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INTRODUCTION

MHV vertices

The Maximally Helicity Violating (MHV) amplitudes can 
be treated as interaction vertices.

Cachazo-Svrcek-Witten (CSW) method

[F. Cachazo, P. Svrcek, E. Witten, 2004]

= gn−2 ⟨ij⟩4

⟨12⟩⟨23⟩…⟨n1⟩

⟨ij⟩ = ϵαβλα
i λβ

j

[ij] = ϵ ·α ·βλ̃ ·α
i λ̃

·β
j

spinor products (on-shell)

off-shell continuations

λ*i α = (ki)α ·αη̃ ·α
j = (kμ

i σμ)α ·αη̃ ·α
j

example: tree-level NMHV 
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INTRODUCTION

Yang-Mills theory on the light cone

Lagrangian for the CSW method (1)

[J. Scherk, J.H. Schwarz, 1975]

S(LC)
Y−M [A∙, A⋆] = ∫ dx+ ∫ d3x { −Tr ̂A∙ □ ̂A⋆ − 2ig Tr ∂−1

− ∂∙
̂A∙ [∂−

̂A⋆, ̂A∙]

−2ig Tr ∂−1
− ∂⋆

̂A⋆ [∂−
̂A∙, ̂A⋆] − 2g2 Tr [∂−

̂A∙, ̂A⋆] ∂−2
− [∂−

̂A⋆, ̂A∙] }

Set the light cone gauge  and integrate out  :A+ = 0 A−

double-null coordinates

v+ = v ⋅ η = (v0 + v3)1

2

v− = v ⋅ η̃ = (v0 − v3)1

2

v∙ = v ⋅ ε+
⊥ = (v1 + iv2)1

2

v⋆ = v ⋅ ε−
⊥ = (v1 − iv2)1

2
ε−

⊥ = (0,1, − i,0)−1

2

ε+
⊥ = (0,1, + i,0)−1

2
η = (1,0,0,−1)1

2

η̃ = (1,0,0,1)1

2

̂A ≡ taAa(x+, x)
x ≡ (x−, x∙, x⋆)
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INTRODUCTION

MHV action

Lagrangian for the CSW method (2)

[P. Mansfield, 2006]

S(LC)
Y−M [B∙, B⋆] = ∫ dx+ (−∫ d3x Tr B̂∙ □ B̂⋆ + ℒ(LC)

−−+ + … + ℒ(LC)
−−+…+ + …)

Apply the canonical field transformation (at equal LC time) {A∙, A⋆} → {B∙, B⋆}
such that:

∂−A⋆
a (x+; x) = ∫ d3y

δB∙
c (x+; y)

δA∙
a (x+; x)

∂−B⋆
c (x+; y)

and

Ã ∙
a[B∙](x+; P) =

∞

∑
n=1

∫ d3p1…d3pn Ψ̃ ab1…bn
n (P; p1, …, pn)

n

∏
i=1

B̃ ∙
bi
(x+; pi)

Ã ⋆
a [B∙, B⋆](x+; P) =

∞

∑
n=1

∫ d3p1…d3pn Ω̃ ab1b2⋯bn
n (P; p1, p2, …, pn) B̃ ⋆

b1
(x+; p1)

n

∏
i=2

B̃ ∙
bi
(x+; pi) ,

the solutions:
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WILSON LINES

Inverse solutions to field transformations

Field transformations as Wilson lines

[PK, A. Stasto, 2017]

In order to understand the field transformations better, solve for  fields:B

ε± μ
α = ε± μ

⊥ − αημ
x ≡ (x+, x−, x∙, x⋆)

B⋆
a [A∙, A⋆](x) = ∫d3y [ ∂2

−(y)
∂2

−(x)
δB∙

a[A∙](x+; x)
δA∙

c(x+; y) ] A⋆
c (x+; y)

where

B∙
a[A∙](x) =

1
2πg ∫

∞

−∞
dα Tr{ta∂− ℙ exp[ig∫

∞

−∞
ds ε+

α ⋅ ̂A (x + sε+
α )]}

[H. Kakkad, PK, A. Stasto, 2020]

Can one generalize to transformations supported on both self-dual and anti-self-dual plane?
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NEW ACTION

New fields Z∙, Z⋆

Field transformations (1)

[H. Kakkad, PK, A. Stasto, 2021]

Introduce a canonical transformation  given by the generating functional:{A∙, A⋆} → {Z∙, Z⋆}

𝒢[A∙, Z⋆](x+) = − ∫d3x Tr �̂� −1
(−)[Z ](x) ∂−�̂�(+)[A](x)

∂−A⋆
a (x+, y) =

δ 𝒢[A∙, Z⋆](x+)
δA∙

a (x+, y)

∂−Z∙
a(x+, y) = −

δ 𝒢[A∙, Z⋆](x+)
δZ⋆

a (x+, y)

𝒲a
(±)[K ](x) =

1
2πg ∫

∞

−∞
dα Tr{ta∂− ℙ exp[ig∫

∞

−∞
ds ε±

α ⋅ K̂ (x + sε±
α )]}

where

Relations between  and  fields:A Z
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NEW ACTION

Canonical transformation of the  fields in the MHV actionB

Field transformations (2)

[H. Kakkad, PK, A. Stasto, 2021]

It turns out, that the new fields can be introduced also from the MHV action :

Z⋆
a [B⋆](x) = 𝒲a

(−)[B](x)

Z∙
a[B∙, B⋆](x) = ∫d3y [ ∂2

−(y)
∂2

−(x)
δZ⋆

a [B⋆](x+; x)
δB⋆

c (x+; y) ] B∙
c(x+; y)
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NEW ACTION

-field actionZ

General structure

[H. Kakkad, PK, A. Stasto, 2021]

Solving the field transformation relations we get the following action:

S(LC)
Y−M [Z∙, Z⋆] = ∫ dx+{−∫ d3x Tr ̂Z∙ □ ̂Z⋆

+ℒ(LC)
−−++ + ℒ(LC)

−−+++ + ℒ(LC)
−−++++ + …

+ℒ(LC)
−−−++ + ℒ(LC)

−−−+++ + ℒ(LC)
−−−++++ + …

⋮

+ℒ(LC)
−−−…−++ + ℒ(LC)

−−−…−+++ + ℒ(LC)
−−−…−++++ + …}

No triple gluon vertices!
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NEW ACTION
Master formula for a vertex

Structure of vertices

[H. Kakkad, PK, A. Stasto, 2021]

ℒ(LC)
− ⋯ −

m
+ ⋯ +

n−m

= ∫d3y1…d3yn 𝒰b1…bn
−…−+…+ (y1, ⋯yn)

m

∏
i=1

Z⋆
bi

(x+; yi)
n−m

∏
j=1

Z∙
bj
(x+; yj)

Ψ̃ a{b1⋯bn}
n (P; {p1, …, pn}) = − (−g)n−1

ṽ(1⋯n)1

ṽ1(1⋯n)

δ3(p1 + ⋯ + pn − P) Tr(tatb1⋯tbn)
ṽ21ṽ32⋯ṽn(n−1)

Ω̃ ab1{b2⋯bn}
n (P; p1, {p2, …, pn}) = n ( p+

1

p+
1⋯n )

2

Ψ̃ ab1⋯bn
n (P; p1, …, pn) .

ṽij = p+
i (

p⋆
j

p+
j

−
p⋆

i

p+
i )

= − (ε−
i ⋅ pj) ∼ [ij]
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NEW ACTION
6-point amplitudes

Example of amplitude calculation (1)

[H. Kakkad, PK, A. Stasto, 2021]

ṽij = − (ε−
i ⋅ pj) = p+

i (
p⋆

j

p+
j

−
p⋆

i

p+
i ) ∼ [ij]

𝒜(1±,2+,3+,4+,5+,6+) = 0

𝒜(1−,2−,3+,4+,5+,6+) =

𝒜(1−,2−,3−,4−,5+,6+) =

= g4 ( p+
1

p+
2 )

2
ũ4

21

ũ16ũ65ũ54ũ43ũ32ũ21

= g4 ( p+
5

p+
6 )

2
ṽ4

65

ṽ16 ṽ65ṽ54 ṽ43ṽ32 ṽ21

𝒜(1−,2−,3−,4+,5+,6+) =

ũij = − (ε+
i ⋅ pj) = p+

i (
p∙

j

p+
j

−
p∙

i

p+
i ) ∼ ⟨ij⟩
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NEW ACTION

8-point NNMHV amplitude  𝒜(1−,2−,3−,4−,5+,6+,7+,8+)

Example of amplitude calculation (2)

[H. Kakkad, PK, A. Stasto, 2021]

Summary: 13 diagrams 
vertices used: 4p-MHV, 5p-MHV, 5p- , 6p-NMHV, 8p-NNMHVMHV



14

Summary: 

• A new classical action for gluodynamics was derived basing on canonical 
field transformation on the light cone Yang-Mills action. 

• The new fields have very interesting geometric structure given by the 
Wilson line functionals. 

• It allows for pretty convenient tree amplitude calculation, with fewer 
diagrams. 

Work in progress: 

• Quantum level action beyond all-plus one loop amplitudes. 
• Better understanding of the geometry of the theory. 
• Relation to twistor formulation?

CONCLUSIONS


