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Machine Learning Physics
• Emergent phenomenon — a central theme of condensed 

matter physics.

Our understanding of quantum/topological orders is based on many researches in
three main areas: (1) the study of topological phases in condensed matter systems
such as FQH systems [9,42–44], quantum dimer models [32,39,45–47], quantum spin
models [10,16,33–36,48–50], or even superconducting states [51,52], (2) the study of
lattice gauge theory [21–23,53], and (3) the study of quantum computing by anyons
[15,54,55]. In this paper, we will use some simple models to introduce the main points
of topological/quantum order.

2. State of matter and concept of order

To start our journey to search new state of matter with emergent gauge bosons
and fermions, we like to first discuss the concept of order and review the symmetry
breaking description of order. With low temperature technology developing around
1900, physicists discovered many new states of matter (such as superconductors and
superfluids). Those different states have different internal structures, which are called
different kinds of orders. The precise definition of order involves phase transition.
Two states of many-body systems have the same order if we can smoothly change
one state into the other (by smoothly changing the Hamiltonian) without encounter-
ing a phase transition (i.e., without encountering a singularity in the free energy). If
there is no way to change one state into the other without a phase transition, then the
two states will have different orders. We note that our definition of order is a defini-
tion of equivalent class. Two states that can be connected without a phase transition
are defined to be equivalent. The equivalent class defined this way is called the uni-
versality class. Two states with different orders can also be said as two states belong-
ing to different universality classes. According to our definition, water and ice have
different orders while water and vapor have the same order (see Fig. 3).

After discovering so many different kinds of orders, a general theory is needed to
gain a deeper understanding of states of matter. In particular, we like to understand
what make two orders really different so that we cannot change one order into the
other without encountering a phase transition. It is a deep insight to connect the sin-
gularity in free energy to a symmetry breaking picture in Fig. 4. Based on the relation
between orders and symmetries, Landau developed a general theory of orders and
phase transitions [3,56]. According to Landau!s theory, the states in the same phase

Fig. 2. Our vacuum may be a state filled with string-nets. The fluctuations of the string give rise to gauge
bosons. The ends of the strings correspond to electrons, quarks, etc.
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Machine Learning Physics
• Aren’t all these physics theories themselves also emergent 

phenomena?
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Machine Learning Physics
• Goal: investigate whether artificial neural networks can be 

used to discover physical concepts and laws from 
observation data. 

• Examples

• Machine learning quantum mechanics 
— recurrent autoencoder 
 

• Machine learning renormalization group 
and holographic duality 
— flow-based deep generative model

C Wang, H Zhai, Y-Z You. arXiv: 1901.11103

H Hu, S-H Li, L Wang, Y-Z You. arXiv: 1903.00804
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 Potential and Density Data
• Suppose quantum mechanics has not been formulated so far

• Yet, amazingly, we know how to perform cold atom 
experiments of Bose-Einstein condensate (BEC) 
 
 
 
 
 
 

• Questions

• Can quantum mechanics (QM) be discovered as the most 
natural theory to explain the experiment?

• Will the machine develop alternative form of QM?

Potential profile  
(optical speckles,  

optical tweezers …)

BEC Density profile  
(in-situ measurement)
Billy et. al., Nature (2008), 
Henderson et.al., NJP (2009) …

Issac Tamblyn’s talk



Inspiration from Machine Translation
• Motivation: developments in machine translation

• Sequence-to-sequence mapping (RNN, LSTM …) 
 
 
 
 
 
 
 

• Representation learning (word2vec …)

“The girl drinks water.”

“La niña bebe agua.”
Machine Translation

king − man + woman ≈ queen

T Mikolov, SW Yih, G Zweig. NAACL-HLT-2013  
also Paul’s talk

girl
niña

boy
niño

man

woman

king

queen

Semantic space



Inspiration from Machine Translation
• Motivation: developments in machine translation

• Train the neural network model to perform a task

• Discover concepts and relations in representation space

“The girl drinks water.”

“La niña bebe agua.”

(density profile)

(potential profile)

wave  
function

• Task: potential-to-density mapping

• Latent variables: wave function? 
Similar setup but different task:
S Pilati, P Pieri, Scientific 
Reports (2019)



Potential-to-Density Translator
• Recurrent neural network (RNN) translator 
 
 
 
 
 
 

• Discretize the 1D space, collect training data by simulation

• Input: potential sequence

• Update: hidden state

• Output: density sequence

• Minimize translation loss

translator
(RNN)

knowledge distiller
(RAE)
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Performance of the Translator
• Performance of the RNN translator
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Introspective Learning
• Introspective Learning
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Emergent Quantum Mechanics
• Imposing information bottleneck

• Squeezing the latent space dim

• Monitor the reconstruction loss 
of the knowledge distiller

• Abrupt increase of loss only when  
latent dim < 2 ⇒ two real variables

• Quantum wave function and its 1st order derivative
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FIG. 5: (a) The RAE reconstruction loss LRAE v.s. the train-
ing steps for the quantum case. Di↵erent curves are for dif-
ferent RAE hidden state dimensions d̃. d̃ = 2 turns out to be
the minimal d̃ without sacrificing the reconstruction loss. (b)
The AE reconstruction loss LAE v.s. training steps for the
classical thermal gas. The vanishing LAE implies that there
is no need to pass any variable along the sequence in this case.

The RAE is trained to minimize the reconstruction loss

LRAE =

X

i2window

(h0
i � hi)

2. (6)

It is important that the RAE (knowledge distiller) hid-

den state gi has a smaller dimension d̃ compared to the

dimension d of the RNN (translator) hidden state hi,

therefore it can enforce an information bottleneck that

only allows the vital information to be passed down in

gi. Furthermore, instead of using a single auto-encoder

to compress the hidden state at each step independently,

the RAE connects a series of decoders together by a re-

current neural network. This design is to ensure that the

latent representation gi remains coherent among a series

of steps and contains the key variables that should be

passed down along the sequence. A similar RAE archi-

tecture was proposed in Ref. 33 and recently redesigned

in Ref. 20 to enable AI scientific discovery on sequential

data. In this way, the RAE compresses the original RNN

to a more compact RNN capturing the most essential

information and its induced update rules.

As shown in Fig. 5(a), we find that the reconstruction

loss LRAE of the RAE increases dramatically only when

its hidden state dimension d̃ is squeezed below two (i.e.

d̃ < 2), implying that the key feature can be stored in

a two-component real vector (i.e. d̃ = 2) in the most

parsimonious manner, as gi = (gi,1, gi,2). Here we show

that gi in fact represent the quantum wave function and

its first order derivation. The evidences are two fold:

First, we try to use the trained RNN to predict the

density with a constant potential V , the result of which

should be cos
2
(kxi) with k =

p
�V being the momen-

tum. Indeed it is the case as shown in Fig. 6. If gi,1 and

gi,2 are the wave function and its derivative, it should

be cos(kxi) and sin(kxi), respectively, whose periods are

twice of the period of ⇢i with phases shifted by ⇡/2 rela-

tive to each other. As shown in Fig. 6, gi indeed displays

0 100 200 300 400

-2
-1
0
1
2

i

(a
rb
it
ar
y
un
it
)

ρi gi,1 gi,2

1

FIG. 6: The RNN output density profile ⇢i and the RAE
hidden state gi = (gi,1, gi,2) for a constant potential Vi = 1.
It shows that the periodicity of gi is twice of ⇢i.

the periodicity doubling and the relative phase shift.

Second, we open up the recurrent block of the RAE to

extract the update rules for gi, which is machine’s formu-

lation of the physical rules. The update rules are encoded

in the transformation matrix W̃ (Vi) =
PnW

n=0 W̃
(n)V n

i ,

which are parameterized by the Taylor expansion coe�-

cient matrices W̃ (n)
. To connect this formulation to the

Schrödinger equation we familiar with, we notice that

this mapping is invariant under a linear transformation

M 2 GL(2,R) applied to all W̃ (n)
. We find that it is al-

ways possible to find a proper linear transformation that

can simultaneously bring all W̃ (n)
to the following form

M�1W̃ (0)M =


0.9993 0.1007
0.0013 0.9987

�
⇡


1 a
0 1

�
,

M�1W̃ (1)M =


0.0067 0.0004
0.1001 0.0024

�
⇡


0 0

a 0

�
.

(7)

Here the numerical matrix elements are what we obtained

from a particular instance of the trained RAE. They can

be associated to the lattice constant a to the leading order

given that a = 0.1, and we have also verified that they

scale correctly with a as proposed. The result in Eq. (7)

points to the following di↵erence equation


gi+1,1

gi+1,2

�
=


1 a
aVi 1

� 
gi,1
gi,2

�
. (8)

If we interpret gi,1 as the quantum wave function  (xi)

and gi,2 as its first order derivative @x (xi), Eq. (8) corre-

sponds to a discrete version of the Schrödinger equation

@2x (x) = V (x) (x) as the particle energy was taken to

be zero.

Finally, as a consistency check, we train the same in-

trospective recurrent neural network on the potential and

density data of the high-temperature thermal gas follow-

ing ⇢i / e��Vi at a fixed inverse temperature �. In this

case, we can even reduce the RAE to an auto-encoder

(AE) without sacrificing the reconstruction loss LAE. As

shown in Fig. 5(b), the LAE remains vanishing for any d̃,
implying that there is no need to pass any variable along

the sequence and hence the Schödinger equation will not

emerge for thermal gas.
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ing steps for the quantum case. Di↵erent curves are for dif-
ferent RAE hidden state dimensions d̃. d̃ = 2 turns out to be
the minimal d̃ without sacrificing the reconstruction loss. (b)
The AE reconstruction loss LAE v.s. training steps for the
classical thermal gas. The vanishing LAE implies that there
is no need to pass any variable along the sequence in this case.

The RAE is trained to minimize the reconstruction loss

LRAE =

X

i2window

(h0
i � hi)

2. (6)

It is important that the RAE (knowledge distiller) hid-

den state gi has a smaller dimension d̃ compared to the

dimension d of the RNN (translator) hidden state hi,

therefore it can enforce an information bottleneck that

only allows the vital information to be passed down in

gi. Furthermore, instead of using a single auto-encoder

to compress the hidden state at each step independently,

the RAE connects a series of decoders together by a re-

current neural network. This design is to ensure that the

latent representation gi remains coherent among a series

of steps and contains the key variables that should be

passed down along the sequence. A similar RAE archi-

tecture was proposed in Ref. 33 and recently redesigned

in Ref. 20 to enable AI scientific discovery on sequential

data. In this way, the RAE compresses the original RNN

to a more compact RNN capturing the most essential

information and its induced update rules.

As shown in Fig. 5(a), we find that the reconstruction

loss LRAE of the RAE increases dramatically only when

its hidden state dimension d̃ is squeezed below two (i.e.

d̃ < 2), implying that the key feature can be stored in

a two-component real vector (i.e. d̃ = 2) in the most

parsimonious manner, as gi = (gi,1, gi,2). Here we show

that gi in fact represent the quantum wave function and

its first order derivation. The evidences are two fold:

First, we try to use the trained RNN to predict the

density with a constant potential V , the result of which

should be cos
2
(kxi) with k =

p
�V being the momen-

tum. Indeed it is the case as shown in Fig. 6. If gi,1 and

gi,2 are the wave function and its derivative, it should

be cos(kxi) and sin(kxi), respectively, whose periods are

twice of the period of ⇢i with phases shifted by ⇡/2 rela-

tive to each other. As shown in Fig. 6, gi indeed displays
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the periodicity doubling and the relative phase shift.

Second, we open up the recurrent block of the RAE to

extract the update rules for gi, which is machine’s formu-

lation of the physical rules. The update rules are encoded

in the transformation matrix W̃ (Vi) =
PnW

n=0 W̃
(n)V n

i ,

which are parameterized by the Taylor expansion coe�-

cient matrices W̃ (n)
. To connect this formulation to the

Schrödinger equation we familiar with, we notice that

this mapping is invariant under a linear transformation

M 2 GL(2,R) applied to all W̃ (n)
. We find that it is al-

ways possible to find a proper linear transformation that

can simultaneously bring all W̃ (n)
to the following form

M�1W̃ (0)M =


0.9993 0.1007
0.0013 0.9987

�
⇡


1 a
0 1

�
,

M�1W̃ (1)M =


0.0067 0.0004
0.1001 0.0024

�
⇡
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0 0

a 0

�
.

(7)

Here the numerical matrix elements are what we obtained

from a particular instance of the trained RAE. They can

be associated to the lattice constant a to the leading order

given that a = 0.1, and we have also verified that they

scale correctly with a as proposed. The result in Eq. (7)

points to the following di↵erence equation


gi+1,1

gi+1,2

�
=


1 a
aVi 1

� 
gi,1
gi,2

�
. (8)

If we interpret gi,1 as the quantum wave function  (xi)

and gi,2 as its first order derivative @x (xi), Eq. (8) corre-

sponds to a discrete version of the Schrödinger equation

@2x (x) = V (x) (x) as the particle energy was taken to

be zero.

Finally, as a consistency check, we train the same in-

trospective recurrent neural network on the potential and

density data of the high-temperature thermal gas follow-

ing ⇢i / e��Vi at a fixed inverse temperature �. In this

case, we can even reduce the RAE to an auto-encoder

(AE) without sacrificing the reconstruction loss LAE. As

shown in Fig. 5(b), the LAE remains vanishing for any d̃,
implying that there is no need to pass any variable along

the sequence and hence the Schödinger equation will not

emerge for thermal gas.



Alternative Forms of Quantum Mechanics
• If we relax the information bottle neck → alternative forms of 

quantum machines can also emerge, e.g. 
 
 
 

• Hidden variables: density                            and derivatives

• But requires at least three real variables  

• Wave function + Schrödinger equation formulation of QM is 
indeed the most parsimonious theory that have emerged in 
our neural network.
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Machine Learning 
Renormalization Group



Quantum Field Theory as Image Dataset
• A field: a mapping from spacetime to some target manifold  
 
 
 
 
 

• A quantum field theory (QFT): a model that assigns an action 
(= negative log likelihood) to every field configuration. 
 
 
 

• Can we build a generative model to represent a QFT?

…
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Renormalization Group as Generative Model
• Renormalization "group" (RG): progressively coarse-graining 

the field (like a convolutional neural network) 
 
 
 
 

UV IR
RG scale
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Renormalization Group as Generative Model
• Renormalization "group" (RG): progressively coarse-graining 

the field (like a convolutional neural network) 
 
 
 
 

UV IR
RG scale

�(x)
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Renormalization Group as Generative Model
• Renormalization "group" (RG): progressively coarse-graining 

the field, like a convolutional neural network 
 
 
 
 

• Inverse RG: a hierarchical generative model

UV IR
RG scale

Cédric Bény, NJP 
(2013)

IR UV
inverse RG scale
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Flow-Based Generative Models
• Flow-based generative model: generate images from noise 

(latent variables) by an invertible non-linear transformation  
 
 
 
 
 

• Toy model: a random number generator

• Generative model deforms the probability 
distribution, sample     to generate  
 
 

Random noise

Generative 
model

ζ

ϕ

ϕ = G (ζ)

P (ζ)
P

(ϕ
)

1
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Flow-Based Generative Models
• What are the advantages of flow-based models compared to 

energy-based models (e.g. Boltzmann machines)?

• Differentiable log likelihood allows gradient to propagate 
through probability to train the model. 
 

• Direct sampling generates new samples efficiently 

• Bijectivity allows inference of latent encoding  
 

• Generative models with tractable likelihood
• Flow-based: Zhang, E, Wang (2018)
• Autoregressive: Wu, Wang, Zhang, PRL(2019), Sharir et.al. (2019)  
• Tensor networks: Han et.al. PRX(2018)
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Neural Network Renormalization Group
• Generative model deforms noise to QFT 
 
 
 
 
 
 
 
 
 
 
 

• How to choose the prior distribution?  
Our choice: independent Gaussian
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FIG. 1. (a) Side view of the neural-RG network. x is the spa-
tial dimension(s) and z corresponds to the RG scale. There
are two types of blocks: disentanglers (dark green) and dec-
imators (light yellow). The network forms an EHM between
the boundary variables (blue dots) and the bulk variables (red
crosses). (b) Top view of one RG layer in the network. Dis-
entanglers and decimators interweave in the spacetime (tak-
ing two-dimensional spacetime for example). Each decimator
pushes the coarse-grained variable (black dot) to the higher
layer and leaves the decimated variables (red crosses) in the
holographic bulk. (c) The training contains two stages. In
the first stage, we fix the prior distribution P [⇣] to be un-
correlated Gaussian and train the EHM G to bring it to the
Boltzmann distribution of the CFT. In the second stage, we
learn the prior distribution with the trained EHM held fixed.
(d) The behavior of the loss function L in the two training
stages.

ary (i.e. the visible layer),

�(x) = G[⇣(x, z)], (2)

so the reverse RG flow simply corresponds to a deep
generative model G. Developing a good RG scheme
of a field theory is equivalent to training a good hier-
archical generative model that generates the boundary
field �(x) following the designated Boltzmann distribu-
tion Q[�] / e�S[�] as much as possible.

Another important objective of RG is to progressively
distill the relevant features in the field configuration and
decimate irrelevant features. Since the bulk field ⇣(x, z)
hosts the decimated features, it encodes the information
that we choose to forget about under the RG flow, which
should appear to us as independent random noise. There-
fore we propose that the information theoretical goal of

the RG (or the EHM more precisely) is to minimize the
mutual information among the bulk field fluctuations,
such that the EHM e↵ectively decouples the field the-
ory at each scale progressively. The “minimal bulk mu-
tual information” principle we proposed here is in spirit
consistent with the “maximal real-space mutual informa-
tion” principle proposed recently in Ref. 33 and 37, which
aims at maximizing the mutual information between the
coarse-grained field and the fine-grained field in the sur-
rounding environment, such that minimal amount of in-
formation is pushed to the bulk field (see Supplementary
Material A for the relation between these two principles).
In the simplest setup, we can hard code the minimal bulk
mutual information by assigning the bulk field to follow
the uncorrelated Gaussian distribution,

P [⇣(x, z)] = N [⇣(x, z);0,1]. (3)

Then the generative model serves as a bijection � = G[⇣]
that deforms the trivial Gaussian prior distribution P [⇣]
in the bulk to a non-trivial posterior distribution P@ [�]
on the boundary,

P@ [�] = P [⇣]
��� det

⇣�G[⇣]

�⇣

⌘���
�1

. (4)

Then the problem of constructing the optimal EHM boils
down to training the optimal generative model G to min-
imize the Kullback-Leibler (KL) divergence between the
model distribution P@ [�] and the target distribution Q[�],
given the bulk field as a trivial random source,

L = KL(P@ [�]||Q[�]). (5)

By minimizing the loss function L, the generative model
learns how to e�ciently organize random variables in the
holographic bulk to generate the field configurations on
the holographic boundary that match the given quantum
field theory. This is an unsupervised learning problem:
no labels are provided to the field configurations. The
only input we need is a black box function that can eval-
uate the action S[�(x)] for any given field configuration
�(x). At this stage, the goal is first to train the EHM to
disentangle the boundary field theory, so the prior dis-
tribution P [⇣] should be fixed uncorrelated to guide the
training. We call it the training stage I in Fig. 1(c).

We design the generative model G as a bijective deep
neural network following the architecture of the neural-
RG proposed by Ref. 32. Its structure resembles the
MERA network [16] as depicted in Fig. 1(a). Each RG
step contains a layer of disentangler blocks (like CNN
convolutional layer) to resolve local correlations, and a
layer of decimator blocks (like CNN pooling layer) to sep-
arate the renormalized and decimated variables. For the
case that the spacetime dimension is two on the bound-
ary, we can overlay decimators on top of disentanglers
as in Fig. 1(b). Both the disentangler and the decimator
are made of three bijective layers: a linear scaling layer,

Model distribution

Minimize KL divergence

Li, Wang, PRL (2018)
Hu, Li, Wang, You (2019)

MERA network - Vidal (2006)

decimator

disentangler

Target distribution (QFT)

Prior 
(bulk)

GeneratorPosterior 
(boundary)

Ppost[�] = Pprior[⇣] det
⇣�G[⇣]

�⇣

⌘�1
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FIG. 2. RG and deep learning in the one-dimensional Ising Model. (A) A decimation based renormalization trans-
formation for the ferromagnetic 1-D Ising model. At each step, half the spins are decimated, doubling the effective lattice
spacing. After, n successive decimations, the spins can be described using a new 1-D Ising models with a coupling Jn between
spins. Couplings at a given layer are related to couplings at a previous layer through the square of the hyberbolic tangent
function. (B) Decimation-based renormalization transformations can also be realized using the deep architecture where the
weights between the n + 1 and n-th hidden layer are given by Jn. (C) Visualizing the renormalization group flow of the
couplings for 1-D Ferromagnetic Ising model. Under four successive decimations or equivalently as we move up four layers in
the deep architecture, the couplings (marked by red dots) get smaller. Eventually, the couplings are attracted to stable fixed
point J = 0.

the two approaches employ distinct variational approxi-
mation schemes for coarse graining. Finally, notice that
the correspondence does not rely on the explicit form of
the energy E({hj}, {vj}) and hence holds for any Boltz-
mann Machine.

IV. EXAMPLES

To gain intuition about the mapping between RG
and deep learning, it is helpful to consider some sim-
ple examples in detail. We begin by examining the one-
dimensional nearest-neighbor Ising model where the RG
transformation can be carried out exactly. We then nu-
merically explore the two-dimensional nearest-neighbor
Ising model using an RBM-based deep learning architec-
ture.

A. One dimensional Ising Model

The one-dimensional Ising model describes a collection
of binary spins {vi} organized along a one-dimensional
lattice with lattice spacing a. Such a system is described
by a Hamiltonian of the form

H = −J
∑

i

vivi+1, (23)

where J is a ferromagnetic coupling that energetically
favors configurations where neighboring spins align. To
perform a RG transformation, we decimate (marginalize
over) every other spin. This doubles the lattice spacing
a → 2a and results in a new effective interaction J (1) be-
tween spins (see Figure 2). If we denote the coupling af-
ter performing n successive RG transformations by J (n),

then a standard calculation shows that these coefficients
satisfy the RG equations

tanh [J (n+1)] = tanh2 [J (n)], (24)

where we have defined J (0) = J [14]. This recursion
relationship can be visualized as a one-dimensional flow
in the coupling space J from J = ∞ to J = 0. Thus,
after performing RG the interactions become weaker and
weaker and J → 0 as n → ∞.

This RG transformation also naturally gives rise to the
deep learning architecture shown in Figure 2. The spins
at a given layer of the DNN have a natural interpretation
as the decimated spins when performing the RG trans-
formation in the layer below. Notice that the coupled
spins in the bottom two layers of the DNNs in Fig. 2B
form an “effective” one-dimensional chain isomorphic to
the original spin chain. Thus, marginalizing over spins in
the bottom layer in the DNN is identical to decimating
every other spin in the original spin systems. This im-
plies that the “hidden” spins in the second layer of the
DNN are also described by the RG transformed Hamil-
tonian with a coupling J (1) between neighboring spins.
Repeating this argument for spins coupled between the
second and third layers and so on, one obtains the deep
learning architecture shown in Fig. 2B which implements
decimation.

The advantage of the simple deep architecture pre-
sented here is that it is easy to interpret and requires no
calculations to construct. However, an important short-
coming is that it contains no information about half of
the visible spins, namely the spins that do not couple to
the hidden layer.
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FIG. 3. Deep learning the 2D Ising model A Deep Neural Network with four layers of size 1600, 400, 100, and 25 spins was
trained using samples drawn from a 2D Ising model slightly above the critical temperature, J/(kBT ) = 0.408. B Visualization
of the effective receptive fields for the top layer of spins. Each 40 by 40 pixel image depicts the effective receptive field of one of
the 25 spins in the top layer (see material and methods)C Visualization of effective receptive fields for each of the 100 spins in
the middle layer calculated as in B. D The effective receptive fields get larger as one moves up the Deep Neural Network. This
is consistent with what is expected from the successive application of block renormalization. E Three representative samples
drawn from the 2D Ising model at J = 0.408 and their reconstruction from the trained DNN. Samples were reconstructed from
DNNs as in [6].

B. Two dimensional Ising Model

We next applied deep learning techniques to numeri-
cally coarse-grain the two-dimensional nearest-neighbor
Ising model on a square lattice. This model is described
by a Hamiltonian of the form

H [{vi}] = −J
∑

〈ij〉

vivj , (25)

where 〈ij〉 indicates that i and j are nearest neigh-
bors and J is a ferromagnetic coupling that favors
configurations where neighboring spins align. Unlike
the one-dimensional Ising model, the two dimensional
Ising model has a phase transition that occurs when
J/(kBT ) = 0.4352 (recall we have set β = T−1 = 1).
At the phase transition, the characteristic length scale of
the system, the correlation length, diverges. For this rea-
son, near a critical point the system can be productively
coarse-grained using a procedure similar to Kadanoff’s
block spin renormalization (see Fig. 1) [14].

Inspired by our mapping between variational RG and
DNNs, we applied standard deep learning techniques to
samples generated from the 2D Ising model for J = 0.408,
just above the critical temperature. 20, 000 samples were
generated from a periodic 40 × 40 2D Ising model using
standard equilibrium Monte Carlo techniques and served
as input to an RBM-based deep neural network of four
layers with 1600, 400, 100, and 25 spins respectively (see
Fig. 3A). We furthermore imposed an L1 penalty on the
weights between layers in the RBM and trained the net-
work using contrastive divergence [24] (see Materials and
Methods). The L1 penalty serves as a sparsity promot-
ing regularizer that encourages weights in the RBM to
be zero and prevents overfitting due to the finite num-
ber of samples. In practice, it ensures that visible and
hidden spins interact with only a small subset of all the
spins in an RBM. (Note that we did not use a convolu-
tional network that explicitly builds in spatial locality or
translational invariance.)

The architecture of the resulting DNN suggests that it

2

Consider then a classical system of local degrees of free-
dom X = {x1, . . . , xN} ⌘ {xi}, defined by a Hamilto-
nian energy function H({xi}) and associated statistical
probabilities P (X ) / e

��H({xi}), where � is the inverse
temperature. Alternatively (and su�ciently for our pur-
poses), the system is given by Monte Carlo samples of
the equilibrium distribution P (X ). We denote a small
spatial region of interest by V ⌘ {vi} and the remain-
der of the system by E ⌘ {ei}, so that X = (V, E). We
adopt a probabilistic point of view, and treat X , E etc.
as random variables. Our goal is to extract the relevant
degrees of freedom H from V.

“Relevance” is understood here in the following way:
the degrees of freedom RG captures govern the long dis-
tance behaviour of the theory, and therefore the experi-
mentally measurable physical properties; they carry the
most information about the system at large, as opposed
to local fluctuations. We thus formally define the ran-
dom variable H as a composite function of degrees of
freedom in V maximizing the mutual information (MI)
[28] between H and the environment E .

Mutual information, denoted by I�, measures the to-
tal amount of information about one random variable
contained in the other (thus it is more general than cor-
relation coe�cients, which measure monotonic relations
between variables, only). It is given in our setting by:

I⇤(H : E) =
X

H,E

P⇤(E ,H) log

✓
P⇤(E ,H)

P⇤(H)P (E)

◆
, (1)

The unknown distribution P⇤(E ,H) and its marginaliza-
tion P⇤(H), depending on a set of parameters ⇤ (which
we keep generic at this point), are functions of P (V , E)
and of P⇤(H|V), which is the central object of interest.
In the supplementary materials we discuss the relation of
this approach to RG to the more standard procedures.

Finding P⇤(H|V) which maximizes I⇤ under certain
constraints is a well-posed mathematical question and
has a formal solution [29]. Since, however, the space of
probability distributions grows exponentially with num-
ber of local degrees of freedom, it is in practice impos-
sible to use without further assumptions for any but
the smallest physical systems. Our approach is to ex-
ploit the remarkable dimensionality reduction properties
of artificial neural networks (ANNs) [9]. We use re-
stricted Boltzmann machines (RBM), a class of proba-
bilistic ANNs well adapted to approximating arbitrary
data probability distributions. An RBM is composed
of two layers of nodes, the “visible” layer, correspond-
ing to local degrees of freedom in our setting, and a
“hidden” layer. The interactions between the layers are
defined by an energy function E⇥ ⌘ Ea,b,✓(V,H) =
�
P

i aivi �
P

j bjhj �
P

ij vi✓ijhj , such that the joint
probability distribution for a particular configuration of
visible and hidden deegrees of freedom is given by a Boltz-
mann weight:

P⇥(V,H) =
1

Z
e
�Ea,b,✓(V,H)

, (2)

with Z the normalization. The goal of training of an
ANN is to find parameters ✓ij (“weights” or “filters”)
and ai, bi optimizing a chosen objective function.

Three distinct RBMs are used: two are trained as
e�cient approximators of the probability distributions
P (V, E) and P (V), using the celebrated contrastive di-
vergence (CD) algorithm [30]. Their trained parameters
are used by the third network [see Fig. 1(B)], which has
a di↵erent objective: to find P⇤(H|V) maximizing I⇤,
we introduce the real space mutual information (RSMI)
network, whose architecture is shown in Fig. 1(A). The
hidden units of RSMI correspond to coarse-grained vari-
ables H.

FIG. 1. (A) The RSMI neural network architecture: the hid-
den layer H is directly coupled to the visible layer V via the
weights �j

i (red arrows), however the training algorithm for
the weights estimates MI between H and the environment
E . The bu↵er B, is introduced to filter out local correla-
tions within V (see supplementary materials). (B) The work-
flow of the algorithm: the CD-algorithm trained RBMs learn
to approximate probabilty distributions P (V, E) and P (V).
Their final parameters, denoted collectively by ⇥(V,E) and
⇥(V), are inputs for the main RSMI network learning to ex-
tract P⇤(H|V) by maximizing I⇤. The final weights �j

i of the
RSMI network identify the relevant degrees of freedom. For
Ising and dimer problems they are shown in Figs. 2 and 4.

The parameters ⇤ = (ai, bj ,�
j
i ) of the RSMI network

are trained by an iterative procedure. At each iteration a
Monte Carlo estimate of function I⇤(H : E) and its gra-
dients is performed for the current values of parameters
⇤. The gradients are then used to improve the values
of weights in the next step, using a stochastic gradient
descent procedure.

max I(H, E)
<latexit sha1_base64="zgUbNgRwlxZDlc0JGcB9dtGIFds="></latexit>
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SUPPLEMENTARY MATERIAL

A. Minimal Bulk Mutual Information Principle

The maximal real-space mutual information (maxRMI) principle proposed in Ref. 33 and 37 aims to maximize the
mutual information between the coarse-grained field and the fine-grained field in the surrounding environment at a
single RG step. In this section, we show that the maxRMI principle can be derived from our minimal bulk mutual
information (minBMI) principle under certain assumptions.
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FIG. 6. Functional dependence of variables in the neural-RG network. Each block represents a bijective map.

Let us set up the problem based on Fig.6. Assuming �A and �B are field configurations in two neighboring regions
A and B in the UV layer. Under one step of the RG transformation, �A gets mapped to the coarse grained variable
�0
A and the bulk variable ⇣A, and the mapping is bijective. Similarly, another bijection takes �B to �0

B and ⇣B .
Eventually, �0

A and �0
B will be mapped to the bulk field ⇣C in deeper IR layers. Therefore the random variables

appeared in Fig. 6 are related by the following bijections fA, fB , fC as

(�0
A, ⇣A) = fA(�A), (�0

B , ⇣B) = fB(�B), ⇣C = fC(�0
A, �0

B). (13)

What are the information theoretical principles to guide the bijections fA, fB , fC toward good RG transformations?
We propose the minBMI principle that these bijections should minimize the mutual information among the bulk
variables,

min I(⇣A : ⇣B) + I(⇣A : ⇣C) + I(⇣B : ⇣C). (14)

Ref. 33 and 37 propose another principle, the maxRMI principle, that the RG transformation should maximize the
mutual information between the coarse grained variable (such as �0

A) and its environments (such as �B),

max I(�0
A : �B). (15)

We can show that the objective of the maxRMI in Eq. (15) is consistent with the objective of the minBMI in Eq. (14)
in the limit of UV-IR decoupling.

The minBMI principle aims to minimize mutual information among all bulk variables, both between di↵erent RG
scales and within the same RG scale. Its objective has a broader scope than the maxRMI principle, because the
later does not specify its objectives across the RG scales. So to make a connection between these two principles,
one must first restrict the scope of the minBMI principle to a single layer. This can be achieved by assuming that
there is no mutual information between bulk variables at di↵erent RG scales. In our setup, this corresponds to
I(⇣A, ⇣B : ⇣C) = 0, which factorizes the joint probability p(⇣A, ⇣B , ⇣C) = p(⇣A, ⇣B)p(⇣C) and decouples the bulk
variables between UV and IR. As a result, the mutual information between any bulk variables across di↵erent RG
scales vanishes I(⇣A : ⇣C) = I(⇣B : ⇣C) = 0. This already minimizes the bulk mutual information across layers and
reduces the minBMI objective in Eq. (14) to

min I(⇣A : ⇣B). (16)

In this UV-IR decoupled limit, we can prove that max I(�0
A : �B) and min I(⇣A : ⇣B) are equivalent.
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We propose the minBMI principle that these bijections should minimize the mutual information among the bulk
variables,

min I(⇣A : ⇣B) + I(⇣A : ⇣C) + I(⇣B : ⇣C). (14)

Ref. 33 and 37 propose another principle, the maxRMI principle, that the RG transformation should maximize the
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max I(�0
A : �B). (15)
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A and B in the UV layer. Under one step of the RG transformation, �A gets mapped to the coarse grained variable
�0
A and the bulk variable ⇣A, and the mapping is bijective. Similarly, another bijection takes �B to �0
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Eventually, �0

A and �0
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appeared in Fig. 6 are related by the following bijections fA, fB , fC as

(�0
A, ⇣A) = fA(�A), (�0

B , ⇣B) = fB(�B), ⇣C = fC(�0
A, �0

B). (13)

What are the information theoretical principles to guide the bijections fA, fB , fC toward good RG transformations?
We propose the minBMI principle that these bijections should minimize the mutual information among the bulk
variables,

min I(⇣A : ⇣B) + I(⇣A : ⇣C) + I(⇣B : ⇣C). (14)

Ref. 33 and 37 propose another principle, the maxRMI principle, that the RG transformation should maximize the
mutual information between the coarse grained variable (such as �0

A) and its environments (such as �B),

max I(�0
A : �B). (15)

We can show that the objective of the maxRMI in Eq. (15) is consistent with the objective of the minBMI in Eq. (14)
in the limit of UV-IR decoupling.

The minBMI principle aims to minimize mutual information among all bulk variables, both between di↵erent RG
scales and within the same RG scale. Its objective has a broader scope than the maxRMI principle, because the
later does not specify its objectives across the RG scales. So to make a connection between these two principles,
one must first restrict the scope of the minBMI principle to a single layer. This can be achieved by assuming that
there is no mutual information between bulk variables at di↵erent RG scales. In our setup, this corresponds to
I(⇣A, ⇣B : ⇣C) = 0, which factorizes the joint probability p(⇣A, ⇣B , ⇣C) = p(⇣A, ⇣B)p(⇣C) and decouples the bulk
variables between UV and IR. As a result, the mutual information between any bulk variables across di↵erent RG
scales vanishes I(⇣A : ⇣C) = I(⇣B : ⇣C) = 0. This already minimizes the bulk mutual information across layers and
reduces the minBMI objective in Eq. (14) to

min I(⇣A : ⇣B). (16)

In this UV-IR decoupled limit, we can prove that max I(�0
A : �B) and min I(⇣A : ⇣B) are equivalent.

• minBMI:
Two objectives are related

I(�0
A : �B) + I(⇣A : ⇣B)

= I(�A,�B) = const.
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What are the information theoretical principles to guide the bijections fA, fB , fC toward good RG transformations?
We propose the minBMI principle that these bijections should minimize the mutual information among the bulk
variables,

min I(⇣A : ⇣B) + I(⇣A : ⇣C) + I(⇣B : ⇣C). (14)
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We can show that the objective of the maxRMI in Eq. (15) is consistent with the objective of the minBMI in Eq. (14)
in the limit of UV-IR decoupling.
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later does not specify its objectives across the RG scales. So to make a connection between these two principles,
one must first restrict the scope of the minBMI principle to a single layer. This can be achieved by assuming that
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scales vanishes I(⇣A : ⇣C) = I(⇣B : ⇣C) = 0. This already minimizes the bulk mutual information across layers and
reduces the minBMI objective in Eq. (14) to
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Let us set up the problem based on Fig.6. Assuming �A and �B are field configurations in two neighboring regions
A and B in the UV layer. Under one step of the RG transformation, �A gets mapped to the coarse grained variable
�0
A and the bulk variable ⇣A, and the mapping is bijective. Similarly, another bijection takes �B to �0

B and ⇣B .
Eventually, �0

A and �0
B will be mapped to the bulk field ⇣C in deeper IR layers. Therefore the random variables

appeared in Fig. 6 are related by the following bijections fA, fB , fC as

(�0
A, ⇣A) = fA(�A), (�0

B , ⇣B) = fB(�B), ⇣C = fC(�0
A, �0

B). (13)

What are the information theoretical principles to guide the bijections fA, fB , fC toward good RG transformations?
We propose the minBMI principle that these bijections should minimize the mutual information among the bulk
variables,

min I(⇣A : ⇣B) + I(⇣A : ⇣C) + I(⇣B : ⇣C). (14)

Ref. 33 and 37 propose another principle, the maxRMI principle, that the RG transformation should maximize the
mutual information between the coarse grained variable (such as �0

A) and its environments (such as �B),

max I(�0
A : �B). (15)

We can show that the objective of the maxRMI in Eq. (15) is consistent with the objective of the minBMI in Eq. (14)
in the limit of UV-IR decoupling.

The minBMI principle aims to minimize mutual information among all bulk variables, both between di↵erent RG
scales and within the same RG scale. Its objective has a broader scope than the maxRMI principle, because the
later does not specify its objectives across the RG scales. So to make a connection between these two principles,
one must first restrict the scope of the minBMI principle to a single layer. This can be achieved by assuming that
there is no mutual information between bulk variables at di↵erent RG scales. In our setup, this corresponds to
I(⇣A, ⇣B : ⇣C) = 0, which factorizes the joint probability p(⇣A, ⇣B , ⇣C) = p(⇣A, ⇣B)p(⇣C) and decouples the bulk
variables between UV and IR. As a result, the mutual information between any bulk variables across di↵erent RG
scales vanishes I(⇣A : ⇣C) = I(⇣B : ⇣C) = 0. This already minimizes the bulk mutual information across layers and
reduces the minBMI objective in Eq. (14) to
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A, ⇣A) = fA(�A), (�0

B , ⇣B) = fB(�B), ⇣C = fC(�0
A, �0

B). (13)

What are the information theoretical principles to guide the bijections fA, fB , fC toward good RG transformations?
We propose the minBMI principle that these bijections should minimize the mutual information among the bulk
variables,

min I(⇣A : ⇣B) + I(⇣A : ⇣C) + I(⇣B : ⇣C). (14)

Ref. 33 and 37 propose another principle, the maxRMI principle, that the RG transformation should maximize the
mutual information between the coarse grained variable (such as �0

A) and its environments (such as �B),

max I(�0
A : �B). (15)

We can show that the objective of the maxRMI in Eq. (15) is consistent with the objective of the minBMI in Eq. (14)
in the limit of UV-IR decoupling.

The minBMI principle aims to minimize mutual information among all bulk variables, both between di↵erent RG
scales and within the same RG scale. Its objective has a broader scope than the maxRMI principle, because the
later does not specify its objectives across the RG scales. So to make a connection between these two principles,
one must first restrict the scope of the minBMI principle to a single layer. This can be achieved by assuming that
there is no mutual information between bulk variables at di↵erent RG scales. In our setup, this corresponds to
I(⇣A, ⇣B : ⇣C) = 0, which factorizes the joint probability p(⇣A, ⇣B , ⇣C) = p(⇣A, ⇣B)p(⇣C) and decouples the bulk
variables between UV and IR. As a result, the mutual information between any bulk variables across di↵erent RG
scales vanishes I(⇣A : ⇣C) = I(⇣B : ⇣C) = 0. This already minimizes the bulk mutual information across layers and
reduces the minBMI objective in Eq. (14) to

min I(⇣A : ⇣B). (16)

In this UV-IR decoupled limit, we can prove that max I(�0
A : �B) and min I(⇣A : ⇣B) are equivalent.
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Two objectives are related
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• The objectives are two-folded

• RG: disentangle the QFT in the bulk

• Inverse RG: reproduce the QFT on the boundary 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Let us set up the problem based on Fig.6. Assuming �A and �B are field configurations in two neighboring regions
A and B in the UV layer. Under one step of the RG transformation, �A gets mapped to the coarse grained variable
�0
A and the bulk variable ⇣A, and the mapping is bijective. Similarly, another bijection takes �B to �0
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Eventually, �0

A and �0
B will be mapped to the bulk field ⇣C in deeper IR layers. Therefore the random variables

appeared in Fig. 6 are related by the following bijections fA, fB , fC as

(�0
A, ⇣A) = fA(�A), (�0

B , ⇣B) = fB(�B), ⇣C = fC(�0
A, �0

B). (13)

What are the information theoretical principles to guide the bijections fA, fB , fC toward good RG transformations?
We propose the minBMI principle that these bijections should minimize the mutual information among the bulk
variables,

min I(⇣A : ⇣B) + I(⇣A : ⇣C) + I(⇣B : ⇣C). (14)

Ref. 33 and 37 propose another principle, the maxRMI principle, that the RG transformation should maximize the
mutual information between the coarse grained variable (such as �0

A) and its environments (such as �B),

max I(�0
A : �B). (15)

We can show that the objective of the maxRMI in Eq. (15) is consistent with the objective of the minBMI in Eq. (14)
in the limit of UV-IR decoupling.

The minBMI principle aims to minimize mutual information among all bulk variables, both between di↵erent RG
scales and within the same RG scale. Its objective has a broader scope than the maxRMI principle, because the
later does not specify its objectives across the RG scales. So to make a connection between these two principles,
one must first restrict the scope of the minBMI principle to a single layer. This can be achieved by assuming that
there is no mutual information between bulk variables at di↵erent RG scales. In our setup, this corresponds to
I(⇣A, ⇣B : ⇣C) = 0, which factorizes the joint probability p(⇣A, ⇣B , ⇣C) = p(⇣A, ⇣B)p(⇣C) and decouples the bulk
variables between UV and IR. As a result, the mutual information between any bulk variables across di↵erent RG
scales vanishes I(⇣A : ⇣C) = I(⇣B : ⇣C) = 0. This already minimizes the bulk mutual information across layers and
reduces the minBMI objective in Eq. (14) to

min I(⇣A : ⇣B). (16)

In this UV-IR decoupled limit, we can prove that max I(�0
A : �B) and min I(⇣A : ⇣B) are equivalent.
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B , ⇣B) = fB(�B), ⇣C = fC(�0
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What are the information theoretical principles to guide the bijections fA, fB , fC toward good RG transformations?
We propose the minBMI principle that these bijections should minimize the mutual information among the bulk
variables,

min I(⇣A : ⇣B) + I(⇣A : ⇣C) + I(⇣B : ⇣C). (14)

Ref. 33 and 37 propose another principle, the maxRMI principle, that the RG transformation should maximize the
mutual information between the coarse grained variable (such as �0

A) and its environments (such as �B),

max I(�0
A : �B). (15)

We can show that the objective of the maxRMI in Eq. (15) is consistent with the objective of the minBMI in Eq. (14)
in the limit of UV-IR decoupling.

The minBMI principle aims to minimize mutual information among all bulk variables, both between di↵erent RG
scales and within the same RG scale. Its objective has a broader scope than the maxRMI principle, because the
later does not specify its objectives across the RG scales. So to make a connection between these two principles,
one must first restrict the scope of the minBMI principle to a single layer. This can be achieved by assuming that
there is no mutual information between bulk variables at di↵erent RG scales. In our setup, this corresponds to
I(⇣A, ⇣B : ⇣C) = 0, which factorizes the joint probability p(⇣A, ⇣B , ⇣C) = p(⇣A, ⇣B)p(⇣C) and decouples the bulk
variables between UV and IR. As a result, the mutual information between any bulk variables across di↵erent RG
scales vanishes I(⇣A : ⇣C) = I(⇣B : ⇣C) = 0. This already minimizes the bulk mutual information across layers and
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Let us set up the problem based on Fig.6. Assuming �A and �B are field configurations in two neighboring regions
A and B in the UV layer. Under one step of the RG transformation, �A gets mapped to the coarse grained variable
�0
A and the bulk variable ⇣A, and the mapping is bijective. Similarly, another bijection takes �B to �0

B and ⇣B .
Eventually, �0

A and �0
B will be mapped to the bulk field ⇣C in deeper IR layers. Therefore the random variables
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B). (13)

What are the information theoretical principles to guide the bijections fA, fB , fC toward good RG transformations?
We propose the minBMI principle that these bijections should minimize the mutual information among the bulk
variables,

min I(⇣A : ⇣B) + I(⇣A : ⇣C) + I(⇣B : ⇣C). (14)

Ref. 33 and 37 propose another principle, the maxRMI principle, that the RG transformation should maximize the
mutual information between the coarse grained variable (such as �0

A) and its environments (such as �B),

max I(�0
A : �B). (15)

We can show that the objective of the maxRMI in Eq. (15) is consistent with the objective of the minBMI in Eq. (14)
in the limit of UV-IR decoupling.

The minBMI principle aims to minimize mutual information among all bulk variables, both between di↵erent RG
scales and within the same RG scale. Its objective has a broader scope than the maxRMI principle, because the
later does not specify its objectives across the RG scales. So to make a connection between these two principles,
one must first restrict the scope of the minBMI principle to a single layer. This can be achieved by assuming that
there is no mutual information between bulk variables at di↵erent RG scales. In our setup, this corresponds to
I(⇣A, ⇣B : ⇣C) = 0, which factorizes the joint probability p(⇣A, ⇣B , ⇣C) = p(⇣A, ⇣B)p(⇣C) and decouples the bulk
variables between UV and IR. As a result, the mutual information between any bulk variables across di↵erent RG
scales vanishes I(⇣A : ⇣C) = I(⇣B : ⇣C) = 0. This already minimizes the bulk mutual information across layers and
reduces the minBMI objective in Eq. (14) to

min I(⇣A : ⇣B). (16)

In this UV-IR decoupled limit, we can prove that max I(�0
A : �B) and min I(⇣A : ⇣B) are equivalent.
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Two objectives are related
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Neural Network Architecture
• Flow-based hierarchical generative model 2
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FIG. 1. (a) Side view of the neural-RG network. x is the spa-
tial dimension(s) and z corresponds to the RG scale. There
are two types of blocks: disentanglers (dark green) and dec-
imators (light yellow). The network forms an EHM between
the boundary variables (blue dots) and the bulk variables (red
crosses). (b) Top view of one RG layer in the network. Dis-
entanglers and decimators interweave in the spacetime (tak-
ing two-dimensional spacetime for example). Each decimator
pushes the coarse-grained variable (black dot) to the higher
layer and leaves the decimated variables (red crosses) in the
holographic bulk. (c) The training contains two stages. In
the first stage, we fix the prior distribution P [⇣] to be un-
correlated Gaussian and train the EHM G to bring it to the
Boltzmann distribution of the CFT. In the second stage, we
learn the prior distribution with the trained EHM held fixed.
(d) The behavior of the loss function L in the two training
stages.

ary (i.e. the visible layer),

�(x) = G[⇣(x, z)], (2)

so the reverse RG flow simply corresponds to a deep
generative model G. Developing a good RG scheme
of a field theory is equivalent to training a good hier-
archical generative model that generates the boundary
field �(x) following the designated Boltzmann distribu-
tion Q[�] / e�S[�] as much as possible.

Another important objective of RG is to progressively
distill the relevant features in the field configuration and
decimate irrelevant features. Since the bulk field ⇣(x, z)
hosts the decimated features, it encodes the information
that we choose to forget about under the RG flow, which
should appear to us as independent random noise. There-
fore we propose that the information theoretical goal of

the RG (or the EHM more precisely) is to minimize the
mutual information among the bulk field fluctuations,
such that the EHM e↵ectively decouples the field the-
ory at each scale progressively. The “minimal bulk mu-
tual information” principle we proposed here is in spirit
consistent with the “maximal real-space mutual informa-
tion” principle proposed recently in Ref. 33 and 37, which
aims at maximizing the mutual information between the
coarse-grained field and the fine-grained field in the sur-
rounding environment, such that minimal amount of in-
formation is pushed to the bulk field (see Supplementary
Material A for the relation between these two principles).
In the simplest setup, we can hard code the minimal bulk
mutual information by assigning the bulk field to follow
the uncorrelated Gaussian distribution,

P [⇣(x, z)] = N [⇣(x, z);0,1]. (3)

Then the generative model serves as a bijection � = G[⇣]
that deforms the trivial Gaussian prior distribution P [⇣]
in the bulk to a non-trivial posterior distribution P@ [�]
on the boundary,

P@ [�] = P [⇣]
��� det

⇣�G[⇣]

�⇣

⌘���
�1

. (4)

Then the problem of constructing the optimal EHM boils
down to training the optimal generative model G to min-
imize the Kullback-Leibler (KL) divergence between the
model distribution P@ [�] and the target distribution Q[�],
given the bulk field as a trivial random source,

L = KL(P@ [�]||Q[�]). (5)

By minimizing the loss function L, the generative model
learns how to e�ciently organize random variables in the
holographic bulk to generate the field configurations on
the holographic boundary that match the given quantum
field theory. This is an unsupervised learning problem:
no labels are provided to the field configurations. The
only input we need is a black box function that can eval-
uate the action S[�(x)] for any given field configuration
�(x). At this stage, the goal is first to train the EHM to
disentangle the boundary field theory, so the prior dis-
tribution P [⇣] should be fixed uncorrelated to guide the
training. We call it the training stage I in Fig. 1(c).

We design the generative model G as a bijective deep
neural network following the architecture of the neural-
RG proposed by Ref. 32. Its structure resembles the
MERA network [16] as depicted in Fig. 1(a). Each RG
step contains a layer of disentangler blocks (like CNN
convolutional layer) to resolve local correlations, and a
layer of decimator blocks (like CNN pooling layer) to sep-
arate the renormalized and decimated variables. For the
case that the spacetime dimension is two on the bound-
ary, we can overlay decimators on top of disentanglers
as in Fig. 1(b). Both the disentangler and the decimator
are made of three bijective layers: a linear scaling layer,
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FIG. 1. (a) Side view of the neural-RG network. x is the spa-
tial dimension(s) and z corresponds to the RG scale. There
are two types of blocks: disentanglers (dark green) and dec-
imators (light yellow). The network forms an EHM between
the boundary variables (blue dots) and the bulk variables (red
crosses). (b) Top view of one RG layer in the network. Dis-
entanglers and decimators interweave in the spacetime (tak-
ing two-dimensional spacetime for example). Each decimator
pushes the coarse-grained variable (black dot) to the higher
layer and leaves the decimated variables (red crosses) in the
holographic bulk. (c) The training contains two stages. In
the first stage, we fix the prior distribution P [⇣] to be un-
correlated Gaussian and train the EHM G to bring it to the
Boltzmann distribution of the CFT. In the second stage, we
learn the prior distribution with the trained EHM held fixed.
(d) The behavior of the loss function L in the two training
stages.

ary (i.e. the visible layer),

�(x) = G[⇣(x, z)], (2)

so the reverse RG flow simply corresponds to a deep
generative model G. Developing a good RG scheme
of a field theory is equivalent to training a good hier-
archical generative model that generates the boundary
field �(x) following the designated Boltzmann distribu-
tion Q[�] / e�S[�] as much as possible.

Another important objective of RG is to progressively
distill the relevant features in the field configuration and
decimate irrelevant features. Since the bulk field ⇣(x, z)
hosts the decimated features, it encodes the information
that we choose to forget about under the RG flow, which
should appear to us as independent random noise. There-
fore we propose that the information theoretical goal of

the RG (or the EHM more precisely) is to minimize the
mutual information among the bulk field fluctuations,
such that the EHM e↵ectively decouples the field the-
ory at each scale progressively. The “minimal bulk mu-
tual information” principle we proposed here is in spirit
consistent with the “maximal real-space mutual informa-
tion” principle proposed recently in Ref. 37 and 42, which
aims at maximizing the mutual information between the
coarse-grained field and the fine-grained field in the sur-
rounding environment, such that minimal amount of in-
formation is pushed to the bulk field (see Supplementary
Material A for the relation between these two principles).
In the simplest setup, we can hard code the minimal bulk
mutual information by assigning the bulk field to follow
the uncorrelated Gaussian distribution,

P [⇣(x, z)] = N [⇣(x, z);0,1]. (3)

Then the generative model serves as a bijection � = G[⇣]
that deforms the trivial Gaussian prior distribution P [⇣]
in the bulk to a non-trivial posterior distribution P@ [�]
on the boundary,

P@ [�] = P [⇣]
��� det

⇣�G[⇣]

�⇣

⌘���
�1

. (4)

Then the problem of constructing the optimal EHM boils
down to training the optimal generative model G to min-
imize the Kullback-Leibler (KL) divergence between the
model distribution P@ [�] and the target distribution Q[�],
given the bulk field as a trivial random source,

L = KL(P@ [�]||Q[�]). (5)

By minimizing the loss function L, the generative model
learns how to e�ciently organize random variables in the
holographic bulk to generate the field configurations on
the holographic boundary that match the given quantum
field theory. This is an unsupervised learning problem:
no labels are provided to the field configurations. The
only input we need is a black box function that can eval-
uate the action S[�(x)] for any given field configuration
�(x). At this stage, the goal is first to train the EHM to
disentangle the boundary field theory, so the prior dis-
tribution P [⇣] should be fixed uncorrelated to guide the
training. We call it the training stage I in Fig. 1(c).

We design the generative model G as a bijective deep
neural network following the architecture of the neural-
RG proposed by Ref. 36. Its structure resembles the
MERA network [16] as depicted in Fig. 1(a). Each RG
step contains a layer of disentangler blocks (like CNN
convolutional layer) to resolve local correlations, and a
layer of decimator blocks (like CNN pooling layer) to sep-
arate the renormalized and decimated variables. For the
case that the spacetime dimension is two on the bound-
ary, we can overlay decimators on top of disentanglers
as in Fig. 1(b). Both the disentangler and the decimator
are made of three bijective layers: a linear scaling layer,

(top view of one layer)

disentangler
decimator

(side view of the network)

• Both disentangler and 
decimator are realized 
as a                  bijector C4 $ C4
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FIG. 1. (a) Side view of the neural-RG network. x is the spa-
tial dimension(s) and z corresponds to the RG scale. There
are two types of blocks: disentanglers (dark green) and dec-
imators (light yellow). The network forms an EHM between
the boundary variables (blue dots) and the bulk variables (red
crosses). (b) Top view of one RG layer in the network. Dis-
entanglers and decimators interweave in the spacetime (tak-
ing two-dimensional spacetime for example). Each decimator
pushes the coarse-grained variable (black dot) to the higher
layer and leaves the decimated variables (red crosses) in the
holographic bulk. (c) The training contains two stages. In
the first stage, we fix the prior distribution P [⇣] to be un-
correlated Gaussian and train the EHM G to bring it to the
Boltzmann distribution of the CFT. In the second stage, we
learn the prior distribution with the trained EHM held fixed.
(d) The behavior of the loss function L in the two training
stages.

ary (i.e. the visible layer),

�(x) = G[⇣(x, z)], (2)

so the reverse RG flow simply corresponds to a deep
generative model G. Developing a good RG scheme
of a field theory is equivalent to training a good hier-
archical generative model that generates the boundary
field �(x) following the designated Boltzmann distribu-
tion Q[�] / e�S[�] as much as possible.

Another important objective of RG is to progressively
distill the relevant features in the field configuration and
decimate irrelevant features. Since the bulk field ⇣(x, z)
hosts the decimated features, it encodes the information
that we choose to forget about under the RG flow, which
should appear to us as independent random noise. There-
fore we propose that the information theoretical goal of

the RG (or the EHM more precisely) is to minimize the
mutual information among the bulk field fluctuations,
such that the EHM e↵ectively decouples the field the-
ory at each scale progressively. The “minimal bulk mu-
tual information” principle we proposed here is in spirit
consistent with the “maximal real-space mutual informa-
tion” principle proposed recently in Ref. 33 and 37, which
aims at maximizing the mutual information between the
coarse-grained field and the fine-grained field in the sur-
rounding environment, such that minimal amount of in-
formation is pushed to the bulk field (see Supplementary
Material A for the relation between these two principles).
In the simplest setup, we can hard code the minimal bulk
mutual information by assigning the bulk field to follow
the uncorrelated Gaussian distribution,

P [⇣(x, z)] = N [⇣(x, z);0,1]. (3)

Then the generative model serves as a bijection � = G[⇣]
that deforms the trivial Gaussian prior distribution P [⇣]
in the bulk to a non-trivial posterior distribution P@ [�]
on the boundary,

P@ [�] = P [⇣]
��� det

⇣�G[⇣]

�⇣

⌘���
�1

. (4)

Then the problem of constructing the optimal EHM boils
down to training the optimal generative model G to min-
imize the Kullback-Leibler (KL) divergence between the
model distribution P@ [�] and the target distribution Q[�],
given the bulk field as a trivial random source,

L = KL(P@ [�]||Q[�]). (5)

By minimizing the loss function L, the generative model
learns how to e�ciently organize random variables in the
holographic bulk to generate the field configurations on
the holographic boundary that match the given quantum
field theory. This is an unsupervised learning problem:
no labels are provided to the field configurations. The
only input we need is a black box function that can eval-
uate the action S[�(x)] for any given field configuration
�(x). At this stage, the goal is first to train the EHM to
disentangle the boundary field theory, so the prior dis-
tribution P [⇣] should be fixed uncorrelated to guide the
training. We call it the training stage I in Fig. 1(c).

We design the generative model G as a bijective deep
neural network following the architecture of the neural-
RG proposed by Ref. 32. Its structure resembles the
MERA network [16] as depicted in Fig. 1(a). Each RG
step contains a layer of disentangler blocks (like CNN
convolutional layer) to resolve local correlations, and a
layer of decimator blocks (like CNN pooling layer) to sep-
arate the renormalized and decimated variables. For the
case that the spacetime dimension is two on the bound-
ary, we can overlay decimators on top of disentanglers
as in Fig. 1(b). Both the disentangler and the decimator
are made of three bijective layers: a linear scaling layer,

decimator

disentangler
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FIG. 2. Neural network architecture within a decimator block
(the disentangler block shares the same architecture). Start-
ing from the renormalized variable �0 and the bulk noise ⇣1,2,3
as complex variables, the Re and Im channels are first sepa-
rated, then S applies the scaling separately to the four vari-
ables within each channel and O implements the O(4) trans-
formation that mixes the four variables together. S and O

are identical for Re and Im channels to preserve the U(1)
symmetry. Then the channels merge into complex variables
followed by element wise non-linear activation describe by an
invertible U(1)-symmetric map �i 7! (�i/|�i|) sinh |�i|.

an orthogonal transformation layer and an invertible non-
linear activation layer, as arranged in Fig. 2. The bijector
parameters are subject to training. The Jacobian matrix
of these transformations can be easily calculated. After
each decimator, only one renormalized variable flows to
the next RG layer. The other decimated variables are
positioned into the bulk as little crosses. The entire net-
work constitutes an EHM between the original boundary
field �(x) and the dual field ⇣(x, z) in the holographic
bulk.

After learning the optimal EHM, we can use it to push
the boundary field back into the bulk and investigate
the e↵ective bulk theory induced by the boundary CFT.
In general, the bulk field will not remain uncorrelated
anymore, because the machine-learned EHM cannot fully
resolve all correlations in the original CFT. This is par-
tially limited by the capacity and trainability of the neu-
ral network, but more fundamentally due to the lack of a
classical gravitational dual description for generic CFT.
The residual correlation (mutual information) contained
in the bulk field fluctuation can be used to probe the
holographic bulk geometry. Because the bulk field exci-
tations are typically massive and can not propagate far,
we expect the mutual information between the bulk field
variables at two di↵erent points to decay exponentially
with their geodesic distance in the bulk. Following this
idea, suppose ⇣i = ⇣(xi, zi) and ⇣j = ⇣(xj , zj) are two
bulk field variables, then their distance d(⇣i : ⇣j) can
be inferred from their mutual information I(⇣i : ⇣j) as

follows

d(⇣i : ⇣j) = �⇠ ln
I(⇣i : ⇣j)

I0
, (6)

where the correlation length ⇠ and the information unit
I0 are global fitting parameters. The mutual information
is defined with respect to the joint distribution of the
bulk field Qbulk[⇣] = Q[�]| det(�G�1[�]/��)|�1, given the
boundary field Boltzmann distribution Q[�] / e�S[�] and
the EHM functional G. However, it is di�cult to estimate
the mutual information in this way, because sampling �
from the CFT is generally challenging. Instead of calcu-
lating Qbulk[⇣] directly, we can train another probability
model P [⇣] to approximate Qbulk[⇣]. This constitutes the
training stage II in Fig. 1(c), where the loss function L is
still the KL divergence in Eq. (5), but the key di↵erence
that we freeze the network parameters in the generative
model G and train the prior distribution P [⇣]. We will
elaborate our strategy to parameterize P [⇣] based on a
concrete example in the following.

Before we dive into details, let us comment on the gen-
eral behavior of the stage II training. As demonstrated in
Fig. 1(d), the loss function will typically drop further in
this stage as P [⇣] gets improved to capture the residual
bulk field correlation. So the goal of the stage II training
is to distill an e↵ective theory for the bulk field ⇣, which
can be used to evaluate mutual information I(⇣i, ⇣j) and
to measure bulk geodesic distance d(⇣i, ⇣j) following the
proposal of Eq. (6). Combining both stages, we can in-
vestigate the emergent holographic bulk geometry in cor-
respondence to the boundary CFT. One may wonder why
not training the generative model G and bulk field distri-
bution P [⇣] jointly. This is because there is a trade-o↵ be-
tween these two objectives. For example, one can weaken
the disentanglers in G and push more correlation to the
bulk field distribution P [⇣]. Such trade-o↵ will under-
mine our objective of minimizing bulk mutual informa-
tion in training a good EHM, therefore the two training
stages should be separated, or should be at least assigned
very di↵erent learning rates separately. In the following,
we will apply the two-stage neural-RG approach to study
the holographic dual of a Luttinger liquid CFT.
EHM for Complex �4

Model— We first apply the
neural-RG method to construct the optimal EHM for
a two-dimensional complex �4 theory in the conformal
phase. Consider the lattice field theory described by the
Euclidean action

S[�] = �t
X

hiji

�⇤
i �j +

X

i

(µ|�i|
2 + �|�i|

4), (7)

where �i 2 C is a complex scalar field defined on each
site i of a square lattice and hiji denotes the summation
over all nearest neighbor sites. We choose µ = �200+2t
and � = 25 to create a deep Mexican hat potential that
pins the complex field to a circle �i =

p
⇢ei✓i of radius

(side view of the network)



• Objective function  
 
 
 

• Sample    from bulk, push to the boundary

• Forward: evaluate loss function

• Backward: propagate gradient to train bijectors 
 

• Machine learns the optimal RG (optimal EHM)      from the 
QFT action

Training Scheme

� = G[⇣]
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L = KL(Ppost[�]kPtarget[�])

= E
⇣⇠Pprior

SQFT[G[⇣]] + lnPprior[⇣]� ln det
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Complex φ4 Model in 2D
• Lattice field theory on square lattice  
 
 

• Effectively 2D XY model

S[�] = �t
X

hiji

�⇤
i�j +

X

i

(µ|�i|2 + �|�i|4)
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T 
(effectively 
tuned by t)

TKT DisorderedLuttinger liquid  
(CFT)

h�⇤
i�ji ⇠ e�rij/⇠
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Performance of the Generative Model
• Let us first make sure that the machine learns the correct 

physics from the given action.

• Phase diagram (32x32 finite size lattice) 
 
 
 
 

• Correlation function  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Performance of the Generative Model
• Let us first make sure that the machine learns the correct 

physics from the given action.

• Phase diagram (32x32 finite size lattice) 
 
 
 
 

• Correlation function  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Efficient Sampling from the Bulk
• Sampling: holographic mapping from bulk to boundary

• Massive field in the bulk → Critical field on the boundary

• Local update in the bulk → Global update on the boundary
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Efficient Sampling from the Bulk
• Sampling: holographic mapping from bulk to boundary

• Massive field in the bulk → Critical field on the boundary

• Local update in the bulk → Global update on the boundary

• Order parameters converges faster using bulk MCMC.
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(bulk MC)

(boundary MC)

Related topics:
• Self-learning MC  

Huang, Wang, PRB (2017) 
Liu, Qi, Meng, Fu, PRB(2017) 
…

• Super-resolution sampling  
Efthymiou, Beach, Melko (2019)



Summary
• We demonstrated several examples of machine learning 

physics. The common theme:

• Train the machine on a task (but we don’t use it!)

• Open up the neural network for emergent physics

Task Emergent physics

ML Quantum 
Mechanics

Potential-density 
mapping

Wave function + 
Schrödinger eq.

ML Holographic 
Mapping

Quantum field 
generation

RG scheme, bulk 
effective theory
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