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GW astronomy is here to stay

Can particle theorists help?
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Theoretical input essential

DetecKon via matched filtering 
against template bank
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Current pipeline to LIGO

Two-body Hamiltonian

EOB(NR)

Waveform templates

[Buonanno, Damour ’00]
[Damour, Jaranowski, Schaefer ’00]
[Damour ’01]

Probe limit
model

PN or PM

(gauge dependent) (gauge dependent)
Binary mulKpole moments, fluxes

Fixed order in

(all orders)

“EffecKve One Body model”

Numerical  
RelaKvity



PN vs. PM

0PN 1PN 2PN

Newton

Einstein, Infeld, 
Hoffman

Ohta, Okamura, 
Kimura, Hiida 

Damour, Jaranowski, 
Schafer; Blanchet, Faye

(1687) (1938) (1973)
3PN
(2000)

4PN
(2014)

Damour, 
Jaranowski, 

Schafer

5PN
(2020)

Blumlein, Marquard, 
Maier, Schafer

Post-Newtonian expansion - bound system (virial)
<latexit sha1_base64="QV8Imx/8UtwseCu2cKWOWym8btY=">AAACHnicbZC7TsMwFIYdrqXcAowsFhWIqUoqBAwdKhhgQSoSvUhNqRzXaa3aTmQ7laoob8BD8AysMLMhVhh5E9w2A205kq1f/3+Ojv35EaNKO863tbS8srq2ntvIb25t7+zae/t1FcYSkxoOWSibPlKEUUFqmmpGmpEkiPuMNPzB9ThvDIlUNBQPehSRNkc9QQOKkTZWxz7xAolwMnwspQk2F/QU5XBq3tyliUxhuQzdjl1wis6k4KJwM1EAWVU79o/XDXHMidCYIaVarhPpdoKkppiRNO/FikQID1CPtIwUiBPVTib/SeGxcbowCKU5QsOJ+3ciQVypEfdNJ0e6r+azsflf1op1cNlOqIhiTQSeLgpiBnUIx3Bgl0qCNRsZgbCk5q0Q95FhoQ3CmS0+Tw0Td57AoqiXiu550bk/K1SuMjo5cAiOwClwwQWogFtQBTWAwRN4Aa/gzXq23q0P63PaumRlMwdgpqyvXyLNol8=</latexit>

v2

c2
⇠ GM

r
<< 1

State of the art 
parKal 6PN (2020)

…

See Maier’s talk!



PN vs. PM
Post-Minkowskian (PM) expansion - (non virial)
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GM

r
<< 1

Arbitrary velociKes, natural fit with relaKvisKc amplitudes

1PM

2PM

3PM

4PM

(1985)

(2019)

(2021)

Modern approach, fast progress 

Westphal 

Bern, Cheung, 
Roiban, Shen, 
Solon, Zeng 

Bern, JPM, 
Roiban, Ruf, 
Shen, Solon, 

Zeng <latexit sha1_base64="f9Dkwgq6XB6wuY6iSwHaGw/NskE="></latexit>

V (p, r) =
X

n

cn(p
2)

✓
GM

r

◆n

PM potenKal
(Isotropic gauge)

See Mao Zeng’s talk!



A theoretical experiment

p1
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Start from scalering dynamics….

…and determine the basic ingredients, H(p, r), · · ·

We will do this by calculaKng scalering amplitudes in QFT, leveraging 
modern perturbaKve methods, and then take .~ ! 0



Point particle EFT
• Black holes, Neutron stars, …  minimally coupled scalar

• Spin d.o.f by making field massive higher spin

• Finite size effects via Kdal operators

<latexit sha1_base64="MKoQMc62sFIyap5UE9nQ/Pn9NQA="></latexit>
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<latexit sha1_base64="i15VI6ppB3V/85PrTLLEpVo30dA="></latexit>

�L =
X

ca,b,c�ira�irbRc

[Cachazo, Guevara; + Ochirov, Vines, 
Bern, Luna, Roiban, Shen, Zeng]

[Cheung, Solon; Haddad, Helset; Bern, JPM, 
Roiban, Sawyer, Shen;…]
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Multiple approaches

Gauge 
Invariant 

Observables

Eikonal exponenKaKon EFT matching
V (r, p)�(b, p)

Scalering amplitude
M(q, p)

� Erad J rad

“in-in” formalism

[Glauber, …] [Cheung, Rothstein, Solon] [Kosower, Maybee, O’Connell]

<latexit sha1_base64="v0CTCNog3Q6+zng+AU/KqAgu1hg="></latexit>

�O = hout|O|outi � hin|O|ini
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�pµ and ulKmately hµ⌫
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Gauge 
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�pµ and ulKmately hµ⌫

See Mao Zeng’s talk!



Radiative observables

X

states

Iµ = qµ

�pµ1 =

Z
dDq �(2u1 · q)�(2u2 · q) eib·q Iµ

`1

`µ1+

[Kosower, Maybee, O’Connell]

“virtual” “real emission”

• Real Kme dynamics “in-in” <latexit sha1_base64="v0CTCNog3Q6+zng+AU/KqAgu1hg="></latexit>

�O = hout|O|outi � hin|O|ini

states related by S-matrix

• Example 1: Impulse

• Note similarity with cross secKons!

<latexit sha1_base64="fFt2gMA54gGaqCDZp1OcOnEqDsg="></latexit>

|outi = S|ini = (1 + iM)|ini

“Measurement funcKon”



Radiative observables

Rµ =

Z
dDq �(2u1 · q)�(2u2 · q) eib·q Rµ

[Kosower, Maybee, O’Connell]

• Example 2: Radiated momentum

kµ
X

states

⇠
Z

kµ|h↵� |2
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Rµ =

“RadiaKon kernel”

• Simply a measurement of the momentum of the final state radiaKon

Waveform



•  Scales and the classical limit 

Classical vs. quantum & PM

`c ⌧ Rs ⌧ r

“Compton” “Schwarzschild” “SeparaKon”

~
m

⌧ Gm ⌧ ~
q

•  Two small parameters q
m ⌧ Gmq << 1

Quantum vs. classical PM

• Not ordinary perturbaKon theory!  GE2 ⇠ Gm2 ⌧ 1

(~ = 1)



Classical vs. quantum (regions)

• Classical ≠ tree-level (e.g. due to masses) 

• Classical = long distance = large angular momentum
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m2
i

�q2
⇠ s

�q2
⇠ J2 � 1

• Method of regions 

“Maler” (hard): 

gravitons (sou): 

<latexit sha1_base64="0E3egUeH7AnY3vWy5AScRRWtLuU=">AAAB/nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9ol5JNs21okg1JVihLwd/gVc/exKt/xaP/xLTdg219MPB4b4aZeZHizFjf//YKa+sbm1vF7dLO7t7+QfnwqGmSVBPaIAlPdDvChnImacMyy2lbaYpFxGkrGt1N/dYT1YYl8tGOFQ0FHkgWM4Ktk9oKdQ0TSPTKFb/qz4BWSZCTCuSo98o/3X5CUkGlJRwb0wl8ZcMMa8sIp5NSNzVUYTLCA9pxVGJBTZjN7p2gM6f0UZxoV9Kimfp3IsPCmLGIXKfAdmiWvan4n9dJbXwTZkyq1FJJ5ovilCOboOnzqM80JZaPHcFEM3crIkOsMbEuooUtkZi4TILlBFZJ86IaXFX9h8tK7TZPpwgncArnEMA11OAe6tAAAhxe4BXevGfv3fvwPuetBS+fOYYFeF+/NCSWJw==</latexit>p ⇠ m
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` ⇠ q ⇠ m

J
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GM

r
⇠ Rs

r
<< 1

Nonlinear in G correcKons encoded in loops with sou gravitons.

[Beneke, Smirnov]

(non-analyKc)

(analyKc)



Conservative vs. dissipative

• ConservaKve interacKons mediated by off-shell gravitons

• Velocity regions (c.f. NRQCD)

# q

p1 � q/2 p1 + q/2

p2 + q/2 p2 � q/2

V (p, q)
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“PotenKal” 
graviton

PotenKal:

RadiaKon:

ConservaKve dynamics encoded in loops with potenKal gravitons.

Instantaneous 
potenKal (COM)

(!, `) ⇠ (v, 1)

(!, `) ⇠ (v, v)



Goal: calculate amplitude & 
cuts in relevant regions, rest 

can be extracted from it!



Collider methods for 
classical amplitudes



Integrands from generalized unitarity
• Classical restricKons = “no maler contacts”                                                             

potenKal restricKon = “one maler propagator per loop” 
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e.g. 4PM

• AddiKonal contribuKons needed for dissipaKve sector 

[Bern, JPM, Roiban, Ruf, Shen, Solon, Zeng]



• Sou integrals (method of regions, c.f. HQET) 

                                                                                  

                            ,        

`2 ! `2

<latexit sha1_base64="9fVqKfg7vyofqQsZ9WR0jnqsONY=">AAACHnicbZDLSgMxGIX/qbdab6Mu3QRLwVWZqYK60YIblxXsBTq1ZNK0Dc1cTDJKGfoEvoQ+gltdCt2JW936Em5Npwq29UDI4TsJ+XPckDOpLOvDSM3NLywupZczK6tr6xvm5lZFBpEgtEwCHoiaiyXlzKdlxRSntVBQ7LmcVt3e2Siv3lAhWeBfqn5IGx7u+KzNCFYaNc2cQzm/KiDnOsIt5AjW6SosRHD7S5K4aWatvJUIzRr7x2RPX/YTlZrmp9MKSORRXxGOpazbVqgaMRaKEU4HGSeSNMSkhzu0rq2PPSobcfKdAcpp0kLtQOjlK5TQvzdi7EnZ91x90sOqK6ezEfwvq0eqfdSImR9GivpkYorY9cYPtyOOVIBGXaEWE5Qo3tcGE8H07Ih0scBE6UYzuhR7uoJZUynk7YP88YWdLZ4AmMOvB0jDDuzCHthwCEU4hxKUgcAdPMITPBv3xtB4Nd4gUcoY77ANEzLevwEuwabv</latexit>

(`+ pi)2 �m2
i ! 2` · ui
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ui = p̄i/m̄i
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• IBP reducKon & velocity differenKal equaKons! canonical form     

                             
d~I(y) = ✏

P
i Aidlog↵i(y) ~I(y)

<latexit sha1_base64="PBppsiQGQFRJlRtWiCx0chIIG3I="></latexit>

Classical loop integrals [JPM, Ruf, Zeng]

• Special variables                   p̄i · q = 0
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[Henn]

[Sudakov]
" q

p̄1 � q/2 p̄1 + q/2

p̄2 + q/2 p̄2 � q/2

Disclaimer: EllipKc integrals enter at three loops. DE sKll useful!

              Single scale problem to all PM (or loop) orders!

I(q, p̄i, m̄i) = (�q2)a I(y)

<latexit sha1_base64="1AcABIx4z1+D14U0ZhKFKGfnjps="></latexit>

y = p̄1·p̄2

m̄1m̄2
= � +O(q2)

<latexit sha1_base64="8EsjJb4BiapWVtADcv2ndLfG23w="></latexit>

“Eikonalized”

[JPM, Ruf, Zeng]



Potential boundary conditions [JPM, Ruf, Zeng]

• RadiaKon and potenKal regions split in near-staKc limit   

• Integrals in potenKal region saKsfy same differenKal equaKons as sou 
integrals! Only need to calculate appropriate boundary condiKons. 

• PotenKal region:        

          Graviton:        

             Maler:        

•  Evaluated by residue prescripKon 

v ⌧ 1
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`2 = 1

!2�`2 = � 1
`2 � !2

(`2)2 � !4

(`2)3 + · · ·
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1
2ui·` = 1

2(u0
i !�ui`)
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(Similar to NRQCD/NRGR)
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Soft boundary conditions
• Advantage over potenKal region: analyKcity in velocity 

• Advantage over massless integrals: Euclidean region! 

• Only a few boundary condiKons are independent. 

�

� = 1
staKc

u-channel
“bound” scalering “unbound”

Regularity, reality, numerics

[Herrmann, JPM, Ruf, Zeng]

e.g. 3PM



• Reverse unitarity for cut integrals

Tools for cut integrals

2⇡i �(2u1 · `1) =
1

2u1 · `1 + i✏
� 1

2u1 · `1 � i✏� +[Anastasiou, Melnikov]

• Many given via opKcal theorem/ Cutkosky cuwng rules

[Herrmann, JPM, Ruf, Zeng]

• Same tools apply (IBP reducKon, differenKal equaKons)

• Others related by same differenKal equaKons

b.c. from velocity 
power counKng!
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Results 1: Gravitational 
Bremsstrahlung  



Radiative observables
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• Integrand via generalized unitarity, integrals via reverse unitarity/cuwng rules 

[Herrmann, JPM, Ruf, Zeng]

• Radiated momentum 

• Impulse on a parKcle 
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(N=8 result, GR lengthier, but same story)
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Rµ =



Results 2: Fourth post-
Minkowskian Potential  



4PM “potential” amplitude

• Three loops. Appearance of classical ellipKc integrals. 

• Infrared divergence/tail effect - (spliwng of potenKal/radiaKon) 
coefficient matches radiated energy! 
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[Bern, JPM, Roiban, Ruf, Shen, Solon, Zeng]



Conclusions/future
• Modern tools offer an efficient scalable way to compute classical potenKals and 

radiaKon observables in general relaKvity 

• We have reached the state of the art in the computaKon of these quanKKes. The 
methods are not close to being exhausted 

• Other observables in the works

Also angular distribuKon ~ event shapes, radiated angular momentum, …

e.g: Power-spectrum ~  , rapidity distribuKonspT

kµ
X

states

dRµ

d!
= �(k0 � !)

• Future challenges (mulKloop, mulKscale, ellipKc…) fit for RADCOR/LOOPFEST 
community, come join the effort!

generalized unitarity

integraKon by parts differenKal equaKons

reverse unitarity
method of regions



Thank you!


