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Standard approach @multi-loop level

Draw all Feynman diagrams

Generate integrands

Use Integration-By-Parts  
identities

Profit of DimReg

Evaluate integrals
Numerically

Analytically
Diff. Eqs. 

Sector Decomposition

[Hann] 
[Nogueira]

[Bern, Dixon, Kosower] 
[Badger, Bayu, Bronnun-Hansen, Peraro] 
[Abreu, Dormans, FebresCordero, Ita, Klaus, Page, Pascual, Ruf, Sotnikov] 
[Mastrolia, Ossola, Peraro, Primo, Ronca, W.J.T.] 
…

[Chetyrkin, Tchakov] 
[Laporta]

[Heinrich et al] 
[Smirnov]

[Ko]kov] 
[Remiddi, Gehrmann]

[Henn]

Profit of Unitarity based methods

LTD approach
[Valencia team] 

[ETH team] 
[Mainz team]

[Baglio, Campanario, Glaus, 
Mühlleitner, Ronca, Spira]

<<Passera 
<<Sotnikov 
<<Wednesday Parallel I.A 
<<Wednesday Parallel II.A

<<Tuesday Parallel II.A

<<Kermanschah
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Standard approach @multi-loop level

Complete automation @ NNLO ?

UV

IR

Thresholds

FDH/FDR         —> transition rules both ren. schemes @NNLO 

FDU                    —> preliminary mappings between VV & VR contributions 

IReg                    —> Towards full renormalisation @ 2L 

Torino Scheme —> general subtraction method for massless & final states QCD 

qt-subtraction  —> benefits from any existing calculation for “F+jet”  

Antenna subtraction —> subtraction term at tree (RR) and one-loop (R) level

many more subs. schemes …



causal or 
non-causal

Causal representation —> Display only physical singularities 
                                 —> Multi-loop LTD representation 
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Multi-loop LTD representation

qiS = `S + kiS , iS 2 S

<latexit sha1_base64="9Lfa6qw0dzE6jGuS6TYL7/GbAqw=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQWkoi9bERCm5cVmof0IQwmUzboZNJOjMRSuhHuPFX3LhQxK0Ld/6N0zYLbT1w4cw59zL3Hj9mVCrL+jZyK6tr6xv5zcLW9s7unrl/0JJRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7yZ+u0HIiSN+L0ax8QNUZ/THsVIackzSyMvpV5jAq+hQxjzGrAEh3PJKZedUYICqB8O5bDhmUWrYs0Al4mdkSLIUPfMLyeIcBISrjBDUnZtK1ZuioSimJFJwUkkiREeoj7paspRSKSbzo6awBOtBLAXCV1cwZn6eyJFoZTj0NedIVIDuehNxf+8bqJ6V25KeZwowvH8o17CoIrgNCEYUEGwYmNNEBZU7wrxAAmElc6xoEOwF09eJq2zil2tnN9Vi7WLLI48OALH4BTY4BLUwC2ogybA4BE8g1fwZjwZL8a78TFvzRnZzCH4A+PzBwYunOQ=</latexit>

loop momenta linear combination of 
external momenta

Any multi-loop Feynman integral  
contains S sets of internal propagators 

↵1 ↵3↵2e.g. @ 2L

Feynman propagators

Pull out full dependence of the energy 
components of loop momenta

usual Feynman i0 prescription!

In terms of spatial components

GF (qiS ) =
1

q2iS �m2
iS
+ı 0

=
1

q2iS ,0 � (q(+)
iS ,0)

2

<latexit sha1_base64="VWsDP/M796Zmi4imbw6+hZL5qZA="></latexit>

q(+)
iS ,0 = +

q
q2
iS

+m2
iS
�ı 0

<latexit sha1_base64="n1+70GVPP6MmDtiKdCms9wq/NHM="></latexit>

Let’s now apply the Cauchy residue thm for each “energy” integration

[Aguilera-Verdugo et al (2020)]

<<Sborlini

<< https://indico.cern.ch/event/1021090/
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Multi-loop LTD representation

LTD representation is written in terms of nested residues 

A(L)
F (1, . . . , n) =

Z

`1···`L
N ⇥GF (1, . . . , n)

<latexit sha1_base64="jRUOSR0gvTnRHbW+uPvPt6Hmulw="></latexit>

A(L)
D (1, . . . , r; r + 1, . . . , n) ⌘ �2⇡ı

X

ir2r

Res
⇣
A(L)

D (1, . . . , r � 1; r, . . . , n) , Im (qir,0) < 0
⌘
,

<latexit sha1_base64="4eGi6YMe2KCciGiE5FIWWujKJWE="></latexit>

in terms of on-shell and off-shell propagators and

A(L)
D (1; 2, . . . , n) ⌘ �2⇡

X

ir2r

Res
⇣
dA(L)

F (1, . . . , n) , Im (qi1,0) < 0
⌘
,

<latexit sha1_base64="qQ8CQI9O255HD2zfe0plxH3cmgI="></latexit>

Cauchy contour is always closed from below the real axis 

[Aguilera-Verdugo et al (2020)]

<<Sborlini

<< https://indico.cern.ch/event/1021090/
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Let’s recap

.Everything started from 1 dot

All one-loop amplitudes under control
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Let’s recap

Two-loop amplitudes

Three-loop amplitudes}
. . . .
.
..

.
..

. ..

.
. ..
.
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Let’s recap

Two-loop amplitudes

Three-loop amplitudes}
Same functional structure @ L loops

. . . .
.
..

.
..

. ..

.
. ..
.
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Let’s recap

Two-loop amplitudes

Three-loop amplitudes}
Same functional structure @ L loops

. . . .
.
..

.
..

. ..

.
. ..
.

Follow the same approach @ 4 loops

. ..
. . . ..

. .

. . .
.

.

. . . .
.

.

. . .... .
. ...
.
.
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Explicit applications

So far —> relations among different kind of integral families

The simplest application :: the two-loop sunrise diagram

A(2)
2 =

Z

`1`2

GF (1, 2, 12) =

Z

`1`2

Y

i=1,2,12

1⇣
qi,0 � q(+)

i,0

⌘⇣
qi,0 + q(+)

i,0

⌘ ,

<latexit sha1_base64="E/MTSuZFLiIaDINcaeNacDVanIU="></latexit>

qi = `i , q12 = �`1 � `2 � p

<latexit sha1_base64="u0TyQ/Vtz/mYL6QLqmTg7Q0H+C8=">AAACHHicbZDLSsNAFIYnXmu9RV26GSyCi7YktV42hYIblxXsBZoQJpNpO3Ry6cxEKCEP4sZXceNCETcuBN/GSZuFth4Y+Pj/czhzfjdiVEjD+NZWVtfWNzYLW8Xtnd29ff3gsCPCmGPSxiELec9FgjAakLakkpFexAnyXUa67vgm87sPhAsaBvdyGhHbR8OADihGUkmOfj5xEpo2LMJYBla5bE1i5EElm7W0UZkbZppDLa1ERUcvGVVjVnAZzBxKIK+Wo39aXohjnwQSMyRE3zQiaSeIS4oZSYtWLEiE8BgNSV9hgHwi7GR2XApPleLBQcjVCyScqb8nEuQLMfVd1ekjORKLXib+5/VjObi2ExpEsSQBni8axAzKEGZJQY9ygiWbKkCYU/VXiEeIIyxVnlkI5uLJy9CpVc169eKuXmpe5nEUwDE4AWfABFegCW5BC7QBBo/gGbyCN+1Je9HetY9564qWzxyBP6V9/QCFU6Dz</latexit>

applying the Cauchy residue thm in {`1, `2}

<latexit sha1_base64="GA4gz/OUDWf6EQGvGJhmds/5QRY=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwISUp9bEsuHFZwT6gCWEyvWmHTiZhZqKU2E9x40IRt36JO//GaZqFth643MM59zJ3TpAwKpVtfxultfWNza3ydmVnd2//wKwedmWcCgIdErNY9AMsgVEOHUUVg34iAEcBg14wuZn7vQcQksb8Xk0T8CI84jSkBCst+WbVzVxgzHfO89ZwZ75Zs+t2DmuVOAWpoQJt3/xyhzFJI+CKMCzlwLET5WVYKEoYzCpuKiHBZIJHMNCU4wikl+Wnz6xTrQytMBa6uLJy9fdGhiMpp1GgJyOsxnLZm4v/eYNUhddeRnmSKuBk8VCYMkvF1jwHa0gFEMWmmmAiqL7VImMsMFE6rYoOwVn+8irpNupOs35x16y1Los4yugYnaAz5KAr1EK3qI06iKBH9Ixe0ZvxZLwY78bHYrRkFDtH6A+Mzx+IlJOA</latexit>

A(2)
2 =

Z

~̀
1
~̀
2

⇥
GD (1, 2) +GD

�
1, 12

�
+GD

�
2̄, 12

�⇤
,

<latexit sha1_base64="flbStFhrxz9OexT1GwBQtKkdX7E="></latexit>

[Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]
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Explicit applications

So far —> relations among different kind of integral families

The simplest application :: the two-loop sunrise diagram

A(2)
2 =

Z

`1`2

GF (1, 2, 12) =

Z

`1`2

Y

i=1,2,12

1⇣
qi,0 � q(+)

i,0

⌘⇣
qi,0 + q(+)

i,0

⌘ ,

<latexit sha1_base64="E/MTSuZFLiIaDINcaeNacDVanIU="></latexit>

qi = `i , q12 = �`1 � `2 � p

<latexit sha1_base64="u0TyQ/Vtz/mYL6QLqmTg7Q0H+C8=">AAACHHicbZDLSsNAFIYnXmu9RV26GSyCi7YktV42hYIblxXsBZoQJpNpO3Ry6cxEKCEP4sZXceNCETcuBN/GSZuFth4Y+Pj/czhzfjdiVEjD+NZWVtfWNzYLW8Xtnd29ff3gsCPCmGPSxiELec9FgjAakLakkpFexAnyXUa67vgm87sPhAsaBvdyGhHbR8OADihGUkmOfj5xEpo2LMJYBla5bE1i5EElm7W0UZkbZppDLa1ERUcvGVVjVnAZzBxKIK+Wo39aXohjnwQSMyRE3zQiaSeIS4oZSYtWLEiE8BgNSV9hgHwi7GR2XApPleLBQcjVCyScqb8nEuQLMfVd1ekjORKLXib+5/VjObi2ExpEsSQBni8axAzKEGZJQY9ygiWbKkCYU/VXiEeIIyxVnlkI5uLJy9CpVc169eKuXmpe5nEUwDE4AWfABFegCW5BC7QBBo/gGbyCN+1Je9HetY9564qWzxyBP6V9/QCFU6Dz</latexit>

applying the Cauchy residue thm in {`1, `2}

<latexit sha1_base64="GA4gz/OUDWf6EQGvGJhmds/5QRY=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwISUp9bEsuHFZwT6gCWEyvWmHTiZhZqKU2E9x40IRt36JO//GaZqFth643MM59zJ3TpAwKpVtfxultfWNza3ydmVnd2//wKwedmWcCgIdErNY9AMsgVEOHUUVg34iAEcBg14wuZn7vQcQksb8Xk0T8CI84jSkBCst+WbVzVxgzHfO89ZwZ75Zs+t2DmuVOAWpoQJt3/xyhzFJI+CKMCzlwLET5WVYKEoYzCpuKiHBZIJHMNCU4wikl+Wnz6xTrQytMBa6uLJy9fdGhiMpp1GgJyOsxnLZm4v/eYNUhddeRnmSKuBk8VCYMkvF1jwHa0gFEMWmmmAiqL7VImMsMFE6rYoOwVn+8irpNupOs35x16y1Los4yugYnaAz5KAr1EK3qI06iKBH9Ixe0ZvxZLwY78bHYrRkFDtH6A+Mzx+IlJOA</latexit>

A(2)
2 =

Z

~̀
1
~̀
2

⇥
GD (1, 2) +GD

�
1, 12

�
+GD

�
2̄, 12

�⇤
,

<latexit sha1_base64="flbStFhrxz9OexT1GwBQtKkdX7E="></latexit>

GD (1, 2) =
1

4 q(+)
1,0 q

(+)
2,0

⇣
q(+)
1,0 + q(+)

2,0 � p0 + q(+)
12,0

⌘⇣
q(+)
1,0 + q(+)

2,0 � p0 � q(+)
12,0

⌘

<latexit sha1_base64="DnQRueozlCyVKRg+bD6OUtGzipU="></latexit>

[Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]
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Explicit applications

So far —> relations among different kind of integral families

The simplest application :: the two-loop sunrise diagram

A(2)
2 =

Z

`1`2

GF (1, 2, 12) =

Z

`1`2

Y

i=1,2,12

1⇣
qi,0 � q(+)

i,0

⌘⇣
qi,0 + q(+)

i,0

⌘ ,

<latexit sha1_base64="E/MTSuZFLiIaDINcaeNacDVanIU="></latexit>

qi = `i , q12 = �`1 � `2 � p

<latexit sha1_base64="u0TyQ/Vtz/mYL6QLqmTg7Q0H+C8=">AAACHHicbZDLSsNAFIYnXmu9RV26GSyCi7YktV42hYIblxXsBZoQJpNpO3Ry6cxEKCEP4sZXceNCETcuBN/GSZuFth4Y+Pj/czhzfjdiVEjD+NZWVtfWNzYLW8Xtnd29ff3gsCPCmGPSxiELec9FgjAakLakkpFexAnyXUa67vgm87sPhAsaBvdyGhHbR8OADihGUkmOfj5xEpo2LMJYBla5bE1i5EElm7W0UZkbZppDLa1ERUcvGVVjVnAZzBxKIK+Wo39aXohjnwQSMyRE3zQiaSeIS4oZSYtWLEiE8BgNSV9hgHwi7GR2XApPleLBQcjVCyScqb8nEuQLMfVd1ekjORKLXib+5/VjObi2ExpEsSQBni8axAzKEGZJQY9ygiWbKkCYU/VXiEeIIyxVnlkI5uLJy9CpVc169eKuXmpe5nEUwDE4AWfABFegCW5BC7QBBo/gGbyCN+1Je9HetY9564qWzxyBP6V9/QCFU6Dz</latexit>

applying the Cauchy residue thm in {`1, `2}

<latexit sha1_base64="GA4gz/OUDWf6EQGvGJhmds/5QRY=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwISUp9bEsuHFZwT6gCWEyvWmHTiZhZqKU2E9x40IRt36JO//GaZqFth643MM59zJ3TpAwKpVtfxultfWNza3ydmVnd2//wKwedmWcCgIdErNY9AMsgVEOHUUVg34iAEcBg14wuZn7vQcQksb8Xk0T8CI84jSkBCst+WbVzVxgzHfO89ZwZ75Zs+t2DmuVOAWpoQJt3/xyhzFJI+CKMCzlwLET5WVYKEoYzCpuKiHBZIJHMNCU4wikl+Wnz6xTrQytMBa6uLJy9fdGhiMpp1GgJyOsxnLZm4v/eYNUhddeRnmSKuBk8VCYMkvF1jwHa0gFEMWmmmAiqL7VImMsMFE6rYoOwVn+8irpNupOs35x16y1Los4yugYnaAz5KAr1EK3qI06iKBH9Ixe0ZvxZLwY78bHYrRkFDtH6A+Mzx+IlJOA</latexit>

A(2)
2 =

Z

~̀
1
~̀
2

⇥
GD (1, 2) +GD

�
1, 12

�
+GD

�
2̄, 12

�⇤
,

<latexit sha1_base64="flbStFhrxz9OexT1GwBQtKkdX7E="></latexit>

GD (i, j) ⌘ Res
⇣
Res

⇣
GF (1, 2, 12),

n
qi,0 = q(+)

i,0

o⌘
,
n
qj,0 = q(+)

j,0

o⌘

<latexit sha1_base64="TYbg20fjs4HsHSl6wx7MbXBVHlY="></latexit>

{<latexit sha1_base64="BfMLDVY3TCIKuyyM/wcL85Uz5NY=">AAACFHicbZDLSsNAFIYnXmu9RV26CRZBUEISY1t3BTcuK9gLJKFMppN26OTCzEQoIQ/hxldx40IRty7c+TZO2iy09cDAx/+fM3Pm9xNKuDCMb2VldW19Y7OyVd3e2d3bVw8OuzxOGcIdFNOY9X3IMSUR7ggiKO4nDMPQp7jnT24Kv/eAGSdxdC+mCfZCOIpIQBAUUhqo55k7u8RhI9/LDP26Wbfs+oWhG0bDtMwCrIZ9aedulg/UWqEXpS2DWUINlNUeqF/uMEZpiCOBKOTcMY1EeBlkgiCK86qbcpxANIEj7EiMYIi5l832ybVTqQy1IGbyREKbqb8nMhhyPg192RlCMeaLXiH+5zmpCJpeRqIkFThC84eClGoi1oqEtCFhGAk6lQARI3JXDY0hg0jIHKsyBHPxy8vQtXTT1q/u7FqrXsZRAcfgBJwBEzRAC9yCNugABB7BM3gFb8qT8qK8Kx/z1hWlnDkCf0r5/AF3lpqe</latexit>

GD (1, 2) =
1

4 q(+)
1,0 q

(+)
2,0

⇣
q(+)
1,0 + q(+)

2,0 � p0 + q(+)
12,0

⌘⇣
q(+)
1,0 + q(+)

2,0 � p0 � q(+)
12,0

⌘

<latexit sha1_base64="DnQRueozlCyVKRg+bD6OUtGzipU="></latexit>

[Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]
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Explicit applications

Some features with these individual residues

Structure of q(+)
i,0

<latexit sha1_base64="cuUsTLgTRkfIcG+tOmMXLil8qac=">AAAB9HicbVDLSsNAFL2pr1pfVZduBotQUUoi9bEsuHFZwT6gjWUynbRDJ5N0ZlIoId/hxoUibv0Yd/6N0zYLrR64cDjnXu69x4s4U9q2v6zcyura+kZ+s7C1vbO7V9w/aKowloQ2SMhD2fawopwJ2tBMc9qOJMWBx2nLG93O/NaESsVC8aCnEXUDPBDMZwRrI7njXsLO7fQxKZ+dpr1iya7Yc6C/xMlICTLUe8XPbj8kcUCFJhwr1XHsSLsJlpoRTtNCN1Y0wmSEB7RjqMABVW4yPzpFJ0bpIz+UpoRGc/XnRIIDpaaBZzoDrIdq2ZuJ/3mdWPs3bsJEFGsqyGKRH3OkQzRLAPWZpETzqSGYSGZuRWSIJSba5FQwITjLL/8lzYuKU61c3ldLtassjjwcwTGUwYFrqMEd1KEBBMbwBC/wak2sZ+vNel+05qxs5hB+wfr4Bqc0kVc=</latexit>

q(+)
1,0 + q(+)

2,0 + q(+)
12,0 = p0

<latexit sha1_base64="svAOgVaJC2X9lbTSrB/qMbWmIjU=">AAACO3icdZBLS8NAFIUnPmt9VV26CRahUilJqY+NUHDjsop9QFPDZDpph04eztwIJeR/ufFPuHPjxoUibt07abvQtl4YOJzvXu7c44ScSTCMF21hcWl5ZTWzll3f2Nzazu3sNmQQCULrJOCBaDlYUs58WgcGnLZCQbHncNp0Bpcpbz5QIVng38IwpB0P93zmMoJBWXbu5t6OzWMjuYstTl0oFC3Ben04SooKlP8D5lxyEdqxkWTtXN4oGaPSZ4U5EXk0qZqde7a6AYk86gPhWMq2aYTQibEARjhNslYkaYjJAPdoW0kfe1R24tHtiX6onK7uBkI9H/SR+3sixp6UQ89RnR6GvpxmqTmPtSNwzzsx88MIqE/Gi9yI6xDoaZB6lwlKgA+VwEQw9Ved9LHABFTcaQjm9MmzolEumZXSyXUlXz2dxJFB++gAFZCJzlAVXaEaqiOCHtErekcf2pP2pn1qX+PWBW0ys4f+lPb9A54nrJo=</latexit>

Causal threshold at p0 (p0 > 0)

<latexit sha1_base64="Qv0IF0IK7SUSH4tk4VWmVKK/DvQ=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBEqSMlIfayk4MZlBfuAdiiZNNOGZjJjkimUod/hxoUibv0Yd/6NaTsLbT1wuYdz7iU3x48F1wbjb2dldW19YzO3ld/e2d3bLxwcNnSUKMrqNBKRavlEM8ElqxtuBGvFipHQF6zpD++mfnPElOaRfDTjmHkh6UsecEqMlby4izvnqGTbLT7rFoq4jGdAy8TNSBEy1LqFr04voknIpKGCaN12cWy8lCjDqWCTfCfRLCZ0SPqsbakkIdNeOjt6gk6t0kNBpGxJg2bq742UhFqPQ99OhsQM9KI3Ff/z2okJbryUyzgxTNL5Q0EikInQNAHU44pRI8aWEKq4vRXRAVGEGptT3obgLn55mTQuym6lfPlQKVavsjhycAwnUAIXrqEK91CDOlB4gmd4hTdn5Lw4787HfHTFyXaO4A+czx8mj5Bd</latexit>

GD (1, 2) =
1

4 q(+)
1,0 q

(+)
2,0

⇣
q(+)
1,0 + q(+)

2,0 + q(+)
12,0 � p0

⌘⇣
q(+)
1,0 + q(+)

2,0 � q(+)
12,0 � p0

⌘

<latexit sha1_base64="1FLkNrWYDBvRX9hcab+UgpYulG4="></latexit>

q(+)
1,0 + q(+)

2,0 � q(+)
12,0 = p0

<latexit sha1_base64="xrMVNoQaC83JyvgYDe+K+ch8crA=">AAACO3icbVC7SgNBFJ2Nrxhfq5Y2i0GIRMNuiI9GCNhYRjEPSOIyO5lNhsw+nLkrhGX/y8afsLOxsVDE1t7ZJIXGHBg4nHMPd+5xQs4kmOaLlllYXFpeya7m1tY3Nrf07Z2GDCJBaJ0EPBAtB0vKmU/rwIDTVigo9hxOm87wMvWbD1RIFvi3MApp18N9n7mMYFCSrd/c27F1ZCZ3cYdTFwrFjmD9ARwmRWWU5xnHaWKucxHasZnkbD1vlswxjP/EmpI8mqJm68+dXkAij/pAOJaybZkhdGMsgBFOk1wnkjTEZIj7tK2ojz0qu/H49sQ4UErPcAOhng/GWP2diLEn5chz1KSHYSBnvVSc57UjcM+7MfPDCKhPJovciBsQGGmRRo8JSoCPFMFEMPVXgwywwARU3WkJ1uzJ/0mjXLIqpZPrSr56Oq0ji/bQPiogC52hKrpCNVRHBD2iV/SOPrQn7U371L4moxltmtlFf6B9/wChb6yc</latexit>

Non-Causal threshold 
Introduces unphysical singularities

Summing all contributions up

A(2)
2 = �

Z

~̀
1,~̀2

1

8q(+)
1,0 q

(+)
2,0 q

(+)
12,0

 
1

q(+)
1,0 + q(+)

2,0 + q(+)
12,0 � p0

+
1

q(+)
1,0 + q(+)

2,0 + q(+)
12,0 + p0

!

<latexit sha1_base64="Wu19VBfTfWHS9b39MW3sR5R72/g="></latexit>

Display causal structure only!

[Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]
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Explicit applications

Causal vs non-causal repr.

A(2)
2 =

Z

~̀
1
~̀
2

⇥
GD (1, 2) +GD

�
1, 12

�
+GD

�
2̄, 12

�⇤
,

<latexit sha1_base64="flbStFhrxz9OexT1GwBQtKkdX7E=">AAACnnicbVFda9swFJW9rzb7aLY+9kUsbGQsBNt0a18KLRvb2BjrYGkDkWdkRU5EZdlI14Ug9LP2R/q2fzM5yaAfuSB0dO65V1dHeS2FgSj6G4T37j94+Ghru/P4ydNnO93nL85M1WjGR6ySlR7n1HApFB+BAMnHtea0zCU/zy8+tPnzS66NqNQvWNQ8LelMiUIwCp7Kun9ISWHOqLQnLrOJ+22J5AX0E6LFbA5v3OsjIhRkll xyZgmX0stid/2UOLesmXzO7McV7MeD/w3e3mBJ5YdpZ7Vx4jYoSE61b7hRt9pSMhh0sm4vGkbLwHdBvAY9tI7TrHtFphVrSq6ASWrMJI5qSC3VIJjkrkMaw2vKLuiMTzxUtOQmtUt7HX7lmSkuKu2XArxkr1dYWhqzKHOvbM00t3MtuSk3aaA4TK1QdQNcsdVFRSMxVLj9KzwVmjOQCw8o08LPitmcasrA/2hrQnz7yXfBWTKM94fvfu73jt+v7dhCe+gl6qMYHaBj9AWdohFiwV5wEnwNvoU4/BR+D3+spGGwrtlFNyIc/wOEoc5O</latexit>

A(2)
2 = �

Z

~̀
1,~̀2

1

8q(+)
1,0 q

(+)
2,0 q

(+)
12,0

 
1

q(+)
1,0 + q(+)

2,0 + q(+)
12,0 � p0

+
1

q(+)
1,0 + q(+)

2,0 + q(+)
12,0 + p0

!

<latexit sha1_base64="Wu19VBfTfWHS9b39MW3sR5R72/g="></latexit>

Presence of sp
urious si

ngularitie
s

Smooth evaluatio
n of in

tegrands

[Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]
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MLT causal repr.

Sunrise @ all orders

qi = `i , with i 2 {1, . . . , L} , qL+1 = �
LX

i=1

`i � p1 .

<latexit sha1_base64="JLz81npG+ZE6+PCOrS9nhPcK9AA="></latexit>

A(L)
MLT (1, 2, . . . , (L+ 1)�p1) =�

Z

~̀
1,··· ,~̀L

1

xL+1

✓
1

��
1

+
1

�+
1

◆

<latexit sha1_base64="NaZn4fGNybPwC2eoQOkrDHEYv2E="></latexit>

Compact causal repr.

sum over all int. lines

[Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]

�+
1 ! threshold if p1,0 > 0

<latexit sha1_base64="/Zd1wc8L6FICD51SJbSPf9qLyLk=">AAACHHicbVDLSsNAFJ34tr6qLt0MVkFQSuIDdSMFNy4rWBWaWiaTGzt0kgkzN2IJ+RA3/oobF4q4cSH4N05rF74ODBzOOZc79wSpFAZd98MZGR0bn5icmi7NzM7NL5QXl86NyjSHBldS6cuAGZAigQYKlHCZamBxIOEi6B73/Ysb0Eao5Ax7KbRidp2ISHCGVmqXd3xpwyFr515xlW8WPiqf+gi3mGNHg+koGVIR0bXUJrbc4shdK9rlilt1B6B/iTckFTJEvV1+80PFsxgS5JIZ0/TcFFs50yi4hKLkZwZSxrvsGpqWJiwG08oHxxV03SohjZS2L0E6UL9P5Cw2phcHNhkz7JjfXl/8z2tmGB20cpGkGULCvxZFmaSoaL8pGgoNHGXPEsa1sH+lvMM042j7LNkSvN8n/yXn21Vvt7p3ulupHQ7rmCIrZJVsEI/skxo5IXXSIJzckQfyRJ6de+fReXFev6IjznBmmfyA8/4J3mGhKA==</latexit>

��
1 ! threshold if p1,0 < 0

<latexit sha1_base64="dyo7FxLslkxmGY9q3FnfiConXPc=">AAACHHicbVDLSsNAFJ34tr6qLt0MVsGFlsQHKrgouHFZwarQ1DKZ3Nihk0yYuRFLyIe48VfcuFDEjQvBv3Fau/B1YOBwzrncuSdIpTDouh/OyOjY+MTk1HRpZnZufqG8uHRuVKY5NLiSSl8GzIAUCTRQoITLVAOLAwkXQfe471/cgDZCJWfYS6EVs+tERIIztFK7vONLGw5ZO/eKq3yr8FH51Ee4xRw7GkxHyZCKiK6lNrHpFkfuWtEuV9yqOwD9S7whqZAh6u3ymx8qnsWQIJfMmKbnptjKmUbBJRQlPzOQMt5l19C0NGExmFY+OK6g61YJaaS0fQnSgfp9ImexMb04sMmYYcf89vrif14zw+iglYskzRAS/rUoyiRFRftN0VBo4Ch7ljCuhf0r5R2mGUfbZ8mW4P0++S853656u9W9091K7XBYxxRZIatkg3hkn9TICamTBuHkjjyQJ/Ls3DuPzovz+hUdcYYzy+QHnPdP3qWhKA==</latexit>

�±
1 = q(+)

(1,...,L+1),0 ± p1,0

<latexit sha1_base64="Y44e3nUEPeqm/cCaUk+RkZ75V6s="></latexit>

,!q(+)
(1,...,L+1),0 = p1,0

,!q(+)
(1,...,L+1),0 = �p1,0

<latexit sha1_base64="r5pJxXl4RtelJZ4V7CG5WhGm09E="></latexit>

,!q(+)
(1,...,L+1),0 = p1,0

,!q(+)
(1,...,L+1),0 = �p1,0

<latexit sha1_base64="r5pJxXl4RtelJZ4V7CG5WhGm09E="></latexit>

Repr. in terms of causal thresholds

xL+k =
L+kY

i=1

2q(+)
i,0

<latexit sha1_base64="DE1e6pUhRaewxbM3l7tR636A054="></latexit>
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N MLT causal repr.
[W.J.T. (2021)]

Classify loop topologies 

k

NMLT (3 vertices)

A(L)
NMLT =

Z

`1,...,`L

1

xL+2

✓
1

�+
1 �

�
2

+
1

�+
1 �

�
3

+
1

�+
2 �

�
3

+ (�+
i $ ��

i )

◆

=

Z

`1,...,`L

1

xL+2

3X

i,j=1
j 6=i

1

�+
i �

�
j

.

<latexit sha1_base64="HkH5gvVSlbgacHOsCpyuixQQXq4="></latexit>

�±
1 = q(+)

(1,3),0 ± p1,0 ,

�±
2 = q(+)

(1,2),0 ± p2,0 ,

�±
3 = q(+)

(2,3),0 ± p3,0

<latexit sha1_base64="/InKWg5cQOoRQwTMVQkZuWZANmk="></latexit>

Two entangled causal thresholds

Edges  
Vertices
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N MLT causal repr.
[W.J.T. (2021)]

k

N MLT (4 vertices)2

�±
1 = q(+)

(1,4,5),0 ± p1,0 ,

�±
2 = q(+)

(1,2,6),0 ± p2,0 ,

�±
3 = q(+)

(2,3,5),0 ± p3,0 ,

�±
4 = q(+)

(3,4,6),0 ± p4,0 ,

�±
12 = q(+)

(2,4,5,6),0 ± p12,0 ,

�±
13 = q(+)

(1,2,3,4),0 ± p13,0 ,

�±
23 = q(+)

(1,3,5,6),0 ± p23,0 ,

<latexit sha1_base64="yNRYx7h/7DSBcx49uAKqUYRrcwM="></latexit>

all connections between  
vertices & edges!

Three entangled causal thresholds

AN2MLT = �
Z

`1,...,`L

1

xL+3

"
1

�+
12

✓
1

�+
1

+
1

�+
2

◆✓
1

��
3

+
1

��
4

◆
+

1

�+
13

✓
1

�+
1

+
1

�+
3

◆✓
1

��
2

+
1

��
4

◆

+
1

�+
23

✓
1

�+
2

+
1

�+
3

◆✓
1

��
1

+
1

��
4

◆
+
�
�+
i $ ��

i

�
#

<latexit sha1_base64="V+uSIEVOoG1T4czoIwfMPlXZBFw="></latexit>

A(L)

N2MLT
= �

Z

`1,...,`L

1

xL+3

"
1

�+
12

✓
1

�+
1

+
1

�+
2

◆✓
1

��
3

+
1

��
4

◆
+

1

�+
13

✓
1

�+
1

+
1

�+
3

◆✓
1

��
2

+
1

��
4

◆

+
1

�+
23

✓
1

�+
2

+
1

�+
3

◆✓
1

��
1

+
1

��
4

◆
+
�
�+
i $ ��

i

�
#

<latexit sha1_base64="QELfYEubYUv5IgMywG/7Nz4rhz0="></latexit>

Reconstruct integrand from numerical evaluations over finite fields

[von Manteuffel, Schabinger (2015)] 
[Peraro (2016, 2019)] 

[Klappert, Klein, Lange (2020)]

[Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]
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N MLT causal repr.k

N MLT (4 vertices)2

�±
1 = q(+)

(1,4,5),0 ± p1,0 ,

�±
2 = q(+)

(1,2,6),0 ± p2,0 ,

�±
3 = q(+)

(2,3,5),0 ± p3,0 ,

�±
4 = q(+)

(3,4,6),0 ± p4,0 ,

�±
12 = q(+)

(2,4,5,6),0 ± p12,0 ,

�±
13 = q(+)

(1,2,3,4),0 ± p13,0 ,

�±
23 = q(+)

(1,3,5,6),0 ± p23,0 ,

<latexit sha1_base64="yNRYx7h/7DSBcx49uAKqUYRrcwM="></latexit>

all connections between  
vertices & edges!

Three entangled causal thresholds

AN2MLT = �
Z

`1,...,`L

1

xL+3

"
1

�+
12

✓
1

�+
1

+
1

�+
2

◆✓
1

��
3

+
1

��
4

◆
+

1

�+
13

✓
1

�+
1

+
1

�+
3

◆✓
1

��
2

+
1

��
4

◆

+
1

�+
23

✓
1

�+
2

+
1

�+
3

◆✓
1

��
1

+
1

��
4

◆
+
�
�+
i $ ��

i

�
#

<latexit sha1_base64="V+uSIEVOoG1T4czoIwfMPlXZBFw="></latexit>

A(L)

N2MLT
= �

Z

`1,...,`L

1

xL+3

"
1

�+
12

✓
1

�+
1

+
1

�+
2

◆✓
1

��
3

+
1

��
4

◆
+

1

�+
13

✓
1

�+
1

+
1

�+
3

◆✓
1

��
2

+
1

��
4

◆

+
1

�+
23

✓
1

�+
2

+
1

�+
3

◆✓
1

��
1

+
1

��
4

◆
+
�
�+
i $ ��

i

�
#

<latexit sha1_base64="QELfYEubYUv5IgMywG/7Nz4rhz0="></latexit>

[W.J.T. (2021)]
[Aguilera-Verdugo, Hernandez-Pinto, Rodrigo, Sborlini, W.J.T. (2020)]
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[W.J.T. (2021)]

N MLT (5 vertices)3

�±
1 = q(+)

(1,4,5,7),0 ± p1,0 , �±
12 = q(+)

(2,4,5,6,7,8),0 ± p12,0 , �±
24 = q(+)

(1,2,3,4,8,10),0 ± p24,0 ,

�±
2 = q(+)

(1,2,6,8),0 ± p2,0 , �±
13 = q(+)

(1,2,3,4,7,9),0 ± p13,0 , �±
35 = q(+)

(2,3,5,7,8,10),0 ± p35,0 ,

�±
3 = q(+)

(2,3,5,9),0 ± p3,0 , �±
23 = q(+)

(1,3,5,6,8,9),0 ± p23,0 , �±
34 = q(+)

(2,4,5,6,9,10),0 ± p34,0 ,

�±
4 = q(+)

(3,4,6,10),0 ± p4,0 , �±
45 = q(+)

(3,4,6,7,8,9),0 ± p45,0 , �±
25 = q(+)

(1,2,6,7,9,10),0 ± p25,0 ,

�±
5 = q(+)

(7,8,9,10),0 ± p5,0 , �±
14 = q(+)

(1,3,5,6,7,10),0 ± p14,0 , �±
15 = q(+)

(1,4,5,8,9,10),0 ± p15,0 .

<latexit sha1_base64="7/FqROPjmd9Zg/LjIAm6oof0Oog="></latexit>

qi =

8
>>>>>><

>>>>>>:

qi = `i, i = 1, . . . , 6

`1 � `4 � `5 � p1, i = 7

`2 � `1 � `6 � p2, i = 8

`3 � `2 + `5 � p3, i = 9

`4 � `3 + `6 � p4 i = 10

<latexit sha1_base64="qfDclqkvg360eUH7B6tvTMfXYXQ="></latexit>

Four entangled causal thresholds

Direct application of LTD

�14

<latexit sha1_base64="OwUyktIPghKOIHjZhHfJkAzFcVg=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgKiQxtnVXcOOygn1AE8pkMm2HTh7MTIQS+htuXCji1p9x5984aSuo6IGBwznncu+cIOVMKsv6MEpr6xubW+Xtys7u3v5B9fCoK5NMENohCU9EP8CSchbTjmKK034qKI4CTnvB9Lrwe/dUSJbEd2qWUj/C45iNGMFKS57HdTTEw9x258NqzTKvmnXHrSPLtKyG7dgFcRruhYtsrRSowQrtYfXdCxOSRTRWhGMpB7aVKj/HQjHC6bziZZKmmEzxmA40jXFEpZ8vbp6jM62EaJQI/WKFFur3iRxHUs6iQCcjrCbyt1eIf3mDTI2afs7iNFM0JstFo4wjlaCiABQyQYniM00wEUzfisgEC0yUrqmiS/j6KfqfdB3Tds3LW7fWclZ1lOEETuEcbGhAC26gDR0gkMIDPMGzkRmPxovxuoyWjNXMMfyA8fYJBcCRpQ==</latexit>

�12

<latexit sha1_base64="lSoaxzp5DNY8l7LOE4psHP6GIIc=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgKiQxtnVXcOOygn1AE8pkMm2HTh7MTIQS+htuXCji1p9x5984aSuo6IGBwznncu+cIOVMKsv6MEpr6xubW+Xtys7u3v5B9fCoK5NMENohCU9EP8CSchbTjmKK034qKI4CTnvB9Lrwe/dUSJbEd2qWUj/C45iNGMFKS57HdTTEw9x25sNqzTKvmnXHrSPLtKyG7dgFcRruhYtsrRSowQrtYfXdCxOSRTRWhGMpB7aVKj/HQjHC6bziZZKmmEzxmA40jXFEpZ8vbp6jM62EaJQI/WKFFur3iRxHUs6iQCcjrCbyt1eIf3mDTI2afs7iNFM0JstFo4wjlaCiABQyQYniM00wEUzfisgEC0yUrqmiS/j6KfqfdB3Tds3LW7fWclZ1lOEETuEcbGhAC26gDR0gkMIDPMGzkRmPxovxuoyWjNXMMfyA8fYJAraRow==</latexit>

�12

<latexit sha1_base64="lSoaxzp5DNY8l7LOE4psHP6GIIc=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgKiQxtnVXcOOygn1AE8pkMm2HTh7MTIQS+htuXCji1p9x5984aSuo6IGBwznncu+cIOVMKsv6MEpr6xubW+Xtys7u3v5B9fCoK5NMENohCU9EP8CSchbTjmKK034qKI4CTnvB9Lrwe/dUSJbEd2qWUj/C45iNGMFKS57HdTTEw9x25sNqzTKvmnXHrSPLtKyG7dgFcRruhYtsrRSowQrtYfXdCxOSRTRWhGMpB7aVKj/HQjHC6bziZZKmmEzxmA40jXFEpZ8vbp6jM62EaJQI/WKFFur3iRxHUs6iQCcjrCbyt1eIf3mDTI2afs7iNFM0JstFo4wjlaCiABQyQYniM00wEUzfisgEC0yUrqmiS/j6KfqfdB3Tds3LW7fWclZ1lOEETuEcbGhAC26gDR0gkMIDPMGzkRmPxovxuoyWjNXMMfyA8fYJAraRow==</latexit>

�34

<latexit sha1_base64="EfdwqI+5RtkZkQtb1T5ue1m6YLs=">AAAB83icdVDLSsNAFL3xWeur6tLNYBFchSSNbd0V3LisYB/QhDKZTNuhkwczE6GE/oYbF4q49Wfc+TdO2goqemDgcM653DsnSDmTyrI+jLX1jc2t7dJOeXdv/+CwcnTclUkmCO2QhCeiH2BJOYtpRzHFaT8VFEcBp71gel34vXsqJEviOzVLqR/hccxGjGClJc/jOhriYV5z58NK1TKvmnXHrSPLtKyG7dgFcRpuzUW2VgpUYYX2sPLuhQnJIhorwrGUA9tKlZ9joRjhdF72MklTTKZ4TAeaxjii0s8XN8/RuVZCNEqEfrFCC/X7RI4jKWdRoJMRVhP52yvEv7xBpkZNP2dxmikak+WiUcaRSlBRAAqZoETxmSaYCKZvRWSCBSZK11TWJXz9FP1Puo5pu+blrVttOas6SnAKZ3ABNjSgBTfQhg4QSOEBnuDZyIxH48V4XUbXjNXMCfyA8fYJCMyRpw==</latexit>

Overlapped          vs            Entangled

A(L)
N3MLT =

Z

`1,...,`L

1

xL+4

5X

i=1
j=i+1

5X

k=1
l=k+1
k,l 6=i,j

L+
ij L

�
kl .

<latexit sha1_base64="I6itiZLhQAw1u2cwJPSlxav588Q="></latexit>

L±
ij =

1

�±
ij

 
1

�±
i

+
1

�±
j

!
.

<latexit sha1_base64="0rtC8OxjZV2KEpZhq57Ub7Ixe0w="></latexit>

Reconstruct integrand 
—> finite fields

N MLT causal repr.k
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[W.J.T. (2021)]

In general 

Edges  
Vertices

N MLT causal repr.k

All subsets of up-to [n/2] elements

intersection of subsets —> ;

<latexit sha1_base64="S8G4LlS6U11IJHWyeEnzTeYeF10=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSSloseCF48V7Ae2oWy2k3bp7ibsToQQ+i+8eFDEq//Gm//GpM1BWx8MPN6bYWaeHwlu0HG+rdLG5tb2Tnm3srd/cHhUPT7pmjDWDDosFKHu+9SA4Ao6yFFAP9JApS+g589uc7/3BNrwUD1gEoEn6UTxgDOKmfQ4BBlhYgAro2rNqTsL2OvELUiNFGiPql/DcchiCQqZoMYMXCdCL6UaORMwrwxjAxFlMzqBQUYVlWC8dHHx3L7IlLEdhDorhfZC/T2RUmlMIv2sU1KcmlUvF//zBjEGN17KVRQjKLZcFMTCxtDO37fHXANDkWSEMs2zW202pZoyzELKQ3BXX14n3Ubdbdav7pu1VqOIo0zOyDm5JC65Ji1yR9qkQxhR5Jm8kjfLWC/Wu/WxbC1Zxcwp+QPr8wdumJC3</latexit>

,! {{i, j} , {k, l}} ! L+
ijL

�
kl + L�

ijL
+
kl

<latexit sha1_base64="yQp2oGTzicFuXK+OclPgoHWnmpo="></latexit>

dA(L)
N3MLT ⇠

5X

i=1
j=i+1

5X

k=1
l=k+1
k,l 6=i,j

L+
ijL

�
kl .

<latexit sha1_base64="rrNY80cbN81aqCdwEr6gQRZ2scA="></latexit>

summing over all contributionsSame causal repr. w/out LTD !
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[W.J.T. (2021)]

In general 

Edges  
Vertices

N MLT causal repr.k

dA(L)
L+k+1 =

(�1)k+1

xL+k+1
FL+k+1

�
�±
i

�
.

<latexit sha1_base64="VB8bp3ihJmtiAH1N6dFewCRbLMI="></latexit>

All-loop causal representation

loop topology made of k+2 vertices —> N MLTk
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[W.J.T. (2021)]

In general 

Edges  
Vertices

N MLT causal repr.k

dA(L)
L+k+1 =

(�1)k+1

xL+k+1
FL+k+1

�
�±
i

�
.

<latexit sha1_base64="VB8bp3ihJmtiAH1N6dFewCRbLMI="></latexit>

All-loop causal representation

universal structure xL+k =
L+kY

i=1

2q(+)
i,0

<latexit sha1_base64="WCAZxlrayHeii+jTRkbYj/GntgE="></latexit>

depends on # lines

loop topology made of k+2 vertices —> N MLTk
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[W.J.T. (2021)]

In general 

Edges  
Vertices

N MLT causal repr.k

dA(L)
L+k+1 =

(�1)k+1

xL+k+1
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�±
i

�
.
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All-loop causal representation

universal structure xL+k =
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depends on # lines

FL+k =
k+2X

i1⌧iNi
j1⌧jNj

⌦
~j
~i
L+
i1i2...iNi

L�
j1j2...jNj

,
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⌦
~j
~i
=

(
1 If ~i \~j = ;
0 otherwise
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causal thresholds cannot overlap

L±
i1i2...iN

=
1

�±
i1i2...iN

X

j1⌧jN�1

~j⇢~i

L±
j1j2...jN�1

, L±
i1

=
1

�±
i1

.
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loop topology made of k+2 vertices —> N MLTk
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[W.J.T. (2021)]
All-loop order & multiplicity 

Equal # Vertices 
Less # Edges Compute it once and for all

Get causal repr. for free!

Removing 
procedure

�±
1 = q(+)

(1,4,5,7),0 ± p1,0 , �±
12 = q(+)

(2,4,5,6,7,8),0 ± p12,0 , �±
24 = q(+)

(1,2,3,4,8,10),0 ± p24,0 ,

�±
2 = q(+)

(1,2,6,8),0 ± p2,0 , �±
13 = q(+)

(1,2,3,4,7,9),0 ± p13,0 , �±
35 = q(+)

(2,3,5,7,8,10),0 ± p35,0 ,

�±
3 = q(+)

(2,3,5,9),0 ± p3,0 , �±
23 = q(+)

(1,3,5,6,8,9),0 ± p23,0 , �±
34 = q(+)

(2,4,5,6,9,10),0 ± p34,0 ,

�±
4 = q(+)

(3,4,6,10),0 ± p4,0 , �±
45 = q(+)

(3,4,6,7,8,9),0 ± p45,0 , �±
25 = q(+)

(1,2,6,7,9,10),0 ± p25,0 ,

�±
5 = q(+)

(7,8,9,10),0 ± p5,0 , �±
14 = q(+)

(1,3,5,6,7,10),0 ± p14,0 , �±
15 = q(+)

(1,4,5,8,9,10),0 ± p15,0 .

<latexit sha1_base64="7/FqROPjmd9Zg/LjIAm6oof0Oog="></latexit>
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N3MLT =

Z

`1,...,`L

1

xL+4

5X

i=1
j=i+1

5X

k=1
l=k+1
k,l 6=i,j

L+
ij L

�
kl .
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L±
ij =

1

�±
ij

 
1

�±
i

+
1

�±
j

!
.
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[W.J.T. (2021)]
All-loop order & multiplicity 

Equal # Vertices 
Less # Edges Compute it once and for all

Get causal repr. for free!

Removing 
procedure

dA(L�|si|)
NkMLT

= lim
q(+)
si

!0
2q(+)

si dA(L)

NkMLT
,
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[W.J.T. (2021)]
All-loop order & multiplicity 

Less # Vertices 
Less # Edges Compute it once and for all

Get causal repr. for free!
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[W.J.T. (2021)]
All-loop order & multiplicity 

Less # Vertices 
Less # Edges Compute it once and for all

Get causal repr. for free!
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(2,4,5,6,9,10),0 ± p34,0 ,
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(3,4,6,10),0 ± p4,0 , �±
45 = q(+)

(3,4,6,7,8,9),0 ± p45,0 , �±
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(1,2,6,7,9,10),0 ± p25,0 ,

�±
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dAN2MLT = �1

2
lim

s7,s8,s9,s10!0

Y

i2s7[s8[s9[s10

2q(+)
i,0 lim

�±
5 !0

�±
5 dAN3MLT .
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[W.J.T. (w.i.p.)]
All-loop order & multiplicity 

A(L)
F (1, . . . , n) =

Z

`1···`L
N ⇥GF (1, . . . , n)

<latexit sha1_base64="jRUOSR0gvTnRHbW+uPvPt6Hmulw="></latexit>

What about numerators?

qi · qj = q(+)
i · q(+)

j � q(+)
i,0 q(+)

j,0 + qi,0qj,0 ,

<latexit sha1_base64="xzBrWuvitH5XuDSkL+bSVKGgdGI="></latexit>

“pull out” energies

,!N =
RX

i=1

ci

LY

j=1

`
↵ij

j,0 ,

<latexit sha1_base64="hKHHcTAPffe5vnJEBQVMQYqBPw4="></latexit>

make use of poly. div. —> scalar integrands

Application: four gluons @2L
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All-loop order & multiplicity 

A(L)
F (1, . . . , n) =

Z

`1···`L
N ⇥GF (1, . . . , n)

<latexit sha1_base64="jRUOSR0gvTnRHbW+uPvPt6Hmulw="></latexit>

What about numerators?

qi · qj = q(+)
i · q(+)

j � q(+)
i,0 q(+)

j,0 + qi,0qj,0 ,
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“pull out” energies

,!N =
RX

i=1

ci

LY

j=1

`
↵ij

j,0 ,

<latexit sha1_base64="hKHHcTAPffe5vnJEBQVMQYqBPw4="></latexit>

make use of poly. div. —> scalar integrands

Application: four gluons @2L

N =
rankX

r,s

crs `
r
1,0`

s
2,0 , with r, s  4 ^ r + s  6 .
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[W.J.T. (w.i.p.)]
All-loop order & multiplicity 

A(L)
F (1, . . . , n) =

Z

`1···`L
N ⇥GF (1, . . . , n)
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What about numerators?

qi · qj = q(+)
i · q(+)

j � q(+)
i,0 q(+)

j,0 + qi,0qj,0 ,
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“pull out” energies

,!N =
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i=1

ci

LY

j=1

`
↵ij

j,0 ,

<latexit sha1_base64="hKHHcTAPffe5vnJEBQVMQYqBPw4="></latexit>

make use of poly. div. —> scalar integrands

Application: four gluons @2L

= c̃8J{0,0,1,0,0,1,1} + c̃7J{0,0,1,0,1,0,1} + c̃27J{0,0,1,0,1,1,1} + c̃9J{0,0,1,1,0,1,1}
+ c̃22J{0,0,1,1,1,1,1} + c̃3J{0,1,0,0,0,1,1} + c̃4J{0,1,0,0,1,0,1} + c̃25J{0,1,0,0,1,1,1}
+ c̃18J{0,1,0,1,1,1,1} + c̃13J{0,1,1,0,0,1,1} + c̃14J{0,1,1,0,1,0,1} + c̃2J{0,1,1,0,1,1,0}
+ c̃29J{0,1,1,0,1,1,1} + c̃19J{0,1,1,1,0,1,1} + c̃17J{0,1,1,1,1,1,0} + c̃31J{0,1,1,1,1,1,1}
+ c̃6J{1,0,0,0,0,1,1} + c̃5J{1,0,0,0,1,0,1} + c̃26J{1,0,0,0,1,1,1} + c̃16J{1,0,1,0,0,1,1}
+ c̃15J{1,0,1,0,1,0,1} + c̃1J{1,0,1,0,1,1,0} + c̃28J{1,0,1,0,1,1,1} + c̃20J{1,0,1,1,0,1,1}
+ c̃23J{1,0,1,1,1,1,1} + c̃12J{1,1,1,0,0,1,1} + c̃11J{1,1,1,0,1,0,1} + c̃10J{1,1,1,0,1,1,0}
+ c̃30J{1,1,1,0,1,1,1} + c̃21J{1,1,1,1,0,1,1} + c̃24J{1,1,1,1,1,1,1}

<latexit sha1_base64="GdHOpC2W1aY6SNMjkof+QJFK0lw="></latexit>

N =
rankX

r,s

crs `
r
1,0`

s
2,0 , with r, s  4 ^ r + s  6 .

<latexit sha1_base64="c0EEep3XBf2Py1tWCPYyB3TrLxQ="></latexit>



William J. Torres Bobadilla 22

[W.J.T. (w.i.p.)]
All-loop order & multiplicity 
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make use of poly. div. —> scalar integrands

Application: four gluons @2L
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+ c̃18J{0,1,0,1,1,1,1} + c̃13J{0,1,1,0,0,1,1} + c̃14J{0,1,1,0,1,0,1} + c̃2J{0,1,1,0,1,1,0}
+ c̃29J{0,1,1,0,1,1,1} + c̃19J{0,1,1,1,0,1,1} + c̃17J{0,1,1,1,1,1,0} + c̃31J{0,1,1,1,1,1,1}
+ c̃6J{1,0,0,0,0,1,1} + c̃5J{1,0,0,0,1,0,1} + c̃26J{1,0,0,0,1,1,1} + c̃16J{1,0,1,0,0,1,1}
+ c̃15J{1,0,1,0,1,0,1} + c̃1J{1,0,1,0,1,1,0} + c̃28J{1,0,1,0,1,1,1} + c̃20J{1,0,1,1,0,1,1}
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+ c̃30J{1,1,1,0,1,1,1} + c̃21J{1,1,1,1,0,1,1} + c̃24J{1,1,1,1,1,1,1}
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�
c1,4

✓
(p1,0 + p2,0) (p1,0 + p2,0 + 2p3,0)�

⇣
q(+)
1,0

⌘2
+
⇣
q(+)
3,0

⌘2
◆

4p1,0 (p1,0 + p2,0) p3,0
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N =
rankX

r,s

crs `
r
1,0`

s
2,0 , with r, s  4 ^ r + s  6 .

<latexit sha1_base64="c0EEep3XBf2Py1tWCPYyB3TrLxQ="></latexit>



William J. Torres Bobadilla 23

Lotty — The loop-tree duality automation

Dual repr. of multi-loop Feynman integrands 
All-loop causal repr. of scalar Feynman integrands 
Singular structure of any multi-loop topology 
Direct translation to spherical coordinates
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All two-loop Scattering amplitudes

Lotty :: Computes all residues

[W.J.T. (2021)]

https://bitbucket.org/wjtorresb/lotty

Download Lotty from 
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Lotty — The loop-tree duality automation

Dual repr. of multi-loop Feynman integrands 
All-loop causal repr. of scalar Feynman integrands 
Singular structure of any multi-loop topology 
Direct translation to spherical coordinates
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<latexit sha1_base64="flbStFhrxz9OexT1GwBQtKkdX7E="></latexit>

↵1 = {1, 2} ,↵2 = {3, 4} ,↵3 = {5} .

<latexit sha1_base64="IysR9D88D376m2QgsOOmh6tVeeE=">AAACKHicbZDLSsNAFIYnXmu8VV26GSyCixCSXtCNWHDjsoK9QBPCZDpth04uzEyEEvo4bnwVNyKKdOuTOEmzsK0/DPx85xzOnN+PGRXSsubaxubW9s5uaU/fPzg8Oi6fnHZElHBM2jhiEe/5SBBGQ9KWVDLSizlBgc9I15/cZ/XuM+GCRuGTnMbEDdAopEOKkVTIK985iMVj5NnwFjqpbVSdmWMYekGrOa0Z9SVay2kjY6ZXrlimlQuuG7swFVCo5ZU/nEGEk4CEEjMkRN+2YummiEuKGZnpTiJIjPAEjUhf2RAFRLhpfugMXioygMOIqxdKmNO/EykKhJgGvuoMkByL1VoG/6v1Ezm8cVMaxokkIV4sGiYMyghmqcEB5QRLNlUGYU7VXyEeI46wVNnqKgR79eR106madt1sPNYrzXoRRwmcgwtwBWxwDZrgAbRAG2DwAt7AJ/jSXrV37VubL1o3tGLmDCxJ+/kFqDGiBA==</latexit>

All two-loop Scattering amplitudes

Lotty :: Computes all residues

Causal representation

[W.J.T. (2021)]

https://bitbucket.org/wjtorresb/lotty

Download Lotty from 



William J. Torres Bobadilla 23

Lotty — The loop-tree duality automation

Dual repr. of multi-loop Feynman integrands 
All-loop causal repr. of scalar Feynman integrands 
Singular structure of any multi-loop topology 
Direct translation to spherical coordinates

 Lotty

Two-loop kite diagrams

1

2

3

4

5

A(2)
2 =

Z

~̀
1
~̀
2

⇥
GD (1, 2) +GD

�
1, 12

�
+GD

�
2̄, 12

�⇤
,

<latexit sha1_base64="flbStFhrxz9OexT1GwBQtKkdX7E="></latexit>

↵1 = {1, 2} ,↵2 = {3, 4} ,↵3 = {5} .

<latexit sha1_base64="IysR9D88D376m2QgsOOmh6tVeeE=">AAACKHicbZDLSsNAFIYnXmu8VV26GSyCixCSXtCNWHDjsoK9QBPCZDpth04uzEyEEvo4bnwVNyKKdOuTOEmzsK0/DPx85xzOnN+PGRXSsubaxubW9s5uaU/fPzg8Oi6fnHZElHBM2jhiEe/5SBBGQ9KWVDLSizlBgc9I15/cZ/XuM+GCRuGTnMbEDdAopEOKkVTIK985iMVj5NnwFjqpbVSdmWMYekGrOa0Z9SVay2kjY6ZXrlimlQuuG7swFVCo5ZU/nEGEk4CEEjMkRN+2YummiEuKGZnpTiJIjPAEjUhf2RAFRLhpfugMXioygMOIqxdKmNO/EykKhJgGvuoMkByL1VoG/6v1Ezm8cVMaxokkIV4sGiYMyghmqcEB5QRLNlUGYU7VXyEeI46wVNnqKgR79eR106madt1sPNYrzXoRRwmcgwtwBWxwDZrgAbRAG2DwAt7AJ/jSXrV37VubL1o3tGLmDCxJ+/kFqDGiBA==</latexit>

All two-loop Scattering amplitudes

Lotty :: Computes all residues

Causal representation

[W.J.T. (2021)]
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in a nutshell :: Dual & causal representation
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Numerical evaluations

IR safe combination of Feynman integrals in d=4

= �ı

Z
dd`1

(2⇡)d
GF (1, 2, 3, 4) , q2i = (`1 � ki)

2 + ı0

ki = p1 + . . .+ pi�1

<latexit sha1_base64="RYu+GPSXR2QZQtedwjnyLSpKXtM="></latexit>

IR finite integral in d=6

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

�

<latexit sha1_base64="Sup0RgcrLap2bPEZQUcYuFqAbUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3cljLk=</latexit>

�

<latexit sha1_base64="Sup0RgcrLap2bPEZQUcYuFqAbUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3cljLk=</latexit>

�

<latexit sha1_base64="Sup0RgcrLap2bPEZQUcYuFqAbUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3cljLk=</latexit>

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

�

<latexit sha1_base64="Sup0RgcrLap2bPEZQUcYuFqAbUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3cljLk=</latexit>
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<latexit sha1_base64="crTaxretindSuziEAkJglps63Gc="></latexit>

 Lotty

[W.J.T. (2021)]
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Numerical evaluations

IR safe combination of Feynman integrals in d=4
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dd`1

(2⇡)d
GF (1, 2, 3, 4) , q2i = (`1 � ki)

2 + ı0

ki = p1 + . . .+ pi�1

<latexit sha1_base64="RYu+GPSXR2QZQtedwjnyLSpKXtM="></latexit>

IR finite integral in d=6

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

�

<latexit sha1_base64="Sup0RgcrLap2bPEZQUcYuFqAbUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3cljLk=</latexit>

�

<latexit sha1_base64="Sup0RgcrLap2bPEZQUcYuFqAbUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3cljLk=</latexit>

�

<latexit sha1_base64="Sup0RgcrLap2bPEZQUcYuFqAbUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3cljLk=</latexit>

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

�

<latexit sha1_base64="Sup0RgcrLap2bPEZQUcYuFqAbUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3cljLk=</latexit>
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<latexit sha1_base64="MBj8ICXhmJEKiNdX7G1Dkf26ZjY="></latexit>

 Lotty
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Numerical evaluations

IR safe combination of Feynman integrals in d=4

= �ı

Z
dd`1

(2⇡)d
GF (1, 2, 3, 4) , q2i = (`1 � ki)

2 + ı0

ki = p1 + . . .+ pi�1

<latexit sha1_base64="RYu+GPSXR2QZQtedwjnyLSpKXtM="></latexit>

IR finite integral in d=6

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

�

<latexit sha1_base64="Sup0RgcrLap2bPEZQUcYuFqAbUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3cljLk=</latexit>

�

<latexit sha1_base64="Sup0RgcrLap2bPEZQUcYuFqAbUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3cljLk=</latexit>

�

<latexit sha1_base64="Sup0RgcrLap2bPEZQUcYuFqAbUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3cljLk=</latexit>

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

�

<latexit sha1_base64="Sup0RgcrLap2bPEZQUcYuFqAbUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3cljLk=</latexit>
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<latexit sha1_base64="MBj8ICXhmJEKiNdX7G1Dkf26ZjY="></latexit>

 Lotty

Straightforward contour 
deformation @1L 

Richardson extrapolation
[Ronca, W.J.T. (w.i.p.)]

[W.J.T. (2021)]
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Numerical evaluations

IR safe combination of Feynman integrals in d=4

= �ı

Z
dd`1

(2⇡)d
GF (1, 2, 3, 4) , q2i = (`1 � ki)

2 + ı0

ki = p1 + . . .+ pi�1

<latexit sha1_base64="RYu+GPSXR2QZQtedwjnyLSpKXtM="></latexit>

IR finite integral in d=6

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

s t

<latexit sha1_base64="HzHuxCVlzbdrUfHgokkNXwgow2Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBg5REKnosevFYwX5AG8pmu2mXbjZhdyKU0r/gxYMiXv1D3vw3btoctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfJf57SeujYjVI04S7kd0qEQoGMVMMr0L7JcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81hk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophjf+VKgkRa7YYlGYSoIxyR4nA6E5QzmxhDIt7K2EjaimDG08JRuCt/zyKmldVr1a9eqhVqnf5nEU4QRO4Rw8uIY63EMDmsBgBM/wCm9O5Lw4787HorXg5DPH8AfO5w/QOo4Z</latexit>

�

<latexit sha1_base64="Sup0RgcrLap2bPEZQUcYuFqAbUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3cljLk=</latexit>

�

<latexit sha1_base64="Sup0RgcrLap2bPEZQUcYuFqAbUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3cljLk=</latexit>

�

<latexit sha1_base64="Sup0RgcrLap2bPEZQUcYuFqAbUo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGdzO/9YRK81g+mHGCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVW+zOPJwAqdwDh5cQxXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A3cljLk=</latexit>

s t
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Numerical evaluations

IR safe combination of Feynman integrals in d=4

= �ı

Z
dd`1

(2⇡)d
GF (1, 2, 3, 4) , q2i = (`1 � ki)

2 + ı0

ki = p1 + . . .+ pi�1
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Richardson extrapolation
[Ronca, W.J.T. (w.i.p.)]

[W.J.T. (2021)]



William J. Torres Bobadilla 26

Numerical evaluations

QED & QCD/EW  Lotty

[W.J.T. (2021)]

[Driencourt-Mangin, Rodrigo, Sborlini, W.J.T. (2019) x 2]
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Numerical evaluations

On-shell energies

QED & QCD/EW  Lotty

[W.J.T. (2021)]

[Driencourt-Mangin, Rodrigo, Sborlini, W.J.T. (2019) x 2]



William J. Torres Bobadilla 26

Numerical evaluations

On-shell energies

QED & QCD/EW

ri !
1� xi

xi
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Compactify variables

 Lotty

[W.J.T. (2021)]

[Driencourt-Mangin, Rodrigo, Sborlini, W.J.T. (2019) x 2]
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Numerical evaluations

On-shell energies

QED & QCD/EW
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1� xi

xi
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Compactify variables

Check with SecDec 3.0
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Numerical evaluations

 Lotty

[W.J.T. (2021)]

Interesting set of integrals to look at in  d=6

[Divita, Laporta, Mastrolia, Primo, Schubert (2018)]

[Ronca, W.J.T. (w.i.p.)]

= �
Z

dd`1

(2⇡)d
dd`2

(2⇡)d
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O(10’’) per point
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Multi-loop LTD causal representation

In summary 

A(L) (1, 2, . . . , n) =

Z

~̀
1···~̀L

I
⇣
q(+)
i,0

⌘
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Integration in the spatial components 

Z nY

i=1

dq(+)
i,0 I

⇣
q(+)
i,0

⌘
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i,0 =

q
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i +m2

i � ı0

<latexit sha1_base64="FREla26nq6JnhY696ztfnN4pctg="></latexit>
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⌘

<latexit sha1_base64="7j4TKmaN8T5cbDM+UayOIOhcQZE="></latexit>

Rational function in  
Dual repr. of Feynman integrands 
All-loop causal repr. 
Described by loop topologies’ features

Straightforward numerical evaluation

Set dimension and evaluate 
(finite integrand )

Find local UV/IR counter-terms  
Find a repr. for real corrections 
Provide a complete implementation  
in d=4 at NNLO.

Independently of the structure of numerator

Edges  
Vertices

Make of use poly. div —> Groebner basis

Completely automated  code —> Lotty

[Rodrigo, Ronca, Sborlini, W.J.T., Tramontano (w.i.p)]

Pedestrian appl. of all the theory  
developed for LTD
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Rational function in  
Dual repr. of Feynman integrands 
All-loop causal repr. 
Described by loop topologies’ features

Straightforward numerical evaluation

Set dimension and evaluate 
(finite integrand )

Find local UV/IR counter-terms  
Find a repr. for real corrections 
Provide a complete implementation  
in d=4 at NNLO.

Independently of the structure of numerator

Edges  
Vertices

Make of use poly. div —> Groebner basis

Completely automated  code —> Lotty

[Rodrigo, Ronca, Sborlini, W.J.T., Tramontano (w.i.p)]

Pedestrian appl. of all the theory  
developed for LTD

Thanks


