2Q7QIowKkhDU81IO5YE8YCRVjC+mfqtByIVjcS9TmPS42goaEgx0kbybadT8ZiJD9Ap9BTl5kq4n4lrZ9L3qAh1Cju+gHmmL6Bvl52qMwNcJm5OyiBH3bc/vUGEE06Exgwp1XWdWPcyJDXFjExKXqJIjPAYDUnXUIE4Ub1sttkEnhhlAMNImiM0nKm/JzLElUp5YJIc6ZFa9Kbif1430eFlL6MiTjQReP5QmDCoIzitCQ6oJFiz1BCEJTV/hXiEJMLalFkyJbiLKy+T5lnVdaru3Xm5dpXXUQRH4BhUgAsuQA3cgjpoAAwewTN4BW/Wk/VivVsf82jBymcOwR9YXz8EWp+n</latexit><latexit sha1_base64="hX80hBYLMFYHryzl53XCILwn9TU=">AAACGXicbVBLSwMxGMzWV62vVY9egkWol7IrgiIIBS8eK9gH7bZLNs22oUl2SbLCsvRvePGvePGgiEc9+W9M2z1o60DCMDMfyTdBzKjSjvNtFVZW19Y3ipulre2d3T17/6CpokRi0sARi2Q7QIowKkhDU81IO5YE8YCRVjC+mfqtByIVjcS9TmPS42goaEgx0kbybadT8ZiJD9Ap9BTl5kq4n4lrZ9L3qAh1Cju+gHmmL6Bvl52qMwNcJm5OyiBH3bc/vUGEE06Exgwp1XWdWPcyJDXFjExKXqJIjPAYDUnXUIE4Ub1sttkEnhhlAMNImiM0nKm/JzLElUp5YJIc6ZFa9Kbif1430eFlL6MiTjQReP5QmDCoIzitCQ6oJFiz1BCEJTV/hXiEJMLalFkyJbiLKy+T5lnVdaru3Xm5dpXXUQRH4BhUgAsuQA3cgjpoAAwewTN4BW/Wk/VivVsf82jBymcOwR9YXz8EWp+n</latexit><latexit sha1_base64="hX80hBYLMFYHryzl53XCILwn9TU=">AAACGXicbVBLSwMxGMzWV62vVY9egkWol7IrgiIIBS8eK9gH7bZLNs22oUl2SbLCsvRvePGvePGgiEc9+W9M2z1o60DCMDMfyTdBzKjSjvNtFVZW19Y3ipulre2d3T17/6CpokRi0sARi2Q7QIowKkhDU81IO5YE8YCRVjC+mfqtByIVjcS9TmPS42goaEgx0kbybadT8ZiJD9Ap9BTl5kq4n4lrZ9L3qAh1Cju+gHmmL6Bvl52qMwNcJm5OyiBH3bc/vUGEE06Exgwp1XWdWPcyJDXFjExKXqJIjPAYDUnXUIE4Ub1sttkEnhhlAMNImiM0nKm/JzLElUp5YJIc6ZFa9Kbif1430eFlL6MiTjQReP5QmDCoIzitCQ6oJFiz1BCEJTV/hXiEJMLalFkyJbiLKy+T5lnVdaru3Xm5dpXXUQRH4BhUgAsuQA3cgjpoAAwewTN4BW/Wk/VivVsf82jBymcOwR9YXz8EWp+n</latexit>

Factorial growth gives rise to a pole or branch-cut 
singularity of the Borel function            at        BZ(t)
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A general source for the factorial growth:

These are governed by instantons whose action determines the growing factor.

Relatively well-understood.

[Vainhstein 1964; Lam 1968; Bender, Wu 1969; Lipatov 1976; …]

 O(1) contributions of O(n!) Feynman diagrams 

Before the advent of resurgence in QFT
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In special cases, like the anharmonic oscillator in QM, and 2d or 3d      theories 
at weak coupling, perturbation theory was proved to be Borel resummable

�4
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[Loeffel et al, 1969; Simon and Dicke, 1970; Eckmann, Magnen and Seneor, 1975; Magnen and 
Seneor, 1977; MS, Spada, Villadoro, 1805.05882; Sberveglieri, MS, Spada, 1905.02122]

In super-renormalizable QFTs this is typically the only source of factorial growth.

Very successful program. With a few (5-6) perturbative coefficients precision 
of per cent or per mille can be achieved. Research program still active thanks 
to the improvements in Feynman diagrams computations. Current status is 7-

loops analytic for the epsilon expansion                                    and 7-loops 
numerics for the fixed dimension expansion [Sberveglieri, Spada, in progress].                                 

[Schnetz, 2212.03663] 

Borel resummation of quartic scalar models and the conjectured Borel resummation 
of the epsilon expansion in quartic scalar theories led to an active research program 
over the years in the statistical mechanics community to compute critical exponents 
using numerical resummation methods                    [Guida, Zinn-Justin, 1998 + …] 
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According to resurgence, when a theory is non-Borel resummable we 
expect a trans-series. In QFT a trans-series is generally expected and 

given semiclassically by a sum over saddle points (instantons).

This is e.g. the case for quantum mechanical systems, where 
resurgence has been shown to work in various instances.

[MS, Spada, Villadoro, 2016, 2017]

In certain cases in quantum mechanics, the resurgence program can 
be successfully (and implicitly) completed by repackaging the 

trans-series to an appropriate Borel resummable series.

[Voros, 1983; Delabaere, Dillinger, Pham, 1997; Zinn-Justin, Jentschura, 2005; …]

However, in QFT the story is more complicated. Most interesting 
theories, such as 4d gauge theories, are just renormalizable.

In such theories the coupling constant turns into a mass scale quantum mechanically 
and it is no longer a well-defined expansion parameter. Couplings run!
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 O(n!) contributions of O(1) Feynman diagrams 

Singularities in the Borel function are called renormalons.
[Gross, Neveu 1974; Lautrup 1977;’t Hooft 1977; …]

As a consequence, specific Feynman diagrams, related to those 
which are resummed by the renormalization group (bubble-like 

diagrams) gives rise to a factorial growth by themselves.

n-loops

↑Exx..
-
B

=
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E.g. in 4d �4 theory

In all known examples renormalon singularities make the 
perturbative series non-Borel resummable.

Renormalons arise in two classes, so called UV and IR renormalons.

UV renormalons for         
<latexit sha1_base64="j6iqaKoDCogagw+aTDVXhQ6REYY=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFvBU8n2oOJBCl48VrC1sF1KNs22odlkSWaFUvozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvCiVwgIh315hbX1jc6u4XdrZ3ds/KB8eta3ODOMtpqU2nYhaLoXiLRAgeSc1nCaR5I/R6HbmPz5xY4VWDzBOeZjQgRKxYBScFFS7EQfaIzek2itXSI3MgVeJn5MKytHslb+6fc2yhCtgklob+CSFcEINCCb5tNTNLE8pG9EBDxxVNOE2nMxPnuIzp/RxrI0rBXiu/p6Y0MTacRK5zoTC0C57M/E/L8ggvgonQqUZcMUWi+JMYtB49j/uC8MZyLEjlBnhbsVsSA1l4FIquRD85ZdXSbte8y9q5L5eaVzncRTRCTpF58hHl6iB7lATtRBDGj2jV/TmgffivXsfi9aCl88coz/wPn8AmtOQIA==</latexit>

�0 > 0
<latexit sha1_base64="JRbnmt9izioVBT6KPuTv4ZXaZ98=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BFvBU8n2oCIeCl48VrC1sF1KNs22odlkSWaFUvozvHhQxKu/xpv/xrTdg7Y+GHi8N8PMvCiVwgIh315hbX1jc6u4XdrZ3ds/KB8eta3ODOMtpqU2nYhaLoXiLRAgeSc1nCaR5I/R6HbmPz5xY4VWDzBOeZjQgRKxYBScFFS7EQfaIzek2itXSI3MgVeJn5MKytHslb+6fc2yhCtgklob+CSFcEINCCb5tNTNLE8pG9EBDxxVNOE2nMxPnuIzp/RxrI0rBXiu/p6Y0MTacRK5zoTC0C57M/E/L8ggvgonQqUZcMUWi+JMYtB49j/uC8MZyLEjlBnhbsVsSA1l4FIquRD85ZdXSbte8y9q5L5eaVzncRTRCTpF58hHl6iB7lATtRBDGj2jV/TmgffivXsfi9aCl88coz/wPn8Al8eQHg==</latexit>

�0 < 0IR renormalons for         
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Physical observables are plagued with renormalon 
singularities in a renormalization-scheme independent way.

Renormalon singularities are expected to occur at specific locations in the 
coupling constant Borel t-plane, determined by

<latexit sha1_base64="Zmz65Kd5Tccwk79mO7RVb4izpOU=">AAAB8HicdVDLSgMxFM3UV62vqks3wVZwNWSm2lZXBTcuK9iHtEPJpJk2NJkZkoxQhn6FGxeKuPVz3Pk3ZtoKKnrgwuGce7n3Hj/mTGmEPqzcyura+kZ+s7C1vbO7V9w/aKsokYS2SMQj2fWxopyFtKWZ5rQbS4qFz2nHn1xlfueeSsWi8FZPY+oJPApZwAjWRror932q8QCVB8USsi/qVffchchGqOZWqhlxa2duBTpGyVACSzQHxff+MCKJoKEmHCvVc1CsvRRLzQins0I/UTTGZIJHtGdoiAVVXjo/eAZPjDKEQSRNhRrO1e8TKRZKTYVvOgXWY/Xby8S/vF6ig7qXsjBONA3JYlGQcKgjmH0Ph0xSovnUEEwkM7dCMsYSE20yKpgQvj6F/5O2aztVG924pcblMo48OALH4BQ4oAYa4Bo0QQsQIMADeALPlrQerRfrddGas5Yzh+AHrLdPBxiP4g==</latexit>

�0

Borel plane
<latexit sha1_base64="4ManlpcYucV6qILk15wp1kR3EZY=">AAAB/nicbVBNS8NAEN34WetXVDx5WWwFTyXpQUUQCl48VrAf0ISw2W7apZtN2J0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YCq7Bcb6tldW19Y3N0lZ5e2d3b98+OGzrJFOUtWgiEtUNiWaCS9YCDoJ1U8VIHArWCUe3U7/zyJTmiXyAccr8mAwkjzglYKTAPq7CjRcpQnM5yb2QAQmcSTWwK07NmQEvE7cgFVSgGdhfXj+hWcwkUEG07rlOCn5OFHAq2KTsZZqlhI7IgPUMlSRm2s9n50/wmVH6OEqUKQl4pv6eyEms9TgOTWdMYKgXvan4n9fLILrycy7TDJik80VRJjAkeJoF7nPFKIixIYQqbm7FdEhMGGASK5sQ3MWXl0m7XnMvas59vdK4LuIooRN0is6Riy5RA92hJmohinL0jF7Rm/VkvVjv1se8dcUqZo7QH1ifP7qBlU4=</latexit>

t = n
�0

<latexit sha1_base64="WRuOh0mdD+CAHvNFvCvpk5UDWjw=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURqeKq4MZlBfvAJpTJdNIOnUzCzESooV/ixoUibv0Ud/6NkzYLbT0wcDjnXu6ZEyScKe0431ZpbX1jc6u8XdnZ3duv2geHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk5vc7z5SqVgs7vU0oX6ER4KFjGBtpIFdFR4TyIuwHgdB9jAb2DWn7syBVolbkBoUaA3sL28YkzSiQhOOleq7TqL9DEvNCKezipcqmmAywSPaN1TgiCo/mwefoVOjDFEYS/OERnP190aGI6WmUWAm84Rq2cvF/7x+qsMrP2MiSTUVZHEoTDnSMcpbQEMmKdF8aggmkpmsiIyxxESbriqmBHf5y6ukc153G3Xn7qLWvC7qKMMxnMAZuHAJTbiFFrSBQArP8Apv1pP1Yr1bH4vRklXsHMEfWJ8/t7KTGw==</latexit>

n 2 Z

They typically dominate over instanton-anti instanton singularities.

IR renormalons         UV renormalons         

E.g., in non-abelian gauge theories
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This pattern has soon be related to the OPE expansion [Parisi, 1979]. In a perturbative 
computation in a UV-free theory all condensates vanish. On the other hand we expect 

Perturbative series Non-perturbative contributions

By dimensional analysis in the free UV theory
<latexit sha1_base64="u0Ea2mevCMPtZxzkmTt5dLz5kDg="></latexit>

hO(0)i / ⇤�O ⇠ e
�O

�0

Scaling dimensions in free theories are integers
<latexit sha1_base64="4ManlpcYucV6qILk15wp1kR3EZY=">AAAB/nicbVBNS8NAEN34WetXVDx5WWwFTyXpQUUQCl48VrAf0ISw2W7apZtN2J0IJRT8K148KOLV3+HNf+O2zUFbHww83pthZl6YCq7Bcb6tldW19Y3N0lZ5e2d3b98+OGzrJFOUtWgiEtUNiWaCS9YCDoJ1U8VIHArWCUe3U7/zyJTmiXyAccr8mAwkjzglYKTAPq7CjRcpQnM5yb2QAQmcSTWwK07NmQEvE7cgFVSgGdhfXj+hWcwkUEG07rlOCn5OFHAq2KTsZZqlhI7IgPUMlSRm2s9n50/wmVH6OEqUKQl4pv6eyEms9TgOTWdMYKgXvan4n9fLILrycy7TDJik80VRJjAkeJoF7nPFKIixIYQqbm7FdEhMGGASK5sQ3MWXl0m7XnMvas59vdK4LuIooRN0is6Riy5RA92hJmohinL0jF7Rm/VkvVjv1se8dcUqZo7QH1ifP7qBlU4=</latexit>

t = n
�0

<latexit sha1_base64="vSPivmqA2NQrlOEVYwo90YD7u+4="></latexit>

hO(x)O(0)i / CI(µx) +
X

O

CO(µx)x
�O hO(0)i
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Not much is known about renormalon singularities, in particular for the 
most interesting ones, IR renormalons in 4d non-abelian gauge theories. 

Although we have little doubt about their presence in 4d gauge theories, 
as of today we do not even have an analytic proof of their existence.

For this reason, since the early days some attention has been paid to 
the 2d non-linear sigma model at large N. 

These models are well-known to be UV free and gapped in the IR, 
so they are good laboratories for 4d non-abelian gauge theories.

Early works [David, 1982, 1984] were mostly focused in analytically 
proving the existence of renormalons and their properties, and 

understanding and checking the relation between them and the OPE.

Analysis based on large N QFT techniques.
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The non-linear sigma model, as well as other similar 2d 
models, are actually integrable for finite N.

In an independent line of research, integrability has been used to 
compute the free energy F(h) of the QFT as a function of a chemical 

potential h for a U(1) subgroup of the global symmetry group.

In integrable QFTs this quantity can be computed exactly for any N using the known S-
matrix and a thermodynamic Bethe ansatz (TBA), in terms of a linear integral equation.

[Polyakov, Wiegmann, 1983; Hasenfratz, Maggiore, Niedermayer, 1990; Hasenfratz, 
Niedermayer, 1990; Balog et al, 1992; Forgacs, Niedermayer, Weisz, 1991]

<latexit sha1_base64="YI9i2g1p7xd5XdKFPJgyzNb3NJ4=">AAACBnicbVDLSgMxFM34rPU16lKEYBHahWVGRMVVQSguK9gHdIaSSe+0oZmHSaZQhq7c+CtuXCji1m9w59+YtrPQ1gMXTs65l9x7vJgzqSzr21haXlldW89t5De3tnd2zb39howSQaFOIx6JlkckcBZCXTHFoRULIIHHoekNbiZ+cwhCsii8V6MY3ID0QuYzSpSWOuZR6lDCcXVc7JewAw8JG2Jc1Y/TatEqdcyCVbamwIvEzkgBZah1zC+nG9EkgFBRTqRs21as3JQIxSiHcd5JJMSEDkgP2pqGJADpptMzxvhEK13sR0JXqPBU/T2RkkDKUeDpzoCovpz3JuJ/XjtR/pWbsjBOFIR09pGfcKwiPMkEd5kAqvhIE0IF07ti2ieCUKWTy+sQ7PmTF0njrGxflK2780LlOosjhw7RMSoiG12iCrpFNVRHFD2iZ/SK3own48V4Nz5mrUtGNnOA/sD4/AEWYZZG</latexit>

F(h) ⌘ F (h)� F (0)

More precisely the relative free energy

<latexit sha1_base64="HKCqscAS/gxAtWdKOH9P01CsAs8="></latexit>

F (h) = � lim
V,�!1

1

V �
log tr e��(H�hQ),
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<latexit sha1_base64="PDryeN3qjh21pVisEVJ7tpw+80E=">AAACAnicbVC7SgNBFJ2Nrxhfq1ZiMxgEq7CbQi2DNhYqEfOCZAmzs3eTIbMPZmaFZQk2/oqNhSK2foWdf+Mk2UITDwwczrmXO+e4MWdSWda3UVhaXlldK66XNja3tnfM3b2WjBJBoUkjHomOSyRwFkJTMcWhEwsggcuh7Y4uJ377AYRkUdhQaQxOQAYh8xklSkt986AxBHx7fX+DmcQeSCqYCx52U9w3y1bFmgIvEjsnZZSj3je/el5EkwBCRTmRsmtbsXIyIhSjHMalXiIhJnREBtDVNCQBSCebRhjjY6142I+EfqHCU/X3RkYCKdPA1ZMBUUM5703E/7xuovxzJ2NhnCgI6eyQn3CsIjzpA3tMAFU81YTo8PqvmA6JIFTp1kq6BHs+8iJpVSv2acW6q5ZrF3kdRXSIjtAJstEZqqErVEdNRNEjekav6M14Ml6Md+NjNlow8p199AfG5w8o1JX/</latexit>

The NLSM is described by
<latexit sha1_base64="+WHV88gV2oi9Qae5TbSd52k8UYU="></latexit>

L =
1

2
@µ� · @µ� ,

<latexit sha1_base64="WmJ58o2vuWsOJtVecXejv4oMqXY=">AAACHnicbVDLSgMxFM34rPU16tJNsAiuykzxhSAU3LiSCvYBnbFkMpk2NJMMSUYow3yJG3/FjQtFBFf6N6btLLT1QMjhnHu5954gYVRpx/m2FhaXlldWS2vl9Y3NrW17Z7elRCoxaWLBhOwESBFGOWlqqhnpJJKgOGCkHQyvxn77gUhFBb/To4T4MepzGlGMtJF69okXCBaqUWy+zEsGNPdwKPSceulFEuHsJs/697W8Z1ecqjMBnCduQSqgQKNnf3qhwGlMuMYMKdV1nUT7GZKaYkbyspcqkiA8RH3SNZSjmCg/m5yXw0OjhDAS0jyu4UT93ZGhWI13NZUx0gM1643F/7xuqqNzP6M8STXheDooShnUAo6zgiGVBGs2MgRhSc2uEA+QyUGbRMsmBHf25HnSqlXd06pze1ypXxRxlMA+OABHwAVnoA6uQQM0AQaP4Bm8gjfryXqx3q2PaemCVfTsgT+wvn4AaVykeg==</latexit>

� · � =
N

g2

<latexit sha1_base64="oxspskBwqvD4WBjqsZ3oxZHccKY=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiRdqLgqFMRlhb6gDWUyuWmHTiZhZiKE0p0bf8WNC0Xc+gvu/BunbRbaemDgcM693DnHTzhT2nG+rcLa+sbmVnG7tLO7t39gHx61VZxKCi0a81h2faKAMwEtzTSHbiKBRD6Hjj+uz/zOA0jFYtHUWQJeRIaChYwSbaSBfdocAW7Ub3EUB8AxUzgARSXzIcB+hgd22ak4c+BV4uakjHI0BvZXP4hpGoHQlBOleq6TaG9CpGaUw7TUTxUkhI7JEHqGChKB8ibzHFN8bpQAh7E0T2g8V39vTEikVBb5ZjIieqSWvZn4n9dLdXjtTZhIUg2CLg6FKcc6xrNScMAkUM0zQ4gJb/6K6YhIQrWprmRKcJcjr5J2teJeVpz7arl2k9dRRCfoDF0gF12hGrpDDdRCFD2iZ/SK3qwn68V6tz4WowUr3zlGf2B9/gDN85f5</latexit>

The PCF model is described by
<latexit sha1_base64="0YTUXbyJ0RffHy1Nc3x1laRrJ6c="></latexit>

L =
1

g2
tr
�
@µ⌃ @µ⌃†� ,

<latexit sha1_base64="45A9z3hu5qXDey/rE3Asu1lpBz0=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCqzIjoiIIBTe6q2gf0BlLJpOZhiaZIckIZagbf8WNC0Xc+hfu/BvTdhbaeuDCyTn3kntPkDKqtON8W3PzC4tLy6WV8ura+samvbXdVEkmMWnghCWyHSBFGBWkoalmpJ1KgnjASCvoX4781gORiibiTg9S4nMUCxpRjLSRuvaud0tjju69EMUxkZMXvIDXXbviVJ0x4CxxC1IBBepd+8sLE5xxIjRmSKmO66Taz5HUFDMyLHuZIinCfRSTjqECcaL8fHzBEB4YJYRRIk0JDcfq74kccaUGPDCdHOmemvZG4n9eJ9PRmZ9TkWaaCDz5KMoY1AkcxQFDKgnWbGAIwpKaXSHuIYmwNqGVTQju9MmzpHlUdU+qzs1xpXZexFECe2AfHAIXnIIauAJ10AAYPIJn8ArerCfrxXq3Piatc1YxswP+wPr8AUyelhw=</latexit>

⌃†⌃ = I

<latexit sha1_base64="HiPoj5ceLqrRW8cAm7x6ApJybR8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRdqLgquNCVVOgL2lAmk5t26GQSZiZCCV258VfcuFDErd/gzr9x2mahrQcGDufcy51z/IQzpR3n2yqsrK6tbxQ3S1vbO7t79v5BS8WppNCkMY9lxycKOBPQ1Exz6CQSSORzaPuj66nffgCpWCwaepyAF5GBYCGjRBupbx83hoBv7nAUB8AxUzgARSXzIcD+GPftslNxZsDLxM1JGeWo9+2vXhDTNAKhKSdKdV0n0V5GpGaUw6TUSxUkhI7IALqGChKB8rJZjAk+NUqAw1iaJzSeqb83MhIpNY58MxkRPVSL3lT8z+umOrz0MiaSVIOg80NhyrGO8bQTHDAJVPOxIcSEN3/FdEgkodo0VzIluIuRl0mrWnHPK859tVy7yusooiN0gs6Qiy5QDd2iOmoiih7RM3pFb9aT9WK9Wx/z0YKV7xyiP7A+fwA5r5er</latexit>

The GN model is described by

<latexit sha1_base64="DNnY4bUOHFu7MPQAbhbyhxIwcwE="></latexit>

L =
i

2
� · @/ �+

g2

8
(� · �)2 ,

N Majorana fermions

<latexit sha1_base64="JYRCZEZx+dE6hlaFrsUoSiVc8zI=">AAAB+HicbVBNS8NAEJ34WetHox69LBahXkoioh6LXjxJpaYtNKFstpt26WYTdjdCLf0lXjwo4tWf4s1/47bNQVsfDDzem2FmXphyprTjfFsrq2vrG5uFreL2zu5eyd4/aKokk4R6JOGJbIdYUc4E9TTTnLZTSXEcctoKhzdTv/VIpWKJeNCjlAYx7gsWMYK1kbp2yW+wfox9JlDDq9yddu2yU3VmQMvEzUkZctS79pffS0gWU6EJx0p1XCfVwRhLzQink6KfKZpiMsR92jFU4JiqYDw7fIJOjNJDUSJNCY1m6u+JMY6VGsWh6YyxHqhFbyr+53UyHV0FYybSTFNB5ouijCOdoGkKqMckJZqPDMFEMnMrIgMsMdEmq6IJwV18eZk0z6ruRdW5Py/XrvM4CnAEx1ABFy6hBrdQBw8IZPAMr/BmPVkv1rv1MW9dsfKZQ/gD6/MHQ7OSLQ==</latexit>

⌃ 2 SU(N)

<latexit sha1_base64="wUNiLORIBNffHetrTSYhge8+5Uk=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9kVURGEggc9aUX7Ae1Ssmm2Dc0mS5IVytIf4cWDIl79Pd78N6btHrT1wcDjvRlm5gUxZ9q47rezsLi0vLKaW8uvb2xubRd2dutaJorQGpFcqmaANeVM0JphhtNmrCiOAk4bweBq7DeeqNJMikczjKkf4Z5gISPYWKlxfflwV7o96hSKbtmdAM0TLyNFyFDtFL7aXUmSiApDONa65bmx8VOsDCOcjvLtRNMYkwHu0ZalAkdU++nk3BE6tEoXhVLZEgZN1N8TKY60HkaB7Yyw6etZbyz+57USE577KRNxYqgg00VhwpGRaPw76jJFieFDSzBRzN6KSB8rTIxNKG9D8GZfnif147J3WnbvT4qViyyOHOzDAZTAgzOowA1UoQYEBvAMr/DmxM6L8+58TFsXnGxmD/7A+fwBwYCOgg==</latexit>

G = SO(N)

<latexit sha1_base64="wUNiLORIBNffHetrTSYhge8+5Uk=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9kVURGEggc9aUX7Ae1Ssmm2Dc0mS5IVytIf4cWDIl79Pd78N6btHrT1wcDjvRlm5gUxZ9q47rezsLi0vLKaW8uvb2xubRd2dutaJorQGpFcqmaANeVM0JphhtNmrCiOAk4bweBq7DeeqNJMikczjKkf4Z5gISPYWKlxfflwV7o96hSKbtmdAM0TLyNFyFDtFL7aXUmSiApDONa65bmx8VOsDCOcjvLtRNMYkwHu0ZalAkdU++nk3BE6tEoXhVLZEgZN1N8TKY60HkaB7Yyw6etZbyz+57USE577KRNxYqgg00VhwpGRaPw76jJFieFDSzBRzN6KSB8rTIxNKG9D8GZfnif147J3WnbvT4qViyyOHOzDAZTAgzOowA1UoQYEBvAMr/DmxM6L8+58TFsXnGxmD/7A+fwBwYCOgg==</latexit>

G = SO(N)

<latexit sha1_base64="iKk5AFizJHdHR/VPVIRVegF9Ujs=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbAaDEJuwK6IiCAELLUTiY5NAsiyzk0kyZPbBzKwQljT+io2FIrZ+hp1/4yTZQhMPDJx7zr3cucePOZPKsr6N3Nz8wuJSfrmwsrq2vmFubtVklAhCHRLxSDR8LClnIXUUU5w2YkFx4HNa9/sXI7/+SIVkUfigBjF1A9wNWYcRrLTkmTuX5/dO6ebAu24pFlCJJtWdZxatsjUGmiV2RoqQoeqZX612RJKAhopwLGXTtmLlplgoRjgdFlqJpDEmfdylTU1DrJe56fiAIdrXSht1IqFfqNBY/T2R4kDKQeDrzgCrnpz2RuJ/XjNRnVM3ZWGcKBqSyaJOwpGK0CgN1GaCEsUHmmAimP4rIj0sMFE6s4IOwZ4+eZbUDsv2cdm6PSpWzrI48rALe1ACG06gAldQBQcIDOEZXuHNeDJejHfjY9KaM7KZbfgD4/MH0ZWUmg==</latexit>

G = SU(N)L ⇥ SU(N)R

Notable integrable 2d models we will focus on: non linear sigma model 
(NLSM), Gross-Neveu (GN) model and Principal Chiral Field (PCF) 

model, but other models have been studied as well 
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When             , the vacuum is populated with such particles. Assume 
these are the only ones excited by h.  Starting from their known exact 

2-2 S-matrix amplitude         , we can determine the particle and 
energy densities     and     as a function of the Bethe roots         .

<latexit sha1_base64="ojEKjj1EXM8XhFh3K1YxFhOLPdE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqHiQgBePEc0DkiXMTmaTIfNYZmaFsOQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7ooQzY33/2yusrK6tbxQ3S1vbO7t75f2DplGpJrRBFFe6HWFDOZO0YZnltJ1oikXEaSsa3U791hPVhin5aMcJDQUeSBYzgq2THoY3oleu+FV/BrRMgpxUIEe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB1HJRbUhNns1Ak6cUofxUq7khbN1N8TGRbGjEXkOgW2Q7PoTcX/vE5q46swYzJJLZVkvihOObIKTf9GfaYpsXzsCCaauVsRGWKNiXXplFwIweLLy6R5Vg0uqv79eaV2ncdRhCM4hlMI4BJqcAd1aACBATzDK7x53Hvx3r2PeWvBy2cO4Q+8zx8bWY2o</latexit>

h > m

<latexit sha1_base64="sE9VPUV4hDLk8Pftme1ldQ8NWHQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoMQL2FXRMVTwIvHiOYhyRJmJ5NkyMzsMtMrhCVf4cWDIl79HG/+jZNkD5pY0FBUddPdFcaCG/S8bye3srq2vpHfLGxt7+zuFfcPGiZKNGV1GolIt0JimOCK1ZGjYK1YMyJDwZrh6GbqN5+YNjxSDziOWSDJQPE+pwSt9Hhf7uCQITntFktexZvBXSZ+RkqQodYtfnV6EU0kU0gFMabtezEGKdHIqWCTQicxLCZ0RAasbakikpkgnR08cU+s0nP7kbal0J2pvydSIo0Zy9B2SoJDs+hNxf+8doL9qyDlKk6QKTpf1E+Ei5E7/d7tcc0oirElhGpub3XpkGhC0WZUsCH4iy8vk8ZZxb+oeHfnpep1FkcejuAYyuDDJVThFmpQBwoSnuEV3hztvDjvzse8NedkM4fwB87nDxDVj+c=</latexit>

S(✓)
<latexit sha1_base64="4wpP8j40PEG9auQA4Ls22DxX7Vo=">AAAB83icbVBNS8NAEN3Ur1q/qh69BItQLyURUfFU8OKxgv2AJpTNdtIs3WzC7kQooX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMC1LBNTrOt1VaW9/Y3CpvV3Z29/YPqodHHZ1kikGbJSJRvYBqEFxCGzkK6KUKaBwI6Abju5nffQKleSIfcZKCH9OR5CFnFI3keSzidQ8jQHo+qNachjOHvUrcgtRIgdag+uUNE5bFIJEJqnXfdVL0c6qQMwHTipdpSCkb0xH0DZU0Bu3n85un9plRhnaYKFMS7bn6eyKnsdaTODCdMcVIL3sz8T+vn2F44+dcphmCZItFYSZsTOxZAPaQK2AoJoZQpri51WYRVZShialiQnCXX14lnYuGe9VwHi5rzdsijjI5IaekTlxyTZrknrRImzCSkmfySt6szHqx3q2PRWvJKmaOyR9Ynz9sc5FC</latexit>

�(✓)<latexit sha1_base64="2OcTMyYw6VobEHz/OvGGOJL2Xs8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDeyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6V1W3cVmp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHyKuM5g==</latexit>e<latexit sha1_base64="FR99crBnGsOi6yswiPhd/KKF6hA=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqHgKePEYwTwgWcLsZDY7ZB7LzKwQQn7BiwdFvPpD3vwbZ5M9aGJBQ1HVTXdXlHJmrO9/e6W19Y3NrfJ2ZWd3b/+genjUNirThLaI4kp3I2woZ5K2LLOcdlNNsYg47UTju9zvPFFtmJKPdpLSUOCRZDEj2OZSXydqUK35dX8OtEqCgtSgQHNQ/eoPFckElZZwbEwv8FMbTrG2jHA6q/QzQ1NMxnhEe45KLKgJp/NbZ+jMKUMUK+1KWjRXf09MsTBmIiLXKbBNzLKXi/95vczGN+GUyTSzVJLFojjjyCqUP46GTFNi+cQRTDRztyKSYI2JdfFUXAjB8surpH1RD67q/sNlrXFbxFGGEziFcwjgGhpwD01oAYEEnuEV3jzhvXjv3seiteQVM8fwB97nDx7qjkQ=</latexit>⇢

Let m be the mass of the lightest particle in the theory (mass gap).

Main motivation at that time was to find an exact relation between m and       
<latexit sha1_base64="jEw1WRsUpDlvnd8miIilKR9c3H8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIOgJgqsTCAVAR9SE1VOa7bWnWcyL5BVFFWFn6FhQGEWPkDNv4Gp+0ALUeydHTOubbv8SPBNTjOt5VbWl5ZXcuvFzY2t7Z37N29hg5jRVmdhiJULZ9oJrhkdeAgWCtSjAS+YE1/dJH5zXumNA/lHYwj1gnIQPI+pwSM1LVxybsy6R7pJl5ogtk9iQfsAZLr2zRNS1276JSdCfAicWekiGaode0vrxfSOGASqCBat10ngk5CFHAqWFrwYs0iQkdkwNqGShIw3Ukmm6T4yCg93A+VORLwRP09kZBA63Hgm2RAYKjnvUz8z2vH0D/rJFxGMTBJpw/1Y4EhxFktuMcVoyDGhhCquPkrpkOiCAVTXsGU4M6vvEgalbJ7UnZuKsXq+ayOPDpAh+gYuegUVdElqqE6ougRPaNX9GY9WS/Wu/Uxjeas2cw++gPr8wcacpqT</latexit>

⇤MS

This is obtained by comparing TBA (in terms of m) and QFT 
(in terms of           ) computations at large h.

<latexit sha1_base64="jEw1WRsUpDlvnd8miIilKR9c3H8=">AAACCXicbVC7TsMwFHXKq5RXgJHFokViqpIOgJgqsTCAVAR9SE1VOa7bWnWcyL5BVFFWFn6FhQGEWPkDNv4Gp+0ALUeydHTOubbv8SPBNTjOt5VbWl5ZXcuvFzY2t7Z37N29hg5jRVmdhiJULZ9oJrhkdeAgWCtSjAS+YE1/dJH5zXumNA/lHYwj1gnIQPI+pwSM1LVxybsy6R7pJl5ogtk9iQfsAZLr2zRNS1276JSdCfAicWekiGaode0vrxfSOGASqCBat10ngk5CFHAqWFrwYs0iQkdkwNqGShIw3Ukmm6T4yCg93A+VORLwRP09kZBA63Hgm2RAYKjnvUz8z2vH0D/rJFxGMTBJpw/1Y4EhxFktuMcVoyDGhhCquPkrpkOiCAVTXsGU4M6vvEgalbJ7UnZuKsXq+ayOPDpAh+gYuegUVdElqqE6ougRPaNX9GY9WS/Wu/Uxjeas2cw++gPr8wcacpqT</latexit>

⇤MS

The assumption that the vacuum is populated with only one kind of particles has 
been confirmed by 1/N QFT computations, where this assumption is not needed. 

At finite N this is yet to be proved.
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<latexit sha1_base64="UiHzxuDhvSsMfBzAHNzWl3ScZVk=">AAACJHicbVDLSgMxFM3UV62vUZdugkWomzJTREURCm4ENxXtAzqlZDJpG5qZDMkdoQz9GDf+ihsXPnDhxm8xfQjaeiBwOOdcbu7xY8E1OM6nlVlYXFpeya7m1tY3Nrfs7Z2alomirEqlkKrhE80Ej1gVOAjWiBUjoS9Y3e9fjvz6PVOay+gOBjFrhaQb8Q6nBIzUts+vCx70GJDDi9T1pIniEvZijvkQpwGeKMEkMsSekF18+zPRtvNO0RkDzxN3SvJoikrbfvMCSZOQRUAF0brpOjG0UqKAU8GGOS/RLCa0T7qsaWhEQqZb6fjIIT4wSoA7UpkXAR6rvydSEmo9CH2TDAn09Kw3Ev/zmgl0Tlspj+IEWEQnizqJwCDxqDEccMUoiIEhhCpu/oppjyhCwfSaMyW4syfPk1qp6B4XnZujfPlsWkcW7aF9VEAuOkFldIUqqIooekBP6AW9Wo/Ws/VufUyiGWs6s4v+wPr6Bjd4o1A=</latexit>

K(✓) =
1

2⇡i

d

d✓
logS(✓)

<latexit sha1_base64="SooLlPa6UVnbck1/DEg5BVOwwYQ="></latexit>

�(✓)�
Z B

�B
d✓0 K(✓ � ✓0)�(✓0) = m cosh ✓

<latexit sha1_base64="K5mvoWe+v1jLRpri/mYN8UEBBek="></latexit>

e =
m

2⇡

Z B

�B
d✓ �(✓) cosh ✓, ⇢ =

1

2⇡

Z B

�B
d✓ �(✓).

<latexit sha1_base64="EMXeIkpoteqGoutKjZ3I6yHUptI="></latexit>

h ⌘ @⇢e(⇢) , F(h) ⌘ e(⇢)� ⇢h .

The free energy            is the Legendre transform of    :      
<latexit sha1_base64="oJyi+7Vx+lu/cYLRItqTdn2wvxk=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSLUS0lEVDwVBPFYwX5AGspmu22XbjZhdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbmhYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2yE1XArFGyhQ8naiOY1CyVvh6Hbqt564NiJWjzhOeBDRgRJ9wShayc86jEpyN6kMz7qlslt1ZyDLxMtJGXLUu6WvTi9macQVMkmN8T03wSCjGgWTfFLspIYnlI3ogPuWKhpxE2Szkyfk1Co90o+1LYVkpv6eyGhkzDgKbWdEcWgWvan4n+en2L8OMqGSFLli80X9VBKMyfR/0hOaM5RjSyjTwt5K2JBqytCmVLQheIsvL5PmedW7rLoPF+XaTR5HAY7hBCrgwRXU4B7q0AAGMTzDK7w56Lw4787HvHXFyWeO4A+czx84hpCI</latexit>

F(h)
<latexit sha1_base64="2OcTMyYw6VobEHz/OvGGOJL2Xs8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDeyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6V1W3cVmp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHyKuM5g==</latexit>e

<latexit sha1_base64="SRvl9AXXhTFcPycO3QdSWYkb/rQ="></latexit>

✏(✓)�
Z B

�B
d✓0 K(✓ � ✓0)✏(✓0) = h�m cosh ✓ ,

Alternative (more convenient) formulation: introduce function
<latexit sha1_base64="jneVNQW3IVxDfGw4xrlOnra0wBE=">AAACBXicbVA9SwNBEN3zM8avU0stFhMhNuEuhYpVwMYygvmAJIS9zSS3ZG/v2J0TQkhj41+xsVDE1v9g579x81Fo4oOBx3szzMwLEikMet63s7K6tr6xmdnKbu/s7u27B4c1E6eaQ5XHMtaNgBmQQkEVBUpoJBpYFEioB4ObiV9/AG1ErO5xmEA7Yn0leoIztFLHPcm3IDFCxqrQwhCQneepSXlIMWTYcXNe0ZuCLhN/TnJkjkrH/Wp1Y55GoJBLZkzT9xJsj5hGwSWMs63UQML4gPWhaaliEZj2aPrFmJ5ZpUt7sbalkE7V3xMjFhkzjALbGTEMzaI3Ef/zmin2rtojoZIUQfHZol4qKcZ0EgntCg0c5dASxrWwt1IeMs042uCyNgR/8eVlUisV/Yuid1fKla/ncWTIMTklBeKTS1Imt6RCqoSTR/JMXsmb8+S8OO/Ox6x1xZnPHJE/cD5/AEcOl8M=</latexit>

✏(✓) such that

<latexit sha1_base64="TxXIfgp7LBaId5+fa2SUQY+Wei0="></latexit>

F(h) = �m

2⇡

Z B

�B
d✓ cosh ✓✏(✓)

<latexit sha1_base64="djiRyjP+UTs4vD7UOmQIo2CaODU=">AAACBXicbVDLSgMxFM34rPU16lIXwSJUKGVGREUQim5cVrAP6Awlk8m0oZlMmmSEUrpx46+4caGIW//BnX9j2s5CWw9cOJxzL/feEwhGlXacb2thcWl5ZTW3ll/f2Nzatnd26ypJJSY1nLBENgOkCKOc1DTVjDSFJCgOGGkEvZux33ggUtGE3+uBIH6MOpxGFCNtpLZ94JVK0Ov3UxRCjwhFWcKLnojh9fGV07YLTtmZAM4TNyMFkKHatr+8MMFpTLjGDCnVch2h/SGSmmJGRnkvVUQg3EMd0jKUo5gofzj5YgSPjBLCKJGmuIYT9ffEEMVKDeLAdMZId9WsNxb/81qpji78IeUi1YTj6aIoZVAncBwJDKkkWLOBIQhLam6FuIskwtoElzchuLMvz5P6Sdk9Kzt3p4XKZRZHDuyDQ1AELjgHFXALqqAGMHgEz+AVvFlP1ov1bn1MWxesbGYP/IH1+QPbmZbb</latexit>

, ✏(±B) = 0

<latexit sha1_base64="GTeEvCt5axIpYQBfiIgMCxRDAH8="></latexit>

Sometimes it is useful to study expansion of e(⇢) rather than F(h).
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Recent results
After the advent of resurgence in QFT

Change of perspective: use integrability directly to get many perturbative orders, 
which is the first necessary step for a resurgence study [Mariño,Reis, 1909.12134; …].

When computed using TBA (or large N QFT techniques) it is a function of 
the chemical potential h and of the non-perturbative mass gap m.

In order to recast the results in terms of asymptotic expansions of ordinary 
perturbation theory, we have to define a (running) coupling constant of some kind.

<latexit sha1_base64="KyfTn4Y2NqpysbF0/ILgSXjae6o=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxA8hZkgKp4CXjxGMAtk4lDTqUma9Cx29wRCyMGLv+LFgyJe/Qhv/o2d5aCJDwoe71VRVS9IBVfacb6tldW19Y3N3FZ+e2d3b98+OKyrJJMMaywRiWwGoFDwGGuaa4HNVCJEgcBG0L+e+I0BSsWT+E4PU2xH0I15yBloI/l2wQOR9oB6+JDxAS1TL0ANvkO792XfLjolZwq6TNw5KZI5qr795XUSlkUYayZAqZbrpLo9Aqk5EzjOe5nCFFgfutgyNIYIVXs0fWJMT4zSoWEiTcWaTtXfEyOIlBpGgemMQPfUojcR//NamQ4v2yMep5nGmM0WhZmgOqGTRGiHS2RaDA0BJrm5lbIeSGDa5JY3IbiLLy+Ternknpec27Ni5WoeR44UyDE5JS65IBVyQ6qkRhh5JM/klbxZT9aL9W59zFpXrPnMEfkD6/MHsMOWzg==</latexit>

↵ ⌘ 2�0g
2

<latexit sha1_base64="SvlH/mTLTnmGU+7RG4uWi0r3o0s=">AAACJ3icbZDLSgMxFIYz9VbrrerSTbAILWKZqUVFUApu3FnBXqDTljNp2oZmLiQZsQx9Gze+ihtBRXTpm5i2I2j1h8CX/5xDcn4n4Ewq0/wwEnPzC4tLyeXUyura+kZ6c6sq/VAQWiE+90XdAUk582hFMcVpPRAUXIfTmjO4GNdrt1RI5ns3ahjQpgs9j3UZAaWtdvrcdqiCrA086EMOn+EDPOVWYYx37Pt6iPdxZBPg+GoUt7eKuXY6Y+bNifBfsGLIoFjldvrZ7vgkdKmnCAcpG5YZqGYEQjHC6Shlh5IGQAbQow2NHrhUNqPJniO8p50O7vpCH0/hiftzIgJXyqHr6E4XVF/O1sbmf7VGqLonzYh5QaioR6YPdUOOlY/HoeEOE5QoPtQARDD9V0z6IIAoHW1Kh2DNrvwXqoW8dZQ3r4uZ0mkcRxLtoF2URRY6RiV0icqoggi6R4/oBb0aD8aT8Wa8T1sTRjyzjX7J+PwC3Zii2w==</latexit>

�(↵) = �↵2
� ⇠↵3 +O(↵4)

<latexit sha1_base64="JS25BpC99Lu/b4AvgX8C2pAHRz0=">AAACCnicbZDLSsNAFIYnXmu9RV26GS2Cq5IUURGEghuXFewFmhgm05N26OTCzEQsIWs3voobF4q49Qnc+TZO2yy09YeBj/+cw5nz+wlnUlnWt7GwuLS8slpaK69vbG5tmzu7LRmngkKTxjwWHZ9I4CyCpmKKQycRQEKfQ9sfXo3r7XsQksXRrRol4IakH7GAUaK05ZkHzgPDl9gJBKGZ44Minp1nNTxF666We2bFqloT4XmwC6igQg3P/HJ6MU1DiBTlRMqubSXKzYhQjHLIy04qISF0SPrQ1RiREKSbTU7J8ZF2ejiIhX6RwhP390RGQilHoa87Q6IGcrY2Nv+rdVMVnLsZi5JUQUSni4KUYxXjcS64xwRQxUcaCBVM/xXTAdGpKJ1eWYdgz548D61a1T6tWjcnlfpFEUcJ7aNDdIxsdIbq6Bo1UBNR9Iie0St6M56MF+Pd+Ji2LhjFzB76I+PzB48LmYU=</latexit>

⇠ =
�1

2�2
0

Define ’t Hooft coupling

and the running coupling
<latexit sha1_base64="jX591+sH54WUCvNrNZxXDMBApzw="></latexit>

1

↵(µ)
+ ⇠ log↵(µ) ⌘ log

⇣ µ

m

⌘

Then
<latexit sha1_base64="AmLc8lELmDRYteLNTXWohpzxZeU=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0GITdgVUbEK2FhGMA/ILmF2MpsMmZld5xEIS1obf8XGQhFb/8DOv3GSbKGJBy6cOede5t4TpYwq7XnfTmFldW19o7hZ2tre2d1z9w+aKjESkwZOWCLbEVKEUUEammpG2qkkiEeMtKLhzdRvjYhUNBH3epySkKO+oDHFSFup68IAsXSAYEAeDB3lr0rADQwU5XBw2nXLXtWbAS4TPydlkKPedb+CXoINJ0JjhpTq+F6qwwxJTTEjk1JgFEkRHqI+6VgqECcqzGaXTOCJVXowTqQtoeFM/T2RIa7UmEe2kyM9UIveVPzP6xgdX4UZFanRROD5R7FhUCdwGgvsUUmwZmNLEJbU7grxAEmEtQ2vZEPwF09eJs2zqn9R9e7Oy7XrPI4iOALHoAJ8cAlq4BbUQQNg8AiewSt4c56cF+fd+Zi3Fpx85hD8gfP5AyPNmU4=</latexit>

↵ ⌘ ↵(µ ⇠ h)

The observable of interest is still the relative free energy. 

<latexit sha1_base64="tawmLbt9Q/nPZyGnTu42tcLwZWM=">AAAB/HicbVBNSwMxEM3Wr1q/Vnv0EmwFT2W3BxVPBS+epIKthe6yZNNsG5pNQpIVllL/ihcPinj1h3jz35i2e9DWBwOP92aYmRdLRrXxvG+ntLa+sblV3q7s7O7tH7iHR10tMoVJBwsmVC9GmjDKScdQw0hPKoLSmJGHeHw98x8eidJU8HuTSxKmaMhpQjEyVorcaj2IiUGRBwOphDQC3tYjt+Y1vDngKvELUgMF2pH7FQwEzlLCDWZI677vSRNOkDIUMzKtBJkmEuExGpK+pRylRIeT+fFTeGqVAUyEssUNnKu/JyYo1TpPY9uZIjPSy95M/M/rZya5DCeUy8wQjheLkoxB++MsCTigimDDcksQVtTeCvEIKYSNzatiQ/CXX14l3WbDP294d81a66qIowyOwQk4Az64AC1wA9qgAzDIwTN4BW/Ok/PivDsfi9aSU8xUwR84nz8gIJPB</latexit>

�0 / N
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<latexit sha1_base64="jUmohSLZ4tWbIYITNFeCThaee8U="></latexit>

�TBA
↵ = � ↵2

1� ⇠↵
= �↵2 � ⇠↵3 + . . .

Note that the scheme so defined, which we might call “TBA” 
renormalization scheme, is not related in a simple way to ordinary 

renormalization schemes we use in QFT, such as minimal subtraction. This 
is a scheme where the beta function is exactly determined as 

An important technical advance was provided in 2009, who introduced a method based 
on resolvents to get many perturbative terms in TBA-like schemes [Volin, 2009].

In this way, for the first time the occurrence of singularities in the 
Borel plane of UV free QFTs at finite N has been firmly shown. 

It makes sense to call such singularities renormalons:

• no instantons for generic N

• location in agreement with beta function at leading order in N 

• reproduced from chain Feynman diagrams in QFT computations 

[Mariño, Miravitllas, Reis, 2102.03078]
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More recently another technical advance, based on the Wiener-Hopf method, 
has allowed to get the first perturbative terms of the trans-series expansion 

[Mariño, Miravitllas, Reis, 2111.11951].

For specific cases, i.e. N=4 NLSM, up to 2000 terms have been computed!

[Abbott et al, 2011.09897, 2011.12254, 2111.15390]

This has been further developed and by now the full trans-series can be accessed  
[Bajnok, Balog, Hegedus, Vona, 2204.13365; Bajnok, Balog, Vona, 2212.09416]

See Janos talk

• Can we decode the exact results in terms of a trans-series?

• Can we recover the trans-series terms from the perturbative series, 
in the spirit of resurgence?

Key questions we would like to address: 

The answer is yes to both questions, in an interesting way, as we will see. 
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<latexit sha1_base64="nwB3A3/cKsqyMnCr+D2oq7VE+BA=">AAACEHicbVDLSgNBEJyNrxhfqx69DAYxgRB2g6h4CgTEk0QwiZBdQ+9kkh0y+2BmVghLPsGLv+LFgyJePXrzb5w8DppY0FBUddPd5cWcSWVZ30ZmaXlldS27ntvY3NreMXf3mjJKBKENEvFI3HkgKWchbSimOL2LBYXA47TlDWpjv/VAhWRReKuGMXUD6IesxwgoLXXM49QhwPHlqOAXsSNZgP37CnbqPis4wGMfSvi6hGvFjpm3ytYEeJHYM5JHM9Q75pfTjUgS0FARDlK2bStWbgpCMcLpKOckksZABtCnbU1DCKh008lDI3yklS7uRUJXqPBE/T2RQiDlMPB0ZwDKl/PeWPzPayeqd+6mLIwTRUMyXdRLOFYRHqeDu0xQovhQEyCC6Vsx8UEAUTrDnA7Bnn95kTQrZfu0bN2c5KsXsziy6AAdogKy0RmqoitURw1E0CN6Rq/ozXgyXox342PamjFmM/voD4zPH0IImic=</latexit>

F(h) ⇠ h2�(↵, N,C)

<latexit sha1_base64="310XEZpUagDpx3EHVFr2aTGYGBA=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUfFU6MVjBbcttEvJptk2NMmGJCuUxd/gxYMiXv1B3vw3pu0etPXBwOO9GWbmxYozY33/2yutrW9sbpW3Kzu7e/sH1cOjtkkzTWhIUp7qbowN5UzS0DLLaVdpikXMaSeeNGd+55Fqw1L5YKeKRgKPJEsYwdZJYXPQV2JQrfl1fw60SoKC1KBAa1D96g9TkgkqLeHYmF7gKxvlWF tGOH2q9DNDFSYTPKI9RyUW1ET5/NgndOaUIUpS7UpaNFd/T+RYGDMVsesU2I7NsjcT//N6mU1uopxJlVkqyWJRknFkUzT7HA2ZpsTyqSOYaOZuRWSMNSbW5VNxIQTLL6+S9kU9uKr795e1xm0RRxlO4BTOIYBraMAdtCAEAgye4RXePOm9eO/ex6K15BUzx/AH3ucPlp2OhA==</latexit>

C± Stokes constants
Trans-series studied at large and at finite N.

Large N [Di Pietro et al., 2108.02647]

This happens when large N ``trivializes” the perturbative series.

<latexit sha1_base64="/g5AkIbek+Defr3j5e99+N3syrE="></latexit>

�(↵, N,C±) =
1X

k,l=0

e�
2`
↵ '(`)

k (↵, C±)�
k�1

<latexit sha1_base64="3NjlXD4hDHejOpr3BNoIZZx5LO4="></latexit>

F(h) =
1X

k=0

Fk(h)�
k�1

Knowing the perturbative series is not generally enough to reproduce 
the non-perturbative pieces with suitable Stokes constants.

<latexit sha1_base64="tvWA6Y4Og2OsOm6f3Pe7bFXzDUY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBjSUpoiIIBV24kgr2AU0ok+mkHTqZhJkboYbgr7hxoYhb/8Odf+O0zUJbD1w4nHMv997jx5wpsO1vo7CwuLS8Ulwtra1vbG6Z2ztNFSWS0AaJeCTbPlaUM0EbwIDTdiwpDn1OW/7wauy3HqhULBL3MIqpF+K+YAEjGLTUNffca8oBX7qBxCR1svT2uJp1zbJdsSew5omTkzLKUe+aX24vIklIBRCOleo4dgxeiiUwwmlWchNFY0yGuE87mgocUuWlk+sz61ArPSuIpC4B1kT9PZHiUKlR6OvOEMNAzXpj8T+vk0Bw7qVMxAlQQaaLgoRbEFnjKKwek5QAH2mCiWT6VosMsM4BdGAlHYIz+/I8aVYrzmnFvjsp1y7yOIpoHx2gI+SgM1RDN6iOGoigR/SMXtGb8WS8GO/Gx7S1YOQzu+gPjM8ft+CUuQ==</latexit>

� =
1

N � 2

<latexit sha1_base64="WVeq4vP1D0+ryszh4XIHzBGiLQE="></latexit>

�(↵, N,C±) = �0(↵, N) +
1X

`=1

e�
2`A(N)

↵ �`(↵, N,C±)

Ordinary QFT IR renormalons corresponds to 
<latexit sha1_base64="jy4oDsBfWCY8aqi7IaDONzpAbG4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquiIogVLx4kgr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7S8srqWXy9sbG5t7xR39xpaJorQOpFcqlaANeVM0LphhtNWrCiOAk6bwfBm4jefqNJMigcziqkf4b5gISPYWKlxXb47vvK6xZJbcadAi8TLSAky1LrFr05PkiSiwhCOtW57bmz8FCvDCKfjQifRNMZkiPu0banAEdV+Or12jI6s0kOhVLaEQVP190SKI61HUWA7I2wGet6biP957cSEF37KRJwYKshsUZhwZCSavI56TFFi+MgSTBSztyIywAoTYwMq2BC8+ZcXSeOk4p1V3PvTUvUyiyMPB3AIZfDgHKpwCzWoA4FHeIZXeHOk8+K8Ox+z1pyTzezDHzifP+XTjgE=</latexit>

A(N) = 1
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Example: Gross-Neveu
<latexit sha1_base64="UBYfWSHeVdJS8p5CDI6qtrFdXxU="></latexit>

Considered leading and next-to-leading order terms F0 and F1

[Forgacs,Niedermayer,Weisz,1991]

Leading order: all trans-series terms appear, though with simple coefficients
<latexit sha1_base64="zR6KYS1Eaj4pc+/98OiPsvK3+wk="></latexit>

'(0)
0 (↵) = 1 , '(1)

0 (↵) = �2� 4

↵
, '(2)

0 (↵) = 2 , '(3)
0 (↵) = 2 , . . .

At next-to-leading order asymptotic series appears
<latexit sha1_base64="rqUBVNZt/VRysV4N8aDSW2n++UE="></latexit>

'(0)
1 (↵) = �

⇣
↵+ ↵2 +

3

2
↵3 +O(↵4)

⌘ <latexit sha1_base64="oKEGhvnqv2HNUfeDClsvXhb99c8="></latexit>

= �2
1X

n=1

�(n+ 1)
⇣↵
2

⌘n

Resurgence analysis would predict

In contrast, we get
<latexit sha1_base64="SzBn6i6Sck8SaYaqRmZo5daobbY="></latexit>

'(1)
1 (↵, C±) = C±

4⇡

↵
+

8

↵2
�

4

↵
log(↵2)� 4 + ↵

⇣
2 + ↵+ ↵2 +O(↵3)

⌘

<latexit sha1_base64="oi34QwVW4g9R5+vl8y0FTKOpFpA="></latexit>

'(1)
1 (↵, C±)= C±

4⇡

↵
, '(`>1)

1 = 0 , C± = ±i

<latexit sha1_base64="aHcy+gLdrDxrW3MWgwjaf6ZhHzA="></latexit>

'(`>1)
1 (↵, C±) 6= 0

1/N series is convergent in the GN model.
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When large N does not ``trivializes” the series, resurgence works (median resummation). 

Example: Principal Chiral Field
<latexit sha1_base64="IW0mFJIFWl3O/P/HX+aLS1s3NzM=">AAACHnicbVDLSgMxFM3UV62vqks3wVZwVWYKPnBVLYjLClaFtpRM5rYG8xiSjFCGfokbf8WNC0UEV/o3Zuos1HogcDjnXG7uCWPOjPX9T68wMzs3v1BcLC0tr6yuldc3Lo1KNIU2VVzp65AY4ExC2zLL4TrWQETI4Sq8bWb+1R1ow5S8sKMYeoIMJRswSqyT+uW9phJxYiHCHEjE5BArHYHGFrTA1bRLCcen475fxeEIJyYLXJwc98sVv+ZPgKdJkJMKytHql9+7kaKJAGkpJ8Z0Aj+2vZRoyyiHcambGIgJvSVD6DgqiQDTSyfnjfGOUyI8UNo9afFE/TmREmHMSIQuKYi9MX+9TPzP6yR2cNhLmcwKkPR70SDh2CqcdYUjpoFaPnKEUM3cXzG9IZpQ144puRKCvydPk8t6Ldiv+ef1SuMor6OIttA22kUBOkANdIZaqI0oukeP6Bm9eA/ek/fqvX1HC14+s4l+wfv4AgejoRo=</latexit>

Computed leading order term F0 by using TBA
<latexit sha1_base64="TDfZGu79jit5b39cMq2+4/FLOEE="></latexit>

F0(h) ⇠ �h2

8⇡
�(↵, C±) = �h2

8⇡

X

`�0

C`
±e

�2`/↵'(`)(↵) ,
<latexit sha1_base64="pU+0pbH8N591UEZjseCe2u6iasQ=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgqsyIqAhCoRuXFewDOsOQSTNtaJIJSUYoQ/0VNy4UceuHuPNvTNtZaOuBC4dz7uXee2LJqDae9+2U1tY3NrfK25Wd3b39A/fwqKPTTGHSxilLVS9GmjAqSNtQw0hPKoJ4zEg3HjdnfveRKE1T8WAmkoQcDQVNKEbGSpFbbUaB5Lcw4BLmgeKQTmHk1ry6NwdcJX5BaqBAK3K/gkGKM06EwQxp3fc9acIcKUMxI9NKkGkiER6jIelbKhAnOsznx0/hqVUGMEmVLWHgXP09kSOu9YTHtpMjM9LL3kz8z+tnJrkOcypkZojAi0VJxqBJ4SwJOKCKYMMmliCsqL0V4hFSCBubV8WG4C+/vEo653X/su7dX9QaN0UcZXAMTsAZ8MEVaIA70AJtgMEEPINX8OY8OS/Ou/OxaC05xUwV/IHz+QM5JZPT</latexit>

C± = ⌥i

Resurgence structure particularly easy

<latexit sha1_base64="+xBrkKyCzu1A85t5GPyJjBZ0KME=">AAACI3icbZDLSgMxFIYz9VbrrerSTbAILUKZKaJSEAq6cFnBXqAzlkx62oZmLiSZQhnmXdz4Km5cKMWNC9/FdNqFth4IfPz/OZyc3w05k8o0v4zM2vrG5lZ2O7ezu7d/kD88asogEhQaNOCBaLtEAmc+NBRTHNqhAOK5HFru6Hbmt8YgJAv8RzUJwfHIwGd9RonSUjdfte+AK9K1sD0mIhyyp7hoA+el5AZXGE753CrhJVtLSTdfMMtmWngVrAUU0KLq3fzU7gU08sBXlBMpO5YZKicmQjHKIcnZkYSQ0BEZQEejTzyQTpzemOAzrfRwPxD6+Qqn6u+JmHhSTjxXd3pEDeWyNxP/8zqR6l87MfPDSIFP54v6EccqwLPAcI8JoIpPNBAqmP4rpkMiCFU61pwOwVo+eRWalbJ1WTYfLgq16iKOLDpBp6iILHSFauge1VEDUfSMXtE7+jBejDdjanzOWzPGYuYY/Snj+wdIqaIo</latexit>

�1'
(`) = 2i(`+ 1)'(`+1)

<latexit sha1_base64="ay3l3p63FNLZPOl9i394JikeuPI=">AAACGnicbVDLSgNBEJyN7/iKevQyGIQIEnZFVARF0INHBROF7Bp6J51k2NlHZmaFsOQ7vPgrXjwo4k28+DdOHoJGC5ouqrqZ6fITwZW27U8rNzE5NT0zO5efX1hcWi6srFZVnEqGFRaLWN74oFDwCCuaa4E3iUQIfYHXfnDa96/vUCoeR1e6m6AXQiviTc5AG6lecNwzFBrqAXXvQCZtfpuVXBRiq3dEbXd7m7qdTgqN7xYcO/VC0S7bA9C/xBmRIhnhol54dxsxS0OMNBOgVM2xE+1lIDVnAnt5N1WYAAughTVDIwhRedngtB7dNEqDNmNpKtJ0oP7cyCBUqhv6ZjIE3VbjXl/8z6ulunngZTxKUo0RGz7UTAXVMe3nRBtcItOiawgwyc1fKWuDBKZNmnkTgjN+8l9S3Sk7e2X7crd4cjiKY5askw1SIg7ZJyfknFyQCmHknjySZ/JiPVhP1qv1NhzNWaOdNfIL1scXpV2fUw==</latexit>

�k'
(`) = 0 , k > 1

<latexit sha1_base64="rVGEQMl4SoKOx21E9CcKqdVZ53w="></latexit>

�k = s�1
+ e

2k
↵ (s+ � s�)

<latexit sha1_base64="MgcD72sXztlOG8e/5rCjV+P5R28="></latexit>

� ⌘ exp(
X

k

e�
2k
↵ �k)

<latexit sha1_base64="YZHPs66vtL6jj6ikw4ZPvmtyFmE="></latexit>

F0(h) = �h2

8⇡
s+(�

1/2)'(0)

<latexit sha1_base64="BxNJC51Rm6B6JT4KpKsvwmgKnqs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiouKp4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorPejeWa9ccavuDGSZeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE177GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsvL5PmedW7rLr3F5XaTR5HEY7gGE7BgyuowR3UoQEMBvAMr/DmCOfFeXc+5q0FJ585hD9wPn8A+imNkg==</latexit>s+

<latexit sha1_base64="ZDcgMaLoujNTc1rHfGKEvpLL1cA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUfFU8OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHnTvrFeuuFV3BrJMvJxUIEe9V/7q9mOWRigNE1Trjucmxs+oMpwJnJS6qcaEshEdYMdSSSPUfjY7dUJOrNInYaxsSUNm6u+JjEZaj6PAdkbUDPWiNxX/8zqpCa/9jMskNSjZfFGYCmJiMv2b9LlCZsTYEsoUt7cSNqSKMmPTKdkQvMWXl0nzvOpdVt37i0rtJo+jCEdwDKfgwRXU4A7q0AAGA3iGV3hzhPPivDsf89aCk88cwh84nz/9MY2U</latexit>s�
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Finite N

Resurgence always works!

Detailed resurgent analysis up to             for the O(4) NLSM
<latexit sha1_base64="J+WEsolwJ2tKZgp8/FZrOnbvKAg=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KomIFkEoePFYwX5AG8pmO2nXbrJhdyOU0P/gxYMiXv0/3vw3btsctPXBwOO9GWbmBYng2rjut7Oyura+sVnYKm7v7O7tlw4Om1qmimGDSSFVO6AaBY+xYbgR2E4U0igQ2ApGt1O/9YRKcxk/mHGCfkQHMQ85o8ZKzS4KcVPtlcpuxZ2BLBMvJ2XIUe+Vvrp9ydIIY8ME1brjuYnxM6oMZwInxW6qMaFsRAfYsTSmEWo/m107IadW6ZNQKluxITP190RGI63HUWA7I2qGetGbiv95ndSEVT/jcZIajNl8UZgKYiSZvk76XCEzYmwJZYrbWwkbUkWZsQEVbQje4svLpHle8S4r7v1FuXadx1GAYziBM/DgCmpwB3VoAINHeIZXeHOk8+K8Ox/z1hUnnzmCP3A+fwALTI7B</latexit>

` = 8

<latexit sha1_base64="qFqM3lNeIULZBAVzY1t2cYTp8bM=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVASh4MVjBfsBbSib7aRdu8mG3Y1QQv+DFw+KePX/ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8fNLVMFcMGk0KqdkA1Ch5jw3AjsJ0opFEgsBWMbqd+6wmV5jJ+MOME/YgOYh5yRo2Vml0U4ua8V664VXcGsky8nFQgR71X/ur2JUsjjA0TVOuO5ybGz6gynAmclLqpxoSyER1gx9KYRqj9bHbthJxYpU9CqWzFhszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZj5PUYMzmi8JUECPJ9HXS5wqZEWNLKFPc3krYkCrKjA2oZEPwFl9eJs2zqndRde/PK7XrPI4iHMExnIIHl1CDO6hDAxg8wjO8wpsjnRfn3fmYtxacfOYQ/sD5/AEFPI69</latexit>

` = 4Agreement checked up to             for general O(N) NLSM, PCF and GN models.

[Abbott et al, 2011.09897, 2011.12254]

See Janos talk for a detailed study of the O(3) model, where we 
have both stable instantons as well as renormalons.

[Mariño, Miravitllas, Reis, 2111.11951].

However, in the GN and PCF model, a surprise occurs 
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<latexit sha1_base64="2HkfKbUXM1KzmXc7ikr/tNm18mI=">AAACDnicbVDJSgNBEO2JWxy3qEcvjSEQD4aZIJqLEAiIpxDBLJDE0NPpSZr0LHTXiGGYL/Dir3jxoIhXz978GzvLQRMfFDzeq6KqnhMKrsCyvo3Uyura+kZ609za3tndy+wfNFQQScrqNBCBbDlEMcF9VgcOgrVCyYjnCNZ0RpWJ37xnUvHAv4VxyLoeGfjc5ZSAlnqZXOUu7gB7gLhWuUqSfPUEX+KOKwmNq0lcPS0m2MS4l8laBWsKvEzsOcmiOWq9zFenH9DIYz5QQZRq21YI3ZhI4FSwxOxEioWEjsiAtTX1icdUN56+k+CcVvrYDaQuH/BU/T0RE0+psefoTo/AUC16E/E/rx2BW+rG3A8jYD6dLXIjgSHAk2xwn0tGQYw1IVRyfSumQ6KzAJ2gqUOwF19eJo1iwT4vWDdn2XJpHkcaHaFjlEc2ukBldI1qqI4oekTP6BW9GU/Gi/FufMxaU8Z85hD9gfH5A+kRmgw=</latexit>

CPCF(N) =
N

N � 2

<latexit sha1_base64="qo6908eE1YaNGuHZc0BgEj6z27s=">AAACD3icbVC7SgNBFJ2Nrxhfq5Y2g0GJhWE3BBVBCKTQKkQwD0himJ3MJkNmH8zcFcOyf2Djr9hYKGJra+ffOHkUGj1wL4dz7mXmHicUXIFlfRmphcWl5ZX0amZtfWNzy9zeqasgkpTVaCAC2XSIYoL7rAYcBGuGkhHPEazhDMtjv3HHpOKBfwOjkHU80ve5yykBLXXNw/Jt3AZ2D/FlJUlylSN8gduuJDSuHBcS3YoJzmDcNbNW3poA/yX2jGTRDNWu+dnuBTTymA9UEKVathVCJyYSOBUsybQjxUJCh6TPWpr6xGOqE0/uSfCBVnrYDaQuH/BE/bkRE0+pkefoSY/AQM17Y/E/rxWBe9aJuR9GwHw6fciNBIYAj8PBPS4ZBTHShFDJ9V8xHRCdBugIMzoEe/7kv6ReyNsneeu6mC2dz+JIoz20j3LIRqeohK5QFdUQRQ/oCb2gV+PReDbejPfpaMqY7eyiXzA+vgFGNpo1</latexit>

CGN(N) =
N � 2

N � 4

Other IR renormalons are shifted by the same 
factor. UV renormalons as expected.

New IR renormalons are puzzling from an OPE point of view.

<latexit sha1_base64="WVeq4vP1D0+ryszh4XIHzBGiLQE="></latexit>

�(↵, N,C±) = �0(↵, N) +
1X

`=1

e�
2`A(N)

↵ �`(↵, N,C±)

The first IR renormalon splits into two

<latexit sha1_base64="7Px8TArP/NoHgkmySKeFFSodyfg=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEVyUzrW11VXDjsoJ9QGcomTTThmYeJBmhTAv+ihsXirj1O9z5N2baCip64MLhnHu59x4v5kwqhD6M3Mrq2vpGfrOwtb2zu2fuH7RllAhCWyTikeh6WFLOQtpSTHHajQXFgcdpxxtfZX7njgrJovBWTWLqBngYMp8RrLTUN48cX2CSWrN06nhU4T6aziDsm0VUuqhX7XMbohJCNbtczYhdq9hlaGklQxEs0eyb784gIklAQ0U4lrJnoVi5KRaKEU5nBSeRNMZkjIe0p2mIAyrddH7+DJ5qZQD9SOgKFZyr3ydSHEg5CTzdGWA1kr+9TPzL6yXKr7spC+NE0ZAsFvkJhyqCWRZwwAQlik80wUQwfSskI6zzUDqxgg7h61P4P2nbJataQjeVYuNyGUceHIMTcAYsUAMNcA2aoAUISMEDeALPxr3xaLwYr4vWnLGcOQQ/YLx9AiYTlZY=</latexit>

1

|�0|

<latexit sha1_base64="AxDAT4PbTUtFhN9Nik9sxnvsUtw=">AAACAXicdVDLSgMxFM34rPU16kZwEyxC3ZRMkdq6KnTjSirYB3SGIZNm2tDMgyQjlGnd+CtuXCji1r9w59+YaSuo6IELh3Pu5d57vJgzqRD6MJaWV1bX1nMb+c2t7Z1dc2+/LaNEENoiEY9E18OSchbSlmKK024sKA48TjveqJH5nVsqJIvCGzWOqRPgQch8RrDSkmse2r7AJG0Ur06n6cT2qMIumkwhdM0CKiGNSgVmxKoiS5NarVou16A1sxAqgAWarvlu9yOSBDRUhGMpexaKlZNioRjhdJq3E0ljTEZ4QHuahjig0klnH0zhiVb60I+ErlDBmfp9IsWBlOPA050BVkP528vEv7xeovyqk7IwThQNyXyRn3CoIpjFAftMUKL4WBNMBNO3QjLEOhKlQ8vrEL4+hf+TdrlkVUro+qxQv1jEkQNH4BgUgQXOQR1cgiZoAQLuwAN4As/GvfFovBiv89YlYzFzAH7AePsEqLeWXg==</latexit>

C(N)

|�0|

<latexit sha1_base64="7Px8TArP/NoHgkmySKeFFSodyfg=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEVyUzrW11VXDjsoJ9QGcomTTThmYeJBmhTAv+ihsXirj1O9z5N2baCip64MLhnHu59x4v5kwqhD6M3Mrq2vpGfrOwtb2zu2fuH7RllAhCWyTikeh6WFLOQtpSTHHajQXFgcdpxxtfZX7njgrJovBWTWLqBngYMp8RrLTUN48cX2CSWrN06nhU4T6aziDsm0VUuqhX7XMbohJCNbtczYhdq9hlaGklQxEs0eyb784gIklAQ0U4lrJnoVi5KRaKEU5nBSeRNMZkjIe0p2mIAyrddH7+DJ5qZQD9SOgKFZyr3ydSHEg5CTzdGWA1kr+9TPzL6yXKr7spC+NE0ZAsFvkJhyqCWRZwwAQlik80wUQwfSskI6zzUDqxgg7h61P4P2nbJataQjeVYuNyGUceHIMTcAYsUAMNcA2aoAUISMEDeALPxr3xaLwYr4vWnLGcOQQ/YLx9AiYTlZY=</latexit>

1

|�0|
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Conclusions 

The study of large orders behaviours of the perturbative series, its Borel 
resummation, resurgence properties, etc. in QFT has been limited for 

several decades to theories with no renormalons. 

Understanding resurgence in theories with renormalons is crucial, since most 
interesting QFTs (including 4d non-abelian gauge theories) have renormalons.

Significant progress has been achieved in the last few years 
within 2d integrable models. These are UV free theories which 

develop a non-perturbative mass gap in the IR.

Renormalons are difficult to study, mostly because we still do not know if and 
how they are not associated to semi-classical configurations in the path integral, 

despite various attempts [Cherman et al., 2014; Dunne, Unsal, 2015; …]
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- Established analytically the existence of renormalons  in a QFT at finite N.

-  Established in QFTs with renormalons the trans-series 
expression in terms of ``sufficiently simple” series.

- Established in QFTs with renormalons that resurgence works 
beautifully at finite N.

- Unexpected renormalons have been discovered.

- Resurgence does not commute with the large N limit in general because 
large N can trivialize the series. On the other hand, in the PCF model at 
leading order in N a complete resurgence analysis has been achieved.

Integrable      trivial!
<latexit sha1_base64="cwVf0iRIgHQUJUCFatLu8NhtryQ=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEVDwVvHisYD+gDWWznbRrN5u4uxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGN1O/9YRK81jem3GCfkQHkoecUWOlZlfiIyG9csWtujOQZeLlpAI56r3yV7cfszRCaZigWnc8NzF+RpXhTOCk1E01JpSN6AA7lkoaofaz2bUTcmKVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU145WdcJqlByeaLwlQQE5Pp66TPFTIjxpZQpri9lbAhVZQZG1DJhuAtvrxMmmdV76Lq3p1Xatd5HEU4gmM4BQ8uoQa3UIcGMHiAZ3iFNyd2Xpx352PeWnDymUP4A+fzB8WBjpM=</latexit>

6=

In fact, significant technical developments were at the base of this progress.
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All such results are based on the study of a single observable, the 
free energy of the theory in presence of a chemical potential.
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All such results are based on the study of a single observable, the 
free energy of the theory in presence of a chemical potential.

They do not depend on a would-be semiclassical 
interpretation of renormalons.

From a QFT point of view they hold in a specific 
class of renormalization schemes, TBA schemes.

Assumption of specific particles present in the  
ensemble at finite density (proved at large N).
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Future perspectives
2d integrable theories are a rich laboratory to understand phenomena in 

QFTs. It is important to understand how perturbation theory, large N, and 
resurgence are related in these models. Still many things to be explored.
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Future perspectives
2d integrable theories are a rich laboratory to understand phenomena in 

QFTs. It is important to understand how perturbation theory, large N, and 
resurgence are related in these models. Still many things to be explored.

- Find more observables amenable to an exact treatment like F(h). In 
particular admitting an OPE, to shed light to the newly found renormalons.

- Understanding renormalization scheme dependence. What 
is the nature of the perturbative series in, say,       ?

<latexit sha1_base64="jW78siAvdOvfO9O+rQe5R0Rcs4I=">AAAB/HicbVDLSgMxFM3UV62v0S7dBFvBVZnpQsVVwY0boaJ9QGcomTTThiaTIckIw1B/xY0LRdz6Ie78GzPtLLT1QOBwzj3cmxPEjCrtON9WaW19Y3OrvF3Z2d3bP7APj7pKJBKTDhZMyH6AFGE0Ih1NNSP9WBLEA0Z6wfQ693uPRCoqogedxsTnaBzRkGKkjTS0q3VPGD+PZ57k8PZ+Vh/aNafhzAFXiVuQGijQHtpf3kjghJNIY4aUGrhOrP0MSU0xI7OKlygSIzxFYzIwNEKcKD+bHz+Dp0YZwVBI8yIN5+rvRIa4UikPzCRHeqKWvVz8zxskOrz0MxrFiSYRXiwKEwa1gHkTcEQlwZqlhiAsqbkV4gmSCGvTV8WU4C5/eZV0mw33vOHcNWutq6KOMjgGJ+AMuOACtMANaIMOwCAFz+AVvFlP1ov1bn0sRktWkamCP7A+fwAWjZRf</latexit>
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interpretation of renormalons 
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Future perspectives

- Extend the analysis to non-integrable theories, where large N 
techniques still can give us access to non-perturbative results.

2d integrable theories are a rich laboratory to understand phenomena in 
QFTs. It is important to understand how perturbation theory, large N, and 
resurgence are related in these models. Still many things to be explored.

- Find more observables amenable to an exact treatment like F(h). In 
particular admitting an OPE, to shed light to the newly found renormalons.

- Understanding renormalization scheme dependence. What 
is the nature of the perturbative series in, say,       ?
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MS

- Establish conclusively if there can be or not a semi-classical 
interpretation of renormalons 
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Obviously, finding out new ways to compute 
perturbative terms in non-integrable QFTs would help

In quantum mechanics, a trans-series can be repackaged to an 
appropriate Borel resummable series. Is it possible in QFT as well? 

More generally, it is important to establish when we expect a trans-
series and when perturbation theory is Borel resummable. 

For instance, is              (no renormalons or instantons) Borel resummable?
<latexit sha1_base64="ljZz0UIiT5uLBt5LgKyzF72Jiao=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CbaCp7JbQcVTQQWPLdgPaJeSTbNtaDZZkqxQlv4ILx4U8erv8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H49uZ336iSjMpHs0kpn6Eh4KFjGBjpXbj/q7cvyj3iyW34s6BVomXkRJkqPeLX72BJElEhSEca9313Nj4KVaGEU6nhV6iaYzJGA9p11KBI6r9dH7uFJ1ZZYBCqWwJg+bq74kUR1pPosB2RtiM9LI3E//zuokJr/2UiTgxVJDFojDhyEg0+x0NmKLE8IklmChmb0VkhBUmxiZUsCF4yy+vkla14l1W3Ea1VLvJ4sjDCZzCOXhwBTV4gDo0gcAYnuEV3pzYeXHenY9Fa87JZo7hD5zPH6cWjm8=</latexit>

QED3

So far, one application only in QFT.

More work should be done in this direction. 



Thank You

28


