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• Note patterns then look for an explanation

• Use machine learning to train a computer to calculate in hep-th, math

Mathematical Phenomenology

— Mirror symmetry is prototype example

— Black box gives probably approximately correct answers

— So far, we have mainly used ML to identify associations

— Want to bridge this success to new analytic results and methods

h1,1 � h1,2

h1,1 + h1,2

— Knot theory provides another case study



Dramatis Personae 

Knot: ; e.g.,S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>

unknot

trefoil

figure-eight

cinquefoil

three-twist
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<latexit sha1_base64="htB6cdcor2Y9qedw/JdarcU8BZY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg9v3+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6ten1fq9Rv8jiKcAKncA4eXEId7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QOh0Y1k</latexit>

31

<latexit sha1_base64="uzixW9f0zjo7hdPMEL+E9uE3ZFQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHrT4YeLw3w8y8IJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2L1gJOE+xEdKhEKRtFK9+d9r1+uuFV3DvKXeDmpQI5Gv/zZG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyYpUBCWNtSyGZqz8nMhoZM4kC2xlRHJllbyb+53VTDC/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlv6R1VvVq1au7WqV+ncdRhCM4hlPw4ALqcAsNaAKDITzBC7w60nl23pz3RWvByWcO4Recj2+mY41n</latexit>
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<latexit sha1_base64="RMwZI5Vdb3Hi2gCRa67+GUOytiQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ63v9csVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKmldVL1a9fq+Vqnf5HEU4QRO4Rw8uIQ63EEDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wen6Y1o</latexit>

51

<latexit sha1_base64="yZHKNNn9/Y3KY2uD5F4b3GcWTc8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUW9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1Fjp4aLn9coVt+rOQJaJl5MK5Kj3yl/dfszSCKVhgmrd8dzE+BlVhjOBk1I31ZhQNqID7FgqaYTaz2anTsiJVfokjJUtachM/T2R0UjrcRTYzoiaoV70puJ/Xic14ZWfcZmkBiWbLwpTQUxMpn+TPlfIjBhbQpni9lbChlRRZmw6JRuCt/jyMmmeVb3z6vX9eaV2k8dRhCM4hlPw4BJqcAd1aACDATzDK7w5wnlx3p2PeWvByWcO4Q+czx+pb41p</latexit>
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<latexit sha1_base64="Z2Z+TmpbotTYPTwLUUxvGjRoscY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGiHoLevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh4tepVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr6+r5ZqN1kceTiBUzgHDy6hBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBqvONag==</latexit>



Dramatis Personae 

Knot: ; e.g.,S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>

Thistlethwaite unknot Ochiai unknot



Dramatis Personae 

Knot: ; e.g.,

Jones polynomial:

S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>

h i h i=h i A +B

w(K) = overhand� underhand
<latexit sha1_base64="7ab1ewMSb7gY5h1v+flqSkJrP4U="></latexit>

= q
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4

<latexit sha1_base64="4dDsfeSfy4xCeR7Se4E/cyuE+Bw=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHUhFN24rGAfkMYymU7aoZNMnJkIJfQz3LhQxK1f486/cdJWUNEDFw7n3Mu99wQJo1JZ1odRWFldW98obpa2tnd298r7Bx3JU4FJG3PGRS9AkjAak7aiipFeIgiKAka6weQy97v3REjK4xs1TYgfoVFMQ4qR0pJ3Du9u+6FA2HYH5YplnjVqjluDlmlZdduxc+LU3aoLba3kqIAlWoPye3/IcRqRWGGGpPRsK1F+hoSimJFZqZ9KkiA8QSPiaRqjiEg/m588gydaGcKQC12xgnP1+0SGIimnUaA7I6TG8reXi395XqrChp/ROEkVifFiUZgyqDjM/4dDKghWbKoJwoLqWyEeI52A0imVdAhfn8L/Sccx7arpXLuV5sUyjiI4AsfgFNigDprgCrRAG2DAwQN4As+GMh6NF+N10VowljOH4AeMt09wqZC3</latexit>
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<latexit sha1_base64="o12IsjyUv5t5ulbi5vgXigq530I=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEQQhJGtq6K7pxWcE+oI1lMp20QycPZyZCCQF/xY0LRdz6He78GydtBRU9cOFwzr3ce48XMyqkaX5ohaXlldW14nppY3Nre0ff3WuLKOGYtHDEIt71kCCMhqQlqWSkG3OCAo+Rjje5yP3OHeGCRuG1nMbEDdAopD7FSCppoB+cwr7PEU6tLL29mVHLyQZ62TTO6lXbqULTMM2aZVs5sWtOxYGWUnKUwQLNgf7eH0Y4CUgoMUNC9Cwzlm6KuKSYkazUTwSJEZ6gEekpGqKACDednZ/BY6UMoR9xVaGEM/X7RIoCIaaBpzoDJMfit5eLf3m9RPp1N6VhnEgS4vkiP2FQRjDPAg4pJ1iyqSIIc6puhXiMVARSJVZSIXx9Cv8nbduwKoZ95ZQb54s4iuAQHIETYIEaaIBL0AQtgEEKHsATeNbutUftRXudtxa0xcw++AHt7ROty5VT</latexit>

Jones (1985) 

topological invariant: independent of  how the knot is drawn

Question: how to calculate these?

Answer: quantum field theory!

<latexit sha1_base64="lF/17Cy7ak98BKt4r2Dpt6ZAeD8="></latexit>

J(K; q) = (�q
3
4 )w(K) hKi

h i



Topological Invariants 
• On a manifold        with metric        , a topological invariant enjoys:M

<latexit sha1_base64="FpXuFOkuGnaPdv8p0w28Td5yuvc=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiFy9CBfsBbSib7aRdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpn57SdUmsfywUwS9CM6lDzkjBordbIeo4LcTfvlilt15yCrxMtJBXI0+uWv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7Wfze6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDKz7hMUoOSLRaFqSAmJrPnyYArZEZMLKFMcXsrYSOqKDM2opINwVt+eZW0LqperVq7r1Xq13kcRTiBUzgHDy6hDrfQgCYwEPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtV2Pwg==</latexit>

gµ⌫

<latexit sha1_base64="z9w9OPpAVagG9NvQ4na4KmGoRpc=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hV0J6DHoxWME88DsEmYns8mQmdllHkJY8hdePCji1b/x5t84SfagiQUNRVU33V1xxpk2vv/tra1vbG5tl3bKu3v7B4eVo+O2Tq0itEVSnqpujDXlTNKWYYbTbqYoFjGnnXh8O/M7T1RplsoHM8loJPBQsoQRbJz0OOznobChtNN+perX/DnQKgkKUoUCzX7lKxykxAoqDeFY617gZybKsTKMcDoth1bTDJMxHtKeoxILqqN8fvEUnTtlgJJUuZIGzdXfEzkWWk9E7DoFNiO97M3E/7yeNcl1lDOZWUMlWSxKLEcmRbP30YApSgyfOIKJYu5WREZYYWJcSGUXQrD88ippX9aCeq1+X682boo4SnAKZ3ABAVxBA+6gCS0gIOEZXuHN096L9+59LFrXvGLmBP7A+/wB+zaRIA==</latexit>

�

�gµ⌫
hO1 . . .Oni = 0

<latexit sha1_base64="N4+PF+R9p+/rzg/LLdvFhiuf6fU="></latexit>

• In Chern–Simons theory, the operators are Wilson loops

• The colored Jones polynomial is a knot invariant:

<latexit sha1_base64="t8hCDeky+pfUa5xVsVvjl8biz0k="></latexit>

SCS(A) =
k

4⇡

Z

M
tr
�
A ^ dA+

2

3
A ^A ^A) , Z(M) =

Z

U
[DA] eiSCS(A)

<latexit sha1_base64="NWoda3m/RRoU4tzUYgSC8fdrWFs="></latexit>

Jn(K; q = e2⇡i/(k+2)) =

R
U [DA] Un(K)eiSCS(A)

R
U [DA] Un(01)eiSCS(A)

Witten (1989)

<latexit sha1_base64="u3LU8smS5TKTrWdNeyFsnYOW83A=">AAACInicbVBNS8MwGE79nPOr6tFLcAjzMlpR1IMw9CJ4mWC3wVpKmqVbWJqWJBVG2W/x4l/x4kFRT4I/xqwr6DYfCDx5nvd9k/cJEkalsqwvY2FxaXlltbRWXt/Y3No2d3abMk4FJg6OWSzaAZKEUU4cRRUj7UQQFAWMtILB9dhvPRAhaczv1TAhXoR6nIYUI6Ul37y4hG4oEM5chniPEej4vHp7BF2RX0dTuuXbv45vVqyalQPOE7sgFVCg4ZsfbjfGaUS4wgxJ2bGtRHkZEopiPa/sppIkCA9Qj3Q05Sgi0svyFUfwUCtdGMZCH65grv7tyFAk5TAKdGWEVF/OemPxP6+TqvDcyyhPUkU4njwUpgyqGI7zgl0qCFZsqAnCguq/QtxHOjGlUy3rEOzZledJ87hmn9asu5NK/aqIowT2wQGoAhucgTq4AQ3gAAwewTN4BW/Gk/FivBufk9IFo+jZA1Mwvn8ASumi5w==</latexit>

=
hUn(K)i
hUn(01)i

<latexit sha1_base64="KU+iitC79OM2rBNIyJevBQGfilw="></latexit>
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Dramatis Personae 

Knot: ; e.g.,

Jones polynomial:

S1 ⇢ S3
<latexit sha1_base64="YVaFgXS8C/6Mp0cL5Jt2gvsLRhQ=">AAAB+HicdVDJTgJBEO3BDXFh1KOXjsTEE5kGI3AjevGIQZYEBtLT9ECHniW9mOCEL/HiQWO8+ine/Bt7ABM1+pJKXt6rSlU9L+ZMKsf5sDJr6xubW9nt3M7u3n7ePjhsy0gLQlsk4pHoelhSzkLaUkxx2o0FxYHHacebXqV+544KyaLwVs1i6gZ4HDKfEayMNLTzzQGCfak9SRVsDspDu+AUHcdBCMGUoMqFY0itVi2hKkSpZVAAKzSG9nt/FBEd0FARjqXsISdWboKFYoTTea6vJY0xmeIx7Rka4oBKN1kcPoenRhlBPxKmQgUX6veJBAdSzgLPdAZYTeRvLxX/8npa+VU3YWGsFQ3JcpGvOVQRTFOAIyYoUXxmCCaCmVshmWCBiTJZ5UwIX5/C/0m7VETlYunmvFC/XMWRBcfgBJwBBCqgDq5BA7QAARo8gCfwbN1bj9aL9bpszVirmSPwA9bbJ6bKknM=</latexit>

h i h i=h i A +B

Hyperbolic volume: volume of              is another knot invariant

w(K) = overhand� underhand
<latexit sha1_base64="7ab1ewMSb7gY5h1v+flqSkJrP4U="></latexit>

= q
1
4

<latexit sha1_base64="4dDsfeSfy4xCeR7Se4E/cyuE+Bw=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFZI0tHUhFN24rGAfkMYymU7aoZNMnJkIJfQz3LhQxK1f486/cdJWUNEDFw7n3Mu99wQJo1JZ1odRWFldW98obpa2tnd298r7Bx3JU4FJG3PGRS9AkjAak7aiipFeIgiKAka6weQy97v3REjK4xs1TYgfoVFMQ4qR0pJ3Du9u+6FA2HYH5YplnjVqjluDlmlZdduxc+LU3aoLba3kqIAlWoPye3/IcRqRWGGGpPRsK1F+hoSimJFZqZ9KkiA8QSPiaRqjiEg/m588gydaGcKQC12xgnP1+0SGIimnUaA7I6TG8reXi395XqrChp/ROEkVifFiUZgyqDjM/4dDKghWbKoJwoLqWyEeI52A0imVdAhfn8L/Sccx7arpXLuV5sUyjiI4AsfgFNigDprgCrRAG2DAwQN4As+GMh6NF+N10VowljOH4AeMt09wqZC3</latexit>

+
1

q
1
4

<latexit sha1_base64="o12IsjyUv5t5ulbi5vgXigq530I=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEQQhJGtq6K7pxWcE+oI1lMp20QycPZyZCCQF/xY0LRdz6He78GydtBRU9cOFwzr3ce48XMyqkaX5ohaXlldW14nppY3Nre0ff3WuLKOGYtHDEIt71kCCMhqQlqWSkG3OCAo+Rjje5yP3OHeGCRuG1nMbEDdAopD7FSCppoB+cwr7PEU6tLL29mVHLyQZ62TTO6lXbqULTMM2aZVs5sWtOxYGWUnKUwQLNgf7eH0Y4CUgoMUNC9Cwzlm6KuKSYkazUTwSJEZ6gEekpGqKACDednZ/BY6UMoR9xVaGEM/X7RIoCIaaBpzoDJMfit5eLf3m9RPp1N6VhnEgS4vkiP2FQRjDPAg4pJ1iyqSIIc6puhXiMVARSJVZSIXx9Cv8nbduwKoZ95ZQb54s4iuAQHIETYIEaaIBL0AQtgEEKHsATeNbutUftRXudtxa0xcw++AHt7ROty5VT</latexit>

computed from tetrahedral decomposition of  knot complement

Jones (1985) 
Witten (1989)

Thurston (1978)

vev of Wilson loop operator along K in
<latexit sha1_base64="1dyDlbT0HG5AAc88KkDYj5bYfe4="></latexit>

⇤ for SU(2) Chern–Simons on S3
<latexit sha1_base64="KOFo06Vr+8UE3ppC/Oj/DDZ6AlE="></latexit>

<latexit sha1_base64="TIKN8OtcvMiSh2YSJTXR8tF5g9U=">AAAB+HicdVBJSwMxGM241rp01KOXYBE8laQubW9FL4KXinaBdiyZNNOGZjJDkhFq6S/x4kERr/4Ub/4bM20FFX0QeLz3bXl+LLg2CH04C4tLyyurmbXs+sbmVs7d3mnoKFGU1WkkItXyiWaCS1Y33AjWihUjoS9Y0x+ep37zjinNI3ljRjHzQtKXPOCUGCt13dz17VHHJ3SoBdEDeNl186iAEMIYw5Tg0imypFIpF3EZ4tSyyIM5al33vdOLaBIyaagdodsYxcYbE2U4FWyS7SSaxXY+6bO2pZKETHvj6eETeGCVHgwiZZ80cKp+7xiTUOtR6NvKkJiB/u2l4l9eOzFB2RtzGSeGSTpbFCQCmgimKcAeV4waMbKEUMXtrZAOiCLU2KyyNoSvn8L/SaNYwCcFdHWcr57N48iAPbAPDgEGJVAFF6AG6oCCBDyAJ/Ds3DuPzovzOitdcOY9u+AHnLdPOYqS0g==</latexit>

S3\K

<latexit sha1_base64="lF/17Cy7ak98BKt4r2Dpt6ZAeD8="></latexit>

J(K; q) = (�q
3
4 )w(K) hKi

h i

<latexit sha1_base64="v3ulpe8GKE2FgRcKZS4dhMd9p9s="></latexit>

J2(41; q) = q�2 � q�1 + 1� q + q2 , q = e
2⇡i
k+2



384 Stavros Garoufalidis and Yueheng Lan

Remark 1.3 In [GL, Section 3.2] using properties of R-matrices, Le and the
first author gave a canonical multisum formula for the colored Jones function of
a knot which is presented as the closure of a braid. Specifically, if the braid has
c crossings, then the multisum formula involves summation over c variables. In
the case of the knot K0 , it involves summation over 18 variables, which makes
it intractable, symbolically or numerically.

Remark 1.4 The well-known 3-term skein relation for the Jones polynomial

q
( )

− q−1
( )

= (q1/2 − q−1/2)
( )

allows one to compute naively the Jones polynomial of a knot with c crossings
in 2c steps. By taking parallels, it allows one to compute the n-th colored Jones
polynomial of a knot in 2cn

2

steps. For n = 500, and c = 18, this requires

218×5002 ≈ 101354634

terms.

2 Numerical confirmation of the HVC for K0

Let

VC(n) =
2π

n
log JK0

(n)|
q=e

2πi
n
. (2)

Using a fortran program by the second author (presented in the Appendix),
we have computed VC(n) for n up to 502.

Here is a table of Re(VC(n)) versus n:
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Simplest hyperbolic 
non-two bridge knot, 
has 18 crossings

Garoufalidis, Lan (2004)

Vol(K0) = 3.474247 . . .
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382 Stavros Garoufalidis and Yueheng Lan

non-2-bridge knot k31 is the Pretzel knot (−2, 3, 7) requiring 3 ideal tetrahedra,
with same volume as the 52 knot; see [CDW]. However, the colored Jones
function of k31 is rather complicated.

K0 has braid presentation b2(ab)8 , where a = σ1, b = σ2 are the standard
generators of the braid group with 3 strands.

Figure 1: The knot K0 , and an involution which negates its meridian and longitude.

K0 is a positive hyperbolic knot with 18 crossings. SnapPea identifies K0 with
the knot k43 of the new census, also known as m082 in the old census.

The notation k43 reveals that K0 is a hyperbolic knot whose complement can
be triangulated with 4 hyperbolic ideal tetrahedra. It is the simplest hyperbolic
non-2-bridge knot, as was discovered by [CDW].

K0 belongs to a family of twisted torus knots, and this family populates the
census of simplest hyperbolic manifolds other than the family of 2-bridge knots.

The Dowker code of K0 is:

18 1 14 −16 18 −20 22 −24 −26 28 −30 32 −34 36 −12 −2 4 −6 8 −10

K0 has symmetry group Z/2. An involution that negates the meridian and
longitude is shown in Figure 1.

1.3 The quantum topology of K0

Let us define the quantum integer, the quantum factorial and the quantum
binomial coefficients by:

[n] =
qn/2 − q−n/2

q1/2 − q−1/2
[n]! = [1][2] . . . [n]

[

n
k

]

=
[n]!

[k]![n − k]!
,
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Behavior is not monotonic! 

In fact, we take
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Gukov (2005)
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Khovanov homology: a homology theory         whose graded Euler characteristic 
is             ; explains why coefficients are integers
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Figure 12: Volume versus log(rankH(K) − 1) for 10-crossing non-alternating
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Figure 13: Volume versus log(rankH(K) − 1) for 11-crossing non-alternating
knots
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Volume-ish theorem:

2v0(max(|am�1|, |an+1|)� 1)  Vol(K)  10v0(|am�1|+ |an+1|� 1)
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for alternating knots;                                         , volume of  regular ideal tetrahedronv0 = �
Z ⇡/3

0
dt log(2 sin

t

2
)
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Dasbach, Lin (2007)
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J2(K; q) = anq
n + . . .+ amqm

Khovanov homology: a homology theory         whose graded Euler characteristic 
is             ; explains why coefficients are integers
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Feedforward Neural Networks
Input vector

Neuron

Schematic representation of  feedforward neural network. The top figure denotes the perceptron (a single neuron), 
the bottom, the multiple neurons and multiple layers of  the neural network.

Mathematica 10+

Rosenblatt (1957)



Neural Network 
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Jones polynomials are represented as 18-vectors

Two layer neural network in Mathematica
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Logistic sigmoids for the hidden layers

~JK = (min,max, coe↵s, 0, . . . , 0)
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12000 hyperparameters VJ, Kar, Parrikar (2019)
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trained on 10% of the 313, 209 knots up to 15 crossings
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2.45± 0.10% error
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VJ, Kar, Parrikar (2019)



Ji does not uniquely identify a knot
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e.g., 41 and K11n19 have same Jones polynomial, di↵erent volumes
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174, 619 unique Jones polynomials
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2.83% average spread in volumes for a Jones polynomial
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•  

• Same applies to                   hyperbolic knots up to      crossings

•  

vi = f(Ji) + small corrections
<latexit sha1_base64="3DQERWSiDDp5fCRtk+jniLv6lig="></latexit>

(database compiled from Knot Atlas and SnapPy)

intrinsic mitigation against overfitting

VJ, Kar, Parrikar (2019)
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1,701,913
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We seek to reverse engineer the neural network 
to obtain an analytic expression for 

the volume as a function of the Jones polynomial

Entr’acte 

vi = f(Ji) + small corrections
<latexit sha1_base64="3DQERWSiDDp5fCRtk+jniLv6lig="></latexit>

To interpret the formula, we use machinery of 
analytically continued Chern–Simons theory



Towards the Volume Conjecture 
• The volume conjecture:

• 11,921 colored Jones polynomials at
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lim
n!1

2⇡ log |Jn(K;!n)|
n

= Vol(S3 \K)

<latexit sha1_base64="IgeqNds5YwOXkBH+IfJVmOczmJE="></latexit>

n = 3



t-SNE

Volume is learnable from coefficients

CS invariant probably is not

<latexit sha1_base64="+le0hSnxfWdXBbFVde0lQ2nj9w0="></latexit>

= Vol(S3 \K) + 2⇡2iCS(K)
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n!1

2⇡ log Jn(K;!n)

n



Coefficients 

Figure 11: The absolute values of the (first 8) Jones polynomial coe�cients as a function of the

hyperbolic volume. The coe�cients obey a power law relationship with respect to the volume, where

(for ci the i
th coe�cient) the constant coe�cient decreases (by about an order of magnitude) and

the exponent increases as i increases. These power law relationships are symmetric with the last 8

coe�cients, as demonstrated in the Table 2.

Another useful quantity associated with Khovanov homology is the Khovanov rank, given by

rank(H•(K)) =
X

r

q dimH
r(K) . (B.5)

The Khovanov rank is correlated with the hyperbolic volume, as noticed in [37], and was

compared to neural network prediction techniques in [16].

The main point we wish to convey with this brief summary is that the coe�cients of

the Jones polynomial are related to dimensions of homology groups, and therefore any suc-

cess of our machine learning techniques represents another piece of evidence that underly-

ing homological structure is relevant for characterizing physics and mathematics which is

machine-learnable.

B.2 Power law behavior of coe�cients

In this appendix, we study how the coe�cients in the Jones polynomial may be individually

related to the hyperbolic volume. Through Khovanov homology, we know that each coe�cient

is measuring the dimension of a certain homology group. Thus, this numerical study is in

some sense a generalization of Khovanov’s study of patterns in his homology [37], and his

observation that coarser properties of his homology are related to the volume (see [16] for

– 30 –



No Degrees Needed 

• Suppose we drop the degrees and provide only the coefficients; Jones 
polynomial is no longer recoverable from the input vector

• Results are unchanged!

N.B.: we have switched to Python 3 using GPU-Tensorflow with Keras wrapper
two hidden layers, 100 neurons/layer, ReLu activation, mean squared loss, Adam optimizer



Layer-wise Relevance Propagation 
• To determine which inputs carry the most weight, propagate backward 

starting from output layer employing a conservation property

• Compute relevance score for a neuron using activations, weights, and biases

<latexit sha1_base64="LDiPx9E7z/FGb5SZ5KSvJsJahlA="></latexit>

Rm�1
j =

X

k

am�1
j Wm

jk + bmkP
l a

m�1
l Wm

lk + bmk
Rm

k

196 G. Montavon et al.

Fig. 10.2. Illustration of the LRP procedure. Each neuron redistributes to the lower
layer as much as it has received from the higher layer.

in brain-computer interfaces [50]. In the biomedical domain, LRP was used to
identify subject-specific characteristics in gait patterns [24], to highlight relevant
cell structure in microscopy [12], as well as to explain therapy predictions [56].
Finally, an extension called CLRP was applied to highlight relevant molecular
sections in the context of protein-ligand scoring [23].

10.2.1 LRP Rules for Deep Rectifier Networks

We consider the application of LRP to deep neural networks with rectifier
(ReLU) nonlinearities, arguably the most common choice in today’s applications.
It includes well-known architectures for image recognition such as VGG-16 [48]
and Inception v3 [54], or neural networks used in reinforcement learning [35].
Deep rectifier networks are composed of neurons of the type:

ak = max
(
0,

∑
0,j ajwjk

)
. (10.1)

The sum
∑

0,j runs over all lower-layer activations (aj)j , plus an extra neuron
representing the bias. More precisely, we set a0 = 1 and define w0k to be the
neuron bias. We present three propagation rules for these networks and describe
their properties.

Basic Rule (LRP-0) [7]. This rule redistributes in proportion to the contribu-
tions of each input to the neuron activation as they occur in Eq. (10.1):

Rj =
∑

k

ajwjk∑
0,j ajwjk

Rk

This rule satisfies basic properties, such as (aj = 0) ∨ (wj: = 0) ⇒ Rj = 0,
which makes coincide concepts such as zero weight, deactivation, and absence of
connection. Although this rule looks intuitive, it can be shown that a uniform
application of this rule to the whole neural network produces an explanation
that is equivalent to Gradient× Input (cf. [47]). As we have mentioned in the
introduction, gradient of a deep neural network is typically noisy, therefore one
needs to design more robust propagation rules.

Epsilon Rule (LRP-ε) [7].A first enhancement of the basic LRP-0 rule consists
of adding a small positive term ε in the denominator:

Rj =
∑

k

ajwjk

ε +
∑

0,j ajwjk
Rk

Montavon et al. (2019)

,
<latexit sha1_base64="iBjiE1DxQkxJa5A9Pb1VgOr7hsI=">AAAB+nicdVDLSgMxFM34rPXV6tJNsAiuSlLUtguh6MZlFfuAdhwyadqGSWaGJKOU2k9x40IRt36JO//GTFtBRQ9cOJxzL/fe48eCa4PQh7OwuLS8sppZy65vbG5t5/I7TR0lirIGjUSk2j7RTPCQNQw3grVjxYj0BWv5wXnqt26Z0jwKr80oZq4kg5D3OSXGSl4u39WJ9AJ45QU3Ep5CDL1cARURQhhjmBJcPkGWVKuVEq5AnFoWBTBH3cu9d3sRTSQLDRVE6w5GsXHHRBlOBZtku4lmMaEBGbCOpSGRTLvj6ekTeGCVHuxHylZo4FT9PjEmUuuR9G2nJGaof3up+JfXSUy/4o55GCeGhXS2qJ8IaCKY5gB7XDFqxMgSQhW3t0I6JIpQY9PK2hC+PoX/k2apiI+L6PKoUDubx5EBe2AfHAIMyqAGLkAdNAAFd+ABPIFn5955dF6c11nrgjOf2QU/4Lx9AoUmkt8=</latexit>X
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jth neuron in layer m� 1



Layer-wise Relevance Propagation 

Figure 3: Each grid shows the LRP results for 10 neural network inputs. The grid labels r 2 [3, 7]

determine the form of the input vector. Each column represents a single input, corresponding to the

real and imaginary parts of the knot’s Jones polynomial evaluated at the phases e2⇡ip/(r+2) with p 2 Z

and 0  2p  r+2. Dark blue squares correspond to the lowest relevance score, and red to the highest.

So, in a given column, the red squares represent evaluations which were highly relevant for the neural

network to predict that knot’s volume. We also see that the same evaluations are often relevant across

all 10 knots in the displayed set; these correspond to mostly red rows.

can immediately see which columns are relevant in making a prediction of the volume. The

final column in Table 1 shows the results when training the neural network on just those

evaluations which LRP determines are relevant. Comparing the values in the final column to

the original error in the second column, we see that there is no real reduction in performance.

LRP successfully selects the relevant input features, and in some cases performance is actually

improved by pruning irrelevant inputs.

The results in Table 1 were each obtained over one run, so fluctuations in the error

are expected. To test the stability of the results, we trained the neural network 20 times,

using J2(K; e4⇡i/5) (the relevant root for r = 3) as input. Averaged over 20 runs, the error

was 3.71 ± 0.06%. With this relatively small standard deviation, we conclude that network

performance is stable over multiple runs.

In the first line of Table 1, the neural network is learning to predict the volume from

two numbers: the real and imaginary parts of J2(K; e4⇡i/5). If we represent the input as a

magnitude and a phase rather than as a real and imaginary part, the performance of the

neural network is unchanged. In fact, it turns out that if we drop the phase and work

only with the magnitude, the performance remains unchanged; the phase does not matter.

This means that the network is predicting the volume (to 96.29± 0.06% accuracy) with just

one number: |J2(K; e4⇡i/5)|. Another promising candidate is |J2(K; e3⇡i/4)|, which was also

determined by relevance propagation to be important in several rows of Table 1. Plotting

either |J2(K; e4⇡i/5)| or |J2(K; e3⇡i/4)| against the volume (Figure 4), we find a graph which

looks like a log(x+ b) + c for some constant O(1) parameters a, b > 0, and c. Thus, we may

be able to obtain a reasonably compact analytic expression by performing simple regression

on such an ansatz.

– 16 –

• Each column is a single input corresponding to evaluations of  the Jones 
polynomial at phases          ,                      ,  
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e
2⇡ip
r+2

<latexit sha1_base64="8m/Gxc61OwUFoupemifRlUIbvyc=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtgNih6DXjxGMA9IljA76U2GzD6YmQ2EJX/ixYMiXv0Tb/6Nk80eNLGg6aKqm+kpPxFcacf5ttbWNza3tks75d29/YND++i4peJUMmyyWMSy41OFgkfY1FwL7CQSaegLbPvj+7nfnqBUPI6e9DRBL6TDiAecUW2kvm07pCeQ1JK8ycta3644VScHWSVuQSpQoNG3v3qDmKUhRpoJqlTXdRLtZVRqzgTOyr1UYULZmA6xa2hEQ1Rell8+I+dGGZAglqYiTXL190ZGQ6WmoW8mQ6pHatmbi/953VQHt17GoyTVGLHFQ0EqiI7JPAYy4BKZFlNDKJPc3ErYiErKtAmrbEJwl7+8Slq1qntddR6vKvW7Io4SnMIZXIALN1CHB2hAExhM4Ble4c3KrBfr3fpYjK5Zxc4J/IH1+QO/7JHK</latexit>

0  2p  r + 2

• Ten different knots

• We show the relevances (red is most relevant) and notice that the same input 
features light up
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Relevant Phases 
r Error Relevant roots Fractional levels Error (relevant roots)

3 3.48% e
4⇡i/5 1

2 3.8%

4 6.66% �1 0 6.78%

5 3.48% e
6⇡i/7 1

3 3.38%

6 2.94% e
3⇡i/4, �1 2

3 , 0 3%

7 5.37% e
8⇡i/9 1

4 5.32%

8 2.50% e
3⇡i/5, e4⇡i/5, �1 4

3 ,
1
2 , 0 2.5%

9 2.74% e
8⇡i/11, e10⇡i/11 3

4 ,
1
5 2.85%

10 3.51% e
2⇡i/3,e5⇡i/6, �1 1, 2

5 , 0 4.39%

11 2.51% e
8⇡i/13, e10⇡i/13, e12⇡i/13 5

4 ,
3
5 ,

1
6 2.44%

12 2.39% e
5⇡i/7, e6⇡i/7, �1 4

5 ,
1
3 , 0 2.75%

13 2.52% e
2⇡i/3, e4⇡i/5, e14⇡i/15 1, 1

2 ,
1
7 2.43%

14 2.58% e
3⇡i/4, e7⇡i/8, �1 2

3 ,
2
7 , 0 2.55%

15 2.38% e
12⇡i/17, e14⇡i/17, e16⇡i/17 5

6 ,
3
7 ,

1
8 2.4%

16 2.57% e
2⇡i/3, e7⇡i/9, e8⇡i/9, �1 1, 4

7 ,
1
4 , 0 2.45%

17 2.65% e
14⇡i/19, e16⇡i/19, e18⇡i/19, 5

7 ,
3
8 ,

1
9 2.46%

18 2.49% e
4⇡i/5, e9⇡i/10, �1 1

2 ,
2
9 , 0 2.52%

19 2.45% e
2⇡i/3, e16⇡i/21, e6⇡i/7, e20⇡i/21 1, 5

8 ,
1
3 ,

1
10 2.43%

20 2.79% e
8⇡i/11, e9⇡i/11, e10⇡i/11, �1 3

4 ,
4
9 ,

1
5 , 0 2.4%

Table 1: LRP results when training the neural network on di↵erent roots of unity, corresponding to

di↵erent r. The third column shows the roots relevant to calculating the output, the fourth column

shows the corresponding fractional levels k obtained by writing the relevant roots as e
2⇡i/(k+2), and

the final column the error when training the network on only the relevant roots.

We use the curve fitting and optimization procedures built into Mathematica. The

dataset now includes all hyperbolic knots up to and including 16 crossings. For |J2(K; e3⇡i/4)|,

we find the formula

V3/4(K) = 6.20 log (|J2(K; e3⇡i/4)|+ 6.77)� 0.94 , (4.1)

which predicts the volume with an error of 2.86% (Figure 4, left). This result is comparable

to some of the best performances in Table 1 and performs only slightly worse than the

neural network which had access to the full Jones polynomial. Repeating the analysis for

|J2(K; e4⇡i/5)|, the optimized formula is

V4/5(K) = 4.89 log (|J2(K; e4⇡i/5)|+ 1.91) + 0.63 , (4.2)

which predicts the volume with an error of 3.33% (Figure 4, right). Due to the fact that the

error increase is small and the parameter reduction is enormous in passing from the black
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Phenomenological Function 

• Parameters fixed via curve fitting routines in Mathematica

<latexit sha1_base64="vgXr/yu4NEZhMZmFGZj6cHIEAXQ=">AAAB/XicdZDLSgMxFIYz9VbrrV52boKl4GrIFK3trujGZQWrQqeUTHpag5kLyRmxDsVXceNCEbe+hzvfxrRWUNEfAj/fOYdz8geJkgYZe3dyM7Nz8wv5xcLS8srqWnF948zEqRbQErGK9UXADSgZQQslKrhINPAwUHAeXB2N6+fXoI2Mo1McJtAJ+SCSfSk4WtQtblXcWtUv+9RHuMEMtI71qFssMXefefVqlTKXMW+v5llTr9cspJ4lY5XIVM1u8c3vxSINIUKhuDFtjyXYybhGKRSMCn5qIOHiig+gbW3EQzCdbHL9iJYt6dF+rO2LkE7o94mMh8YMw8B2hhwvze/aGP5Va6fYr3UyGSUpQiQ+F/VTRTGm4yhoT2oQqIbWcKGlvZWKS665QBtYwYbw9VP6vzmruN6+y072So3DaRx5sk12yC7xyAFpkGPSJC0iyC25J4/kyblzHpxn5+WzNedMZzbJDzmvH7uilM4=</latexit>

2.86% error

<latexit sha1_base64="KDur8pJiLuFNeAYy/58XX9WTgiw="></latexit>

k =
2

3

<latexit sha1_base64="z2qIPm7M4aN6lyy0UkBgRC8kDDY="></latexit>

! = e
3⇡i
4



Phenomenological Function 

• Parameters fixed via curve fitting routines in Mathematica
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Phenomenological Function 

Figure 5: Variation of fit parameters with regression data. As more regression data is included,

the fit parameters converge to some constant values. This indicates that the approximation formulas

should perform well outside of our dataset.

Figure 6: Comparison of (4.1) with a fit of the same functional ansatz on J2(K;�1); as in [14].

When applied to alternating knots only (left), the function predicts the volume with a mean error of

5.76%. Fitting the same ansatz to all knots (right) predicts the volume with an error of 6.16%.

To explore this possibility, we optimize the ansatz V (K) = a log(|J2(K; eix)|+ b) + c in

Mathematica and report the mean absolute error under the constraint x 2 [0,⇡] (Figure 7)

for all knots up to and including 16 crossings.18 The minimum error of 2.83% is realized for

x = 2.3. We can relate this to the relevant roots in Table 1 by noting that this root is similar

to e
3⇡i/4. This corresponds to a fractional level of 2

3 appearing in the r = 6 and r = 14 lines of

18Amusingly, as is now ubiquitous in high energy theory, the graph evinces the customary dip, ramp, plateau

shape [35]. Of course, here these features are not connected to random matrix theory in any clear way. A

tentative explanation for the location of the dip makes use of the saddle point form of the path integral (2.10),

where there is a reasonable spread of this value for di↵erent volumes in the region k 2 [0.5, 0.8]. However, we

are far from the semiclassical limit, and cannot really trust (2.10).
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Chern–Simons Theory 
• Recall that

• Under the gauge transformation                                          ,
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• Associated to large gauge transformations, we recognize the winding
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• This implies that the level 
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• So what does fractional level mean?

• In Abelian Chern–Simons theory, can make sense of  
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Witten (2010)

Analytic Continuation 
• We can analytically continue the level

• Appeal to Morse theory; the integration cycle     used to compute path 
integral is decomposed in terms of  Lefschetz thimbles
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• We encounter Stokes phenomena and the decomposition changes

• The Stokes phenomena are determined by
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• In semiclassical limit,                            and  there can be a contribution
<latexit sha1_base64="yPZsaC6Oa+VtM0jcxNRyAew51DM="></latexit>

eiSCS(1� e2⇡ik) to path integral from pair of                 critical points

<latexit sha1_base64="nd81RgtRwaiKBTTguPxBVAb4TVs="></latexit>

� ! 1 , k ! 1

N.B.: for Jones polynomial              and  
<latexit sha1_base64="Y6e2wMAhog6UlzryOBlXze8cbm8="></latexit>

n = 2
<latexit sha1_base64="c5IzT9Myj77+qxOzYdYWJRewz1s="></latexit>

� = k�1

<latexit sha1_base64="McKn+ljg0mJl3k7ZUCAeCvI5JPY="></latexit>

SL(2,C)
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Volume Functions 

Figure 7: Mean absolute errors as a function of x when optimizing the ansatz V (K) =

a log(|J2(K; eix)| + b) + c. We re-optimize the constants a, b, and c for each individual value of

x. The minimum error of 2.83% occurs at x = 2.3. This is evidence that we can approximate the

hyperbolic volume from the Jones polynomial evaluated at a wider variety of fractional levels than

just k = 1
2 or k = 2

3 .

Table 1. Notice also that there is a plateau in error rate at around 12% for x . ⇡
2 . The error

of 12% is significant; if we take V (K) = V0, where V0 is the average volume of all knots up

to 16 crossings, the error for this constant approximation function is 11.97%. This represents

a latent correlation in the dataset, and if we have an error rate greater than or equal to this

then our approximation formula is learning essentially nothing. This error plateau, and other

interesting features of Figure 7 like the error spike around k = 1, will be analyzed in the

context of Chern–Simons theory in Section 4.2. Before moving on, we note that upon closer

inspection of the region around k = 1, the single error spike shown in Figure 7 is actually

resolved into two separate spikes at k = 1 and k = 1.014 with a shallow dip of roughly 0.7%.

We do not have a good understanding of this feature, and we have not ruled out numerical

errors as its source, because our Mathematica fitting procedures give convergence warnings

at these levels. The robust conclusion that we claim here is only that there is a large error

spike around k = 1 which reaches up to the height of the plateau.
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Plateau:
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<latexit sha1_base64="PDZiJ70jDv3LJiEPA1LlrZ5GdqA="></latexit>
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Minimum:

<latexit sha1_base64="E1sNVg4ykSMk4irnn9S/pRgjF0k="></latexit>

k > 2

Lefschetz thimbles contain geometric conjugate 

near              or 
<latexit sha1_base64="7qTI9qZTjYHoObSdq9sJJl6os3g="></latexit>

k =
2

3

<latexit sha1_base64="pCwebJq2aAMw5FqTbb7UNZkRVcc="></latexit>

� =
3

2
<latexit sha1_base64="weKwNmXIKr94pbE4x8rPmAV0ihs="></latexit>

SL(2,C)
connection we expect in semiclassical limit

Ramp:
<latexit sha1_base64="ltrz0PLFlmNGy2dOvRlwlNbmoec="></latexit>

2

3
< k < 2

knots begin to lose access to geometric conjugate connection

The Shape of  Things 

at              or             , the geometric conjugate connection of        enters
<latexit sha1_base64="Pap1bSdmEt83efxvd7baT/vmDvw="></latexit>

� =
2

3

<latexit sha1_base64="5vJlXlYgOYuxlA/FdAL1+qQ61AU="></latexit>

k =
3

2

<latexit sha1_base64="ROdDU8gZ5F9oCokfd/bj5ec9+Vo="></latexit>
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Spike:

The Shape of  Things 

near
<latexit sha1_base64="oH2kPZ5Eejl+JUn0iFvSAJtU6iE="></latexit>

k = 1

at integer values of  level with                    , the path integral receives 
<latexit sha1_base64="8OAoH/fMKHi3fayQK218sSVZikU="></latexit>

k + 1 � n

contributions only from              -valued critical points
<latexit sha1_base64="PtWjZRdXVLtqBJJ8JpWsoxgnWvY="></latexit>

SU(2)

i.e., no analytic continuation is necessary

because we lose knowledge of  the geometric conjugate connection, 
the error becomes high

Conclusion: geometric conjugate connection is crucial to success of  
approximation formula

Dip:
<latexit sha1_base64="a3SRgTTroo9uJrubsfP80rx1frA="></latexit>

0 < k <
2

3
knots retain geometric conjugate connection even as

<latexit sha1_base64="aKeARdbMvDFemTPrKpV3JNNRqWM="></latexit>

� � 1



Prospectus 

• Inequalities à la volume-ish theorem using analytically continued Chern–
Simons theory

• Monotonic version of  the volume conjecture

• Better understanding of  what problems are machine learnable in 
mathematics and physics — failed experiments may teach us something!

• Reverse engineer other machine learned results

• Why are the volume and CS invariant different?



Thank You!


