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Want method to be generic (scattering process and perturbative order) and 
competitive, yield new results in reasonable time with limited resources
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All pieces needed to do this are now available

Our objective

Computing cross-sections fully numerically by locally combining real and virtual 
contributions

�(L)
d
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where          is an integrable function, can be MonteCarlo integrated.

That is: Find a representation of perturbative cross-sections in the form
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Local Unitarity: framing the problem

Loop integral

Cutkosky cut

Problem: both integrals are divergent! 
• Collinear divergences 
• Soft divergences 
• Thresholds

Non-integrable

Integrable

Interference diagrams themselves can be represented as integrals of amplitudes

Phase space integral

The coefficients can be represented as a sum of interference diagrams 

A cross-section admits a perturbative expansion when
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Phase space integralsd3~p
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Trees

Integrals

Trees

Loop integrals d4k
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Loops
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Integrable singularities

Infrared singularities Infrared singularities
Final state singularities (FSS)

Initial state singularities (ISS)

Final state radiation (FSR)

Initial state radiation (ISR)

This subdivision hides an inherent simplicity

KLN  
theorem

LTD/cLTD/TOPT 
Causal flow

Integrable singularities
ISS + ISR

IR singularities appear in separate pieces of the computation of LHC observables,  
but not in the final result (IR-safety)

Forcing IR-safety to be realised locally loosens the distinction between phase space 
and loop integrals
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Integrable

 6

Real and virtual contributions

Problem: there is a difference in dimensionality between phase space and loop integrals

d3~p

2|~p|
d3~k

2|~k|
�(|~p|+ |~p� ~k|+ |~k � ~q|�Q0)

<latexit sha1_base64="6X9LvwuurC3ZqozD9x00cbsu8xI="></latexit>

This sum of diagrams is finite in this collinear limit (KLN theorem) 

Real emissionVirtual

Sum over all the Cutkosky cuts of the double triangle is finite in any IR limit

Interference diagram may have a collinear singularity, e.g.
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Loop Tree Duality
The LTD representation allows for explicit integration of the energy components using 
residue theorem 

Z "
MY

m=1

d4km

#
NQ
i Di

=

Z "
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m=1

d3~km

#
fltd
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With this result, both loop and phase space integrals are defined over 3D space 

d3~p

2|~p|
d3~k

2|~k|
�(|~p|+ |~p� ~q|�Q0)

<latexit sha1_base64="fz4BTKYbF+pinHGrPzOxv/Ye/b0="></latexit>

Applying LTD to the interference diagrams, we can bring them under the same integral sign 

Catani, Gleisberg, Krauss, Rodrigo, Winter 

arXiv: 0804.3170 (2008)
Bierenbaum, Catani, Draggiotis, Rodrigo

arXiv: 1007.0194 (2010)

Runkel, Ször, Vesga, Weinzierl

arXiv: 1902.02135 (2019)
ZC, Hirschi, Kermanshah, Ruijl

arXiv: 1906.06138 (2019)

Verdugo, Driencout-Mangin, et al.

arXiv: 2001.03564 (2020)
ZC, Hirschi, Kermanshah, Pelloni, Ruijl

arXiv:  2009.05509  (2020)

Automation of LTD and cLTD (arbitrary loops, topologies, numerators)

=

Z
d3~kd3~p (�(E1 + E2 �Q0)fvirt + �(E1 + E3 + E5 �Q0)freal)

<latexit sha1_base64="b7LFzL2S1w7e4XfPPfzYbxnSZWQ="></latexit>
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Causal flow

The measure now differs only in the delta enforcing on shell energy conservation

Find a variable to solve both deltas. Here the first energy works, in general there is not a 
unique energy that allows that. 

(~p,~k) ! ~�(t, (~p,~k))
<latexit sha1_base64="zOXbp5lxmiGb7vpfZ06qfWWzziU=">AAACJHicbVDLSsNAFJ34rPUVdekmWIQWSkl8oOCm6MZlBfuAJpTJdNIOnTyYuamUkI9x46+4ceEDF278FqdpFtp6YJjDOecyc48bcSbBNL+0peWV1bX1wkZxc2t7Z1ff22/JMBaENknIQ9FxsaScBbQJDDjtRIJi3+W07Y5upn57TIVkYXAPk4g6Ph4EzGMEg5J6+lXZHlOSRGk1u0dpxRZsMAQsRPiQSXY0ZGkZqgvBSk8vmTUzg7FIrJyUUI5GT3+3+yGJfRoA4VjKrmVG4CRYACOcpkU7ljTCZIQHtKtogH0qnSRbMjWOldI3vFCoE4CRqb8nEuxLOfFdlfQxDOW8NxX/87oxeJdOwoIoBhqQ2UNezA0IjWljRp8JSoBPFMFEMPVXgwyxwARUr0VVgjW/8iJpndSs09r53Vmpfp3XUUCH6AiVkYUuUB3dogZqIoIe0TN6RW/ak/aifWifs+iSls8coD/Qvn8ALgmlvQ==</latexit>

(
@t~� = ~ � ~�
~�(0, (~k,~l)) = (~k,~l)
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Why “causal flow”?

Soper, 

arXiv: 9804454 (1998)

Soper, 

arXiv: 0102031 (2001 @ RADCOR)

ZC, Hirschi, Pelloni, Ruijl

arXiv: 2010.01068 (2020)

General FSR cancellations 
For N to M NkLO processesApply same procedure to real…

Solution: introduce a fictitious variable in which to solve the delta

where

Then

https://arxiv.org/abs/hep-ph/9804454
https://arxiv.org/abs/hep-ph/0102031
https://arxiv.org/abs/1906.06138
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can be written as different limits of the same function!

Then

=

Z
d3~pd3~k(gv(t

?
v) + gr(t

?
r ))

<latexit sha1_base64="O+flamE69kZfVKrYsRgPF+p9izY="></latexit>

We have aligned 
 the measure!Then:

Solving delta in the scaling variable       1d residue theorem along the line

LU  
representation

Cutkosky, but at the local level!

 The LTD representation of the double triangle with rescaled momenta is
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We proved cancellations rigorously for FSR singularities. Here we use an example

Monte Carlo 
Integration

Compute analytically 
with FORCER + R*

B. Ruijl, T. Ueda, J. Vermaseren

arXiv: 1704.06650 (2017)
F. Herzog, B. Ruijl

arXiv: 1703.03776 (2017)

Local IR cancellations: 5-loop example
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We did the same for all 3-4-5 loop two-point functions that are finite in scalar theory
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Same procedure is applied to physical case.

Inclusive

This has many forward-scattering diagrams and Cutkosky cuts, e.g.

15 forward-scattering diagrams

O(50) interference diagrams

Only analytic integration  
for UV counter-terms

No IR counter-terms

Matches benchmark 
From MG5_aMC@NLO

Alwall, Frederix, Frixione, Hirschi, Maltoni

arXiv: 1405.0301 (2014)
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So how is it different from the optical theorem?

• We can be differential! 
• The exact same formalism will take care of FSR for generic 2-to-N processes.

Choose any IR-safe observable

For example, we can apply this to 

and be differential in the transverse momentum of the leading jet
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Differential x-section per forward-scattering diagram

Differential case also requires threshold regularisation
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Threshold regularisation

How to prove efficiency and automation: 
test your theory on the most disparate 
topologies!

This is complicated, both theoretically and 
practically, we solved this problem in 

ZC, Hirschi, Kermanschah, Pelloni, Ruijl

arXiv: 1510.00187 (2019)

Gong, Nagy, Soper

arXiv:0812.3686 (2009)

Becker, Reuschle, Weinzierl

arXiv:1010.4187 (2010)

Buchta, Chachamis, et al.

arXiv:1510.00187 (2017)

ZC, Hirschi, Kermanschah, Pelloni, Ruijl

arXiv: 1510.00187 (2019)

~k ! ~k � i
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 ·r⌘i > 0 if ⌘i = 0
<latexit sha1_base64="nchXSb2XvnnnVdqcUWCiF8QpvK4=">AAACGXicbVDLSgNBEJz1bXxFPXoZDIKnsOsDvSiiF48KRoVsCL2TXh0yO7vM9IphyW948Ve8eFDEo578GydxD74KGoqqbrq7okxJS77/4Y2Mjo1PTE5NV2Zm5+YXqotL5zbNjcCGSFVqLiOwqKTGBklSeJkZhCRSeBF1jwb+xQ0aK1N9Rr0MWwlcaRlLAeSkdtUPu5BlEIpOSjzUECngIRK05b7PQ8JbKriMeb8U9/x2tebX/SH4XxKUpMZKnLSrb2EnFXmCmoQCa5uBn1GrAENSKOxXwtxiBqILV9h0VEOCtlUMP+vzNad0eJwaV5r4UP0+UUBibS+JXGcCdG1/ewPxP6+ZU7zbKqTOckItvhbFueKU8kFMvCMNClI9R0AY6W7l4hoMCHJhVlwIwe+X/5LzjXqwWd8+3aodHJZxTLEVtsrWWcB22AE7ZieswQS7Yw/siT17996j9+K9frWOeOXMMvsB7/0T7Eafmg==</latexit> (plus some magnitude constraints)

with

Construct a contour deformation that is causal
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The deformation has to be reliable, 
generic and efficient 

The result must be hyper-parameter 
independent
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Testing the deformation on finite topologies
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Initial state singularities

Diagram be subtracted with counter-terms, which are then computed analytically 

I =

Z
d4k

(2⇡)4
d4l

(2⇡)4
1

k2(k + p1 � p3)2(k + p1)2(k � p2)2

✓
1� k2 + (k + p1 � p3)2

t
� (k + p1)2 + (k � p2)2

s

◆
B

B =

✓
1

l2(k + l)2
� 1

l2(l + p1 + p2)2

◆
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Counter-terms
Anastasiou, Sterman

arXiv: 1812.03753 (2018)

One way to deal with ISS uses local counter-terms

Anastasiou, Sterman

arXiv:1812.03753 (2018)

Anastasiou, Haindl, Sterman, Yang, Zeng

arXiv:2008.12293 (2020)

Yao Ma

arXiv:1910.11304 (2019)

Becker, Reuschle, Weinzierl

arXiv:1010.4187 (2010)

How to regulate Initial state singularities?
Ultimately embedded  

in interference diagram

An example:
Massless
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We can up the difficulty to add many more scales

In the physical regime (s>0), still has thresholds. We use a contour 
deformation

Numerical integration 

Analytic benchmark

e.g.

Finite partMassive
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cross-section
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Local Unitarity is a fully local and generic paradigm

It is particularly suitable to numerical integration!

• Take advantage of the robustness of MonteCarlo methods 

• Full automation underway 

• On the other hand, evaluation speed and convergence constitute important 

challenges

Future 
application:

Tested in multi-loop,  
multi-scale examples 

• FSR regulated by realising KLN locally 

• Thresholds regulated using local deformation 

• ISS regulated with counter-terms 

• Local UV and renormalisation fully automated 

• New theory: KLN for ISS/ISR
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