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Introduction – ZH Production Modes
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Table 8: Summary of the systematic uncertainties in the signal modelling. ‘PS/UE’ indicates parton shower/underlying
event. An ‘M+S’ symbol is used when a shape uncertainty includes a migration e�ect that allows relative acceptance
changes between regions. Instances where an uncertainty is considered independently in di�erent regions are detailed
in parenthesis. Where the size of an acceptance systematic uncertainty varies between regions, a range is displayed.

Signal

Cross-section (scale) 0.7% (@@), 25% (66)
� ! 11̄ branching fraction 1.7%
Scale variations in STXS bins 3.0%–3.9% (@@ ! ,�), 6.7%–12% (@@ ! /�), 37%–100% (66 ! /�)
PS/UE variations in STXS bins 1%–5% for @@ ! +�, 5%–20% for 66 ! /�

PDF+US variations in STXS bins 1.8%–2.2% (@@ ! ,�), 1.4%–1.7% (@@ ! /�), 2.9%–3.3% (66 ! /�)
<11 from scale variations M+S (@@ ! +�, 66 ! /�)
<11 from PS/UE variations M+S
<11 from PDF+US variations M+S
?
+

T from NLO EW correction M+S

parameters (NP), ). Most of the uncertainties discussed in Section 7 are constrained with Gaussian or
log-normal probability density functions. The normalisations of the largest backgrounds, CC̄, , + HF
and / + HF, can be reliably determined by the fit, so they are left unconstrained in the likelihood. The
uncertainties due to the limited number of events in the simulated samples used for the background
predictions are included using the Beeston–Barlow technique [120]. As detailed in Ref. [121], systematic
variations that are subject to large statistical fluctuations are smoothed, and systematic uncertainties that
have a negligible impact on the final results are pruned away region-by-region (treating signal and control
regions separately).

The global likelihood fit comprises 14 signal regions, defined as the 2- and 3-jet categories in the two
high-?+T (150 < ?

+

T < 250 GeV and ?
+

T > 250 GeV) regions for the three channels, and in the medium-?+T
region (75 < ?

+

T < 150 GeV) for the 2-lepton channel. The 28 control regions are also input as event
yields in all fit configurations.

Three di�erent versions of the analysis are studied, which di�er in the distributions input to the fit.

• The nominal analysis, referred to as the multivariate analysis, uses the BDT+ � multivariate
discriminant output distributions as the inputs to the fit. Three di�erent POI configurations are
studied. Firstly, a single-POI fit measures `

11

+ �
, the signal strength that multiplies the SM Higgs

boson +� production cross-section times the branching fraction into 11̄. Secondly, a two-POI fit is
undertaken, which jointly measures the signal strengths of the ,� and /� components. Finally, a
five-POI fit version measures the signal cross-section multiplied by the � ! 11̄ and + ! leptons
branching fractions in the five STXS regions (see Table 4).

• The dÚet-mass cross-check analysis uses the <11 distributions, instead of the BDT+ � distributions,
as inputs to a single-POI fit to measure `

11

+ �
.

• The diboson validation analysis, a measurement of the signal strength of the ,/ and // processes,
uses the BDT+ / output distributions. The SM Higgs boson is included as a background process
normalised to the predicted SM cross-section with an uncertainty of 50%, which conservatively
encompasses the previous measurement and uncertainty [33]. Two POI configurations are evaluated,
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Figure 3: Example of transverse momentum distributions in (a) and (b) and invariant mass
distributions in (c) and (d) for VH production in the SM at the LHC with

p
s = 13 TeV and

MH = 125 GeV; (a,c) Comparison of W
+
H (green), W

�
H (blue) and ZH production (red)

created with MCFM 8.0.1; (b,d) Comparison of full ZH (red), gluon-induced (magenta)
and bottom-induced ZH (cyan) production. All results are obtained at O(↵2

s), apart from
bb̄ ! ZH which is calculated at LO.
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Overview of pp → ZH

HAWK (NLO QCD + NLO EW)
Denner, Dittmaier, Kallweit, Mück 14

vh@nnlo (NNLO QCD + NLO EW)
Harlander, Klappert, Liebler, Simon 18;  
Brein, Harlander, Zirke 12

Drell-Yan piece ( )NNLO
Brein, Djouadi, Harlander 03; 
Ferrera, Grazzini, Tramontano 14;  
See also: Kumara, Mandal, Ravindran 14

Available in various codes:

GENEVA (NNLL′+NNLO with PS)
Alioli, Broggio, Kallweit, Lim, Rottoli 19
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"(α2
s ): DY, GF

LO: bb̄

Harlander, 
Klappert, 
Liebler, 
Simon 18

Gluon-fusion piece   piece ( )bb̄ NNLO
H

G0

Z
Z Z

H H

Ahmed, Ajjath, Chen, Dhani, 
Mukherjee, Ravindran 19 

+  piece with closed top loops (1-3%)qq̄

b

b̄

MCFM (NNLO QCD)
Campbell, Ellis, Williams 16

ZH production modes
[Harlander, Klappert, Liebler, Simon 18]

NNLO:
Brein, Djouadi, Harlander 03 

NNLO
Ahmed, Ajjath, Chen, Dhani,
Mukherjee, Ravindran 19

quark-initiated production
known with high accuracy:

Gluon-induced production:
• Contribution to to total cross section ~10%
• Large scale uncertainties 

NNLO: Brein, Harlander, Wiesemann, Zirke; Ferrera, Grazzini, Somogyi, 
Tramontano; Campbell, Ellis, Williams; Gauld, Gehrmann-De Rideer, 
Glover, Huss, Majer
NLO EW(+QCD): Ciccolini, Denner, Dittmaier, Kallweit, Krämer, 
Mück; Granata, Lindert, Oleari, Pozzorini; Obul, Dulat, Hou, Tursun,
Yulkun
+ parton shower, resummation, …
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ZH in Gluon Fusion

Full leading order  (loop induced)
Dicus, Kao 88; Kniehl 90

NLO in the limit of    (            ) 
(asymptotic expansion)

mt → ∞

Altenkamp, Dittmaier, Harlander, H. Rzehak, Zirke 12

NLO expansion around large top quark mass

Hasselhuhn, Luthe, Steinhauser 17
(  ) + Padé approx1/m8

t

NLO expansion around small top quark mass

Davies, Mishima, Steinhauser  20

H

G0

Z
Z Z

H H

K ≈ 2

(  &  ) + Padé approx1/m10
t m32

t

Virtual Correction:

Full numerical result
Chen, Heinrich, SPJ, Kerner, Klappert, Schlenk 20
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Leading Order
[Dicus, Kao 88; Kniehl 90] 

NLO in               limit
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mt ! 1

Improved virtual corrections via expansions:
• in large     , up to         , improved by Padé approx.

[Hasselhuhn, Luthe, Steinhauser 17] 
• in small and large     , up to                  + Padé approx.

[Davies, Mishima, Steinhauser 20]
• in small up to 

[Alasfar, Degrassi, Giardino, Gröber, Vitti 21]
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Introduction – ZH in Gluon Fusion
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Figure 1: Diagrams contributing to gg ! ZH at leading order. Diagrams related by

crossings are not shown.

The leading order amplitude can be expressed in terms of seven form factors [11] con-

taining one-loop three- and four-point functions. Some of the form factors can be

related by crossing p1 $ p2 such that only four form factors remain to be calculated.

However we choose not to express our amplitude in terms of these form factors, as will

be explained in Section 2.1.1.

In the mt ! 1 limit the amplitude simplifies considerably and is given by [16]

M0 = �
↵s↵

sin2
✓w cos2 ✓w mZ

�
ab
✏("1, "2, p1, p2)

p4 · "
⇤
Z

s
, (2.3)

where ✏ is the totally antisymmetric Levi-Civita symbol with ✏(a, b, c, d) ⌘ ✏
µ⌫⇢�

aµb⌫c⇢d�

and "1, "2 are the polarisation vectors of the incoming gluons, carrying colour indices

a and b, while "
⇤
Z
is the polarisation vector of the outgoing Z-boson. The spin- and

colour-averaged Born matrix element then can be written as

|M0|
2 =

↵
2
s
↵
2

256 sin4
✓w cos4 ✓wm4

Z

�(s,m2
Z
,m

2
H
) , (2.4)

where � denotes the Källén function, �(a, b, c) = a
2 + b

2 + c
2
� 2ab � 2ac � 2bc.

We calculate using conventional dimensional regularisation (CDR) with D = 4 � 2✏.

For the treatment of �5 within dimensional regularisation we use the ’t Hooft–Veltman

scheme [43, 44] in the variant of Refs. [45, 46], i.e. we use

�5 =
i

4!
✏µ⌫⇢��

µ
�
⌫
�
⇢
�
�
,

1

2
(�µ�5 � �5�µ) =

i

3!
✏µ⌫⇢��

⌫
�
⇢
�
� (2.5)

and add finite renormalisation terms to restore chiral symmetry in the massless quark

limit, see Section 2.2.3. The contraction of two ✏-symbols leads to linear combinations

of metric tensors which are treated as D-dimensional.

– 4 –
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LO

only top-quark contributing triangle contributions vanish for mass-degenerate quark doublets
à contributions by b- and t-quark

NLO virtual

Schematically: 

Amplitudes

+
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Rational functions 
Large num. terms/ high degree 
Handled with specialist symbolic 
manipulation programs

Feynman integrals 
Analytically: Involved special functions 
(Polylogs, Elliptic…) 

In this work, we will compute them 
numerically

ℳμνρ = ∑
i

AiTμνρ
i , Ai = ∑

k
Ci,k Ik

10

ℳμνρ ∼

13

Diagrams: gg → ZH

H

G0

Z
Z Z

H H

Leading Order (1-loop) Diagrams

Box Triangle Goldstone

NLO Order (2-loop) Virtual Diagrams

t t, b t

Box
Triangle & 
Goldstone

1PR 
(start at 2-loop)

We compute in Feynman Gauge 

Keep the dependence on all EW 
couplings symbolic (can be varied)  

Set  mb = 0
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We calculated the full 2-loop amplitude • using numerical evaluation of loop integrals
• treating bottom quark as massless
• with full dependence on 
• using Larin’s prescription of 
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Computation Strategy

Virtual Amplitude
1. Apply Feynman rules, using linear polarizations,

map loop integrals to integral families

2. Reduce 2-loop integrals to minimal set of masters

3. Integrate master integrals numerically
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Tools used:
QGraf [Nogueira], Reduze [von Manteuffel, Studerus]
GoSam-XLoop [Heinrich, Jahn, Jones, MK, Schlenk et.al.]

Kira [Klappert, Lange, Maierhöfer, Usovitsch]
Firefly [Klappert, Lange]

pySecDec, qmc
[Borowka, Heinrich, Jahn, Jones, MK, Schlenk]

Full NLO results 
(work in progress)
• Phase-space sampling of virtual amplitude

based on unweighted events (LO)
• Use high-energy expansion for large pT

[Davies, Mishima, Steinhauser 19]
• Add real radiation using matrix elements generated by GoSam [Cullen et.al.]



Polarized Amplitudes
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Polarization vectors can be constructed from
external momenta [L. Chen 19]

logarithms and logarithms which are important at low transverse momentum of the

V H pair have been considered up to N3LL in Ref. [40] and have been found to be

very close to the fixed order NNLO result. The process bb̄ ! ZH in the five-flavour

scheme, but with a non-vanishing bottom-quark Yukawa coupling, has been calculated

in the soft-virtual approximation at NNLO QCD in Ref. [41], the polarised qq̄ ! ZH

two-loop amplitudes have been calculated in Ref. [42].

In this paper, we calculate the two-loop virtual corrections to the process gg ! ZH,

including massive top quarks in the loops. We focus on the description of the calculation

and display numerical results for the two-loop amplitudes. A phenomenological study

based on these results is postponed to a subsequent publication. The structure of this

work is as follows. In Section 2 we describe details of the calculation such as the integral

families, our projection operators, the reduction to master integrals and the evaluation

of the master integrals. In Section 3 we show results for the finite part of the virtual

amplitude, for some benchmark points as well as in terms of two-dimensional grids,

before we conclude in Section 4.

2 Details of the calculation

2.1 Amplitude definition

We consider the process

g(p1) + g(p2) ! Z(p3) +H(p4), (2.1)

with p
2
1 = p

2
2 = 0, p23 = m

2
Z
and p

2
4 = m

2
H
. The Mandelstam invariants are defined by

s = (p1 + p2)
2
, t = (p2 � p3)

2
, u = (p1 � p3)

2
, (2.2)

with s + t + u = m
2
Z
+ m

2
H
. The diagrams contributing to the process (2.1) at lead-

ing order are shown in Fig. 1. In our calculation we use the ’t Hooft-Feynman gauge,

therefore the diagram involving the exchange of a would-be Goldstone boson G0 needs

to be taken into account. We treat all quarks except the top-quark as massless, there-

fore only top-quark loops contribute in those diagrams where the Higgs boson couples

directly to the fermion loop. The e↵ect of a finite bottom quark mass on the total LO

cross section is at the per mille level [17].

In the triangle diagrams, only the axial vector part of the Z-boson coupling contributes

due to Furry’s theorem. In addition, the massless quark contributions cancel in each

isospin doublet, such that only the third generation of quarks give a non-zero contri-

bution for this class of diagram.

– 3 –

2.1.1 Tensor structures and projection to a basis of linear polarisations

We define the tensor amplitude Aµ1µ2µ3 by extracting the polarisation vectors from the

amplitude of process (2.1),

A = "
µ1
�1
(p1) "

µ2
�2
(p2) ("

µ3
�3
(p3))

?
Aµ1µ2µ3 , (2.6)

where the "µi
�i

denote the polarisation vectors. The Lorentz tensor structures appearing

in the amplitude Aµ1µ2µ3 were discussed in Ref. [11]. However, we do not use form

factors related to these Lorentz structures here, but rather use projections based on the

momentum-basis representations of the linear polarisation vectors of external particles

as suggested in Ref. [47]. We also use the fact that only one axial current is involved

in the QCD corrections to this amplitude, therefore all relevant Lorentz structures

contain only a single Levi-Civita symbol. In addition, conditions such as transversality

and Bose symmetry regarding the two external gluons further constrain the possible

Lorentz structures.

Following the procedure of Ref. [47], we define the following normalised linear polari-

sation vectors, where the frame that has been used is shown in Fig. 2,

"
µ

x
= Nx (�s23p

µ

1 � s13p
µ

2 + s12p
µ

3) ,

"
µ

y
= Ny

�
✏
µ

µ1 µ2 µ3
p
µ1
1 p

µ2
2 p

µ3
3

�
,

"
µ

T
= NT

��
�s23(s13 + s23) + 2m2

Z
s12

�
p
µ

1 +
�
s13(s13 + s23) � 2m2

Z
s12

�
p
µ

2

+s12(�s13 + s23) p
µ

3 ) ,

"
µ

l
= Nl

�
�2m2

Z
(pµ1 + p

µ

2) + (s13 + s23) p
µ

3

�
, (2.7)

with s12 ⌘ 2p1 · p2 = s , s13 ⌘ 2p1 · p3 = s + t � m
2
H
, s23 ⌘ 2p2 · p3 = m

2
Z

� t.

The normalisation factors Ni for i 2 {x, y, T, l}, associated with each of these space-

like polarisation vectors in Eq. (2.7), can be determined from their (negative) norm

squares "2
i
, i.e. Ni = 1/

p
�"

2
i
, which we choose to include only at the very end of the

calculation.

The physical meaning of these vectors is apparent in the center-of-mass frame of p1
and p2, where the beam axis determined by {~p1, ~p2} is taken as the z-axis and the

plane determined by {~p1, ~p3} defines the x-O-z plane, as illustrated in Fig. 2. Then

the polarisation vector "x is orthogonal to the beam axis and lies within the x-O-z

plane, while "y is perpendicular to this plane. The vector "T lies within the x-O-z

plane but points to a direction orthogonal to ~p3, and "l, the longitudinal polarisation

of the Z-boson, points along the direction of ~p3 in the center-of-mass frame.

Our projectors are given by products of three linear polarisation vectors,

"
µ1
i
"
µ2
j
"
µ3
k

with i , j 2 {x, y} and k 2 {T, y, l}, (2.8)
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A = "
µ1
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(p1) "

µ2
�2
(p2) ("

µ3
�3
(p3))

?
Aµ1µ2µ3 , (2.6)

where the "µi
�i

denote the polarisation vectors. The Lorentz tensor structures appearing

in the amplitude Aµ1µ2µ3 were discussed in Ref. [11]. However, we do not use form

factors related to these Lorentz structures here, but rather use projections based on the

momentum-basis representations of the linear polarisation vectors of external particles

as suggested in Ref. [47]. We also use the fact that only one axial current is involved

in the QCD corrections to this amplitude, therefore all relevant Lorentz structures

contain only a single Levi-Civita symbol. In addition, conditions such as transversality
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Lorentz structures.

Following the procedure of Ref. [47], we define the following normalised linear polari-
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µ

x
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µ
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µ
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µ
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µ

y
= Ny

�
✏
µ

µ1 µ2 µ3
p
µ1
1 p

µ2
2 p

µ3
3

�
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"
µ

T
= NT

��
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�
p
µ
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Z
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�
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µ

2
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µ
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µ

l
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�
�2m2

Z
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µ
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µ

3

�
, (2.7)

with s12 ⌘ 2p1 · p2 = s , s13 ⌘ 2p1 · p3 = s + t � m
2
H
, s23 ⌘ 2p2 · p3 = m

2
Z

� t.
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i
, i.e. Ni = 1/

p
�"

2
i
, which we choose to include only at the very end of the

calculation.
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plane, while "y is perpendicular to this plane. The vector "T lies within the x-O-z

plane but points to a direction orthogonal to ~p3, and "l, the longitudinal polarisation

of the Z-boson, points along the direction of ~p3 in the center-of-mass frame.

Our projectors are given by products of three linear polarisation vectors,

"
µ1
i
"
µ2
j
"
µ3
k

with i , j 2 {x, y} and k 2 {T, y, l}, (2.8)
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{"x, "y} · {p1, p2} = 0, {"y, "T , "l} · p3 = 0, "2i = �1

such that

choose

Can be used as polarization vectors of gluons and Z, respectively 

Figure 2: The coordinate system in the center-of-mass frame of the two incoming

gluons.

which are further re-written solely in terms of external momenta and the Levi-Civita

symbol, all with D-dimensional Lorentz indices. However, only the six projectors with

an odd number of Levi-Civita symbol, i.e. an odd number of "y, are relevant for

the process (2.1). This is because there are only three linearly independent external

momenta in Aµ1µ2µ3 and all Lorentz structures appearing in the amplitude contain a

Levi-Civita symbol. Concretely, the six projectors we use for Aµ1µ2µ3 are given by

P
µ1µ2µ3
1 = "

µ1
x
"
µ2
x
"
µ3
y
, P

µ1µ2µ3
2 = "

µ1
x
"
µ2
y
"
µ3
T
,

P
µ1µ2µ3
3 = "

µ1
x
"
µ2
y
"
µ3
l
, P

µ1µ2µ3
4 = "

µ1
y
"
µ2
x
"
µ3
T
,

P
µ1µ2µ3
5 = "

µ1
y
"
µ2
x
"
µ3
l
, P

µ1µ2µ3
6 = "

µ1
y
"
µ2
y
"
µ3
y
. (2.9)

The projections made with P
µ1µ2µ3
4 and P

µ1µ2µ3
5 are related to those with P

µ1µ2µ3
2 and

P
µ1µ2µ3
3 , respectively, through crossing of p1 and p2. Therefore we only need to compute

four projections in total. Note that all open Lorentz indices in Eq. (2.9) are understood

to be D-dimensional, and pairs of Levi-Civita symbols in P
µ1µ2µ3
6 need to be contracted

before being used for the projection of the amplitude (see Ref. [47] for a more detailed

discussion).

From the point of view of a form factor decomposition, the set of linear-polarisation

projectors in Eq. (2.9) represent precisely the Lorentz tensor decomposition basis in

use. This is a consequence of the orthogonality of the projectors (although the linear

completeness is in general only ensured in the 4-dimensional limit [41, 47]).

This projection defines six quantities

An ⌘ P
µ1µ2µ3
n

Aµ1µ2µ3 (n = 1, . . . , 6). (2.10)

The physical interpretation of the quantities An as linearly polarised amplitudes o↵ers

us a convenient short-cut to transform to a helicity basis defined w.r.t the same reference
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frame. The usual helicity amplitudes for the process (2.1) can be constructed from the

linear ones, using the relations

"
µ1
± (p1) =

1p
2

�
"
µ1
x

± i"
µ1
y

�
,

"
µ2
± (p2) =

1p
2

�
"
µ2
x

⌥ i"
µ2
y

�
,

"
µ3
± (p3) = 1p

2

�
"
µ3
T

± i"
µ3
y

�
(2.11)

and the longitudinal polarisation of the Z-boson is given by "
µ3
l

in Eq. (2.7).

2.1.2 Kinematics

The kinematic invariants in terms of the scattering angle ✓ between the beam axis and

~p3 in the centre-of-mass frame are given by

t = �
1

2

✓
s � m

2
Z

� m
2
H
+ cos ✓

q
�(s,m2

Z
,m

2
H
)

◆
,

u = �
1

2

✓
s � m

2
Z

� m
2
H

� cos ✓
q
�(s,m2

Z
,m

2
H
)

◆
, (2.12)

where �(s,m2
Z
,m

2
H
) = (s � (mZ +mH)2) (s � (mZ � mH)2) is the Källén function.

Defining m+ = mZ + mH ,m� = mZ � mH and �
2
ZH

=
⇣
1 �

m
2
+

s

⌘⇣
1 �

m
2
�
s

⌘
, we can

also write

t =
1

2

�
m

2
Z
+m

2
H

�
�

s

2
(1 + �ZH cos ✓) ,

u =
1

2

�
m

2
Z
+m

2
H

�
�

s

2
(1 � �ZH cos ✓) . (2.13)

The limit �ZH ! 1 corresponds to s � m
2
+,m

2
�. In the forward scattering region

✓ ! 0, if in addition �ZH ! 1 is fulfilled, we have |t| � |u|. Analogously, for ✓ ! ⇡

and �ZH ! 1, the ratio t/u is very small.

The virtual amplitude has a threshold at s = 4m2
t
, therefore it is also useful to define

�t =
s � 4m2

t

s+ 4m2
t � 2(mZ +mH)2

, (2.14)

such that �1  �t  1 with �t = �1 for s = smin = (mZ + mH)2, �t = 0 at the top

quark pair production threshold s = 4m2
t
and �t ! 1 for s ! 1.

For 2 ! 2 kinematics, the transverse momentum pT of the Higgs- or Z-boson (with

~p
H

T
= �~p

Z

T
), fulfils 0  pT 

p
�/(2

p
s) and s p

2
T
= tu�m

2
Z
m

2
H
. Therefore, in the high

energy limit, p2
T

! s (1 � cos2 ✓).
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6 polarization configurations:



Integral Reduction

Use Integration-by-Parts Identities [Chetyrkin, Tkachov; Laporta] 
to express appearing 2-loop integrals in terms of master integrals.

∼13.000 unreduced integrals à 452 masters

Reduction is quite challenging, can be simplified by fixing mass ratios
à Eliminates 2 of the 5 mass scales 

Obtained using the programs: 
– Kira [Klappert, Lange, Maierhöfer, Usovitsch]

– Firefly [Klappert, Klein, Lange]

à uses finite-field methods to avoid large intermediate expressions
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s, t, mt, mZ , mH

à Talk by Johann Usovitsch



Choice of Master Integrals

• Use a (quasi-)finite basis of master integrals [von Manteuffel, Panzer, Schabinger 14]

– Simplifies numerical evaluation of integrals
– Poles in ɛ only in coefficients
– Requires integrals in shifted dimensions [Bern, Dixon, Kosower 92; Tarasov 96; Lee 10]

5/20/21 ZH production in gluon fusion, Matthias Kerner 8

(6�2✏)

(s, t) 280 s 1.00⇥ 10�3

(4�2✏)

(s, t) 214135 s 8.29⇥ 10�3

(6�2✏)

(s, t) 294 s 1.21⇥ 10�3

(4�2✏)

(s, t) 3484378 s 30.9

(4�2✏)

(s) 91 s 3.76⇥ 10�4
(4�2✏)

(s) 87 s 3.76⇥ 10�4

(6�2✏)

(s) 17 s 5.15⇥ 10�4

(4�2✏)

(s) 20 s 1.95⇥ 10�4

(6�2✏)

(s) 119 s 2.32⇥ 10�3

(4�2✏)

(s) 118 s 2.12⇥ 10�3

Total/Max: 3995 s 5.84⇥ 10�3 Total/Max: 5136862 s 30.9

Table 2: Numerical performance of finite and conventional integral bases for two-loop

mixed EW-QCD corrections to Drell-Yan lepton production in the physical region using

SecDec 3. For each integral in the above, the run time is given in seconds and the fractional

di↵erence from the analytical solution is given for the expansion coe�cient which first gives

rise to weight four multiple polylogarithms. In the final row of the table, total run times

and worst-case relative accuracies are recorded for both integral bases.

We find that, in several other cases, significantly more mileage can be squeezed out of

publicly available sector decomposition programs simply by working with a well-behaved,

finite integral basis. As a second example, we present the evaluation of three-loop form

factors in massless QCD in Appendix A. We employ the other publicly available program

under active development, FIESTA 4, and observe dramatic gains in both speed and nu-

merical convergence when using a basis of finite integrals.

5 Conclusions and Outlook

In this paper, we considered the two-loop integrals relevant to the ↵↵s corrections to Drell-

Yan production with up to a single massive vector boson exchanged. As a reference, we cal-

culated their Laurent expansion through to weight five in terms of multiple polylogarithms

using the method of di↵erential equations. Our representation in terms of real-valued func-

tions allows for fast and precise numerical evaluations over the entire physical region of the

phase space. We found it challenging to even check our analytical solutions using available

sector decomposition programs. Employing a basis of finite integrals systematically im-

proved the situation and rendered all integrals numerically accessible with SecDec 3, both

in Euclidean and physical kinematics. Order of magnitude improvements both in program

run time and integration error were also found for massless three-loop form factor integrals

using FIESTA 4 when using finite instead of conventional master integrals. For the finite

integrals, we allowed for shifts to higher numbers of spacetime dimensions and additional

– 14 –

[von Manteuffel, Schabinger 17]

run time rel. error

finite 
integrals



Choice of Master Integrals

• Use a (quasi-)finite basis of master integrals [von Manteuffel, Panzer, Schabinger 14]

• Further improvements of integral basis to achieve:
(by trying different basis choices for each sector)
- d-dependence factorizes from kinematic dependence 

in denominators of reduction coefficients
[Smirnov, Smirnov `20; Usovitsch `20]

- simple denominator factors D1, D2

- avoid poles in coefficients of integrals in top-level sectors as far as possible
- small file-size of reductions

5/20/21 ZH production in gluon fusion, Matthias Kerner 9
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N(s, t, d)

D1(d)D2(s, t)

à Some spurious poles & cancellations between integrals can be avoided
à Reduced File sizes of expressions

- Amplitude: factor of 5 improvement
- Largest coefficient (double-tadpole): 150 MB à 5 MB



Numerical evaluation of loop integrals with pySecDec
[Borowka, Heinrich, Jahn, Jones, MK, Langer, Magerya, Põldaru, Schlenk, Villa]

• Sector decomposition  [Binoth, Heinrich 00]
factorizes overlapping singularities

• Subtraction of poles & expansion in 𝞮
• Contour deformation [Soper 00; Binoth et.al. 05,

Nagy, Soper 06; Borowka et al. 12]

à Finite integrals at each order in 𝞮
à Numerical integration possible
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Sector Decomposition

• sector decomposition
Binoth, Heinrich 00

y

x

−→ + −→(2)

(1)

+

y

x

t

t

Figure 1: Sector decomposition schematically.

+

∫ 1

0
dy y−1−(a+b)ε

∫ 1

0
dt t−1−aε

(

1 + (1 − y) t
)−1

. (2)

We observe that the singularities are now factorised such that they can be read off
from the powers of simple monomials in the integration variables, while the polynomial
denominator goes to a constant if the integration variables approach zero. The same
concept will be applied to N -dimensional parameter integrals over polynomials raised
to some power, where the procedure in general has to be iterated to achieve complete
factorisation.

3 The algorithm for multi-loop integrals

3.1 Feynman parameter integrals

A general Feynman graph Gµ1...µR

l1...lR
in D dimensions at L loops with N propagators

and R loop momenta in the numerator, where the propagators can have arbitrary, not
necessarily integer powers νj , has the following representation in momentum space:

Gµ1...µR

l1...lR
=

∫ L
∏

l=1

dDκl
kµ1

l1
. . . kµR

lR
N∏

j=1
P

νj

j ({k}, {p}, m2
j)

dDκl =
µ4−D

iπ
D
2

dDkl , Pj({k}, {p}, m2
j) = (q2

j − m2
j + iδ) , (3)

where the qj are linear combinations of external momenta pi and loop momenta kl.
Introducing Feynman parameters according to

1
∏N

j=1 P
νj

j

=
Γ(Nν)

∏N
j=1 Γ(νj)

∫ ∞

0

N
∏

j=1

dxj x
νj−1
j δ

(

1 −
N

∑

i=1

xi

) 1
[
∑N

j=1 xjPj

]Nν
, (4)

where Nν =
N

∑

j=1

νj , leads to

Gµ1...µR

l1...lR
=

Γ(Nν)
∏N

j=1 Γ(νj)

∫ ∞

0

N
∏

j=1

dxj x
νj−1
j δ

(

1 −
N

∑

i=1

xi

)
∫

dDκ1 . . .dDκL

kµ1

l1
. . . kµR

lR





L
∑

i,j=1

kT
i Mij kj − 2

L
∑

j=1

kT
j · Qj + J + i δ





−Nν

, (5)

4

Z 1

0
dx1

Z 1

0
dx2

1

(x1 + x2)2+"

=

Z 1

0
dx1

Z 1

0
dx2

1

(x1 + x2)2+"
[✓(x1 � x2) + ✓(x2 � x1)]

=

Z 1

0
dx1

Z x1

0
dx2

1

(x1 + x2)2+"
+

Z 1

0
dx2

Z x2

0
dx1

1

(x1 + x2)2+"

=

Z 1

0
dx1

Z 1

0
dt

x1

(x1 + tx1)2+"
+

Z 1

0
dx2

Z 1

0
dt

1

x1+"
2 (1 + t)2+"

overlapping singularities

singularities factorized

• subtraction of poles
Z 1

0
dxx�1�"g(x, ") = �1

"
g(0, ") +

Z 1

0
dxx�1�" (g(x, ")� g(0, "))

• expansion in ɛ

→ finite integrals for each order in ɛ → numeric integration possible

→ finite

Loop Integrals – Sector Decomposition
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New release (coming soon…)
à Talk by Emilio Villa

- expansion by regions
- evaluation of linear combinations of integrals, 

with automated optimization of sampling points
per sector

- automated reduction of contour-def. parameter
- automatically adjusts FORM settings

pySecDec integral libraries can be directly linked to amplitude code

Available at
github.com/gudrunhe/secdec

http://github.com/gudrunhe/secdec


Numerical Integration I 
Quasi-Monte Carlo integration using rank-1 shifted lattice rule
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I[f ] ⇡ Ik =
1

N
·

NX

i=1

f(xi,k), xi,k =

⇢
i · z
N

+�k

�

<latexit sha1_base64="RfRVUQl9CfZmZywFGRgN70/ZgPw="></latexit><latexit sha1_base64="RfRVUQl9CfZmZywFGRgN70/ZgPw="></latexit><latexit sha1_base64="RfRVUQl9CfZmZywFGRgN70/ZgPw="></latexit><latexit sha1_base64="RfRVUQl9CfZmZywFGRgN70/ZgPw="></latexit>

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

z

n

�0

Fig. 1. (Left panel) A d = 2 dimensional R1SL with n = 55 points, generating
vector z = (1, 34) and random shift �0. (Right panel) A R1SL produced with three
additional random shifts, as used to estimate the mean-square error.

The rank of the rule denotes the minimal number of generating vectors re-
quired to generate the lattice rule. In this work we will consider only rank-1
lattices i.e. those generated by a single generating vector. The estimate of the
integral depends on the number of lattice points n and the number of random
shifts m. The shift vectors �k 2 [0, 1)d are d-dimensional vectors with compo-
nents consisting of independent, uniformly distributed random real numbers
in the interval [0, 1). The generating vector z 2 Zd is a fixed d-dimensional
vector of integers coprime to n. The curly brackets indicate that the fractional
part of each component is taken, such that all arguments of f remain in the
interval [0, 1).

A reliable estimate of the integral can be obtained even without random shifts
provided that the lattice is su�ciently large, however, the random shifts allow
the remaining error to be estimated. More precisely, an unbiased estimate of
the mean-square error can be obtained from the random shifts of the lattice
according to

�
2
n,m

[f ] ⌘ Var[Q̄n,m[f ]] ⇡
1

m(m� 1)

m�1X

k=0

(Q(k)
n
[f ]� Q̄n,m[f ])

2
. (3)

In typical applications only 10-20 random shifts are required to obtain a reli-
able estimate of the error.

In Figure 1 an example shifted lattice is shown. In the left panel a single
lattice is displayed, the zeroth point is shifted from the origin by the random
shift vector �0 and further points are generated by adding z/n and wrapping
back into the unit square as necessary, the lattice displayed contains a total of
n = 55 points. In the right panel three additional shifted lattices are displayed,
they are generated by shifting the original lattice and can be used to produce
an estimate of the integration error as described above.
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fractional part (→ )

randomized shifts
→ different estimates of Integral:
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generating vector
constructed component-by-component [Nuyens 07]
minimizing worst-case error 
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Implementation with support for CPUs and GPUs:
github.com/mppmu/qmc

[Borowka, Heinrich, Jahn, Jones, MK, Schlenk]
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Numerical Integration II 
For integrands belonging to a weighted Korobov space of smoothness   :

à worst-case error:

à

never di↵erentiate more than once with respect to a particular variable. It can
be shown [30, 35] that for functions belonging to such a space a R1SL rule
exists for which the shift averaged worst case error is given by

[esh(z)]2 

0

@ 1

 (n)

X

;6=u✓{1,...,d}
�
�

u

 
2⇣(2�)

(2⇡2)�

!|u|
1

A

1
�

(8)

for all � 2 (1/2, 1]. Here ⇣ is the Riemann zeta function and  is the Euler
totient function. This formula indicates that, for suitably chosen weights, R1SL
rules can have a convergence rate close to O(n�1) independently of d for
functions belonging to a Sobolev space.

The Korobov function space is a space of periodic functions which are ↵ times
di↵erentiable in each variable. The parameter ↵ is known as the smoothness
parameter and characterises the rate of decay of the Fourier coe�cients of the
integrand. The norm of f in the weighted Korobov space is given by

||f ||
2
� =

X

h2Zd

Q
j2u(h) |hj|

2↵

�u(h)
|f̂(h)|2, (9)

where u(h) := {j 2 {1, . . . , s} : hj 6= 0} and f̂(h) are the Fourier coe�cients
of the integrand, given by

f̂(h) =
Z

[0,1]d
f(x)e�2⇡ih·xdx. (10)

For functions belonging to a Korobov space with smoothness ↵ the shift av-
eraged worst case error is given by

[esh(z)]2 
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@ 1

 (n)

X

;6=u✓{1,...,d}
�
�

u (2⇣(2↵�))
|u|

1

A

1
�

, (11)

for all � 2 (1/(2↵), 1]. The best convergence rate is obtained when � !

1/(2↵), which yields a convergence close to O(n�↵) independently of d (for
suitably chosen weights). Functions which are smooth but not periodic can
be periodized by an integral transform as described in Section 2.3. This can
improve the rate of convergence of quasi-Monte Carlo integration but may also
increase the variance (or norm) of the function, especially in high dimensions.

2.2 Generating vectors

In order to construct a QMC integrator, the first step is the construction of
the lattice. How to do so is a vast mathematical subject [30]. The node set

6

28

Scaling

Monte Carlo scaling

Better than ``guaranteed” 
         scalingn�1
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Example:  
Sector Decomposed HJ Integral 
(Note: example stolen from previous calculation)
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"� = O(N�↵)

Can be achieved by periodization of smooth functions, 
e.g. using Korobov transform

suitably chosen weights). Functions which are smooth but not periodic can
be periodized by an integral transform as described in Section 2.3. This can
improve the rate of convergence of quasi-Monte Carlo integration but may also
increase the variance (or norm) of the function, especially in high dimensions.

2.2 Generating vectors

The convergence of the rank-1 lattice rule given in Eq. (2) depends on the
choice of the generating vector z and in particular the worst case errors given
in Eqs. (8) and (10) can only be achieved with specific choices of z. An ef-
ficient algorithm to construct good generating vectors z is the component-
by-component construction [45], where a generating vector in d dimensions
is obtained from a d � 1 dimensional one by selecting the additional compo-
nent such that the worst-case error is minimal. This allows to construct the
generating vectors with a cost of O(d n log n).

We provide generating vectors for di↵erent fixed lattice sizes n, which have
been obtained for a Korobov space with product weights �u =

Q
i2u �i, where

we set all weights equal, �i = 1/d. More details on the generating vectors
provided with the QMC library are given in Appendix A.3.

2.3 Transformations

Lattice rules perform particularly well for continuous and smooth functions
which are periodic with respect to each variable. Sector decomposed functions
are typically continuous and smooth but not periodic. However, they can be
periodized by a suitable change of variables x = �(u),

I[f ] ⌘
Z

[0,1]d
dx f(x) =

Z

[0,1]d
du !d(u)f(�(u)) (12)

where

�(u) = (�(u1), . . . ,�(ud)), !d(u) =
dY

j=1

!(uj) and !(u) = �
0(u). (13)

In practice, the periodizing transform may be specified in terms of the weight
function, !, in which case the change of variables is given by

�(u) ⌘
Z

u

0

dt !(t). (14)

We have implemented the following periodizing transformations:
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Limited by double precision arithmetic

Fourier Coefficients



Evaluation of Amplitude

After sector decomposition and expansion in ɛ à amplitude written in terms of 19.530 finite integrals

Optimizations to reduce run time:
• dynamically set n for each integral, minimizing

• avoid reevaluation of integrals for different orders in ɛ and form factors

• parallelization on GPUs
typical run-time to obtain virtual amplitude with 0.3% precision:

2h using 2x Nvidia Tesla V100 GPUs
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frame. The usual helicity amplitudes for the process (2.1) can be constructed from the

linear ones, using the relations

"
µ1
± (p1) =

1p
2

�
"
µ1
x

± i"
µ1
y

�
,

"
µ2
± (p2) =

1p
2

�
"
µ2
x

⌥ i"
µ2
y

�
,

"
µ3
± (p3) = 1p

2

�
"
µ3
T

± i"
µ3
y

�
(2.11)

and the longitudinal polarisation of the Z-boson is given by "
µ3
l

in Eq. (2.7).

2.1.2 Kinematics

The kinematic invariants in terms of the scattering angle ✓ between the beam axis and

~p3 in the centre-of-mass frame are given by

t = �
1

2

✓
s � m

2
Z

� m
2
H
+ cos ✓

q
�(s,m2

Z
,m

2
H
)

◆
,

u = �
1

2

✓
s � m

2
Z

� m
2
H

� cos ✓
q
�(s,m2

Z
,m

2
H
)

◆
, (2.12)

where �(s,m2
Z
,m

2
H
) = (s � (mZ +mH)2) (s � (mZ � mH)2) is the Källén function.

Defining m+ = mZ + mH ,m� = mZ � mH and �
2
ZH

=
⇣
1 �

m
2
+

s

⌘⇣
1 �

m
2
�
s

⌘
, we can

also write

t =
1

2

�
m

2
Z
+m

2
H

�
�

s

2
(1 + �ZH cos ✓) ,

u =
1

2

�
m

2
Z
+m

2
H

�
�

s

2
(1 � �ZH cos ✓) . (2.13)

The limit �ZH ! 1 corresponds to s � m
2
+,m

2
�. In the forward scattering region

✓ ! 0, if in addition �ZH ! 1 is fulfilled, we have |t| � |u|. Analogously, for ✓ ! ⇡

and �ZH ! 1, the ratio t/u is very small.

The virtual amplitude has a threshold at s = 4m2
t
, therefore it is also useful to define

�t =
s � 4m2

t

s+ 4m2
t � 2(mZ +mH)2

, (2.14)

such that �1  �t  1 with �t = �1 for s = smin = (mZ + mH)2, �t = 0 at the top

quark pair production threshold s = 4m2
t
and �t ! 1 for s ! 1.

For 2 ! 2 kinematics, the transverse momentum pT of the Higgs- or Z-boson (with

~p
H

T
= �~p

Z

T
), fulfils 0  pT 

p
�/(2

p
s) and s p

2
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= tu�m

2
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2
H
. Therefore, in the high

energy limit, p2
T

! s (1 � cos2 ✓).

– 7 –

Virtual amplitude Virtual/Born
<latexit sha1_base64="T5lANRK1ft8iFDe/QXAquIr8UOE="></latexit>

V = 2Re(A⇤
1LA

ren.,fin.
2L )

• top-quark threshold clearly visible
• strong dependence on
• dependence important for large

<latexit sha1_base64="Xm+NR71be3acQ2aJxizqvzkK5E0="></latexit>p
s

<latexit sha1_base64="+Fn1GkofXP92v+/w2AFHOtTYFIA="></latexit>

cos ✓
<latexit sha1_base64="Xm+NR71be3acQ2aJxizqvzkK5E0="></latexit>p
s

Øt

°
1.00

°
0.75

°
0.50

°
0.25

0.00

0.25

0.50

0.75

1.00

cos(µ)

-1.00
-0.75
-0.50
-0.25
0.00
0.25
0.50
0.75
1.00

V/B

°20

0

20

40

60

80

100

total

Born squared amplitude

<latexit sha1_base64="LQ1MXc9pl25WwB8eNrUGJ2zLPM4="></latexit>

p
s =

8
<

:

mZ +mH

2mt

1
! �t =

8
<

:

�1
0
1



Øt

-1
.0
0

-0
.7
5

-0
.5
0

-0
.2
5

0.
00

0.
25

0.
50

0.
75

1.
00

co
s(µ

)

-1.00
-0.75

-0.50
-0.25

0.00
0.25

0.50
0.75

1.00

V

0

20

40

60

80

100

120

140

160

+-+Results – Polarized Virtual Amplitudes

5/20/21 ZH production in gluon fusion, Matthias Kerner 15

Øt

°
1.00

°
0.75

°
0.50

°
0.25

0.00

0.25

0.50

0.75

1.00

cos(µ)

-1.00
-0.75
-0.50
-0.25
0.00
0.25
0.50
0.75
1.00

V

0

500

1000

1500

2000

2500

3000

3500

++0

Longitudinal Z polarization is dominating

Øt

-1
.0
0

-0
.7
5

-0
.5
0

-0
.2
5

0.
00

0.
25

0.
50

0.
75

1.
00

co
s(µ

)

-1.00
-0.75

-0.50
-0.25

0.00
0.25

0.50
0.75

1.00

V

20

40

60

80

100

+++

Øt

-1
.0
0

-0
.7
5

-0
.5
0

-0
.2
5

0.
00

0.
25

0.
50

0.
75

1.
00

co
s(µ

)

-1.00
-0.75

-0.50
-0.25

0.00
0.25

0.50
0.75

1.00

V

0.0000

0.0025

0.0050

0.0075

0.0100

0.0125

0.0150

0.0175

0.0200

++-



Comparison to Expansions

°1.0 °0.8 °0.6 °0.4 °0.2 0.0
Øt

0.75

0.80

0.85

0.90

0.95

1.00

V n
/V

n = 0

n = 1

n = 2

n = 3

n = 4

5/20/21 ZH production in gluon fusion, Matthias Kerner 16

2.2.4 Definition of the finite part of the virtual two-loop amplitude

In order to obtain IR finite amplitudes we use the subtraction scheme described in

Ref. [72]

A
(0),fin
i

= A
(0),UV
i

, (2.23)

A
(1),fin
i

= A
(1),UV
i

� I1A
(0),UV
i

, (2.24)

with

I1 = I
soft
1 + I

coll
1 , (2.25)

I
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2
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s
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+

i⇡

✏

◆
2CA, (2.26)

I
coll
1 = �
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✏

✓
µ
2
R

s

◆✏

. (2.27)
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for the square of the amplitude. We set the overall factor of e2 = 4⇡↵ to one in our

amplitude.

3 Results

3.1 Checks of the calculation

We have verified that our results have the expected universal pole structure and crossing

symmetries. We also compared our exact result with the expansion in the large top

quark mass limit presented in [17]. The virtual contributions eVn are expanded up to

order 1/m2n
t

and reweighted with the exact Born term B. The one-particle-reducible

double triangle contributions V
red are included with full top quark mass dependence.
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In Fig. 3 the ratio of expanded to full virtual contribution Vn/V is shown for expansion

orders 0  n  4 for a fixed scattering angle cos(✓) ⇡ 0.052. For energies close to the
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Bn, Ṽn : expansions up to
[Hasselhuhn, Luthe, Steinhauser 16] 
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large mass expansion
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high-energy expansion à talk by Go Mishima
[Davies, Mishima, Steinhauser 20]
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Plot by Joshua Davies

Agreement typically at 1-2%-level
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• expansion
• numeric



Conclusion

NLO virtual corrections to ZH production in gluon-fusion 
• using numerical integration of loop integrals
• retaining full top-quark mass dependence
• polarized amplitudes obtained without form-factor decomposition
• good agreement with expansions (where expected)

Work in progress: Full NLO results for ZH production in gluon-fusion
• phase-space integration using unweighted LO events
• use      expansion in high-energy region
• real-radiation amplitudes generated with GoSam
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