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I will talk about resurgence
of certain exact and perturbative

quantum invariants of 3 dimensional

spaces

Good examples of 3 dimensional
mass K or if you wish

K CS knot

Anample of an exact invariant

is Ky Kashan invariant

Here 14 1 2,3

Fact If Ken grows exponentially
Wrt N

G Le

KK N
I E exp Eng crossingsof Kl

48 3.66 volumeof regular
ideal octahedron

Catalan's constant

This bound is asymptotically sharp



Det G z ECK N
ZN

K N e

is the germ of an analytic

Conf G 2008 Gila is a resurgent

function

Complements
Singularities in Borel plane are expty

A U CsCpl 4m22

e boundary
parabolic reps

t
If we rotate 90 we get

i

A



the peacock patterns
Marino

Moreover branch behavior is known

Thus if you wish you
can take

IT universal cover

and uniformize
it to 12k

Note that Ak
is readily computable

Note Above conjecture
was formulated

prior
to the work on asympt expansion

of Koshoen invariant leg
ofDim.tkEtiels
Zegier

Note Conjecture also
formulated for

closed 3 manifolds where
instead of

Kashner inv one use WRT

Zalm which is 0 npoly

Campbell Wheeler
studies the ramifications

of resurgence for it z surgery



rely
on 4 knot

Sowhatimplications
of G 121 being resurgent

Test it for simplest hyperbolic

knot

Ey
14 knot

43 Laigin gig In g É

n 0

xian l XK Xq Li xp I n o

E ai alula g ln

an element of the
Habiro ring

So let us look at asymptotics of

welts of Gaia
equivalent singularities

of 64,12



For 4 knot we find

Up n e th N
N
312 0 214

where
roll4,1 2 Im Liz emil

n 2.02

and

a ch th Ight.EE EIriE
Note Terms are alg numbers

in QIF3l Qle
it

except for leading
term whose square

up to a power of
i is also So

coelts
are exact

Note 0th is a factoriallydivergent

formal power
series

Note We
can compute 44 N

N 20000

with 10000digits
of precision use

Richardson transform and
from it

extract first 150 costs
of dch



Note In DimotteG 2008 we gave

a formed for
01h using

ideal

triangulations NZ
solutions and

formal Gaussian integration

Note 0th
can also be computed

from a stationary
phase approximation

to a finite dimLi dim
for4,1 state integral

Doing so
Jie Gu got easily 300

terms

Alright wenowhargoodontal
on 0th

In a paperwith
Don Zagier

knots perturbative series and quantum

modularity we went a bit further

For 4 when N 100

K 81985188380512462.9310054954341

100324 II I
81985188380512461

9269943535808

K 1082184
1 00401114185

Repeating the experiment
with N 100 being

replaced by 100 10 n n t 20 we found

out that this difference has the



asymptotic expansion

04h11 42 472htt with h FI

Moreover discovery

01h E lqialnlq.iq In 1 ht 472h't
no when g eh

Note q g n
ell ell i end

Erin h't off

Thus the series 0011h is welldefined

and bacterially divergent

Ok Now let us repeat the experiment

calling
Ch vs 04th a Chin pooh

Now

1004k I 2 110 4 1 04 2
o

to all 49 digits of precision

where aconch 0cal hi

What are 04th for 0 0,100,02

They are the 3 boundary parabolic

representations

They 24in gives rise to 3

asymptotic resurgent series d h 5 01,2



Nextstep Asymptotics of the

coefficients of 0
s h

Write 010 h A'o n h
no

Then

Acriculin If E
A let Light

An Cul If E
A let YII.pt

A in ranE
A centiittent

ran E A
ll Yifan

So

A ni nano E Mato o A le Jiffye
o't o lo

where Ko 7

My É 3 3



Incidentally the next 2 simplest

hyp knots
are 52 and C 2,37

Lacefield
3 2 1 0

4 4
11

Mmini 8 8 242 7 7

0

Wittiest beyond the asymptotic
G i 2.02

V ro Oof 01 h no i 2.02
4172 39.4782 40



Emptershettokes constants for
all trans series corrections

Éigterthestokes phenomenon of

Borel transform of local h
4

This was achieved in

G Gu Marino The resurgent structure
of quantum knot invariants

Keyfeatures The transseries

corrections of 0 h involve

S É 010 h h amie
int o Rehco

T If
I I 2 Init Ifa eh

4th

where SEZ

thus the transseries
have the form

girl y 0 h where girl al e Zay

f



See equations 791 180 of AGM paper

There two stokes matrices appear

541 1
561 1

5101 139stat

In the course of the calculation of

the transseries of 04 h for 5 1,2

the following g series were found

equal of Gam

Ma
1 9 292293294 sgminus

1 7g 1492897 294 sGminus

1 2939229394 3
5 5941197 1398 1799 17910 179 t

Emmi I hog 15,2293 1994 6995 8596 14597 13798 1339977917239

sgminuscql.GG
tsGminusly7g1q1 2 0

Actually sgminus g
SGminus G

where
conighgy g'd g g

geol Gh G
til



541 1 in a

G Cal El in a gÉ lame.cat EtI
Eilgl 1 49,974 gu

hintEisenstein series

The gun Gm is a
fundamental solution

to

Ymt 41 2 qmlymlqltym.iq
0 me Z

det gin Ii 2

Hence full resurgence
structureof

01 h is governed by a

2 2 fundamental solution to a

linear q difference eqn

Same for 010 h 3 3
52

Extension to
3 3 done in

G Go Marino
Wheeler for 4

4 2 for 52

But hay was g'dCal G q guessed

This requires to go back
to history 12year

ago



og

Knots and their related q series

On the train back
from Diablerets 2011

Don and I
computed

the radial asymptotics

of the series

goal
c it 91ft genie

no

te if 10 and much to
our surprise

we found out that

glen
it

n fi 2mi l idc 2min

this g
is related to 4 But why

There is an Andersen Kosher state

integral whose
factorization producer

akasha
2 E S O Gie nix'dThy

Itis

FG g gig f g a GCE



where

G lat c in a eg ante Cal 2 YI
Eilat 1 49,9 i ga

hintEisenstein series

The There is a 2 2 matrix of state

azagier integrals that
bilinearly factorizes in

termsof q chimes g
series gut Gim

and extends past cut
plane

This is a hole quantum modeler
form

responsible for the complete
description

of the resurgent structure
of the

motif of plo
m th series

But all this is
conjectural and numerically

checked

The story extends
to closed 3 manifolds

and the example of Ma Ya surgery
on 4

is studied in Wheeler's
thesis for

thehill 8 8 matrix i trivial connection
plus 7 PSG other

ones


