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RG, A. Gehrmann-De Ridder, E.W.N. Glover, A. Huss, I. Majer https://arxiv.org/abs/2005.03016 
PRL 125 (2020) 22, 222002

Physics relevance/potential:
(i) Study of processes involving flavoured jets (test theory framework)

(ii) Backgrounds for Higgs measurements, direct searches (Dark Matter)

(iii) Probing the flavour content of the proton

Z boson production with a b-jet at 𝒪(α3
s )

https://arxiv.org/abs/2005.03016
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Theory motivation
18 9 Summary
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Figure 4: Differential fiducial cross section for Z(1b) production as a function of the leading
b jet pT (left), and the cross section ratio for Z(1b) and Z+jets production as a function of the
leading b/inclusive (j) jet pT (right), compared with the MADGRAPH 5FS, MADGRAPH 4FS,
MADGRAPH5 aMC@NLO, and POWHEG MINLO theoretical predictions (shaded bands), nor-
malized to the theoretical cross sections described in the text. For each data point the statistical
and the total (sum in quadrature of statistical and systematic) uncertainties are represented by
the double error bar. The width of the shaded bands represents the uncertainty in the theo-
retical predictions, and, for NLO calculations, the inner darker area represents the statistical
component only.

The 4FS-based prediction fails to describe the shape of the ratio as a function of the leading b
jet pT, and discrepancies in the shape are also observed for high values of the Z boson pT.

The production of a Z boson in association with two b jets is also investigated. In this case the
kinematic observables are the transverse momenta of the leading and subleading b jets, the pT
of the Z boson, the separations of the b jets both in azimuthal angle and in the h-f plane, the
minimal distance in the h-f plane between the Z boson and a b jet, the asymmetry between the
minimal and the maximal distances between the Z boson and a b jet, and the invariant masses
of the bb and the Zbb systems. The measured distributions are generally well reproduced by
the predictions.

19

0 0.5 1 1.5 2 2.5

| (
pb

)
b η

 / 
d|

σd

1

10

Data

MadGraph 5FS + Pythia6

MadGraph 4FS + Pythia6

MadGraph-aMC@NLO + Pythia8

Powheg MINLO + Pythia8

 (8 TeV)-119.8 fbCMS

 ll) + at least 1 b jet→*(γZ/
 (R = 0.5) jetsTanti-k

| < 2.4jetη > 30 GeV, |jet
T

p

0 0.5 1 1.5 2 2.5

/ D
at

a 
  

0.5

1
1.5 , stat. uncertainty onlyNNLOσMadGraph 5FS + Pythia6, normalized to  

, stat. uncertainty onlyNLOσMadGraph 4FS + Pythia6, normalized to  

0 0.5 1 1.5 2 2.5

Th
eo

ry

0.5
1

1.5

, stat. + syst. uncertainties onlyNLOσMadGraph-aMC@NLO + Pythia8, normalized to  

|ηLeading b jet |
0 0.5 1 1.5 2 2.5

0.5

1

1.5

, stat. +syst. uncertainties onlyNLOσPowheg MINLO + Pythia8, normalized to 

0 0.5 1 1.5 2 2.5

|] 
(%

)
j η

(Z
+j

) /
 d

|
σ

|] 
/ [

d
b η

(Z
+b

) /
 d

|
σ

[d

0

2

4

6

8

10

12
Data

MadGraph 5FS + Pythia6

MadGraph 4FS + Pythia6

MadGraph-aMC@NLO + Pythia8

Powheg MINLO + Pythia8

 (8 TeV)-119.8 fbCMS

 ll) + at least 1 b jet→*(γZ/
 (R = 0.5) jetsTanti-k

| < 2.4jetη > 30 GeV, |jet
T

p

0 0.5 1 1.5 2 2.5

/ D
at

a 
  

0.5

1
1.5 , stat. uncertainty onlyNNLOσMadGraph 5FS + Pythia6, normalized to  

, stat. uncertainty onlyNLOσMadGraph 4FS + Pythia6, normalized to  

0 0.5 1 1.5 2 2.5

Th
eo

ry

0.5
1

1.5

, stat. + syst. uncertainties onlyNLOσMadGraph-aMC@NLO + Pythia8, normalized to  

|ηLeading (b/j) jet |
0 0.5 1 1.5 2 2.5

0.5

1

1.5

, stat. +syst. uncertainties onlyNLOσPowheg MINLO + Pythia8, normalized to 

Figure 5: Differential fiducial cross section for Z(1b) production as a function of the leading
b jet |h| (left), and the cross section ratio for Z(1b) and Z+jets production as a function of the
leading b/inclusive (j) jet |h| (right), compared with the MADGRAPH 5FS, MADGRAPH 4FS,
MADGRAPH5 aMC@NLO, and POWHEG MINLO theoretical predictions (shaded bands), nor-
malized to the theoretical cross sections described in the text. For each data point the statistical
and the total (sum in quadrature of statistical and systematic) uncertainties are represented by
the double error bar. The width of the shaded bands represents the uncertainty in the theoreti-
cal predictions, and, for NLO calculations, theoretical systematic uncertainties are added in the
ratio plots with the inner darker area representing the statistical component only.

CMS Run I (8 TeV) measurement of  https://arxiv.org/abs/1611.06507  
Eur. Phys. J. C 77, 11 (2017) 751

pp → Z + b − jet(s)

ηb pT,b
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Anatomy of heavy-flavour processes

‣ General structure of computation

‣ The b-quark PDF

Flavoured jets & perturbative computations 

‣ A flavoured jet algorithm 

‣ NNLO QCD predictions (with  effects)

Comparison to CMS data, and conclusions
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Anatomy of heavy-flavour processes
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dσpp→X = ∑
i,j

∫ dx1dx2 fi(x1) fj(x2) d ̂σij→X̂( ̂s, . . . ) T(X̂ → X)

Factorisation theorem

d ̂σij→X̂ = d ̂σLO
ij→X̂

+ αs d ̂σNLO
ij→X̂

+ α2
s d ̂σNNLO

ij→X̂
+ . . .

Partonic cross-section

At fixed-order, define parton-level jets [corrected with ]T(X̂ → X)
[from NLO+PS for example]
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 pp → Z + b − jet + . . .

g

b̄
g

b

γ/Z → ll̄
γ/Z → ll̄

q̄

q

b̄

b

LO computation in 4fs ,  𝒪(α2
s ) d ̂σLO

ij ∼ ∫ dϕX̂ |Mij→X̂ |2

Computed in a scheme: e.g.  “4fs” aka ZM-VFNS (nmax
f = 4)
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 pp → Z + b − jet + . . .

dσ4fs = dσmb=0 + dσln[mb] + dσmb

Massless component 
 in 5fs𝒪(α2

s nf )
 effects

exact kinematics

𝒪(m2
b)

g

b̄
g

b

γ/Z → ll̄
γ/Z → ll̄

q̄

q

b̄

b

LO computation in 4fs ,  𝒪(α2
s ) d ̂σLO

ij ∼ ∫ dϕX̂ |Mij→X̂ |2

Computed in a scheme: e.g.  “4fs” aka ZM-VFNS (nmax
f = 4)
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 pp → Z + b − jet + . . .
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ij ∼ ∫ dϕX̂ |Mij→X̂ |2

Computed in a scheme: e.g.  “4fs” aka ZM-VFNS (nmax
f = 4)
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The b-quark PDF

dσln[mb] ∼

g

(g → b)||

b

Clearly, we wish to understand the logarithmic part (it is the largest) 
 

γ/Z → ll̄

dσln[mb] ∼ fg(x1, μ2
F) ⊗ f (1)

b (x2, μ2
F) ⊗ d ̂σmb=0

bg→Zb
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The b-quark PDF
Clearly, we wish to understand the logarithmic part (it is the largest) 

 
Actually, we know it well (use the renormalisation group, “PDF evolution”)

I am showing fixed-order pdf versus a resummed one (PDF evolution)

                  Note! αm
s lnn[μ2

F /m2
b], m ≥ n αs ln[m2

Z /m2
b] ≈ 0.7
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“Choice” of jet algorithm
What happens if we apply anti-kT alg. as in an experimental set-up

Collinear safety
γ/Z → ll̄

q̄

q

b̄

b
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“Choice” of jet algorithm
What happens if we apply anti-kT alg. as in an experimental set-up

Collinear safety
γ/Z → ll̄

q̄

q

b̄

b

g

γ/Z → ll̄q

q
Soft safety
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“Choice” of jet algorithm
What happens if we apply anti-kT alg. as in an experimental set-up

Collinear safety

C ∝ αs ln[Q2/m2
b]

S ∝ α2
s ln2[Q2/m2

b]

Massless(5fs): infinite 

Massive(4fs): finite, but contains large corrections like

γ/Z → ll̄

q̄

q

b̄

b

g

γ/Z → ll̄q

q
Soft safety
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The flavour-kT algorithm
We want to use resummed b-pdf, and avoid large “C, S” corrections

(1) Quantum flavour assignment: 

,  

(2) Flavour specific clustering 

b = + 1 b̄ = − 1

Note! anti-kT clustering not well suited (preference of soft-hard clustering)
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The massless calculation

At LO: 4 distinct channels,

At NNLO: 1000 distinct channels (amplitudes also become complicated) 

b

b

Z

g

p

p

g

q
Z/�

`�

`+

recoil

pZT 6= 0

b-jet  

 
 

d ̂σLO
ij ∼ ∫ dϕX̂ |Mij→X̂ |2

d ̂σij→X̂ = d ̂σLO
ij→X̂

+ αs d ̂σNLO
ij→X̂

+ α2
s d ̂σNNLO

ij→X̂
+ . . .

Use a “flavoured dressed” version of the computation of  @ NNLOZ + 1j
 Gehrmann-De Ridder et al., https://arxiv.org/abs/1507.02850  

PRL 117, 022001 (2016)
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X.$Chen,$J.$Cruz$Mar)nez,$J.$Currie,$AG,$T.$Gehrmann,$E.W.N.$Glover,$$
$$$$$$$$$$$$$$$$$$$$A.Huss,$$M.$Jacquier,$T.$Morgan,$J.$Niehues,$J.$Pires$
•  Common$infrastructure$for$the$implementa)on$of$NNLO$

correc)ons$using$antenna$subtrac)on$for$:$$

•  +$….$

21$

NNLOJET$

Aude$Gehrmann8De$Ridder$$$Par)cle$Physics$Colloquium,$Karlsruhe,$07.07.2016$

NNLOJET

_ ___ ____ ____ ____________

/ |/ / |/ / / / __ \__ / / __/_ __/

/ / / /__/ /_/ / // / _/ / /

/_/|_/_/|_/____/\____/\___/___/ /_/

X. Chen, J. Cruz-Martinez, J. Currie, A. Gehrmann–De Ridder, T. Gehrmann,
E.W.N. Glover, AH, M. Jaquier, T. Morgan, J. Niehues, J. Pires

Common code base for NNLO corrections using Antenna Subtraction
I pp ! Z/�⇤ ! `+`� + 0, 1 jets
I pp ! H ! �� + 0, 1, 2 jets
I pp ! dijets
I ep ! 2 jets (talk by J. Niehues)
I . . .

I Fully differential parton-level event generator
I Work in progress: Interface to APPLgrid, fastNLO

6/23

pp ! dijets

pp ! H !! �� + 0, 1, 2 jets

pp ! Z/�⇤ ! l+l� + 0, 1 jets

ep ! 2(+1) jets

Theory collaboration between CERN, Durham, Lisbon, Nikhef, Zurich

(Gehrmann et al. 2005-2013)

       E.W.N. Glover         A. Gehrmann-De Ridder  A. Huss I. MaierRG

A (parton level) Monte Carlo generator, antenna subtraction formalism 
 
My collaborators for this work, i.e. , PRL 125 (2020) 22, 222002pp → Z + b − jet

The massless calculation
d ̂σij→X̂ = d ̂σLO

ij→X̂
+ αs d ̂σNLO

ij→X̂
+ α2

s d ̂σNNLO
ij→X̂

+ . . .
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Including mass corrections
Construct a massive variable flavour number scheme (M-VFNS)

dσM−VFNS = dσ5fs + (dσ4fs − dσ4fs
mb→0)
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Comparison to CMS data

Data: hadron-level anti-kT jets

Theory: parton-level flavour-kT jets

Unfold data with RooUnfold

Model: NLO+PS, aMC@NLO+Pythia8 

Main effect: to remove ‘double-tagged’ jets. i.e. a pseudo-collinear g → bb̄

This includes: 

T(X̂ → X)

dσpp→X = ∑
i,j

∫ dx1dx2 fi(x1) fj(x2) d ̂σij→X̂( ̂s, . . . ) T(X̂ → X)
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Comparison to CMS data
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Conclusions
Calculational setup: 
‣ Resummation of dominant ISR logarithmic corrections
‣ Removal of troublesome FSR logarithmic corrections (jet algorithm)
‣ Inclusion of the finite b-quark mass corrections
‣ Percent level uncertainties (2-3)% + accurate!!!
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Conclusions
Calculational setup: 
‣ Resummation of dominant ISR logarithmic corrections
‣ Removal of troublesome FSR logarithmic corrections (jet algorithm)
‣ Inclusion of the finite b-quark mass corrections
‣ Percent level uncertainties (2-3)% + accurate!!!

The jet algorithm: 
‣ Tackle inconsistency between data and theory with unfolding
‣ Motivates further study into this issue (exp. and th. side)
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Conclusions
Calculational setup: 
‣ Resummation of dominant ISR logarithmic corrections
‣ Removal of troublesome FSR logarithmic corrections (jet algorithm)
‣ Inclusion of the finite b-quark mass corrections
‣ Percent level uncertainties (2-3)% + accurate!!!

Future applications: 
‣ Precise signal <> control region corrections (searches, etc.)
‣ Scaling of MC (reduce theory uncertainty of backgrounds)
‣ Ideally, direct comparison to data (PDF analyses etc.)
‣ Interface to Parton Shower

The jet algorithm: 
‣ Tackle inconsistency between data and theory with unfolding
‣ Motivates further study into this issue (exp. and th. side)
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Much obliged! Questions?
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Whiteboard
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Whiteboard
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Size of unfolding correction
How to account for theory-experiment mismatch?

Use an NLO + Parton Shower prediction (which can evaluate both) 
1) Prediction at parton-level, flavour-kT algorithm (Theory)
2) Prediction at hadron-level, anti-kT algorithm (Experiment)

Calculate an “Unfolding” correction from  2) Experiment  1) Theory→

We use RooUnfold (following the procedure used in the exp. analyses)
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NNLO flavoured jet cross-sections

of the requirements needed to obtain the corresponding theoretical predictions.

The computation of such observables at fixed order requires the application of a

flavour-sensitive jet algorithm that — besides reconstructing flavour-insensitive proper-

ties such as four-momenta — identifies the flavour of the reconstructed jets based on some

well-defined (infrared-safe) criteria [25]. The application of such an algorithm requires a

tracking of the flavour of individual partons, which appear in the partonic cross section at

each perturbative order.

In the following, we provide a description of how this is achieved within the parton-

level event generator NNLOJET. The discussion is however not specific to the use of the

antenna subtraction formalism to regulate infrared divergences occurring in partonic sub-

processes beyond LO. In addition, as the application of a flavour-sensitive jet algorithm

is not standard (although required from the point of view of massless fixed-order compu-

tations) for either theory or experimental communities, we also give a brief overview of

the algorithm used for these computations. This section is concluded by providing specific

details of the jet clustering implementation relevant for the results presented here regarding

the computation of NNLO observables for VH production.

2.1 Flavour dressing

The first step towards computing flavour-dependent jet observables is to ensure that the

jet algorithm has access to both momentum and flavour information when evaluating the

contributions from matrix elements and subtraction terms. To address this issue within

NNLOJET, an additional “flavour-dressing” layer that tracks the flavours of all amplitudes

as well as reduced matrix elements appearing in subtraction terms has been implemented.

To illustrate how this proceeds, we consider the construction of a generic NLO-type

cross section for an n-body final state initiated by the two partons i and j. Following the

notation of ref. [39], we may write the contribution to the partonic cross section as

d�̂ij,NLO =

Z

n+1

⇥
d�̂R

ij,NLO � d�̂S
ij,NLO

⇤
+

Z

n

⇥
d�̂V

ij,NLO � d�̂T
ij,NLO

⇤
, (2.1)

where the superscripts R, S, V , T indicate the real, real-subtraction, virtual, and virtual-

subtraction terms, respectively.

As an example of the flavour-dressing procedure for the amplitudes, we consider the

real-emission cross section (omitting the sum over potential colour orderings) which takes

– 5 –

the general form

d�̂R
ij,NLO = N

R
NLO d�n+1 ({p3, . . . , pn+3} ; p1, p2)

1

Sn+1

⇥

h
M

0
n+3 ({pn+3} , {fn+3}) J

(n+1)
n ({pn+1} , {fn+1})

i
. (2.2)

We denote the final-state symmetry factor by Sn+1, the normalisation factor (which in-

cludes constants, couplings, colour factors) by N
R
NLO, the 2 ! n + 1 particle phase space

by d�n+1, and the momentum of the partons i, j by p1,2. The partial squared amplitude

M
0
n+3 is evaluated with the momentum set {pn+3} and a corresponding flavour set {fn+3}.

The flavour-sensitive jet algorithm J
(n+1)
n builds n jets from n+1 final-state partons which

carry momentum and flavour labelled by the sets {pn+1} and {fn+1} respectively.

The real subtraction cross section can be written in a similar fashion:
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⌘i
, (2.3)

where the index k runs over all possible unresolved partons in d�̂R
ij,NLO and X

0
3 (·, k, ·)

denotes the three-parton antenna function that factorises from the associated reduced

squared matrix-element M
0
n+2. In this case, the jet algorithm acts upon mapped final-

state momentum and flavour sets {p̃n} and {f̃n} associated with the reduced squared

matrix element M
0
n+2. As the total subtraction cross section must take into account all

possible unresolved limits of parton k, this cross section may be composed of multiple

flavour structures. The subtraction method is only e↵ective if the evaluation of flavour-

dependent observables in both the real and real-subtraction cross sections match in all

possible unresolved limits. This is only ensured if an infrared-safe flavour-sensitive jet

algorithm is applied.

To construct the NLO cross section according to eq. (2.1), a similar procedure must

also be applied to both virtual and virtual-subtraction (in the antenna formalism, these

include integrated subtraction and mass-factorisation contributions) cross sections. This

construction is obtained in a similar fashion, by tracking both the momentum and flavour

sets associated to all partial squared amplitudes and reduced squared matrix elements

appearing in these contributions and then applying the flavour-sensitive jet algorithm to

the subset of final-state particles within these sets. To allow the computation of flavour-

dependent jet observables at NNLO, the same ideas extend to one order higher and this

flavour-dressing procedure is applied to all NNLO-type parton level contributions and their

corresponding subtraction terms.
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Jet function acts on flavour of reduced MEs. In general ( i, j, k )  =>  ( I, K )
flavour

momentum

The ~ functions denoted mapped (in soft/collinear limits) momenta/flavour sets

Generic structure of higher-order terms —see Gauld et al. arXiv: 1907.05836
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NNLO corrections, Z+(b)-jet

�NNLO =

Z

�n+2

d�RR
NNLO

+

Z

�n+1

d�RV
NNLO

+

Z

�n+0

d�V V
NNLO
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Double unresolved

Non-trivial cancellation of IR divergences
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<latexit sha1_base64="4oemJV64x9VMcpygPdP459ISZhY=">AAAB+3icbVBNS8NAEJ3Ur1q/oj16WSyCp5KKoB6EoiAeKxhbaELZbDft0t1N2N0IJdS/4sWDilf/iDf/jds2B60+GHi8N8PMvCjlTBvP+3JKS8srq2vl9crG5tb2jru7d6+TTBHqk4QnqhNhTTmT1DfMcNpJFcUi4rQdja6mfvuBKs0SeWfGKQ0FHkgWM4KNlXpuNdCZQBcoD5RA10wyQyc9t+bVvRnQX9IoSA0KtHruZ9BPSCaoNIRjrbsNLzVhjpVhhNNJJcg0TTEZ4QHtWiqxoDrMZ8dP0KFV+ihOlC1p0Ez9OZFjofVYRLZTYDPUi95U/M/rZiY+C3Mm08xQSeaL4owjk6BpEqjPFCWGjy3BRDF7KyJDrDAxNq+KDaGx+PJf4h/Xz+ve7UmteVmkUYZ9OIAjaMApNOEGWuADgTE8wQu8Oo/Os/PmvM9bS04xU4VfcD6+AVDFlBw=</latexit><latexit sha1_base64="4oemJV64x9VMcpygPdP459ISZhY=">AAAB+3icbVBNS8NAEJ3Ur1q/oj16WSyCp5KKoB6EoiAeKxhbaELZbDft0t1N2N0IJdS/4sWDilf/iDf/jds2B60+GHi8N8PMvCjlTBvP+3JKS8srq2vl9crG5tb2jru7d6+TTBHqk4QnqhNhTTmT1DfMcNpJFcUi4rQdja6mfvuBKs0SeWfGKQ0FHkgWM4KNlXpuNdCZQBcoD5RA10wyQyc9t+bVvRnQX9IoSA0KtHruZ9BPSCaoNIRjrbsNLzVhjpVhhNNJJcg0TTEZ4QHtWiqxoDrMZ8dP0KFV+ihOlC1p0Ez9OZFjofVYRLZTYDPUi95U/M/rZiY+C3Mm08xQSeaL4owjk6BpEqjPFCWGjy3BRDF7KyJDrDAxNq+KDaGx+PJf4h/Xz+ve7UmteVmkUYZ9OIAjaMApNOEGWuADgTE8wQu8Oo/Os/PmvM9bS04xU4VfcD6+AVDFlBw=</latexit><latexit sha1_base64="4oemJV64x9VMcpygPdP459ISZhY=">AAAB+3icbVBNS8NAEJ3Ur1q/oj16WSyCp5KKoB6EoiAeKxhbaELZbDft0t1N2N0IJdS/4sWDilf/iDf/jds2B60+GHi8N8PMvCjlTBvP+3JKS8srq2vl9crG5tb2jru7d6+TTBHqk4QnqhNhTTmT1DfMcNpJFcUi4rQdja6mfvuBKs0SeWfGKQ0FHkgWM4KNlXpuNdCZQBcoD5RA10wyQyc9t+bVvRnQX9IoSA0KtHruZ9BPSCaoNIRjrbsNLzVhjpVhhNNJJcg0TTEZ4QHtWiqxoDrMZ8dP0KFV+ihOlC1p0Ez9OZFjofVYRLZTYDPUi95U/M/rZiY+C3Mm08xQSeaL4owjk6BpEqjPFCWGjy3BRDF7KyJDrDAxNq+KDaGx+PJf4h/Xz+ve7UmteVmkUYZ9OIAjaMApNOEGWuADgTE8wQu8Oo/Os/PmvM9bS04xU4VfcD6+AVDFlBw=</latexit>

Non-trivial cancellation of IR divergences

Hagiwara, Zeppenfeld `89 
Berends, Giele, Kuijf `89 

Falck, Graudenz, Kramer `89

Glover, Miller `97 
Bern, et al. `97 

Campbell, Glover, Miller `97 
Ben, Dixon, Kosower `98

Moch, Uwer, Weinzierl  `02 
 Garland et al. `02

Gehrmann, Tancredi `12

NNLO corrections, Z+(b)-jet
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�NNLO =

Z

�n+2

d�RR
NNLO

+

Z

�n+1

d�RV
NNLO

+

Z

�n+0

d�V V
NNLO

<latexit sha1_base64="zwuinFj1He0fM8T+J9luUxuJDH4=">AAACsHicfVFdS8MwFE3r9/ya+uhLcCjCZLRTUB8E0RcfxI+xzclaS5plW1ySliQVRun/89k3/43Z7IPbZAcCh3NPTm7uDWNGlXacb8teWFxaXlldK6xvbG5tF3d2mypKJCYNHLFItkKkCKOCNDTVjLRiSRAPGXkJB7ej+ssHkYpGoq6HMfE56gnapRhpIwXFT0/RHkdB6kk OHx7uHzN4dAU9KrSR4j4NUlGuZhmEY0Mnm7G/pbWaKefwvAKER95JeTLBHSXMi2hm8wOc+S00m1lQLDkVZww4S9yclECOp6D45XUinHAiNGZIqbbrxNpPkdQUM5IVvESRGOEB6pG2oQJxovx0PPEMHhqlA7uRNEdoOFb/3kgRV2rIQ+PkSPfVdG0k/ldrJ7p74adUxIkmAv8+1E0Y1BEcrQ92qCRYs6EhCEtqeoW4jyTC2iy5YIbgTn95ljSqlcuK83xWur7Jp7EK9sEBOAYuOAfX4A48gQbAVsWqW771Zp/ar3Zgo1+rbeV39sAE7PcfV1vOOw==</latexit><latexit sha1_base64="zwuinFj1He0fM8T+J9luUxuJDH4=">AAACsHicfVFdS8MwFE3r9/ya+uhLcCjCZLRTUB8E0RcfxI+xzclaS5plW1ySliQVRun/89k3/43Z7IPbZAcCh3NPTm7uDWNGlXacb8teWFxaXlldK6xvbG5tF3d2mypKJCYNHLFItkKkCKOCNDTVjLRiSRAPGXkJB7ej+ssHkYpGoq6HMfE56gnapRhpIwXFT0/RHkdB6kk OHx7uHzN4dAU9KrSR4j4NUlGuZhmEY0Mnm7G/pbWaKefwvAKER95JeTLBHSXMi2hm8wOc+S00m1lQLDkVZww4S9yclECOp6D45XUinHAiNGZIqbbrxNpPkdQUM5IVvESRGOEB6pG2oQJxovx0PPEMHhqlA7uRNEdoOFb/3kgRV2rIQ+PkSPfVdG0k/ldrJ7p74adUxIkmAv8+1E0Y1BEcrQ92qCRYs6EhCEtqeoW4jyTC2iy5YIbgTn95ljSqlcuK83xWur7Jp7EK9sEBOAYuOAfX4A48gQbAVsWqW771Zp/ar3Zgo1+rbeV39sAE7PcfV1vOOw==</latexit><latexit sha1_base64="zwuinFj1He0fM8T+J9luUxuJDH4=">AAACsHicfVFdS8MwFE3r9/ya+uhLcCjCZLRTUB8E0RcfxI+xzclaS5plW1ySliQVRun/89k3/43Z7IPbZAcCh3NPTm7uDWNGlXacb8teWFxaXlldK6xvbG5tF3d2mypKJCYNHLFItkKkCKOCNDTVjLRiSRAPGXkJB7ej+ssHkYpGoq6HMfE56gnapRhpIwXFT0/RHkdB6kk OHx7uHzN4dAU9KrSR4j4NUlGuZhmEY0Mnm7G/pbWaKefwvAKER95JeTLBHSXMi2hm8wOc+S00m1lQLDkVZww4S9yclECOp6D45XUinHAiNGZIqbbrxNpPkdQUM5IVvESRGOEB6pG2oQJxovx0PPEMHhqlA7uRNEdoOFb/3kgRV2rIQ+PkSPfVdG0k/ldrJ7p74adUxIkmAv8+1E0Y1BEcrQ92qCRYs6EhCEtqeoW4jyTC2iy5YIbgTn95ljSqlcuK83xWur7Jp7EK9sEBOAYuOAfX4A48gQbAVsWqW771Zp/ar3Zgo1+rbeV39sAE7PcfV1vOOw==</latexit>

X
= Finite

<latexit sha1_base64="4oemJV64x9VMcpygPdP459ISZhY=">AAAB+3icbVBNS8NAEJ3Ur1q/oj16WSyCp5KKoB6EoiAeKxhbaELZbDft0t1N2N0IJdS/4sWDilf/iDf/jds2B60+GHi8N8PMvCjlTBvP+3JKS8srq2vl9crG5tb2jru7d6+TTBHqk4QnqhNhTTmT1DfMcNpJFcUi4rQdja6mfvuBKs0SeWfGKQ0FHkgWM4KNlXpuNdCZQBcoD5RA10wyQyc9t+bVvRnQX9IoSA0KtHruZ9BPSCaoNIRjrbsNLzVhjpVhhNNJJcg0TTEZ4QHtWiqxoDrMZ8dP0KFV+ihOlC1p0Ez9OZFjofVYRLZTYDPUi95U/M/rZiY+C3Mm08xQSeaL4owjk6BpEqjPFCWGjy3BRDF7KyJDrDAxNq+KDaGx+PJf4h/Xz+ve7UmteVmkUYZ9OIAjaMApNOEGWuADgTE8wQu8Oo/Os/PmvM9bS04xU4VfcD6+AVDFlBw=</latexit><latexit sha1_base64="4oemJV64x9VMcpygPdP459ISZhY=">AAAB+3icbVBNS8NAEJ3Ur1q/oj16WSyCp5KKoB6EoiAeKxhbaELZbDft0t1N2N0IJdS/4sWDilf/iDf/jds2B60+GHi8N8PMvCjlTBvP+3JKS8srq2vl9crG5tb2jru7d6+TTBHqk4QnqhNhTTmT1DfMcNpJFcUi4rQdja6mfvuBKs0SeWfGKQ0FHkgWM4KNlXpuNdCZQBcoD5RA10wyQyc9t+bVvRnQX9IoSA0KtHruZ9BPSCaoNIRjrbsNLzVhjpVhhNNJJcg0TTEZ4QHtWiqxoDrMZ8dP0KFV+ihOlC1p0Ez9OZFjofVYRLZTYDPUi95U/M/rZiY+C3Mm08xQSeaL4owjk6BpEqjPFCWGjy3BRDF7KyJDrDAxNq+KDaGx+PJf4h/Xz+ve7UmteVmkUYZ9OIAjaMApNOEGWuADgTE8wQu8Oo/Os/PmvM9bS04xU4VfcD6+AVDFlBw=</latexit><latexit sha1_base64="4oemJV64x9VMcpygPdP459ISZhY=">AAAB+3icbVBNS8NAEJ3Ur1q/oj16WSyCp5KKoB6EoiAeKxhbaELZbDft0t1N2N0IJdS/4sWDilf/iDf/jds2B60+GHi8N8PMvCjlTBvP+3JKS8srq2vl9crG5tb2jru7d6+TTBHqk4QnqhNhTTmT1DfMcNpJFcUi4rQdja6mfvuBKs0SeWfGKQ0FHkgWM4KNlXpuNdCZQBcoD5RA10wyQyc9t+bVvRnQX9IoSA0KtHruZ9BPSCaoNIRjrbsNLzVhjpVhhNNJJcg0TTEZ4QHtWiqxoDrMZ8dP0KFV+ihOlC1p0Ez9OZFjofVYRLZTYDPUi95U/M/rZiY+C3Mm08xQSeaL4owjk6BpEqjPFCWGjy3BRDF7KyJDrDAxNq+KDaGx+PJf4h/Xz+ve7UmteVmkUYZ9OIAjaMApNOEGWuADgTE8wQu8Oo/Os/PmvM9bS04xU4VfcD6+AVDFlBw=</latexit>

Organisation of calculation to allow numerical integration

Antenna subtraction 

CoLorFul subtraction 
 
qT subtraction 

Sector-Improved residue subtraction 
 
 
N-jettiness subtraction 
 
 
Projection-to-Born

Gehrmann(-De Ridder), Glover `05

Del Duca, Somogyi, Trocsanyi `05

Catani, Grazzini `05

Czakon `10 
 Boughezal, Melnikov, Petriello `11

Gaunt, Stahlhofen, Tackmann, Walsh  `15 
 Boughezal, Melnikov, Petriello `15

 Cacciari et al. `15

NNLO corrections, Z+(b)-jet
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<latexit sha1_base64="QeDBFgT0v0/tYBbWzgEnRIxNy8A=">AAAB/3icbVA9SwNBEN2LXzF+nVpY2CwGwcZwEUEthKAglhE8E8iFsLfZJEt2947dOSEc1/hXbCxUbP0bdv4bN8kVmvhg4PHeDDPzwlhwA5737RQWFpeWV4qrpbX1jc0td3vnwUSJpsynkYh0MySGCa6YDxwEa8aaERkK1giH12O/8ci04ZG6h1HM2pL0Fe9xSsBKHXcvMInElzgNtMQ3XHFgGT7GXsctexVvAjxPqjkpoxz1jvsVdCOaSKaACmJMq+rF0E6JBk4Fy0pBYlhM6JD0WctSRSQz7XTyQIYPrdLFvUjbUoAn6u+JlEhjRjK0nZLAwMx6Y/E/r5VA77ydchUnwBSdLuolAkOEx2ngLteMghhZQqjm9lZMB0QTCjazkg2hOvvyPPFPKhcV7+60XLvK0yiifXSAjlAVnaEaukV15COKMvSMXtGb8+S8OO/Ox7S14OQzu+gPnM8f7ymU4Q==</latexit><latexit sha1_base64="QeDBFgT0v0/tYBbWzgEnRIxNy8A=">AAAB/3icbVA9SwNBEN2LXzF+nVpY2CwGwcZwEUEthKAglhE8E8iFsLfZJEt2947dOSEc1/hXbCxUbP0bdv4bN8kVmvhg4PHeDDPzwlhwA5737RQWFpeWV4qrpbX1jc0td3vnwUSJpsynkYh0MySGCa6YDxwEa8aaERkK1giH12O/8ci04ZG6h1HM2pL0Fe9xSsBKHXcvMInElzgNtMQ3XHFgGT7GXsctexVvAjxPqjkpoxz1jvsVdCOaSKaACmJMq+rF0E6JBk4Fy0pBYlhM6JD0WctSRSQz7XTyQIYPrdLFvUjbUoAn6u+JlEhjRjK0nZLAwMx6Y/E/r5VA77ydchUnwBSdLuolAkOEx2ngLteMghhZQqjm9lZMB0QTCjazkg2hOvvyPPFPKhcV7+60XLvK0yiifXSAjlAVnaEaukV15COKMvSMXtGb8+S8OO/Ox7S14OQzu+gPnM8f7ymU4Q==</latexit><latexit sha1_base64="QeDBFgT0v0/tYBbWzgEnRIxNy8A=">AAAB/3icbVA9SwNBEN2LXzF+nVpY2CwGwcZwEUEthKAglhE8E8iFsLfZJEt2947dOSEc1/hXbCxUbP0bdv4bN8kVmvhg4PHeDDPzwlhwA5737RQWFpeWV4qrpbX1jc0td3vnwUSJpsynkYh0MySGCa6YDxwEa8aaERkK1giH12O/8ci04ZG6h1HM2pL0Fe9xSsBKHXcvMInElzgNtMQ3XHFgGT7GXsctexVvAjxPqjkpoxz1jvsVdCOaSKaACmJMq+rF0E6JBk4Fy0pBYlhM6JD0WctSRSQz7XTyQIYPrdLFvUjbUoAn6u+JlEhjRjK0nZLAwMx6Y/E/r5VA77ydchUnwBSdLuolAkOEx2ngLteMghhZQqjm9lZMB0QTCjazkg2hOvvyPPFPKhcV7+60XLvK0yiifXSAjlAVnaEaukV15COKMvSMXtGb8+S8OO/Ox7S14OQzu+gPnM8f7ymU4Q==</latexit>

Each line individually finite, can be integrated in 4-d

mimic 
unresolved 

 

explicit pole 
cancellation

NNLO corrections, Z+(b)-jet
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Framework - antenna subtraction
• Exploits factorisation properties in IR limits 
• Formalism operates on colour-ordered amplitudes

Partial amplitude Reduced amplitudeAntenna 
function {pi, pj , pk} ! {pI , pK}

<latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit><latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit><latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit>

The antenna function captures multiple IR limits, e.g.

pj ! 0
<latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit><latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit><latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit>

pj k pk
<latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit><latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit><latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit>

pj k pi
<latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit><latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit><latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit>

2sik
sijskj

<latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit><latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit><latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit>

1

sij
Pij(z)

<latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit><latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit><latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit>

1

skj
Pkj(z)

<latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit><latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit><latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit>

limit mappingX0
3 (i, j, k)

<latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit><latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit><latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit>

pi ! pI , pk ! pK
<latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit><latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit><latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit>

(pi + pj) ! pI , pk ! pK
<latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit><latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit><latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit>

pi ! pI , (pk + pj) ! pK
<latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit><latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit><latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit>

|M0
m+1(.., i, j, k, ..)|2

j unresolved�������! X0
3 (i, j, k) |M0

m(.., I,K, ..)|2
<latexit sha1_base64="246J4mDog5T8gGLTJ5KNBdyuNC8="></latexit><latexit sha1_base64="246J4mDog5T8gGLTJ5KNBdyuNC8="></latexit><latexit sha1_base64="246J4mDog5T8gGLTJ5KNBdyuNC8="></latexit>



|M0
m+1(.., i, j, k, ..)|2

j unresolved�������! X0
3 (i, j, k) |M0

m(.., I,K, ..)|2
<latexit sha1_base64="246J4mDog5T8gGLTJ5KNBdyuNC8="></latexit><latexit sha1_base64="246J4mDog5T8gGLTJ5KNBdyuNC8="></latexit><latexit sha1_base64="246J4mDog5T8gGLTJ5KNBdyuNC8="></latexit>
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• Exploits factorisation properties in IR limits 
• Formalism operates on colour-ordered amplitudes

Partial amplitude Reduced amplitudeAntenna 
function {pi, pj , pk} ! {pI , pK}

<latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit><latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit><latexit sha1_base64="Lwjwf4OjZTiiAga9IhsKRRHSvIk=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4kDIjgrqRohvFTQVrC50yZNJMG5vJDMkdoQz9Gzf+ihvBB+LOTzHTFh+tB3I5nHMvN/f4seAabPvDys3Mzs0v5BcLS8srq2vF9Y0bHSWKshqNRKQaPtFMcMlqwEGwRqwYCX3B6n7vLPPrd0xpHslr6MesFZKO5AGnBIzkFU9cwQJwUxx7fM+U26z0MMau4p0uuAPsQoR/mi4y//Lb9Yolu2wPgaeJMyYlNEbVKz677YgmIZNABdG66dgxtFKigFPBBgU30SwmtEc6rGmoJCHTrXR45wDvGKWNg0iZJwEP1d8TKQm17oe+6QwJdPWkl4n/ec0EgqNWymWcAJN0tChIBDanZ6HhNleMgugbQqji5q+YdokiFEy0BROCM3nyNKntl4/L9tVBqXI6TiOPttA22kUOOkQVdI6qqIYoukeP6AW9Wg/Wk/VmvY9ac9Z4ZhP9gfX5Bc8vpEw=</latexit>

The antenna function captures multiple IR limits, e.g.

pj ! 0
<latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit><latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit><latexit sha1_base64="GUs44AOytNheYIMwbxThNNE9o8E=">AAAB73icbVBNSwMxFHzrZ61fVY9egkXwVLIiqLeiF48VXFtpl5JNs21skl2SrFCW/govHlS8+ne8+W9M2z1o60BgmHmPvJkoFdxYjL+9peWV1bX10kZ5c2t7Z7eyt39vkkxTFtBEJLoVEcMEVyyw3ArWSjUjMhKsGQ2vJ37ziWnDE3VnRykLJekrHnNKrJMe0u4j6tgE4W6limt4CrRI/IJUoUCjW/nq9BKaSaYsFcSYto9TG+ZEW04FG5c7mWEpoUPSZ21HFZHMhPn04DE6dkoPxYl2T1k0VX9v5EQaM5KRm5TEDsy8NxH/89qZjS/CnKs0s0zR2UdxJpCLOEmPelwzasXIEUI1d7ciOiCaUOs6KrsS/PnIiyQ4rV3W8O1ZtX5VtFGCQziCE/DhHOpwAw0IgIKEZ3iFN097L9679zEbXfKKnQP4A+/zBzg3j48=</latexit>

pj k pk
<latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit><latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit><latexit sha1_base64="mwk9/EGQXlYQ9wI8LoeuhlNxJD8=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVBIR1FvRi8cKxhbaEDbbSbt2s1l2N0qp/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXS8608bxvZ2l5ZXVtvbRR3tza3tl1K3t3OssVhYBmPFOtmGjgTEBgmOHQkgpIGnNoxoOrid98AKVZJm7NUEKYkp5gCaPEWClyKzK6xx1JFOEcOJbRIHKrXs2bAi8SvyBVVKARuV+dbkbzFIShnGjd9j1pwhFRhlEO43In1yAJHZAetC0VJAUdjqanj/GRVbo4yZQtYfBU/T0xIqnWwzS2nSkxfT3vTcT/vHZukvNwxITMDQg6W5TkHJsMT3LAXaaAGj60hFDF7K2Y9m0M1Ni0yjYEf/7lRRKc1C5q3s1ptX5ZpFFCB+gQHSMfnaE6ukYNFCCKHtEzekVvzpPz4rw7H7PWJaeY2Ud/4Hz+ADZWk4Q=</latexit>

pj k pi
<latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit><latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit><latexit sha1_base64="gc8t+2OuTQjXd4oGLR+KN2wnnlk=">AAAB+XicbVBNS8NAEN34WetXqkcvi0XwVFIR1FvRi8cKxhbaEDbbSbt2s1l2N0qJ/SlePKh49Z9489+4bXPQ1gcDj/dmmJkXSc608bxvZ2l5ZXVtvbRR3tza3tl1K3t3Os0UBZ+mPFXtiGjgTIBvmOHQlgpIEnFoRcOrid96AKVZKm7NSEKQkL5gMaPEWCl0KzK8x11JFOEcOJYhC92qV/OmwIukXpAqKtAM3a9uL6VZAsJQTrTu1D1pgpwowyiHcbmbaZCEDkkfOpYKkoAO8unpY3xklR6OU2VLGDxVf0/kJNF6lES2MyFmoOe9ifif18lMfB7kTMjMgKCzRXHGsUnxJAfcYwqo4SNLCFXM3orpwMZAjU2rbEOoz7+8SPyT2kXNuzmtNi6LNEroAB2iY1RHZ6iBrlET+YiiR/SMXtGb8+S8OO/Ox6x1ySlm9tEfOJ8/M1CTgg==</latexit>

2sik
sijskj

<latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit><latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit><latexit sha1_base64="bd/x4Ss7ZWywltrEOw3pC6LArSk=">AAACBXicbVDLSsNAFL3xWesr6lKEwSK4KkkR1F3RjcsKxhbaECbTSTvt5MHMRCghKzf+ihsXKm79B3f+jZM2C209MHMP59zLzD1+wplUlvVtLC2vrK6tVzaqm1vbO7vm3v69jFNBqENiHouOjyXlLKKOYorTTiIoDn1O2/74uvDbD1RIFkd3apJQN8SDiAWMYKUlzzzqBQKTrIGkl7FxnmdFHeX6Ho/y3DNrVt2aAi0SuyQ1KNHyzK9ePyZpSCNFOJaya1uJcjMsFCOc5tVeKmmCyRgPaFfTCIdUutl0jRydaKWPgljoEyk0VX9PZDiUchL6ujPEaijnvUL8z+umKrhwMxYlqaIRmT0UpBypGBWZoD4TlCg+0QQTwfRfERlinYvSyVV1CPb8yovEadQv69btWa15VaZRgUM4hlOw4RyacAMtcIDAIzzDK7wZT8aL8W58zFqXjHLmAP7A+PwBCSiZtA==</latexit>

1

sij
Pij(z)

<latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit><latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit><latexit sha1_base64="S3S1RT6rVJ6H+s1QOsZrlVj8L/A=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0svYXZ6jZtFrD0eeWbXqVgE0T+wpqcIUTc/86vZikoY0UoRjKTu2lSg3w0Ixwmle6aaSJpgMcZ92NI1wSKWbFTfk6FArPRTEQlekUKH+3shwKOUo9PVkiNVAznpj8T+vk6rgzM1YlKSKRmTyUJBypGI0DgT1mKBE8ZEmmAim/4rIAOtQlI6tokOwZ0+eJ85x/bxuXZ9UGxfTNMqwDwdQAxtOoQFX0AQHCDzCM7zCm/FkvBjvxsdktGRMd3bhD4zPH37Ol50=</latexit>

1

skj
Pkj(z)

<latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit><latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit><latexit sha1_base64="DF4ycTuAIvp8gsv06aB9udze4b4=">AAACAnicbVDLSsNAFL2pr1pfUXe6GSxC3ZREBHVXdOOygrGFNoTJdNKOnTyYmQg1BNz4K25cqLj1K9z5N07TLrT1wOUezrmXmXv8hDOpLOvbKC0sLi2vlFcra+sbm1vm9s6tjFNBqENiHou2jyXlLKKOYorTdiIoDn1OW/7wcuy37qmQLI5u1Cihboj7EQsYwUpLnrnXDQQmmZ1n0suGd3mOmkWvPRx5ZtWqWwXQPLGnpApTND3zq9uLSRrSSBGOpezYVqLcDAvFCKd5pZtKmmAyxH3a0TTCIZVuVtyQo0Ot9FAQC12RQoX6eyPDoZSj0NeTIVYDOeuNxf+8TqqCMzdjUZIqGpHJQ0HKkYrROBDUY4ISxUeaYCKY/isiA6xDUTq2ig7Bnj15njjH9fO6dX1SbVxM0yjDPhxADWw4hQZcQRMcIPAIz/AKb8aT8WK8Gx+T0ZIx3dmFPzA+fwCE/peh</latexit>

limit mappingX0
3 (i, j, k)

<latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit><latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit><latexit sha1_base64="ad0Y/9ySgyx12GWujH6nmuZCc58=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahQimJCuqt6MVjBWMLbSyb7aZds9mE3Y1QQv+GFw8qXv013vw3btsctPXBwOO9GWbm+QlnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypOJaEuiXks2z5WlDNBXc00p+1EUhz5nLb88Hrit56oVCwWd3qUUC/CA8ECRrA2UrfdO32wq6z2WAuPe+WKXbenQIvEyUkFcjR75a9uPyZpRIUmHCvVcexEexmWmhFOx6VuqmiCSYgHtGOowBFVXja9eYyOjNJHQSxNCY2m6u+JDEdKjSLfdEZYD9W8NxH/8zqpDi68jIkk1VSQ2aIg5UjHaBIA6jNJieYjQzCRzNyKyBBLTLSJqWRCcOZfXiTuSf2ybt+eVRpXeRpFOIBDqIID59CAG2iCCwQSeIZXeLNS68V6tz5mrQUrn9mHP7A+fwBhQpAk</latexit>

pi ! pI , pk ! pK
<latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit><latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit><latexit sha1_base64="2nPx7YADsVT9faBE9qLTlxARSOw=">AAACAnicbVBNS8MwGE7n15xfVW96CQ7BwxitCOpt6EXxMsG6wVpKmqVbWJqGJBVGGXjxr3jxoOLVX+HNf2O29aCbL4Q8eZ735c3zRIJRpR3n2yotLC4tr5RXK2vrG5tb9vbOvUoziYmHU5bKdoQUYZQTT1PNSFtIgpKIkVY0uBzrrQciFU35nR4KEiSox2lMMdKGCu09EVLo6xSK8Lrm18w1KJ43oV116s6k4DxwC1AFRTVD+8vvpjhLCNeYIaU6riN0kCOpKWZkVPEzRQTCA9QjHQM5SogK8omHETw0TBfGqTSHazhhf0/kKFFqmESmM0G6r2a1Mfmf1sl0fBbklItME46ni+KMQWNyHAjsUkmwZkMDEJbU/BXiPpIIaxNbxYTgzlqeB95x/bzu3J5UGxdFGmWwDw7AEXDBKWiAK9AEHsDgETyDV/BmPVkv1rv1MW0tWcXMLvhT1ucP6qaV+A==</latexit>

(pi + pj) ! pI , pk ! pK
<latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit><latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit><latexit sha1_base64="9/OH1VmZLzNy418S4nCXkOj3uS4=">AAACCHicbVDLSgMxFM34rPU16tJNsAgVS5kRQd0V3ShuKji20BmGTJppYzOZkGSEUrp146+4caHi1k9w59+YtrPQ1gshJ+fcy805kWBUacf5tubmFxaXlgsrxdW19Y1Ne2v7TqWZxMTDKUtlM0KKMMqJp6lmpCkkQUnESCPqXYz0xgORiqb8VvcFCRLU4TSmGGlDhTYsi5AeivD+APo6hSK8qvgVc/Xy53Vol5yqMy44C9wclEBe9dD+8tspzhLCNWZIqZbrCB0MkNQUMzIs+pkiAuEe6pCWgRwlRAWDsZMh3DdMG8apNIdrOGZ/TwxQolQ/iUxngnRXTWsj8j+tlen4NBhQLjJNOJ4sijMGjclRLLBNJcGa9Q1AWFLzV4i7SCKsTXhFE4I7bXkWeEfVs6pzc1yqnedpFMAu2ANl4IITUAOXoA48gMEjeAav4M16sl6sd+tj0jpn5TM74E9Znz+Qlpfp</latexit>

pi ! pI , (pk + pj) ! pK
<latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit><latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit><latexit sha1_base64="H8xK8LSPZgf5BGsdWmWOCx5LEKI=">AAACCHicbVBPS8MwHE39O+e/qkcvwSFMHKMVQb0NvSheJlg3WEtJs3SLS9OQpMIYu3rxq3jxoOLVj+DNb2O29aCbD0Ie7/1+JO9FglGlHefbmptfWFxaLqwUV9fWNzbtre07lWYSEw+nLJXNCCnCKCeeppqRppAEJREjjah3MfIbD0QqmvJb3RckSFCH05hipI0U2lCEFPo6NfdVxa/Asgh7hyK8P8jF69AuOVVnDDhL3JyUQI56aH/57RRnCeEaM6RUy3WEDgZIaooZGRb9TBGBcA91SMtQjhKigsE4yRDuG6UN41SawzUcq783BihRqp9EZjJBuqumvZH4n9fKdHwaDCgXmSYcTx6KMwZNyFEtsE0lwZr1DUFYUvNXiLtIIqxNeUVTgjsdeZZ4R9WzqnNzXKqd520UwC7YA2XgghNQA5egDjyAwSN4Bq/gzXqyXqx362MyOmflOzvgD6zPH5LXl+k=</latexit>

�⇤ iq

kq̄

jg �⇤ Iq

Kq̄

X0
3 (iq, jg, kq̄) ⇠

<latexit sha1_base64="bxwlqjjCWgiJwJhw27F3Bck0VBM=">AAACCnicbVBNS8NAEN34WetX1KOXpUWoUEqqgnorevFYwdhCE8Nmu2nX7ibp7kYoIXcv/hUvHlS8+gu8+W/ctjlo64OBx3szzMzzY0alsqxvY2FxaXlltbBWXN/Y3No2d3ZvZZQITGwcsUi0fSQJoyGxFVWMtGNBEPcZafmDy7HfeiBC0ii8UaOYuBz1QhpQjJSWPLPU9o7vLFih3rAK771eFQ681PGRSIdZdggdSblnlq2aNQGcJ/WclEGOpmd+Od0IJ5yECjMkZaduxcpNkVAUM5IVnUSSGOEB6pGOpiHiRLrp5JcMHmilC4NI6AoVnKi/J1LEpRxxX3dypPpy1huL/3mdRAVnbkrDOFEkxNNFQcKgiuA4GNilgmDFRpogLKi+FeI+EggrHV9Rh1CffXme2Ee185p1fVJuXORpFMA+KIEKqINT0ABXoAlsgMEjeAav4M14Ml6Md+Nj2rpg5DN74A+Mzx/QwZk9</latexit><latexit sha1_base64="bxwlqjjCWgiJwJhw27F3Bck0VBM=">AAACCnicbVBNS8NAEN34WetX1KOXpUWoUEqqgnorevFYwdhCE8Nmu2nX7ibp7kYoIXcv/hUvHlS8+gu8+W/ctjlo64OBx3szzMzzY0alsqxvY2FxaXlltbBWXN/Y3No2d3ZvZZQITGwcsUi0fSQJoyGxFVWMtGNBEPcZafmDy7HfeiBC0ii8UaOYuBz1QhpQjJSWPLPU9o7vLFih3rAK771eFQ681PGRSIdZdggdSblnlq2aNQGcJ/WclEGOpmd+Od0IJ5yECjMkZaduxcpNkVAUM5IVnUSSGOEB6pGOpiHiRLrp5JcMHmilC4NI6AoVnKi/J1LEpRxxX3dypPpy1huL/3mdRAVnbkrDOFEkxNNFQcKgiuA4GNilgmDFRpogLKi+FeI+EggrHV9Rh1CffXme2Ee185p1fVJuXORpFMA+KIEKqINT0ABXoAlsgMEjeAav4M14Ml6Md+Nj2rpg5DN74A+Mzx/QwZk9</latexit><latexit sha1_base64="bxwlqjjCWgiJwJhw27F3Bck0VBM=">AAACCnicbVBNS8NAEN34WetX1KOXpUWoUEqqgnorevFYwdhCE8Nmu2nX7ibp7kYoIXcv/hUvHlS8+gu8+W/ctjlo64OBx3szzMzzY0alsqxvY2FxaXlltbBWXN/Y3No2d3ZvZZQITGwcsUi0fSQJoyGxFVWMtGNBEPcZafmDy7HfeiBC0ii8UaOYuBz1QhpQjJSWPLPU9o7vLFih3rAK771eFQ681PGRSIdZdggdSblnlq2aNQGcJ/WclEGOpmd+Od0IJ5yECjMkZaduxcpNkVAUM5IVnUSSGOEB6pGOpiHiRLrp5JcMHmilC4NI6AoVnKi/J1LEpRxxX3dypPpy1huL/3mdRAVnbkrDOFEkxNNFQcKgiuA4GNilgmDFRpogLKi+FeI+EggrHV9Rh1CffXme2Ee185p1fVJuXORpFMA+KIEKqINT0ABXoAlsgMEjeAav4M14Ml6Md+Nj2rpg5DN74A+Mzx/QwZk9</latexit>

|
<latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit>

|
<latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit> |

<latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit>

|
<latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit><latexit sha1_base64="B7ERe//2MlsC4dDVjwyXJ6BiU08=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtq1m03Y3Qil9hd48aDi1b/kzX/jts1BWx8MPN6bYWZemAqujet+O4WV1bX1jeJmaWt7Z3evvH9wr5NMMfRZIhLVCqlGwSX6hhuBrVQhjUOBzXB4M/Wbj6g0T+SdGaUYxLQvecQZNVZqPHXLFbfqzkCWiZeTCuSod8tfnV7CshilYYJq3fbc1ARjqgxnAielTqYxpWxI+9i2VNIYdTCeHTohJ1bpkShRtqQhM/X3xJjGWo/i0HbG1Az0ojcV//PamYkugzGXaWZQsvmiKBPEJGT6NelxhcyIkSWUKW5vJWxAFWXGZlOyIXiLLy8T/6x6VXUb55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9aWYzT</latexit>

2
<latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit><latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit><latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="CAf6Y3DlfOdrRSl8840VKR2NZZI=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFUy3ag7wY3LFhxbaIeSSe+0sZnMkGSEMvQJ3LhQ8bnc+TamPwttPRD4OCch954ok8JYSr+90tb2zu5eeb9yUD08Oq6dVB9NmmuOAU9lqrsRMyiFwsAKK7GbaWRJJLETTe7meecZtRGperDTDMOEjZSIBWfWWe3moFanDboQ2QR/BXVYqTWoffWHKc8TVJZLZkzPp5kNC6at4BJnlX5uMGN8wkbYc6hYgiYsFoPOyIVzhiROtTvKkoX7+0XBEmOmSeRuJsyOzXo2N//LermNr8NCqCy3qPjyoziXxKZkvjUZCo3cyqkDxrVwsxI+Zppx67qpuBL89ZU3IWg2bhq0TaEMZ3AOl+DDFdzCPbQgAA4IL/AG796T9+p9LNsqeavaTuGPvM8f2r+LNw==</latexit><latexit sha1_base64="CAf6Y3DlfOdrRSl8840VKR2NZZI=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFUy3ag7wY3LFhxbaIeSSe+0sZnMkGSEMvQJ3LhQ8bnc+TamPwttPRD4OCch954ok8JYSr+90tb2zu5eeb9yUD08Oq6dVB9NmmuOAU9lqrsRMyiFwsAKK7GbaWRJJLETTe7meecZtRGperDTDMOEjZSIBWfWWe3moFanDboQ2QR/BXVYqTWoffWHKc8TVJZLZkzPp5kNC6at4BJnlX5uMGN8wkbYc6hYgiYsFoPOyIVzhiROtTvKkoX7+0XBEmOmSeRuJsyOzXo2N//LermNr8NCqCy3qPjyoziXxKZkvjUZCo3cyqkDxrVwsxI+Zppx67qpuBL89ZU3IWg2bhq0TaEMZ3AOl+DDFdzCPbQgAA4IL/AG796T9+p9LNsqeavaTuGPvM8f2r+LNw==</latexit><latexit sha1_base64="V88bSe/SWmn4rxzQ3Mtpdb5o8kA=">AAAB53icbVBNT8JAEJ36ifiFevSykZh4Ii0X9Ub04hESKyTQkO0yhZXtttndmpCGX+DFgxqv/iVv/hsX6EHBl0zy8t5MZuaFqeDauO63s7a+sbm1Xdop7+7tHxxWjo4fdJIphj5LRKI6IdUouETfcCOwkyqkcSiwHY5vZ377CZXmibw3kxSDmA4ljzijxkqter9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE10FOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxK/XruuuS232rgp0ijBKZzBBXhwCQ24gyb4wADhGV7hzXl0Xpx352PRuuYUMyfwB87nD+ksjIU=</latexit><latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit><latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit><latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit><latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit><latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit>

2
<latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit><latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit><latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="CAf6Y3DlfOdrRSl8840VKR2NZZI=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFUy3ag7wY3LFhxbaIeSSe+0sZnMkGSEMvQJ3LhQ8bnc+TamPwttPRD4OCch954ok8JYSr+90tb2zu5eeb9yUD08Oq6dVB9NmmuOAU9lqrsRMyiFwsAKK7GbaWRJJLETTe7meecZtRGperDTDMOEjZSIBWfWWe3moFanDboQ2QR/BXVYqTWoffWHKc8TVJZLZkzPp5kNC6at4BJnlX5uMGN8wkbYc6hYgiYsFoPOyIVzhiROtTvKkoX7+0XBEmOmSeRuJsyOzXo2N//LermNr8NCqCy3qPjyoziXxKZkvjUZCo3cyqkDxrVwsxI+Zppx67qpuBL89ZU3IWg2bhq0TaEMZ3AOl+DDFdzCPbQgAA4IL/AG796T9+p9LNsqeavaTuGPvM8f2r+LNw==</latexit><latexit sha1_base64="CAf6Y3DlfOdrRSl8840VKR2NZZI=">AAAB3HicbZDNSgMxFIXv1L9aq1a3boJFcFUy3ag7wY3LFhxbaIeSSe+0sZnMkGSEMvQJ3LhQ8bnc+TamPwttPRD4OCch954ok8JYSr+90tb2zu5eeb9yUD08Oq6dVB9NmmuOAU9lqrsRMyiFwsAKK7GbaWRJJLETTe7meecZtRGperDTDMOEjZSIBWfWWe3moFanDboQ2QR/BXVYqTWoffWHKc8TVJZLZkzPp5kNC6at4BJnlX5uMGN8wkbYc6hYgiYsFoPOyIVzhiROtTvKkoX7+0XBEmOmSeRuJsyOzXo2N//LermNr8NCqCy3qPjyoziXxKZkvjUZCo3cyqkDxrVwsxI+Zppx67qpuBL89ZU3IWg2bhq0TaEMZ3AOl+DDFdzCPbQgAA4IL/AG796T9+p9LNsqeavaTuGPvM8f2r+LNw==</latexit><latexit sha1_base64="V88bSe/SWmn4rxzQ3Mtpdb5o8kA=">AAAB53icbVBNT8JAEJ36ifiFevSykZh4Ii0X9Ub04hESKyTQkO0yhZXtttndmpCGX+DFgxqv/iVv/hsX6EHBl0zy8t5MZuaFqeDauO63s7a+sbm1Xdop7+7tHxxWjo4fdJIphj5LRKI6IdUouETfcCOwkyqkcSiwHY5vZ377CZXmibw3kxSDmA4ljzijxkqter9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE10FOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxK/XruuuS232rgp0ijBKZzBBXhwCQ24gyb4wADhGV7hzXl0Xpx352PRuuYUMyfwB87nD+ksjIU=</latexit><latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit><latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit><latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit><latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit><latexit sha1_base64="dplMh1RkaQKwXw38DAT3S4cqL1s=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjy2YGyhDWWznbRrN5uwuxFK6S/w4kHFq3/Jm//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoQSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+Hodua3nlBpnsh7M04xiOlA8ogzaqzUrPXKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzolZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYmuggmXaWZQssWiKBPEJGT2NelzhcyIsSWUKW5vJWxIFWXGZlOyIXjLL68Sv1a9rrrNi0r9Jk+jCCdwCufgwSXU4Q4a4AMDhGd4hTfn0Xlx3p2PRWvByWeO4Q+czx/qbIyJ</latexit>/

<latexit sha1_base64="fbJEoIrGo3uSD/jWCs80JRwj+XQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU01FUG9FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0O/VbT6g0j+W9GSfoR3QgecgZNVZqnvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd169rrrNi0r9Jk+jCEdwDKdQg0uowx00wAMGCM/wCm/Oo/PivDsf89aCk88cwh84nz/l44yG</latexit><latexit sha1_base64="fbJEoIrGo3uSD/jWCs80JRwj+XQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU01FUG9FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0O/VbT6g0j+W9GSfoR3QgecgZNVZqnvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd169rrrNi0r9Jk+jCEdwDKdQg0uowx00wAMGCM/wCm/Oo/PivDsf89aCk88cwh84nz/l44yG</latexit><latexit sha1_base64="fbJEoIrGo3uSD/jWCs80JRwj+XQ=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU01FUG9FLx5bMLbQhrLZTtq1m03Y3Qgl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZekAiujet+O4WV1bX1jeJmaWt7Z3evvH/woONUMfRYLGLVDqhGwSV6hhuB7UQhjQKBrWB0O/VbT6g0j+W9GSfoR3QgecgZNVZqnvXKFbfqzkCWSS0nFcjR6JW/uv2YpRFKwwTVulNzE+NnVBnOBE5K3VRjQtmIDrBjqaQRaj+bHTohJ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IRXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2ZRsCLXFl5eJd169rrrNi0r9Jk+jCEdwDKdQg0uowx00wAMGCM/wCm/Oo/PivDsf89aCk88cwh84nz/l44yG</latexit>

Example: tree-level quark, anti-quark antenna

Framework - antenna subtraction



which allows to construct integrated subtraction term          .
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d�m+1(..., pi, pj , pk, ...) = d�m(..., pI , pK , ...) · d�Xijk(pi, pj , pk; pI + pK)
<latexit sha1_base64="1e+EJxMpo1HXmg2tMgUXYf0L4Tc="></latexit><latexit sha1_base64="1e+EJxMpo1HXmg2tMgUXYf0L4Tc="></latexit><latexit sha1_base64="1e+EJxMpo1HXmg2tMgUXYf0L4Tc="></latexit>

Real subtraction then numerically integrated

Reduced 
amplitude

Jet functionAntenna 
function

d�S =
1

Sm+1
d�m+1(..., pi, pj , pk, ...)X

0
ijk(i, j, k) |M0

m(.., I,K, ..)|2J (m)
m (.., pI , pK , ..)
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Note that (phase-space factorisation):

can be used to re-write subtraction term according to:

analytically integrated 
in d-dimensions

m+1 parton 
phase-space

d�m(..., pI , pK , ...) |M0
m(.., I,K, ..)|2J (m)

m (.., pI , pK , ..)

Z
d�XijkX

0
ijk(i, j, k)

<latexit sha1_base64="5P8SF6PyScGmFQ0hNVVww8P5GJE="></latexit><latexit sha1_base64="5P8SF6PyScGmFQ0hNVVww8P5GJE="></latexit><latexit sha1_base64="5P8SF6PyScGmFQ0hNVVww8P5GJE="></latexit>
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<latexit sha1_base64="IiFjnK+DyoSa9+ZYwNMF6ixfnNA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rNLbSxrLZbNqlu5uwuxFK6K/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOVMG9f9dkorq2vrG+XNytb2zu5edf/gXieZItQnCU9UJ8Saciapb5jhtJMqikXIaTsc3Uz99hNVmiWyZcYpDQQeSBYzgo2VHqKeZgOBH1v9as2tuzOgZeIVpAYFmv3qVy9KSCaoNIRjrbuem5ogx8owwumk0ss0TTEZ4QHtWiqxoDrIZwdP0IlVIhQnypY0aKb+nsix0HosQtspsBnqRW8q/ud1MxNfBjmTaWaoJPNFccaRSdD0exQxRYnhY0swUczeisgQK0yMzahiQ/AWX14m/ln9qu7endca10UaZTiCYzgFDy6gAbfQBB8ICHiGV3hzlPPivDsf89aSU8wcwh84nz8j/pAq</latexit><latexit sha1_base64="IiFjnK+DyoSa9+ZYwNMF6ixfnNA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rNLbSxrLZbNqlu5uwuxFK6K/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOVMG9f9dkorq2vrG+XNytb2zu5edf/gXieZItQnCU9UJ8Saciapb5jhtJMqikXIaTsc3Uz99hNVmiWyZcYpDQQeSBYzgo2VHqKeZgOBH1v9as2tuzOgZeIVpAYFmv3qVy9KSCaoNIRjrbuem5ogx8owwumk0ss0TTEZ4QHtWiqxoDrIZwdP0IlVIhQnypY0aKb+nsix0HosQtspsBnqRW8q/ud1MxNfBjmTaWaoJPNFccaRSdD0exQxRYnhY0swUczeisgQK0yMzahiQ/AWX14m/ln9qu7endca10UaZTiCYzgFDy6gAbfQBB8ICHiGV3hzlPPivDsf89aSU8wcwh84nz8j/pAq</latexit><latexit sha1_base64="IiFjnK+DyoSa9+ZYwNMF6ixfnNA=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rNLbSxrLZbNqlu5uwuxFK6K/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOVMG9f9dkorq2vrG+XNytb2zu5edf/gXieZItQnCU9UJ8Saciapb5jhtJMqikXIaTsc3Uz99hNVmiWyZcYpDQQeSBYzgo2VHqKeZgOBH1v9as2tuzOgZeIVpAYFmv3qVy9KSCaoNIRjrbuem5ogx8owwumk0ss0TTEZ4QHtWiqxoDrIZwdP0IlVIhQnypY0aKb+nsix0HosQtspsBnqRW8q/ud1MxNfBjmTaWaoJPNFccaRSdD0exQxRYnhY0swUczeisgQK0yMzahiQ/AWX14m/ln9qu7endca10UaZTiCYzgFDy6gAbfQBB8ICHiGV3hzlPPivDsf89aSU8wcwh84nz8j/pAq</latexit>

Framework - antenna subtraction
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Flavour-kT Jet algorithm

2.2 Flavoured-jet algorithm

Throughout this work jets are reconstructed with the flavour-kt algorithm, which provides

an infrared-safe definition of jet flavour. The main di↵erence with respect to a native

jet algorithm is that the clustering of particles relies on both momentum and flavour

information of the input pseudo-jets. For completeness, we summarise the main steps of the

algorithm for hadron–hadron collisions originally presented in ref. [25] (also summarised in

ref. [41]).

The algorithm proceeds by assigning a net flavour to all pseudo-jets or jets based on

their quark flavour content, attributing +1 (�1) if a quark (antiquark) of the flavour under

consideration is present. In an experimental context, the presence of a quark flavour could

be inferred from a fully/partially reconstructed hadron. A criterion is then applied to these

objects to determine if they carry flavour, possible examples being: the net flavour (sum

of quarks and antiquarks); or the net flavour modulo two. Objects are considered to carry

flavour if they carry non-zero values of this criterion. The algorithm then proceeds by

constructing distance measures for pairs of all final-state pseudo-jets i and j (dij) as well

as beam distances (diB and diB̄). These (flavour-dependent) distances are defined as

dij =
�y

2
ij +��

2
ij

R2

8
<

:
max(kti, ktj)↵min(kti, ktj)2�↵ softer of i, j is flavoured,

min(kti, ktj)↵ softer of i, j is unflavoured,
(2.4)

and

d
iB̄

( ) =

8
<

:
max(kti, ktB̄

( )(yi))↵min(kti, ktB̄
( )(yi))2�↵ softer of i, j is flavoured,

min(kti, ktB̄
( )(yi))↵ softer of i, j is unflavoured.

(2.5)

In these definitions, kti and ktj are the transverse momentum of the pseudo-jets i and j, and

the rapidity di↵erence and azimuthal angular separation between these pseudo-jets is given

by �yij and ��ij , respectively. The parameters R and ↵ define a class of measures for

the algorithm. The (rapidity-dependent) transverse momentum of the beam B at positive

rapidity ktB, and beam B̄ at negative rapidity ktB̄, are defined as:

ktB(y) =
X

i

kti
�
⇥(yi � y) +⇥(y � yi) e

yi�y
�
, (2.6)

ktB̄(y) =
X

i

kti
�
⇥(y � yi) +⇥(yi � y) ey�yi

�
, (2.7)

with ⇥(0) = 1/2 and the index i going over all pseudo-jets.

While this flavour-aware jet algorithm is substantially more complex than the flavour-

blind anti-kt algorithm [42], its use is unavoidable in fixed-order computations based on
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These details from — Gauld et al. arXiv: 1907.05836

Introduction of a beam momentum, controls clusterings
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The mass of the b-quark

mpole
b ∼ 5 GeV

The NNLO QCD computation assumes , what does this meanmb = 0

dαs

d ln μ
= − β0

α2
s

2π
+ 𝒪(α3

s ) αs(μR) =
αs(μ0)

1 + β0

2π αs(μ0)ln[μ2
r /μ2

0]

β0 = ( 11
6

ca −
2
3

trnf) x
1 + Bx

≈ x (1 − Bx + B2x2) + 𝒪(x4)

Use of ‘RG’ improved perturbation theory to (re)sum  termsln[μr /mb]

The b-quark is active in the running of  and PDF. Meaning?αs
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The zero mass limit

dσGMVFNS = dσm=0 + (dσm − dσm→0)

dσm = dσm=0,nf + dσL[m] + dσ𝒪(m2)

 is built from:
1) convolutions of a massless partonic cross section and OME
2) explicit virtual corrections, implicit via 

dσL[m]

αnf
s

dσgg,L = ∫ dx1 dx2 g(x1, μ2
F)[ ̂Ag→b(z, μ2

F /m2
b) ⊗ g(x2/z, μ2

F)] ̂σ[5fs]
bg→Zb(αs(μr), μr, μF, ̂s)

fb(x, μ2
F) = ∫

1

x
g(x/z, μ2

F) ̂Agb + 𝒪(α2
s ) , ̂Agb =

αs(μ2
F)

2π
Pg→q(z) ln[μ2

F /m2
b]

Example: gg-channel at .𝒪(α2
s )


