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Developments in fixed-order calculations
at the center oRRadcor-Loopfest
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In the last 10-20 years, much effort dedicated to understand two-loop

scattering amplitudes in QCD with the goal of breaking the NNLO frontier

for 2! 2 processes

In parallel, first impressive results for N3LO for 2! 1 (Higgs and Drell-Yan)
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phenomenology and SM physics
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WHAT HAVE WE LEARNED?

phenomenology and SM physics : formal developments
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SCATTERING AMPLITUDES AT 3 LOOPS

Some results for 3 loop amplitudes in SUSY known (N=4, N=8 SUGRA, etc..)
[Henn, Mistlberger ’19,’20]

Simplest, non-trivial place to start investigations of three loop amplitudes in QCD

g@! !'! non trivial for various reasons:

Relatively large number of Feynman diagrams (~3000)

Very non trivial IBP reduction needed ( rank-6 10 propagator NPL integrals )

But still relatively simple

Simple functiongt point massless@ 3 loops can be expressed in terms of HPLs
[Henn, Mistlberger, Smirnov, Wasser ’19]

simpler color correlations and simpler [R structure than, say,yy' uyy




DI-PHOTON AS OF TODAY

The production of two photons has received a lot of attention  [anastasiou et al *00; Bern

et al ’00,’01,’03; Glover et
- One- and Two-loop scattering amplitudes known for 20 years al.’00,’01,03, ...]

- NNLO inclusiveand recently exclusivaver final state radiation [Catani, etal’11, 13, Campbel et al ’16]
[Chawdhry et al *21]

- Various degrees of sophistication (resummation, PS, etc) [Alioli, etal 10 ...] [Gehrmann et al "20]
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Consider the production of 2 photons in quark-antiquark annihilation

a(p) + @(py) ! '(pg) +!(py), with p?=0

s=(p;+P)?, t=(p" pa)?, and x="1t/s —» s>0, t<0 0<x<1
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—\ Interesting analytic structure,

_ no Euclidean region

(iii) () S

[Smirnov ’99; Smirnov, Veretin ’00; Tausk ’00]

/ u [Anastasiou, Gehrmann, Oleari, Remiddi, Tausk ’00]
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To compute helicity amplitudes, start from generic tensor decomposition in d-dim
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Helicity amplitudes in tHV can be computed by bPxing
helicities on the tensors in d=4

H ..q..g..4(s, t) = | $ (s O[Ty. . 3 ad=4
=1
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To compute helicity amplitudes, start from generic tensor decomposition in d-dim
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To compute helicity amplitudes, start from generic tensor decomposition in d-dim

5
#oon (D= ST .,
i q 3 4
=1
One of bve tensors is not We can identify one
iIndependent in d=4 evanescent tensor structure

!

u u 5 Ti:Ti, i:1,...,4,
Im, T:" —T,+=T," =T+ T, =0 — u u 2
d! 4( > S 1 S 2 S 3 4) T5 = T5 ) ng + gTz : §T3 + T4

Various approaches to exploit this, see also [Chen ’19] [Davies et al ’20]

useful also in other context, see for example [Abreu et al *18]
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THV VS CDR

With this choice, fifth tensor required to recover CDR result starting at %d#)
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with this approach we are guaranteed to
compute only tensor structures that are
relevant for helicity amplitudes in tHV

becomescrucial for 2! 3 processes
see F. BuccioniOs talk

[Peraro, Tancredi ’19,’20]



THE HELICITY AMPLITUDES

Fixing the helicities on the remaining tensors, we find in spinor-helicity
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SLOOP INFRARED POLES arrer uv renormaLisaTioN
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UV-ren helicity amplitudes and form factors can be computed as series ind.
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IR poles follow general factorisation formula  [Catani ’99; Becher, Neubert ’13,...]
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A LOOK AT THE RESULTS

Reduction to Master Integrals very non-trivial (10 denominators, rank 6)

performed with Finred, private implementation by A. von Manteuffel

Helicity amplitudes in Od dimensionsO (tHV) expressed in terms of 486 masters integrals



A LOOK AT THE RESULTS

Reduction to Master Integrals very non-trivial (10 denominators, rank 6)

performed with Finred, private implementation by A. von Manteuffel

Helicity amplitudes in Od dimensionsO (tHV) expressed in terms of 486 masters integrals

Mls are “simple”, can be computed in terms HPLs with indices {0,1}

BUT large number, non trivial boundary conditions and canonical basis
[Henn, Mistlberger, Smirnov, Wasser *20]

Interesting observation: when expanding in d~4, finite remainder expressed in terms of
weight 6 HPLs N> there are at most 146 such functions

Impressive generalisation of n point -> boxes,triangles,bubbles and tadpoles @ 1 loop!
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Three-loop corrections helicity amplitudes can be written, schematically, as

d..d
oo, = NFCe A(X) + N [CrCaPu(X) + C§A3(x)] + Ny [ CaCrAy(X) + CEAS(X) + CeN: Ag(X) + ablil e A?(X)]

+ CRCr Ag(X) + CACEAY(X) + CEA((X)

Where each of the A(X) is has the expansion

1 ; 1 ;
Ci[ 1](x) + Cl 2](x)

A(X) = A|[O](X) + %BI[ Ux) + x Bl[l](X) + X BI[Z](X) T (1" x)2

1" x
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Three-loop corrections helicity amplitudes can be written, schematically, as

d..d
oo, = NFCr Ag(X) + Ni [CrCaPo(X) + CéAs(X)] + Ny [ CaCrAy(X) + CEAS(X) + CeN: Ag(X) + ablil e A?(X)]

+ CRCr Ag(X) + CACEAY(X) + CEA((X)

Where each of the A(X) is has the expansion

A() = AR + 13[ 109 + xBHE) + x*BAK) + — 1 T x4 Ot T 1x)2C‘[ )

14 classical polylogs 9 extra MPLs

A%x), B(x), Cl(x) —> Li (r(x)) Liz(x, 1), Liza(1" x, 1), Liza(L,x),
Li3’3(X, 1), Li3’3(1 " X, 1), Li3’3(X/ (X " 1), 1),
Li4’2(X, 1), Li4,2(l " X, 1), Li2,2,2(X, 1, 1),



NUMERICAL RESULTS

In particular written in this second form, numerical evaluation is instantaneous
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CONCLUSIONS

' In the last 20 years, impressive results for 2 and 3 loop amplitudes in QCD
' In particular, understanding 2! 2 @ 2 loops crucial for LHC
' With control of IR divergences' NNLO in QCD possible

I Interest has moved towards 2! 3 @ 2 loops, impressive results both for
amplitudes and pheno

1 21 2 @ 3 loops equally interesting, could help elucidate new properties of
scattering amplitudes

I Calls for more for more profound understanding of pQFT to control
intermediate expressions and avoid extra complexity purely d dimensional
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MORE 2->2 @ 3 LOOPS
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Similar approach works for all 2! 2 massless scattering amplitudes in 3 loop QCD

Particularly interesting q@! QG, where standard projector/form factor approablecomes very
cumbersome since d-dimensional ! -algebra does not close

1

3252,53,52,(d! 5)(d! 7)(d! 3)(d! 4) :

| 513(355350° | 555135730 + 10465135030% | 18727,d + 243252, | 45453502
| 6040513530 ! 268&35 + 36857,d% + 1928s3,d ! 20s35d° + 11136813523)D;4

+ 2513(! 2833021 95135p30% + 1425135p3d | 44851353 + 7 55,d% + 136535 ! 4852,
+28s3,d! 62835;d)D,

+ (! 34052503 + 1100857, | 7405135030 + 44032513503 | 26055,0° | 414453,d + 371253,
+15s2,d* + 285252,d2 | 288645135,3d + 1604s35,d% + 6944s135,3d% | 996857,d
+30813830* + 1553,dMD,,

' S13S23(12s13 + Sp3d! 4sp3! s13d)Dsg

+ (! 68350 + 2453, + 25135p30° | 408135p3d | 14s%,d + S750° + 8835 + $550° + 192513523) Dy

I 2(55750° + 5555d° + 10s13523d° | 24051355307 | 100750° ! 565,50 + 580s75d

P(A2) =

+183251353d + 19653,d ! 20853, ! 800575 ! 42245135,3)D,

[Glover ’00]

One of 6 projectors in d dimensions, valid up to 2 loops
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Similar approach works for all 2! 2 massless scattering amplitudes in 3 loop QCD

Particularly interesting q@! QG, where standard projector/form factor approablecomes very
cumbersome since d-dimensional ! -algebra does not close
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[Glover ’00]

One of 6 projectors in d dimensions, valid up to 2 loops Only 2 projectors at any order in d=4




