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Outline

• 3+1 neutrino scheme and ideas to relax cosmological bounds

• An introduction to ultralight dark matter (fuzzy dark matter)

• How to save 3+1 scheme with coupling to ultra-light dark matter

• Phenomenological consequences for KATRIN and PTOLEMY

• Summary
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3+1 neutrino scheme

Mass splitting of  ~ 1eV
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Phenomenological motivations

• LSND + MiniBooNE

• Reactor neutrino anomaly

• Gallium neutrino anomaly
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Short baseline appearance anomalies

• LSND and MiniBooNE
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⌧ 1

<latexit sha1_base64="2P/Uki2i+dscn+qAz92uv7mQSi0=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwISWpguKq+AAXLirYBzQxTKaTduhMEmYmQgn5Fzf+ihsXSnHjwn9x2gbR1gMXDufcy733+DGjUlnWp1FYWFxaXimultbWNza3zO2dpowSgUkDRywSbR9JwmhIGooqRtqxIIj7jLT8weXYbz0SIWkU3qthTFyOeiENKEZKS5557gQC4dS5IkwhyL20amcP1dssvc6OZq3jH8thDNqeWbYq1gRwntg5KYMcdc8cOd0IJ5yECjMkZce2YuWmSCiKGclKTiJJjPAA9UhH0xBxIt108mMGD7TShUEkdIUKTtTfEyniUg65rzs5Un05643F/7xOooIzN6VhnCgS4umiIGFQRXAcGOxSQbBiQ00QFlTfCnEf6WSUjrWkQ7BnX54nzWrFtir23Um5dpHHUQR7YB8cAhucghq4AXXQABg8gRfwBt6NZ+PVGBkf09aCkc/sgj8wvr4B8f2jzQ==</latexit><latexit sha1_base64="2P/Uki2i+dscn+qAz92uv7mQSi0=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwISWpguKq+AAXLirYBzQxTKaTduhMEmYmQgn5Fzf+ihsXSnHjwn9x2gbR1gMXDufcy733+DGjUlnWp1FYWFxaXimultbWNza3zO2dpowSgUkDRywSbR9JwmhIGooqRtqxIIj7jLT8weXYbz0SIWkU3qthTFyOeiENKEZKS5557gQC4dS5IkwhyL20amcP1dssvc6OZq3jH8thDNqeWbYq1gRwntg5KYMcdc8cOd0IJ5yECjMkZce2YuWmSCiKGclKTiJJjPAA9UhH0xBxIt108mMGD7TShUEkdIUKTtTfEyniUg65rzs5Un05643F/7xOooIzN6VhnCgS4umiIGFQRXAcGOxSQbBiQ00QFlTfCnEf6WSUjrWkQ7BnX54nzWrFtir23Um5dpHHUQR7YB8cAhucghq4AXXQABg8gRfwBt6NZ+PVGBkf09aCkc/sgj8wvr4B8f2jzQ==</latexit><latexit sha1_base64="2P/Uki2i+dscn+qAz92uv7mQSi0=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwISWpguKq+AAXLirYBzQxTKaTduhMEmYmQgn5Fzf+ihsXSnHjwn9x2gbR1gMXDufcy733+DGjUlnWp1FYWFxaXimultbWNza3zO2dpowSgUkDRywSbR9JwmhIGooqRtqxIIj7jLT8weXYbz0SIWkU3qthTFyOeiENKEZKS5557gQC4dS5IkwhyL20amcP1dssvc6OZq3jH8thDNqeWbYq1gRwntg5KYMcdc8cOd0IJ5yECjMkZce2YuWmSCiKGclKTiJJjPAA9UhH0xBxIt108mMGD7TShUEkdIUKTtTfEyniUg65rzs5Un05643F/7xOooIzN6VhnCgS4umiIGFQRXAcGOxSQbBiQ00QFlTfCnEf6WSUjrWkQ7BnX54nzWrFtir23Um5dpHHUQR7YB8cAhucghq4AXXQABg8gRfwBt6NZ+PVGBkf09aCkc/sgj8wvr4B8f2jzQ==</latexit><latexit sha1_base64="2P/Uki2i+dscn+qAz92uv7mQSi0=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwISWpguKq+AAXLirYBzQxTKaTduhMEmYmQgn5Fzf+ihsXSnHjwn9x2gbR1gMXDufcy733+DGjUlnWp1FYWFxaXimultbWNza3zO2dpowSgUkDRywSbR9JwmhIGooqRtqxIIj7jLT8weXYbz0SIWkU3qthTFyOeiENKEZKS5557gQC4dS5IkwhyL20amcP1dssvc6OZq3jH8thDNqeWbYq1gRwntg5KYMcdc8cOd0IJ5yECjMkZce2YuWmSCiKGclKTiJJjPAA9UhH0xBxIt108mMGD7TShUEkdIUKTtTfEyniUg65rzs5Un05643F/7xOooIzN6VhnCgS4umiIGFQRXAcGOxSQbBiQ00QFlTfCnEf6WSUjrWkQ7BnX54nzWrFtir23Um5dpHHUQR7YB8cAhucghq4AXXQABg8gRfwBt6NZ+PVGBkf09aCkc/sgj8wvr4B8f2jzQ==</latexit>

⌫µ ! ⌫e ⌫̄µ ! ⌫̄e
<latexit sha1_base64="2tXwrFMan1Gr0XC7rhceDHcCCX0=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoMuiG5cV7AM6Zcikd9rQTGZIMkIZ+h9u/BU3LhRxJbjwb8y0I9TWGwIn59zLzTlBwpnSjvNtldbWNza3ytuVnd29/QP78Kit4lRSaNGYx7IbEAWcCWhppjl0EwkkCjh0gvFNrnceQCoWi3s9SaAfkaFgIaNEG8q3655IfS9KPR3jHALG3u8JiFxUiyf4dtWpObPCq8AtQBUV1fTtT28Q0zQCoSknSvVcJ9H9jEjNKIdpxUsVJISOyRB6BgoSgepnM29TfGaYAQ5jaa7QeMYuTmQkUmoSBaYzInqklrWc/E/rpTq86mdMJKkGQeeLwpRjYzUPCg+YBKr5xABCJTN/xXREJKHaxFkxIbjLlldBu15znZp7d1FtXBdxlNEJOkXnyEWXqIFuURO1EEWP6Bm9ojfryXqx3q2PeWvJKmaO0Z+yvn4AcOigbQ==</latexit><latexit sha1_base64="2tXwrFMan1Gr0XC7rhceDHcCCX0=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoMuiG5cV7AM6Zcikd9rQTGZIMkIZ+h9u/BU3LhRxJbjwb8y0I9TWGwIn59zLzTlBwpnSjvNtldbWNza3ytuVnd29/QP78Kit4lRSaNGYx7IbEAWcCWhppjl0EwkkCjh0gvFNrnceQCoWi3s9SaAfkaFgIaNEG8q3655IfS9KPR3jHALG3u8JiFxUiyf4dtWpObPCq8AtQBUV1fTtT28Q0zQCoSknSvVcJ9H9jEjNKIdpxUsVJISOyRB6BgoSgepnM29TfGaYAQ5jaa7QeMYuTmQkUmoSBaYzInqklrWc/E/rpTq86mdMJKkGQeeLwpRjYzUPCg+YBKr5xABCJTN/xXREJKHaxFkxIbjLlldBu15znZp7d1FtXBdxlNEJOkXnyEWXqIFuURO1EEWP6Bm9ojfryXqx3q2PeWvJKmaO0Z+yvn4AcOigbQ==</latexit><latexit sha1_base64="2tXwrFMan1Gr0XC7rhceDHcCCX0=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoMuiG5cV7AM6Zcikd9rQTGZIMkIZ+h9u/BU3LhRxJbjwb8y0I9TWGwIn59zLzTlBwpnSjvNtldbWNza3ytuVnd29/QP78Kit4lRSaNGYx7IbEAWcCWhppjl0EwkkCjh0gvFNrnceQCoWi3s9SaAfkaFgIaNEG8q3655IfS9KPR3jHALG3u8JiFxUiyf4dtWpObPCq8AtQBUV1fTtT28Q0zQCoSknSvVcJ9H9jEjNKIdpxUsVJISOyRB6BgoSgepnM29TfGaYAQ5jaa7QeMYuTmQkUmoSBaYzInqklrWc/E/rpTq86mdMJKkGQeeLwpRjYzUPCg+YBKr5xABCJTN/xXREJKHaxFkxIbjLlldBu15znZp7d1FtXBdxlNEJOkXnyEWXqIFuURO1EEWP6Bm9ojfryXqx3q2PeWvJKmaO0Z+yvn4AcOigbQ==</latexit><latexit sha1_base64="2tXwrFMan1Gr0XC7rhceDHcCCX0=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKoMuiG5cV7AM6Zcikd9rQTGZIMkIZ+h9u/BU3LhRxJbjwb8y0I9TWGwIn59zLzTlBwpnSjvNtldbWNza3ytuVnd29/QP78Kit4lRSaNGYx7IbEAWcCWhppjl0EwkkCjh0gvFNrnceQCoWi3s9SaAfkaFgIaNEG8q3655IfS9KPR3jHALG3u8JiFxUiyf4dtWpObPCq8AtQBUV1fTtT28Q0zQCoSknSvVcJ9H9jEjNKIdpxUsVJISOyRB6BgoSgepnM29TfGaYAQ5jaa7QeMYuTmQkUmoSBaYzInqklrWc/E/rpTq86mdMJKkGQeeLwpRjYzUPCg+YBKr5xABCJTN/xXREJKHaxFkxIbjLlldBu15znZp7d1FtXBdxlNEJOkXnyEWXqIFuURO1EEWP6Bm9ojfryXqx3q2PeWvJKmaO0Z+yvn4AcOigbQ==</latexit>



LSND and MiniBooNE

Neutrino 2018

MiniBooNE

MiniBooNE+LSND
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4.8�
<latexit sha1_base64="IeQeOweOdJ3U69BkGZz6JKmV4as=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0hEsMeiF48V7AekoWy2m3bpZjfsToQS+jO8eFDEq7/Gm//GTZuDtj4YeLw3w8y8KBXcgOd9O5WNza3tnepubW//4PCofnzSNSrTlHWoEkr3I2KY4JJ1gINg/VQzkkSC9aLpXeH3npg2XMlHmKUsTMhY8phTAlYKrt0mHhg+TkhtWG94rrcAXid+SRqoRHtY/xqMFM0SJoEKYkzgeymEOdHAqWDz2iAzLCV0SsYssFSShJkwX5w8xxdWGeFYaVsS8EL9PZGTxJhZEtnOhMDErHqF+J8XZBA3w5zLNAMm6XJRnAkMChf/4xHXjIKYWUKo5vZWTCdEEwo2pSIEf/XlddK9cn3P9R+uG63bMo4qOkPn6BL56Aa10D1qow6iSKFn9IreHHBenHfnY9laccqZU/QHzucPhvqQGQ==</latexit><latexit sha1_base64="IeQeOweOdJ3U69BkGZz6JKmV4as=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0hEsMeiF48V7AekoWy2m3bpZjfsToQS+jO8eFDEq7/Gm//GTZuDtj4YeLw3w8y8KBXcgOd9O5WNza3tnepubW//4PCofnzSNSrTlHWoEkr3I2KY4JJ1gINg/VQzkkSC9aLpXeH3npg2XMlHmKUsTMhY8phTAlYKrt0mHhg+TkhtWG94rrcAXid+SRqoRHtY/xqMFM0SJoEKYkzgeymEOdHAqWDz2iAzLCV0SsYssFSShJkwX5w8xxdWGeFYaVsS8EL9PZGTxJhZEtnOhMDErHqF+J8XZBA3w5zLNAMm6XJRnAkMChf/4xHXjIKYWUKo5vZWTCdEEwo2pSIEf/XlddK9cn3P9R+uG63bMo4qOkPn6BL56Aa10D1qow6iSKFn9IreHHBenHfnY9laccqZU/QHzucPhvqQGQ==</latexit><latexit sha1_base64="IeQeOweOdJ3U69BkGZz6JKmV4as=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0hEsMeiF48V7AekoWy2m3bpZjfsToQS+jO8eFDEq7/Gm//GTZuDtj4YeLw3w8y8KBXcgOd9O5WNza3tnepubW//4PCofnzSNSrTlHWoEkr3I2KY4JJ1gINg/VQzkkSC9aLpXeH3npg2XMlHmKUsTMhY8phTAlYKrt0mHhg+TkhtWG94rrcAXid+SRqoRHtY/xqMFM0SJoEKYkzgeymEOdHAqWDz2iAzLCV0SsYssFSShJkwX5w8xxdWGeFYaVsS8EL9PZGTxJhZEtnOhMDErHqF+J8XZBA3w5zLNAMm6XJRnAkMChf/4xHXjIKYWUKo5vZWTCdEEwo2pSIEf/XlddK9cn3P9R+uG63bMo4qOkPn6BL56Aa10D1qow6iSKFn9IreHHBenHfnY9laccqZU/QHzucPhvqQGQ==</latexit><latexit sha1_base64="IeQeOweOdJ3U69BkGZz6JKmV4as=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0hEsMeiF48V7AekoWy2m3bpZjfsToQS+jO8eFDEq7/Gm//GTZuDtj4YeLw3w8y8KBXcgOd9O5WNza3tnepubW//4PCofnzSNSrTlHWoEkr3I2KY4JJ1gINg/VQzkkSC9aLpXeH3npg2XMlHmKUsTMhY8phTAlYKrt0mHhg+TkhtWG94rrcAXid+SRqoRHtY/xqMFM0SJoEKYkzgeymEOdHAqWDz2iAzLCV0SsYssFSShJkwX5w8xxdWGeFYaVsS8EL9PZGTxJhZEtnOhMDErHqF+J8XZBA3w5zLNAMm6XJRnAkMChf/4xHXjIKYWUKo5vZWTCdEEwo2pSIEf/XlddK9cn3P9R+uG63bMo4qOkPn6BL56Aa10D1qow6iSKFn9IreHHBenHfnY9laccqZU/QHzucPhvqQGQ==</latexit>

6.1�
<latexit sha1_base64="QhNNceJruSgxZd3PjwGT924QdNE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPRi8cK9gPSUDbbTbt0dxN2N0IJ/RlePCji1V/jzX/jps1BWx8MPN6bYWZelHKmjed9O5W19Y3Nrep2bWd3b/+gfnjU0UmmCG2ThCeqF2FNOZO0bZjhtJcqikXEaTea3BV+94kqzRL5aKYpDQUeSRYzgo2VgivXR33NRgLXBvWG53pzoFXil6QBJVqD+ld/mJBMUGkIx1oHvpeaMMfKMMLprNbPNE0xmeARDSyVWFAd5vOTZ+jMKkMUJ8qWNGiu/p7IsdB6KiLbKbAZ62WvEP/zgszEN2HOZJoZKsliUZxxZBJU/I+GTFFi+NQSTBSztyIyxgoTY1MqQvCXX14lnQvX91z/4bLRvC3jqMIJnMI5+HANTbiHFrSBQALP8ApvjnFenHfnY9FaccqZY/gD5/MHf0KQFA==</latexit><latexit sha1_base64="QhNNceJruSgxZd3PjwGT924QdNE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPRi8cK9gPSUDbbTbt0dxN2N0IJ/RlePCji1V/jzX/jps1BWx8MPN6bYWZelHKmjed9O5W19Y3Nrep2bWd3b/+gfnjU0UmmCG2ThCeqF2FNOZO0bZjhtJcqikXEaTea3BV+94kqzRL5aKYpDQUeSRYzgo2VgivXR33NRgLXBvWG53pzoFXil6QBJVqD+ld/mJBMUGkIx1oHvpeaMMfKMMLprNbPNE0xmeARDSyVWFAd5vOTZ+jMKkMUJ8qWNGiu/p7IsdB6KiLbKbAZ62WvEP/zgszEN2HOZJoZKsliUZxxZBJU/I+GTFFi+NQSTBSztyIyxgoTY1MqQvCXX14lnQvX91z/4bLRvC3jqMIJnMI5+HANTbiHFrSBQALP8ApvjnFenHfnY9FaccqZY/gD5/MHf0KQFA==</latexit><latexit sha1_base64="QhNNceJruSgxZd3PjwGT924QdNE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPRi8cK9gPSUDbbTbt0dxN2N0IJ/RlePCji1V/jzX/jps1BWx8MPN6bYWZelHKmjed9O5W19Y3Nrep2bWd3b/+gfnjU0UmmCG2ThCeqF2FNOZO0bZjhtJcqikXEaTea3BV+94kqzRL5aKYpDQUeSRYzgo2VgivXR33NRgLXBvWG53pzoFXil6QBJVqD+ld/mJBMUGkIx1oHvpeaMMfKMMLprNbPNE0xmeARDSyVWFAd5vOTZ+jMKkMUJ8qWNGiu/p7IsdB6KiLbKbAZ62WvEP/zgszEN2HOZJoZKsliUZxxZBJU/I+GTFFi+NQSTBSztyIyxgoTY1MqQvCXX14lnQvX91z/4bLRvC3jqMIJnMI5+HANTbiHFrSBQALP8ApvjnFenHfnY9FaccqZY/gD5/MHf0KQFA==</latexit><latexit sha1_base64="QhNNceJruSgxZd3PjwGT924QdNE=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE1GPRi8cK9gPSUDbbTbt0dxN2N0IJ/RlePCji1V/jzX/jps1BWx8MPN6bYWZelHKmjed9O5W19Y3Nrep2bWd3b/+gfnjU0UmmCG2ThCeqF2FNOZO0bZjhtJcqikXEaTea3BV+94kqzRL5aKYpDQUeSRYzgo2VgivXR33NRgLXBvWG53pzoFXil6QBJVqD+ld/mJBMUGkIx1oHvpeaMMfKMMLprNbPNE0xmeARDSyVWFAd5vOTZ+jMKkMUJ8qWNGiu/p7IsdB6KiLbKbAZ62WvEP/zgszEN2HOZJoZKsliUZxxZBJU/I+GTFFi+NQSTBSztyIyxgoTY1MqQvCXX14lnQvX91z/4bLRvC3jqMIJnMI5+HANTbiHFrSBQALP8ApvjnFenHfnY9FaccqZY/gD5/MHf0KQFA==</latexit>



Gariazzo, de Salas and Pastor, “Thermalisation of  sterile neutrinos in the early universe in the 3+1
scheme with full mixing matrix,” JCAP 1907 (2019) 014.
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Two types of  cosmological bounds

• Bound on extra  relativistic degrees of  freedom from BBN

• Upper bounds on the sum of  neutrino masses from  CMB+BAO

(free streaming at matter radiation equality)

8



Suppressed mixing


m1 m2

m2 M

�

<latexit sha1_base64="XJR04GtVhrA1OOWVoPNG2TLeUPY=">AAACKXicbVBNSwMxEM36WetX1aOXYLF4Krsi6LHoxYtQwdZCdynZdLYNZrNLMiuWpX/Hi3/Fi4KiXv0jprWItj5I8njzhsy8MJXCoOu+O3PzC4tLy4WV4ura+sZmaWu7aZJMc2jwRCa6FTIDUihooEAJrVQDi0MJ1+HN2ah+fQvaiERd4SCFIGY9JSLBGVqpU6r5EiJsUz+EnlB5zFCLuyGNOx6t2PuQ+lyP3wq9oD6o7o/F16LXx6BTKrtVdww6S7wJKZMJ6p3Ss99NeBaDQi6ZMW3PTTHImUbBJQyLfmYgZfyG9aBtqWIxmCAfbzqk+1bp0ijR9iikY/V3R85iYwZxaJ12zr6Zro3E/2rtDKOTIBcqzRAU//4oyiTFhI5io12hgaMcWMK4FnZWyvtMM4423KINwZteeZY0D6ueW/Uuj8q100kcBbJL9sgB8cgxqZFzUicNwsk9eSQv5NV5cJ6cN+fj2zrnTHp2yB84n19Z1qV1</latexit><latexit sha1_base64="XJR04GtVhrA1OOWVoPNG2TLeUPY=">AAACKXicbVBNSwMxEM36WetX1aOXYLF4Krsi6LHoxYtQwdZCdynZdLYNZrNLMiuWpX/Hi3/Fi4KiXv0jprWItj5I8njzhsy8MJXCoOu+O3PzC4tLy4WV4ura+sZmaWu7aZJMc2jwRCa6FTIDUihooEAJrVQDi0MJ1+HN2ah+fQvaiERd4SCFIGY9JSLBGVqpU6r5EiJsUz+EnlB5zFCLuyGNOx6t2PuQ+lyP3wq9oD6o7o/F16LXx6BTKrtVdww6S7wJKZMJ6p3Ss99NeBaDQi6ZMW3PTTHImUbBJQyLfmYgZfyG9aBtqWIxmCAfbzqk+1bp0ijR9iikY/V3R85iYwZxaJ12zr6Zro3E/2rtDKOTIBcqzRAU//4oyiTFhI5io12hgaMcWMK4FnZWyvtMM4423KINwZteeZY0D6ueW/Uuj8q100kcBbJL9sgB8cgxqZFzUicNwsk9eSQv5NV5cJ6cN+fj2zrnTHp2yB84n19Z1qV1</latexit><latexit sha1_base64="XJR04GtVhrA1OOWVoPNG2TLeUPY=">AAACKXicbVBNSwMxEM36WetX1aOXYLF4Krsi6LHoxYtQwdZCdynZdLYNZrNLMiuWpX/Hi3/Fi4KiXv0jprWItj5I8njzhsy8MJXCoOu+O3PzC4tLy4WV4ura+sZmaWu7aZJMc2jwRCa6FTIDUihooEAJrVQDi0MJ1+HN2ah+fQvaiERd4SCFIGY9JSLBGVqpU6r5EiJsUz+EnlB5zFCLuyGNOx6t2PuQ+lyP3wq9oD6o7o/F16LXx6BTKrtVdww6S7wJKZMJ6p3Ss99NeBaDQi6ZMW3PTTHImUbBJQyLfmYgZfyG9aBtqWIxmCAfbzqk+1bp0ijR9iikY/V3R85iYwZxaJ12zr6Zro3E/2rtDKOTIBcqzRAU//4oyiTFhI5io12hgaMcWMK4FnZWyvtMM4423KINwZteeZY0D6ueW/Uuj8q100kcBbJL9sgB8cgxqZFzUicNwsk9eSQv5NV5cJ6cN+fj2zrnTHp2yB84n19Z1qV1</latexit><latexit sha1_base64="XJR04GtVhrA1OOWVoPNG2TLeUPY=">AAACKXicbVBNSwMxEM36WetX1aOXYLF4Krsi6LHoxYtQwdZCdynZdLYNZrNLMiuWpX/Hi3/Fi4KiXv0jprWItj5I8njzhsy8MJXCoOu+O3PzC4tLy4WV4ura+sZmaWu7aZJMc2jwRCa6FTIDUihooEAJrVQDi0MJ1+HN2ah+fQvaiERd4SCFIGY9JSLBGVqpU6r5EiJsUz+EnlB5zFCLuyGNOx6t2PuQ+lyP3wq9oD6o7o/F16LXx6BTKrtVdww6S7wJKZMJ6p3Ss99NeBaDQi6ZMW3PTTHImUbBJQyLfmYgZfyG9aBtqWIxmCAfbzqk+1bp0ijR9iikY/V3R85iYwZxaJ12zr6Zro3E/2rtDKOTIBcqzRAU//4oyiTFhI5io12hgaMcWMK4FnZWyvtMM4423KINwZteeZY0D6ueW/Uuj8q100kcBbJL9sgB8cgxqZFzUicNwsk9eSQv5NV5cJ6cN+fj2zrnTHp2yB84n19Z1qV1</latexit>

m1,m2 ⌧ M
<latexit sha1_base64="Ai/jd4ihoCZwu/t8xucI5+1rVrE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevEiVLAf0ISw2W7apbubsLsRSujf8OJBEa/+GW/+G7dtDtr6YODx3gwz86KUM21c99spra1vbG6Vtys7u3v7B9XDo45OMkVomyQ8Ub0Ia8qZpG3DDKe9VFEsIk670fh25nefqNIskY9mktJA4KFkMSPYWMkXoXchwobPOboPqzW37s6BVolXkBoUaIXVL3+QkExQaQjHWvc9NzVBjpVhhNNpxc80TTEZ4yHtWyqxoDrI5zdP0ZlVBihOlC1p0Fz9PZFjofVERLZTYDPSy95M/M/rZya+DnIm08xQSRaL4owjk6BZAGjAFCWGTyzBRDF7KyIjrDAxNqaKDcFbfnmVdBp1z617D5e15k0RRxlO4BTOwYMraMIdtKANBFJ4hld4czLnxXl3PhatJaeYOYY/cD5/AJd1kLo=</latexit><latexit sha1_base64="Ai/jd4ihoCZwu/t8xucI5+1rVrE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevEiVLAf0ISw2W7apbubsLsRSujf8OJBEa/+GW/+G7dtDtr6YODx3gwz86KUM21c99spra1vbG6Vtys7u3v7B9XDo45OMkVomyQ8Ub0Ia8qZpG3DDKe9VFEsIk670fh25nefqNIskY9mktJA4KFkMSPYWMkXoXchwobPOboPqzW37s6BVolXkBoUaIXVL3+QkExQaQjHWvc9NzVBjpVhhNNpxc80TTEZ4yHtWyqxoDrI5zdP0ZlVBihOlC1p0Fz9PZFjofVERLZTYDPSy95M/M/rZya+DnIm08xQSRaL4owjk6BZAGjAFCWGTyzBRDF7KyIjrDAxNqaKDcFbfnmVdBp1z617D5e15k0RRxlO4BTOwYMraMIdtKANBFJ4hld4czLnxXl3PhatJaeYOYY/cD5/AJd1kLo=</latexit><latexit sha1_base64="Ai/jd4ihoCZwu/t8xucI5+1rVrE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevEiVLAf0ISw2W7apbubsLsRSujf8OJBEa/+GW/+G7dtDtr6YODx3gwz86KUM21c99spra1vbG6Vtys7u3v7B9XDo45OMkVomyQ8Ub0Ia8qZpG3DDKe9VFEsIk670fh25nefqNIskY9mktJA4KFkMSPYWMkXoXchwobPOboPqzW37s6BVolXkBoUaIXVL3+QkExQaQjHWvc9NzVBjpVhhNNpxc80TTEZ4yHtWyqxoDrI5zdP0ZlVBihOlC1p0Fz9PZFjofVERLZTYDPSy95M/M/rZya+DnIm08xQSRaL4owjk6BZAGjAFCWGTyzBRDF7KyIjrDAxNqaKDcFbfnmVdBp1z617D5e15k0RRxlO4BTOwYMraMIdtKANBFJ4hld4czLnxXl3PhatJaeYOYY/cD5/AJd1kLo=</latexit><latexit sha1_base64="Ai/jd4ihoCZwu/t8xucI5+1rVrE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCHosevEiVLAf0ISw2W7apbubsLsRSujf8OJBEa/+GW/+G7dtDtr6YODx3gwz86KUM21c99spra1vbG6Vtys7u3v7B9XDo45OMkVomyQ8Ub0Ia8qZpG3DDKe9VFEsIk670fh25nefqNIskY9mktJA4KFkMSPYWMkXoXchwobPOboPqzW37s6BVolXkBoUaIXVL3+QkExQaQjHWvc9NzVBjpVhhNNpxc80TTEZ4yHtWyqxoDrI5zdP0ZlVBihOlC1p0Fz9PZFjofVERLZTYDPSy95M/M/rZya+DnIm08xQSRaL4owjk6BZAGjAFCWGTyzBRDF7KyIjrDAxNqaKDcFbfnmVdBp1z617D5e15k0RRxlO4BTOwYMraMIdtKANBFJ4hld4czLnxXl3PhatJaeYOYY/cD5/AJd1kLo=</latexit>

✓ ' m2/M ! 0
<latexit sha1_base64="BPfHpxt/yXqjcwFs8qypBOFmq44=">AAACAnicbVC7SgNBFJ2NrxhfUSuxGQyCVdwNgpZBGxshgnlANoTZyU0yZGZ3nbkrhBBs/BUbC0Vs/Qo7/8ZJsoUmHhg4nHMvd84JYikMuu63k1laXlldy67nNja3tnfyu3s1EyWaQ5VHMtKNgBmQIoQqCpTQiDUwFUioB4OriV9/AG1EFN7hMIaWYr1QdAVnaKV2/sDHPiCjvhEK7qlql05vqI8Rddv5glt0p6CLxEtJgaSotPNffifiiYIQuWTGND03xtaIaRRcwjjnJwZixgesB01LQ6bAtEbTCGN6bJUO7UbavhDpVP29MWLKmKEK7KRi2Dfz3kT8z2sm2L1ojUQYJwghnx3qJpLaiJM+aEdo4CiHljCuhf0r5X2mGUfbWs6W4M1HXiS1UtFzi97tWaF8mdaRJYfkiJwQj5yTMrkmFVIlnDySZ/JK3pwn58V5dz5moxkn3dknf+B8/gAwy5X7</latexit><latexit sha1_base64="BPfHpxt/yXqjcwFs8qypBOFmq44=">AAACAnicbVC7SgNBFJ2NrxhfUSuxGQyCVdwNgpZBGxshgnlANoTZyU0yZGZ3nbkrhBBs/BUbC0Vs/Qo7/8ZJsoUmHhg4nHMvd84JYikMuu63k1laXlldy67nNja3tnfyu3s1EyWaQ5VHMtKNgBmQIoQqCpTQiDUwFUioB4OriV9/AG1EFN7hMIaWYr1QdAVnaKV2/sDHPiCjvhEK7qlql05vqI8Rddv5glt0p6CLxEtJgaSotPNffifiiYIQuWTGND03xtaIaRRcwjjnJwZixgesB01LQ6bAtEbTCGN6bJUO7UbavhDpVP29MWLKmKEK7KRi2Dfz3kT8z2sm2L1ojUQYJwghnx3qJpLaiJM+aEdo4CiHljCuhf0r5X2mGUfbWs6W4M1HXiS1UtFzi97tWaF8mdaRJYfkiJwQj5yTMrkmFVIlnDySZ/JK3pwn58V5dz5moxkn3dknf+B8/gAwy5X7</latexit><latexit sha1_base64="BPfHpxt/yXqjcwFs8qypBOFmq44=">AAACAnicbVC7SgNBFJ2NrxhfUSuxGQyCVdwNgpZBGxshgnlANoTZyU0yZGZ3nbkrhBBs/BUbC0Vs/Qo7/8ZJsoUmHhg4nHMvd84JYikMuu63k1laXlldy67nNja3tnfyu3s1EyWaQ5VHMtKNgBmQIoQqCpTQiDUwFUioB4OriV9/AG1EFN7hMIaWYr1QdAVnaKV2/sDHPiCjvhEK7qlql05vqI8Rddv5glt0p6CLxEtJgaSotPNffifiiYIQuWTGND03xtaIaRRcwjjnJwZixgesB01LQ6bAtEbTCGN6bJUO7UbavhDpVP29MWLKmKEK7KRi2Dfz3kT8z2sm2L1ojUQYJwghnx3qJpLaiJM+aEdo4CiHljCuhf0r5X2mGUfbWs6W4M1HXiS1UtFzi97tWaF8mdaRJYfkiJwQj5yTMrkmFVIlnDySZ/JK3pwn58V5dz5moxkn3dknf+B8/gAwy5X7</latexit><latexit sha1_base64="BPfHpxt/yXqjcwFs8qypBOFmq44=">AAACAnicbVC7SgNBFJ2NrxhfUSuxGQyCVdwNgpZBGxshgnlANoTZyU0yZGZ3nbkrhBBs/BUbC0Vs/Qo7/8ZJsoUmHhg4nHMvd84JYikMuu63k1laXlldy67nNja3tnfyu3s1EyWaQ5VHMtKNgBmQIoQqCpTQiDUwFUioB4OriV9/AG1EFN7hMIaWYr1QdAVnaKV2/sDHPiCjvhEK7qlql05vqI8Rddv5glt0p6CLxEtJgaSotPNffifiiYIQuWTGND03xtaIaRRcwjjnJwZixgesB01LQ6bAtEbTCGN6bJUO7UbavhDpVP29MWLKmKEK7KRi2Dfz3kT8z2sm2L1ojUQYJwghnx3qJpLaiJM+aEdo4CiHljCuhf0r5X2mGUfbWs6W4M1HXiS1UtFzi97tWaF8mdaRJYfkiJwQj5yTMrkmFVIlnDySZ/JK3pwn58V5dz5moxkn3dknf+B8/gAwy5X7</latexit>

9



Self-interaction of  sterile neutrinos

• Archidiacono et al, PRD 93 (2016); Kopp and Welter, JHEP 12 (2014); 
Hannestad et al, PRL 112 (2014); Chu et al, Astropart Phys 1811 (2018); 
Dasgupta and Kopp, PRL 112 (2014); Chu et al., Cosmol Astropart Phys. 
1510 (2015); Paul et al, 1808.099706

• See however,

Mirizzi et al, PRD 91 (2015) Cherry et al, 1605.06506;  Saviano et al, PRD 90 
(2014) 113009
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• Denton, YF and Shoemaker, “Activating the 4th Neutrino of  the 3+1 
scheme,” PRD99 (2019) 035003

11

g� ⇠ 3⇥ 10�5
<latexit sha1_base64="Z8yzs5gIlBLRcBN03g2pz4N7xEs=">AAACBXicbVDLSsNAFL2pr1pfUZe6GCyCG0viA10W3bisYB/QxDCZTtqhM0mYmQgldOPGX3HjQhG3/oM7/8bpY6GtBy4czrmXe+8JU86Udpxvq7CwuLS8Ulwtra1vbG7Z2zsNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb965HffKBSsSS+04OU+gJ3YxYxgrWRAnu/G3ikx5CnmECnyNNMUIVc5z4/Ph8GdtmpOGOgeeJOSRmmqAX2l9dJSCZorAnHSrVdJ9V+jqVmhNNhycsUTTHp4y5tGxpjs8zPx18M0aFROihKpKlYo7H6eyLHQqmBCE2nwLqnZr2R+J/XznR06ecsTjNNYzJZFGUc6QSNIkEdJinRfGAIJpKZWxHpYYmJNsGVTAju7MvzpHFScZ2Ke3tWrl5N4yjCHhzAEbhwAVW4gRrUgcAjPMMrvFlP1ov1bn1MWgvWdGYX/sD6/AEfapcI</latexit><latexit sha1_base64="Z8yzs5gIlBLRcBN03g2pz4N7xEs=">AAACBXicbVDLSsNAFL2pr1pfUZe6GCyCG0viA10W3bisYB/QxDCZTtqhM0mYmQgldOPGX3HjQhG3/oM7/8bpY6GtBy4czrmXe+8JU86Udpxvq7CwuLS8Ulwtra1vbG7Z2zsNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb965HffKBSsSS+04OU+gJ3YxYxgrWRAnu/G3ikx5CnmECnyNNMUIVc5z4/Ph8GdtmpOGOgeeJOSRmmqAX2l9dJSCZorAnHSrVdJ9V+jqVmhNNhycsUTTHp4y5tGxpjs8zPx18M0aFROihKpKlYo7H6eyLHQqmBCE2nwLqnZr2R+J/XznR06ecsTjNNYzJZFGUc6QSNIkEdJinRfGAIJpKZWxHpYYmJNsGVTAju7MvzpHFScZ2Ke3tWrl5N4yjCHhzAEbhwAVW4gRrUgcAjPMMrvFlP1ov1bn1MWgvWdGYX/sD6/AEfapcI</latexit><latexit sha1_base64="Z8yzs5gIlBLRcBN03g2pz4N7xEs=">AAACBXicbVDLSsNAFL2pr1pfUZe6GCyCG0viA10W3bisYB/QxDCZTtqhM0mYmQgldOPGX3HjQhG3/oM7/8bpY6GtBy4czrmXe+8JU86Udpxvq7CwuLS8Ulwtra1vbG7Z2zsNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb965HffKBSsSS+04OU+gJ3YxYxgrWRAnu/G3ikx5CnmECnyNNMUIVc5z4/Ph8GdtmpOGOgeeJOSRmmqAX2l9dJSCZorAnHSrVdJ9V+jqVmhNNhycsUTTHp4y5tGxpjs8zPx18M0aFROihKpKlYo7H6eyLHQqmBCE2nwLqnZr2R+J/XznR06ecsTjNNYzJZFGUc6QSNIkEdJinRfGAIJpKZWxHpYYmJNsGVTAju7MvzpHFScZ2Ke3tWrl5N4yjCHhzAEbhwAVW4gRrUgcAjPMMrvFlP1ov1bn1MWgvWdGYX/sD6/AEfapcI</latexit><latexit sha1_base64="Z8yzs5gIlBLRcBN03g2pz4N7xEs=">AAACBXicbVDLSsNAFL2pr1pfUZe6GCyCG0viA10W3bisYB/QxDCZTtqhM0mYmQgldOPGX3HjQhG3/oM7/8bpY6GtBy4czrmXe+8JU86Udpxvq7CwuLS8Ulwtra1vbG7Z2zsNlWSS0DpJeCJbIVaUs5jWNdOctlJJsQg5bYb965HffKBSsSS+04OU+gJ3YxYxgrWRAnu/G3ikx5CnmECnyNNMUIVc5z4/Ph8GdtmpOGOgeeJOSRmmqAX2l9dJSCZorAnHSrVdJ9V+jqVmhNNhycsUTTHp4y5tGxpjs8zPx18M0aFROihKpKlYo7H6eyLHQqmBCE2nwLqnZr2R+J/XznR06ecsTjNNYzJZFGUc6QSNIkEdJinRfGAIJpKZWxHpYYmJNsGVTAju7MvzpHFScZ2Ke3tWrl5N4yjCHhzAEbhwAVW4gRrUgcAjPMMrvFlP1ov1bn1MWgvWdGYX/sD6/AEfapcI</latexit>

gs ⇠ 3⇥ 10�4
<latexit sha1_base64="XtwiTsfHtlGmQ+qPeuIS4koANXg=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbiyJFnRZdOOygn1AE8NkOmmHziRhZiKUUNz4K25cKOLWr3Dn3zh9LLT1wIXDOfdy7z1hypnSjvNtFZaWV1bXiuuljc2t7R17d6+pkkwS2iAJT2Q7xIpyFtOGZprTdiopFiGnrXBwPfZbD1QqlsR3ephSX+BezCJGsDZSYB/0AoU8xQQ6R55mgirkOvf5aXUU2GWn4kyAFok7I2WYoR7YX143IZmgsSYcK9VxnVT7OZaaEU5HJS9TNMVkgHu0Y2iMzTI/n7wwQsdG6aIokaZijSbq74kcC6WGIjSdAuu+mvfG4n9eJ9PRpZ+zOM00jcl0UZRxpBM0zgN1maRE86EhmEhmbkWkjyUm2qRWMiG48y8vkuZZxXUq7m21XLuaxVGEQziCE3DhAmpwA3VoAIFHeIZXeLOerBfr3fqYthas2cw+/IH1+QPhE5XM</latexit><latexit sha1_base64="XtwiTsfHtlGmQ+qPeuIS4koANXg=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbiyJFnRZdOOygn1AE8NkOmmHziRhZiKUUNz4K25cKOLWr3Dn3zh9LLT1wIXDOfdy7z1hypnSjvNtFZaWV1bXiuuljc2t7R17d6+pkkwS2iAJT2Q7xIpyFtOGZprTdiopFiGnrXBwPfZbD1QqlsR3ephSX+BezCJGsDZSYB/0AoU8xQQ6R55mgirkOvf5aXUU2GWn4kyAFok7I2WYoR7YX143IZmgsSYcK9VxnVT7OZaaEU5HJS9TNMVkgHu0Y2iMzTI/n7wwQsdG6aIokaZijSbq74kcC6WGIjSdAuu+mvfG4n9eJ9PRpZ+zOM00jcl0UZRxpBM0zgN1maRE86EhmEhmbkWkjyUm2qRWMiG48y8vkuZZxXUq7m21XLuaxVGEQziCE3DhAmpwA3VoAIFHeIZXeLOerBfr3fqYthas2cw+/IH1+QPhE5XM</latexit><latexit sha1_base64="XtwiTsfHtlGmQ+qPeuIS4koANXg=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbiyJFnRZdOOygn1AE8NkOmmHziRhZiKUUNz4K25cKOLWr3Dn3zh9LLT1wIXDOfdy7z1hypnSjvNtFZaWV1bXiuuljc2t7R17d6+pkkwS2iAJT2Q7xIpyFtOGZprTdiopFiGnrXBwPfZbD1QqlsR3ephSX+BezCJGsDZSYB/0AoU8xQQ6R55mgirkOvf5aXUU2GWn4kyAFok7I2WYoR7YX143IZmgsSYcK9VxnVT7OZaaEU5HJS9TNMVkgHu0Y2iMzTI/n7wwQsdG6aIokaZijSbq74kcC6WGIjSdAuu+mvfG4n9eJ9PRpZ+zOM00jcl0UZRxpBM0zgN1maRE86EhmEhmbkWkjyUm2qRWMiG48y8vkuZZxXUq7m21XLuaxVGEQziCE3DhAmpwA3VoAIFHeIZXeLOerBfr3fqYthas2cw+/IH1+QPhE5XM</latexit><latexit sha1_base64="XtwiTsfHtlGmQ+qPeuIS4koANXg=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbiyJFnRZdOOygn1AE8NkOmmHziRhZiKUUNz4K25cKOLWr3Dn3zh9LLT1wIXDOfdy7z1hypnSjvNtFZaWV1bXiuuljc2t7R17d6+pkkwS2iAJT2Q7xIpyFtOGZprTdiopFiGnrXBwPfZbD1QqlsR3ephSX+BezCJGsDZSYB/0AoU8xQQ6R55mgirkOvf5aXUU2GWn4kyAFok7I2WYoR7YX143IZmgsSYcK9VxnVT7OZaaEU5HJS9TNMVkgHu0Y2iMzTI/n7wwQsdG6aIokaZijSbq74kcC6WGIjSdAuu+mvfG4n9eJ9PRpZ+zOM00jcl0UZRxpBM0zgN1maRE86EhmEhmbkWkjyUm2qRWMiG48y8vkuZZxXUq7m21XLuaxVGEQziCE3DhAmpwA3VoAIFHeIZXeLOerBfr3fqYthas2cw+/IH1+QPhE5XM</latexit>

mZ0 ⇠ 10 eV
<latexit sha1_base64="YQsB/gVsAa7gcm+Pim5o9QrhQUA=">AAAB/3icbVBNS8NAEN34WetXVPDiZbGInkoigh6LXjxWsB/YhLDZTtulu0nY3QglRvCvePGgiFf/hjf/jds2B219MPB4b4aZeWHCmdKO820tLC4tr6yW1srrG5tb2/bOblPFqaTQoDGPZTskCjiLoKGZ5tBOJBARcmiFw6ux37oHqVgc3epRAr4g/Yj1GCXaSIG9L4Ls7jj3FBPYdR4zTwoMzTywK07VmQDPE7cgFVSgHthfXjemqYBIU06U6rhOov2MSM0oh7zspQoSQoekDx1DIyJA+dnk/hwfGaWLe7E0FWk8UX9PZEQoNRKh6RRED9SsNxb/8zqp7l34GYuSVENEp4t6Kcc6xuMwcJdJoJqPDCFUMnMrpgMiCdUmsrIJwZ19eZ40T6uuU3Vvziq1yyKOEjpAh+gEuegc1dA1qqMGougBPaNX9GY9WS/Wu/UxbV2wipk99AfW5w8YwJV+</latexit><latexit sha1_base64="YQsB/gVsAa7gcm+Pim5o9QrhQUA=">AAAB/3icbVBNS8NAEN34WetXVPDiZbGInkoigh6LXjxWsB/YhLDZTtulu0nY3QglRvCvePGgiFf/hjf/jds2B219MPB4b4aZeWHCmdKO820tLC4tr6yW1srrG5tb2/bOblPFqaTQoDGPZTskCjiLoKGZ5tBOJBARcmiFw6ux37oHqVgc3epRAr4g/Yj1GCXaSIG9L4Ls7jj3FBPYdR4zTwoMzTywK07VmQDPE7cgFVSgHthfXjemqYBIU06U6rhOov2MSM0oh7zspQoSQoekDx1DIyJA+dnk/hwfGaWLe7E0FWk8UX9PZEQoNRKh6RRED9SsNxb/8zqp7l34GYuSVENEp4t6Kcc6xuMwcJdJoJqPDCFUMnMrpgMiCdUmsrIJwZ19eZ40T6uuU3Vvziq1yyKOEjpAh+gEuegc1dA1qqMGougBPaNX9GY9WS/Wu/UxbV2wipk99AfW5w8YwJV+</latexit><latexit sha1_base64="YQsB/gVsAa7gcm+Pim5o9QrhQUA=">AAAB/3icbVBNS8NAEN34WetXVPDiZbGInkoigh6LXjxWsB/YhLDZTtulu0nY3QglRvCvePGgiFf/hjf/jds2B219MPB4b4aZeWHCmdKO820tLC4tr6yW1srrG5tb2/bOblPFqaTQoDGPZTskCjiLoKGZ5tBOJBARcmiFw6ux37oHqVgc3epRAr4g/Yj1GCXaSIG9L4Ls7jj3FBPYdR4zTwoMzTywK07VmQDPE7cgFVSgHthfXjemqYBIU06U6rhOov2MSM0oh7zspQoSQoekDx1DIyJA+dnk/hwfGaWLe7E0FWk8UX9PZEQoNRKh6RRED9SsNxb/8zqp7l34GYuSVENEp4t6Kcc6xuMwcJdJoJqPDCFUMnMrpgMiCdUmsrIJwZ19eZ40T6uuU3Vvziq1yyKOEjpAh+gEuegc1dA1qqMGougBPaNX9GY9WS/Wu/UxbV2wipk99AfW5w8YwJV+</latexit><latexit sha1_base64="YQsB/gVsAa7gcm+Pim5o9QrhQUA=">AAAB/3icbVBNS8NAEN34WetXVPDiZbGInkoigh6LXjxWsB/YhLDZTtulu0nY3QglRvCvePGgiFf/hjf/jds2B219MPB4b4aZeWHCmdKO820tLC4tr6yW1srrG5tb2/bOblPFqaTQoDGPZTskCjiLoKGZ5tBOJBARcmiFw6ux37oHqVgc3epRAr4g/Yj1GCXaSIG9L4Ls7jj3FBPYdR4zTwoMzTywK07VmQDPE7cgFVSgHthfXjemqYBIU06U6rhOov2MSM0oh7zspQoSQoekDx1DIyJA+dnk/hwfGaWLe7E0FWk8UX9PZEQoNRKh6RRED9SsNxb/8zqp7l34GYuSVENEp4t6Kcc6xuMwcJdJoJqPDCFUMnMrpgMiCdUmsrIJwZ19eZ40T6uuU3Vvziq1yyKOEjpAh+gEuegc1dA1qqMGougBPaNX9GY9WS/Wu/UxbV2wipk99AfW5w8YwJV+</latexit>

✏� =
gsg�

2
p
2m2

Z0GF

= 1012

<latexit sha1_base64="Jouj0zab5KAE7D/wNWNZzJHV5k8="></latexit><latexit sha1_base64="Jouj0zab5KAE7D/wNWNZzJHV5k8="></latexit><latexit sha1_base64="Jouj0zab5KAE7D/wNWNZzJHV5k8="></latexit><latexit sha1_base64="Jouj0zab5KAE7D/wNWNZzJHV5k8="></latexit>



• Short introduction on light dark matter
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Lower bounds on dark matter mass

• Standard thermal production: 

• Gunn-Tremaine bound on fermionic dark matter: 

• Lower bound on bosonic dark matter:   

13

mDM > few keV
<latexit sha1_base64="6CDNTd+wsUmn8GFAdeJUqeB5b+k=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIoCsp6sKNUME+oA1hMr1ph84kYWailBjBX3HjQhG3/oY7/8bpY6GtBy4czrmXe+8JEs6Udpxva25+YXFpubBSXF1b39i0t7brKk4lhRqNeSybAVHAWQQ1zTSHZiKBiIBDI+hfDP3GHUjF4uhWDxLwBOlGLGSUaCP59q7ws8vr/CxrS4FDuMePuA/13LdLTtkZAc8Sd0JKaIKqb3+1OzFNBUSacqJUy3US7WVEakY55MV2qiAhtE+60DI0IgKUl43uz/GBUTo4jKWpSOOR+nsiI0KpgQhMpyC6p6a9ofif10p1eOplLEpSDREdLwpTjnWMh2HgDpNANR8YQqhk5lZMe0QSqk1kRROCO/3yLKkflV2n7N4clyrnkzgKaA/to0PkohNUQVeoimqIogf0jF7Rm/VkvVjv1se4dc6azOygP7A+fwA595WT</latexit><latexit sha1_base64="6CDNTd+wsUmn8GFAdeJUqeB5b+k=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIoCsp6sKNUME+oA1hMr1ph84kYWailBjBX3HjQhG3/oY7/8bpY6GtBy4czrmXe+8JEs6Udpxva25+YXFpubBSXF1b39i0t7brKk4lhRqNeSybAVHAWQQ1zTSHZiKBiIBDI+hfDP3GHUjF4uhWDxLwBOlGLGSUaCP59q7ws8vr/CxrS4FDuMePuA/13LdLTtkZAc8Sd0JKaIKqb3+1OzFNBUSacqJUy3US7WVEakY55MV2qiAhtE+60DI0IgKUl43uz/GBUTo4jKWpSOOR+nsiI0KpgQhMpyC6p6a9ofif10p1eOplLEpSDREdLwpTjnWMh2HgDpNANR8YQqhk5lZMe0QSqk1kRROCO/3yLKkflV2n7N4clyrnkzgKaA/to0PkohNUQVeoimqIogf0jF7Rm/VkvVjv1se4dc6azOygP7A+fwA595WT</latexit><latexit sha1_base64="6CDNTd+wsUmn8GFAdeJUqeB5b+k=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIoCsp6sKNUME+oA1hMr1ph84kYWailBjBX3HjQhG3/oY7/8bpY6GtBy4czrmXe+8JEs6Udpxva25+YXFpubBSXF1b39i0t7brKk4lhRqNeSybAVHAWQQ1zTSHZiKBiIBDI+hfDP3GHUjF4uhWDxLwBOlGLGSUaCP59q7ws8vr/CxrS4FDuMePuA/13LdLTtkZAc8Sd0JKaIKqb3+1OzFNBUSacqJUy3US7WVEakY55MV2qiAhtE+60DI0IgKUl43uz/GBUTo4jKWpSOOR+nsiI0KpgQhMpyC6p6a9ofif10p1eOplLEpSDREdLwpTjnWMh2HgDpNANR8YQqhk5lZMe0QSqk1kRROCO/3yLKkflV2n7N4clyrnkzgKaA/to0PkohNUQVeoimqIogf0jF7Rm/VkvVjv1se4dc6azOygP7A+fwA595WT</latexit><latexit sha1_base64="6CDNTd+wsUmn8GFAdeJUqeB5b+k=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIoCsp6sKNUME+oA1hMr1ph84kYWailBjBX3HjQhG3/oY7/8bpY6GtBy4czrmXe+8JEs6Udpxva25+YXFpubBSXF1b39i0t7brKk4lhRqNeSybAVHAWQQ1zTSHZiKBiIBDI+hfDP3GHUjF4uhWDxLwBOlGLGSUaCP59q7ws8vr/CxrS4FDuMePuA/13LdLTtkZAc8Sd0JKaIKqb3+1OzFNBUSacqJUy3US7WVEakY55MV2qiAhtE+60DI0IgKUl43uz/GBUTo4jKWpSOOR+nsiI0KpgQhMpyC6p6a9ofif10p1eOplLEpSDREdLwpTjnWMh2HgDpNANR8YQqhk5lZMe0QSqk1kRROCO/3yLKkflV2n7N4clyrnkzgKaA/to0PkohNUQVeoimqIogf0jF7Rm/VkvVjv1se4dc6azOygP7A+fwA595WT</latexit>

mDM > 400 eV
<latexit sha1_base64="vWH19sSLr1p1XgA8Ouj1y/C/phU=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVTJS0JUUdeFGqGAf0A5DJs20oUlmSDJCHaq/4saFIm79D3f+jWk7C209cOFwzr3ce0+YcKYNQt/OwuLS8spqYa24vrG5te3u7DZ0nCpC6yTmsWqFWFPOJK0bZjhtJYpiEXLaDAeXY795T5Vmsbwzw4T6AvckixjBxkqBuy+C7OpmdF5BCD5mHSUgbYwCt4TKaAI4T7yclECOWuB+dboxSQWVhnCsddtDifEzrAwjnI6KnVTTBJMB7tG2pRILqv1scv0IHlmlC6NY2ZIGTtTfExkWWg9FaDsFNn09643F/7x2aqIzP2MySQ2VZLooSjk0MRxHAbtMUWL40BJMFLO3QtLHChNjAyvaELzZl+dJ46TsobJ3WylVL/I4CuAAHIJj4IFTUAXXoAbqgIAH8AxewZvz5Lw4787HtHXByWf2wB84nz//jJRG</latexit><latexit sha1_base64="vWH19sSLr1p1XgA8Ouj1y/C/phU=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVTJS0JUUdeFGqGAf0A5DJs20oUlmSDJCHaq/4saFIm79D3f+jWk7C209cOFwzr3ce0+YcKYNQt/OwuLS8spqYa24vrG5te3u7DZ0nCpC6yTmsWqFWFPOJK0bZjhtJYpiEXLaDAeXY795T5Vmsbwzw4T6AvckixjBxkqBuy+C7OpmdF5BCD5mHSUgbYwCt4TKaAI4T7yclECOWuB+dboxSQWVhnCsddtDifEzrAwjnI6KnVTTBJMB7tG2pRILqv1scv0IHlmlC6NY2ZIGTtTfExkWWg9FaDsFNn09643F/7x2aqIzP2MySQ2VZLooSjk0MRxHAbtMUWL40BJMFLO3QtLHChNjAyvaELzZl+dJ46TsobJ3WylVL/I4CuAAHIJj4IFTUAXXoAbqgIAH8AxewZvz5Lw4787HtHXByWf2wB84nz//jJRG</latexit><latexit sha1_base64="vWH19sSLr1p1XgA8Ouj1y/C/phU=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVTJS0JUUdeFGqGAf0A5DJs20oUlmSDJCHaq/4saFIm79D3f+jWk7C209cOFwzr3ce0+YcKYNQt/OwuLS8spqYa24vrG5te3u7DZ0nCpC6yTmsWqFWFPOJK0bZjhtJYpiEXLaDAeXY795T5Vmsbwzw4T6AvckixjBxkqBuy+C7OpmdF5BCD5mHSUgbYwCt4TKaAI4T7yclECOWuB+dboxSQWVhnCsddtDifEzrAwjnI6KnVTTBJMB7tG2pRILqv1scv0IHlmlC6NY2ZIGTtTfExkWWg9FaDsFNn09643F/7x2aqIzP2MySQ2VZLooSjk0MRxHAbtMUWL40BJMFLO3QtLHChNjAyvaELzZl+dJ46TsobJ3WylVL/I4CuAAHIJj4IFTUAXXoAbqgIAH8AxewZvz5Lw4787HtHXByWf2wB84nz//jJRG</latexit><latexit sha1_base64="vWH19sSLr1p1XgA8Ouj1y/C/phU=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVTJS0JUUdeFGqGAf0A5DJs20oUlmSDJCHaq/4saFIm79D3f+jWk7C209cOFwzr3ce0+YcKYNQt/OwuLS8spqYa24vrG5te3u7DZ0nCpC6yTmsWqFWFPOJK0bZjhtJYpiEXLaDAeXY795T5Vmsbwzw4T6AvckixjBxkqBuy+C7OpmdF5BCD5mHSUgbYwCt4TKaAI4T7yclECOWuB+dboxSQWVhnCsddtDifEzrAwjnI6KnVTTBJMB7tG2pRILqv1scv0IHlmlC6NY2ZIGTtTfExkWWg9FaDsFNn09643F/7x2aqIzP2MySQ2VZLooSjk0MRxHAbtMUWL40BJMFLO3QtLHChNjAyvaELzZl+dJ46TsobJ3WylVL/I4CuAAHIJj4IFTUAXXoAbqgIAH8AxewZvz5Lw4787HtHXByWf2wB84nz//jJRG</latexit>

mDM > 10�22 eV
<latexit sha1_base64="0euYer2cJTPTE4sQLJrGmaJXZeE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0tSBF1JURduhAr2AW0Mk+mkHTozCTMToYR046+4caGIW//CnX/jtM1CWw9cOJxzL/feE8SMKu0439bC4tLyymphrbi+sbm1be/sNlSUSEzqOGKRbAVIEUYFqWuqGWnFkiAeMNIMBldjv/lIpKKRuNfDmHgc9QQNKUbaSL69z/30+ja7cJ2H9KRSyUZpR3JIGplvl5yyMwGcJ25OSiBHzbe/Ot0IJ5wIjRlSqu06sfZSJDXFjGTFTqJIjPAA9UjbUIE4UV46+SCDR0bpwjCSpoSGE/X3RIq4UkMemE6OdF/NemPxP6+d6PDcS6mIE00Eni4KEwZ1BMdxwC6VBGs2NARhSc2tEPeRRFib0IomBHf25XnSqJRdp+zenZaql3kcBXAADsExcMEZqIIbUAN1gMEIPINX8GY9WS/Wu/UxbV2w8pk98AfW5w8XcpYC</latexit><latexit sha1_base64="0euYer2cJTPTE4sQLJrGmaJXZeE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0tSBF1JURduhAr2AW0Mk+mkHTozCTMToYR046+4caGIW//CnX/jtM1CWw9cOJxzL/feE8SMKu0439bC4tLyymphrbi+sbm1be/sNlSUSEzqOGKRbAVIEUYFqWuqGWnFkiAeMNIMBldjv/lIpKKRuNfDmHgc9QQNKUbaSL69z/30+ja7cJ2H9KRSyUZpR3JIGplvl5yyMwGcJ25OSiBHzbe/Ot0IJ5wIjRlSqu06sfZSJDXFjGTFTqJIjPAA9UjbUIE4UV46+SCDR0bpwjCSpoSGE/X3RIq4UkMemE6OdF/NemPxP6+d6PDcS6mIE00Eni4KEwZ1BMdxwC6VBGs2NARhSc2tEPeRRFib0IomBHf25XnSqJRdp+zenZaql3kcBXAADsExcMEZqIIbUAN1gMEIPINX8GY9WS/Wu/UxbV2w8pk98AfW5w8XcpYC</latexit><latexit sha1_base64="0euYer2cJTPTE4sQLJrGmaJXZeE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0tSBF1JURduhAr2AW0Mk+mkHTozCTMToYR046+4caGIW//CnX/jtM1CWw9cOJxzL/feE8SMKu0439bC4tLyymphrbi+sbm1be/sNlSUSEzqOGKRbAVIEUYFqWuqGWnFkiAeMNIMBldjv/lIpKKRuNfDmHgc9QQNKUbaSL69z/30+ja7cJ2H9KRSyUZpR3JIGplvl5yyMwGcJ25OSiBHzbe/Ot0IJ5wIjRlSqu06sfZSJDXFjGTFTqJIjPAA9UjbUIE4UV46+SCDR0bpwjCSpoSGE/X3RIq4UkMemE6OdF/NemPxP6+d6PDcS6mIE00Eni4KEwZ1BMdxwC6VBGs2NARhSc2tEPeRRFib0IomBHf25XnSqJRdp+zenZaql3kcBXAADsExcMEZqIIbUAN1gMEIPINX8GY9WS/Wu/UxbV2w8pk98AfW5w8XcpYC</latexit><latexit sha1_base64="0euYer2cJTPTE4sQLJrGmaJXZeE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0tSBF1JURduhAr2AW0Mk+mkHTozCTMToYR046+4caGIW//CnX/jtM1CWw9cOJxzL/feE8SMKu0439bC4tLyymphrbi+sbm1be/sNlSUSEzqOGKRbAVIEUYFqWuqGWnFkiAeMNIMBldjv/lIpKKRuNfDmHgc9QQNKUbaSL69z/30+ja7cJ2H9KRSyUZpR3JIGplvl5yyMwGcJ25OSiBHzbe/Ot0IJ5wIjRlSqu06sfZSJDXFjGTFTqJIjPAA9UjbUIE4UV46+SCDR0bpwjCSpoSGE/X3RIq4UkMemE6OdF/NemPxP6+d6PDcS6mIE00Eni4KEwZ1BMdxwC6VBGs2NARhSc2tEPeRRFib0IomBHf25XnSqJRdp+zenZaql3kcBXAADsExcMEZqIIbUAN1gMEIPINX8GY9WS/Wu/UxbV2w8pk98AfW5w8XcpYC</latexit>

�dB >
2⇡

mDMv
<latexit sha1_base64="gm95Y0u0jh55fE89ppGwIRKuxok=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4KkkRdCWlunAjVLAPaEKYTCbt0JlJmJkUSsjajb/ixoUibv0Cd/6N0zYLbT0wcDjnXO7cEySUSGXb30ZpZXVtfaO8Wdna3tndM/cPOjJOBcJtFNNY9AIoMSUctxVRFPcSgSELKO4Go+up3x1jIUnMH9QkwR6DA04igqDSkm8eu1SHQ+hnYTO/ciMBUVZ3E5JnzM9u7vJx7ptVu2bPYC0TpyBVUKDlm19uGKOUYa4QhVL2HTtRXgaFIojivOKmEicQjeAA9zXlkGHpZbNTcutUK6EVxUI/rqyZ+nsig0zKCQt0kkE1lIveVPzP66cquvQywpNUYY7mi6KUWiq2pr1YIREYKTrRBCJB9F8tNIS6DqXbq+gSnMWTl0mnXnPsmnN/Xm00izrK4AicgDPggAvQALegBdoAgUfwDF7Bm/FkvBjvxsc8WjKKmUPwB8bnD+iBmwc=</latexit><latexit sha1_base64="gm95Y0u0jh55fE89ppGwIRKuxok=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4KkkRdCWlunAjVLAPaEKYTCbt0JlJmJkUSsjajb/ixoUibv0Cd/6N0zYLbT0wcDjnXO7cEySUSGXb30ZpZXVtfaO8Wdna3tndM/cPOjJOBcJtFNNY9AIoMSUctxVRFPcSgSELKO4Go+up3x1jIUnMH9QkwR6DA04igqDSkm8eu1SHQ+hnYTO/ciMBUVZ3E5JnzM9u7vJx7ptVu2bPYC0TpyBVUKDlm19uGKOUYa4QhVL2HTtRXgaFIojivOKmEicQjeAA9zXlkGHpZbNTcutUK6EVxUI/rqyZ+nsig0zKCQt0kkE1lIveVPzP66cquvQywpNUYY7mi6KUWiq2pr1YIREYKTrRBCJB9F8tNIS6DqXbq+gSnMWTl0mnXnPsmnN/Xm00izrK4AicgDPggAvQALegBdoAgUfwDF7Bm/FkvBjvxsc8WjKKmUPwB8bnD+iBmwc=</latexit><latexit sha1_base64="gm95Y0u0jh55fE89ppGwIRKuxok=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4KkkRdCWlunAjVLAPaEKYTCbt0JlJmJkUSsjajb/ixoUibv0Cd/6N0zYLbT0wcDjnXO7cEySUSGXb30ZpZXVtfaO8Wdna3tndM/cPOjJOBcJtFNNY9AIoMSUctxVRFPcSgSELKO4Go+up3x1jIUnMH9QkwR6DA04igqDSkm8eu1SHQ+hnYTO/ciMBUVZ3E5JnzM9u7vJx7ptVu2bPYC0TpyBVUKDlm19uGKOUYa4QhVL2HTtRXgaFIojivOKmEicQjeAA9zXlkGHpZbNTcutUK6EVxUI/rqyZ+nsig0zKCQt0kkE1lIveVPzP66cquvQywpNUYY7mi6KUWiq2pr1YIREYKTrRBCJB9F8tNIS6DqXbq+gSnMWTl0mnXnPsmnN/Xm00izrK4AicgDPggAvQALegBdoAgUfwDF7Bm/FkvBjvxsc8WjKKmUPwB8bnD+iBmwc=</latexit><latexit sha1_base64="gm95Y0u0jh55fE89ppGwIRKuxok=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4KkkRdCWlunAjVLAPaEKYTCbt0JlJmJkUSsjajb/ixoUibv0Cd/6N0zYLbT0wcDjnXO7cEySUSGXb30ZpZXVtfaO8Wdna3tndM/cPOjJOBcJtFNNY9AIoMSUctxVRFPcSgSELKO4Go+up3x1jIUnMH9QkwR6DA04igqDSkm8eu1SHQ+hnYTO/ciMBUVZ3E5JnzM9u7vJx7ptVu2bPYC0TpyBVUKDlm19uGKOUYa4QhVL2HTtRXgaFIojivOKmEicQjeAA9zXlkGHpZbNTcutUK6EVxUI/rqyZ+nsig0zKCQt0kkE1lIveVPzP66cquvQywpNUYY7mi6KUWiq2pr1YIREYKTrRBCJB9F8tNIS6DqXbq+gSnMWTl0mnXnPsmnN/Xm00izrK4AicgDPggAvQALegBdoAgUfwDF7Bm/FkvBjvxsc8WjKKmUPwB8bnD+iBmwc=</latexit>



Fuzzy dark matter

Suarez, Robles and Matos, Astrophys Space Sci Proc 38 (2014) 107;
Rindler-Daller and Shapiro, Mod Phys Lett A 29; Chavanis, PRD 84 (2011) 43531;
Marsh, Phys Rep 643 (2016); 
Hui, Ostriker, Tremaine and Witten, PRD 95 (2017) 043541
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�dB ⇠ Galaxy core
<latexit sha1_base64="CkPyJgWCBrJEhCexi+opK6xZtJs=">AAACDnicbVDLSsNAFJ3UV62vqks3g6XgqiQi6LLUhS4r2Ac0JdxMpu3QmSTMTMQQ4g+48VfcuFDErWt3/o3Tx0JbDwwczjmXO/f4MWdK2/a3VVhZXVvfKG6WtrZ3dvfK+wdtFSWS0BaJeCS7PijKWUhbmmlOu7GkIHxOO/74cuJ37qhULApvdRrTvoBhyAaMgDaSV6663IQD8LKgkWNXMYEzVwp8BRzuU/yASSRp7pUrds2eAi8TZ04qaI6mV/5yg4gkgoaacFCq59ix7mcgNSOc5iU3UTQGMoYh7RkagqCqn03PyXHVKAEeRNK8UOOp+nsiA6FUKnyTFKBHatGbiP95vUQPLvoZC+NE05DMFg0SjnWEJ93ggElKNE8NASKZ+SsmI5BAtGmwZEpwFk9eJu3TmmPXnJuzSr0xr6OIjtAxOkEOOkd1dI2aqIUIekTP6BW9WU/Wi/VufcyiBWs+c4j+wPr8Aa6lm9w=</latexit><latexit sha1_base64="CkPyJgWCBrJEhCexi+opK6xZtJs=">AAACDnicbVDLSsNAFJ3UV62vqks3g6XgqiQi6LLUhS4r2Ac0JdxMpu3QmSTMTMQQ4g+48VfcuFDErWt3/o3Tx0JbDwwczjmXO/f4MWdK2/a3VVhZXVvfKG6WtrZ3dvfK+wdtFSWS0BaJeCS7PijKWUhbmmlOu7GkIHxOO/74cuJ37qhULApvdRrTvoBhyAaMgDaSV6663IQD8LKgkWNXMYEzVwp8BRzuU/yASSRp7pUrds2eAi8TZ04qaI6mV/5yg4gkgoaacFCq59ix7mcgNSOc5iU3UTQGMoYh7RkagqCqn03PyXHVKAEeRNK8UOOp+nsiA6FUKnyTFKBHatGbiP95vUQPLvoZC+NE05DMFg0SjnWEJ93ggElKNE8NASKZ+SsmI5BAtGmwZEpwFk9eJu3TmmPXnJuzSr0xr6OIjtAxOkEOOkd1dI2aqIUIekTP6BW9WU/Wi/VufcyiBWs+c4j+wPr8Aa6lm9w=</latexit><latexit sha1_base64="CkPyJgWCBrJEhCexi+opK6xZtJs=">AAACDnicbVDLSsNAFJ3UV62vqks3g6XgqiQi6LLUhS4r2Ac0JdxMpu3QmSTMTMQQ4g+48VfcuFDErWt3/o3Tx0JbDwwczjmXO/f4MWdK2/a3VVhZXVvfKG6WtrZ3dvfK+wdtFSWS0BaJeCS7PijKWUhbmmlOu7GkIHxOO/74cuJ37qhULApvdRrTvoBhyAaMgDaSV6663IQD8LKgkWNXMYEzVwp8BRzuU/yASSRp7pUrds2eAi8TZ04qaI6mV/5yg4gkgoaacFCq59ix7mcgNSOc5iU3UTQGMoYh7RkagqCqn03PyXHVKAEeRNK8UOOp+nsiA6FUKnyTFKBHatGbiP95vUQPLvoZC+NE05DMFg0SjnWEJ93ggElKNE8NASKZ+SsmI5BAtGmwZEpwFk9eJu3TmmPXnJuzSr0xr6OIjtAxOkEOOkd1dI2aqIUIekTP6BW9WU/Wi/VufcyiBWs+c4j+wPr8Aa6lm9w=</latexit><latexit sha1_base64="CkPyJgWCBrJEhCexi+opK6xZtJs=">AAACDnicbVDLSsNAFJ3UV62vqks3g6XgqiQi6LLUhS4r2Ac0JdxMpu3QmSTMTMQQ4g+48VfcuFDErWt3/o3Tx0JbDwwczjmXO/f4MWdK2/a3VVhZXVvfKG6WtrZ3dvfK+wdtFSWS0BaJeCS7PijKWUhbmmlOu7GkIHxOO/74cuJ37qhULApvdRrTvoBhyAaMgDaSV6663IQD8LKgkWNXMYEzVwp8BRzuU/yASSRp7pUrds2eAi8TZ04qaI6mV/5yg4gkgoaacFCq59ix7mcgNSOc5iU3UTQGMoYh7RkagqCqn03PyXHVKAEeRNK8UOOp+nsiA6FUKnyTFKBHatGbiP95vUQPLvoZC+NE05DMFg0SjnWEJ93ggElKNE8NASKZ+SsmI5BAtGmwZEpwFk9eJu3TmmPXnJuzSr0xr6OIjtAxOkEOOkd1dI2aqIUIekTP6BW9WU/Wi/VufcyiBWs+c4j+wPr8Aa6lm9w=</latexit>



Lower bound on scalar

• Lyman alpha

• Rotation curves 

• Superradiance M87*

• Precision cosmology

• …

mDM
>⇠ 10�21 eV

<latexit sha1_base64="8fD1xhEtJRI9HwgJUrbi2uaE0Fk=">AAACEnicbVC7SgNBFJ31GeMramkzGAQtDLtB0EqCWtgIEcwDsjHMTm6SITO7y8ysEIb1F2z8FRsLRWyt7PwbJ49CEw9cOJxzL/feE8ScKe26387c/MLi0nJmJbu6tr6xmdvarqookRQqNOKRrAdEAWchVDTTHOqxBCICDrWgfzH0a/cgFYvCWz2IoSlIN2QdRom2Uit3KFrm8jr1lSa0L4Gbs9T4ionUc+/MUdFLH4wvBYZq2srl3YI7Ap4l3oTk0QTlVu7Lb0c0ERBqyolSDc+NddMQqRnlkGb9REFst5IuNCwNiQDVNKOXUrxvlTbuRNJWqPFI/T1hiFBqIALbKYjuqWlvKP7nNRLdOW0aFsaJhpCOF3USjnWEh/ngNpNANR9YQqhk9lZMe0QSqm2KWRuCN/3yLKkWC55b8G6O86XzSRwZtIv20AHy0AkqoStURhVE0SN6Rq/ozXlyXpx352PcOudMZnbQHzifP366nfU=</latexit><latexit sha1_base64="8fD1xhEtJRI9HwgJUrbi2uaE0Fk=">AAACEnicbVC7SgNBFJ31GeMramkzGAQtDLtB0EqCWtgIEcwDsjHMTm6SITO7y8ysEIb1F2z8FRsLRWyt7PwbJ49CEw9cOJxzL/feE8ScKe26387c/MLi0nJmJbu6tr6xmdvarqookRQqNOKRrAdEAWchVDTTHOqxBCICDrWgfzH0a/cgFYvCWz2IoSlIN2QdRom2Uit3KFrm8jr1lSa0L4Gbs9T4ionUc+/MUdFLH4wvBYZq2srl3YI7Ap4l3oTk0QTlVu7Lb0c0ERBqyolSDc+NddMQqRnlkGb9REFst5IuNCwNiQDVNKOXUrxvlTbuRNJWqPFI/T1hiFBqIALbKYjuqWlvKP7nNRLdOW0aFsaJhpCOF3USjnWEh/ngNpNANR9YQqhk9lZMe0QSqm2KWRuCN/3yLKkWC55b8G6O86XzSRwZtIv20AHy0AkqoStURhVE0SN6Rq/ozXlyXpx352PcOudMZnbQHzifP366nfU=</latexit><latexit sha1_base64="8fD1xhEtJRI9HwgJUrbi2uaE0Fk=">AAACEnicbVC7SgNBFJ31GeMramkzGAQtDLtB0EqCWtgIEcwDsjHMTm6SITO7y8ysEIb1F2z8FRsLRWyt7PwbJ49CEw9cOJxzL/feE8ScKe26387c/MLi0nJmJbu6tr6xmdvarqookRQqNOKRrAdEAWchVDTTHOqxBCICDrWgfzH0a/cgFYvCWz2IoSlIN2QdRom2Uit3KFrm8jr1lSa0L4Gbs9T4ionUc+/MUdFLH4wvBYZq2srl3YI7Ap4l3oTk0QTlVu7Lb0c0ERBqyolSDc+NddMQqRnlkGb9REFst5IuNCwNiQDVNKOXUrxvlTbuRNJWqPFI/T1hiFBqIALbKYjuqWlvKP7nNRLdOW0aFsaJhpCOF3USjnWEh/ngNpNANR9YQqhk9lZMe0QSqm2KWRuCN/3yLKkWC55b8G6O86XzSRwZtIv20AHy0AkqoStURhVE0SN6Rq/ozXlyXpx352PcOudMZnbQHzifP366nfU=</latexit><latexit sha1_base64="8fD1xhEtJRI9HwgJUrbi2uaE0Fk=">AAACEnicbVC7SgNBFJ31GeMramkzGAQtDLtB0EqCWtgIEcwDsjHMTm6SITO7y8ysEIb1F2z8FRsLRWyt7PwbJ49CEw9cOJxzL/feE8ScKe26387c/MLi0nJmJbu6tr6xmdvarqookRQqNOKRrAdEAWchVDTTHOqxBCICDrWgfzH0a/cgFYvCWz2IoSlIN2QdRom2Uit3KFrm8jr1lSa0L4Gbs9T4ionUc+/MUdFLH4wvBYZq2srl3YI7Ap4l3oTk0QTlVu7Lb0c0ERBqyolSDc+NddMQqRnlkGb9REFst5IuNCwNiQDVNKOXUrxvlTbuRNJWqPFI/T1hiFBqIALbKYjuqWlvKP7nNRLdOW0aFsaJhpCOF3USjnWEh/ngNpNANR9YQqhk9lZMe0QSqm2KWRuCN/3yLKkWC55b8G6O86XzSRwZtIv20AHy0AkqoStURhVE0SN6Rq/ozXlyXpx352PcOudMZnbQHzifP366nfU=</latexit>
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Sterile neutrino coupled to ultralight dark 
matter

Y. F., “Ultra-light scalar saving the 3+1 neutrino scheme from the cosmological 
bounds,” PLB 797 (2019) 134911

c =


0 �1
1 0

�

<latexit sha1_base64="u+L4l3e/EadnQ+3jLGK6qbEKYbI=">AAACJ3icbZDLSsNAFIYn3q23qks3g0VxY0lE0I0iunFZwV6gCWUyPWkHJ5MwcyKW0Ldx46u4EVREl76J0wui1gMDH/9/DnPOH6ZSGHTdD2dqemZ2bn5hsbC0vLK6VlzfqJkk0xyqPJGJboTMgBQKqihQQiPVwOJQQj28uRj49VvQRiTqGnspBDHrKBEJztBKreIpP/ElRNikfggdofKYoRZ3ferSXbrvUZ/rAvUsu9QH1f62fS06XQxaxZJbdodFJ8EbQ4mMq9IqPvvthGcxKOSSGdP03BSDnGkUXEK/4GcGUsZvWAeaFhWLwQT58M4+3bFKm0aJtk8hHao/J3IWG9OLQ9tp9+yav95A/M9rZhgdB7lQaYag+OijKJMUEzoIjbaFBo6yZ4FxLeyulHeZZhxttAUbgvf35EmoHZQ9t+xdHZbOzsdxLJAtsk32iEeOyBm5JBVSJZzck0fyQl6dB+fJeXPeR61Tznhmk/wq5/MLOFCjtA==</latexit><latexit sha1_base64="u+L4l3e/EadnQ+3jLGK6qbEKYbI=">AAACJ3icbZDLSsNAFIYn3q23qks3g0VxY0lE0I0iunFZwV6gCWUyPWkHJ5MwcyKW0Ldx46u4EVREl76J0wui1gMDH/9/DnPOH6ZSGHTdD2dqemZ2bn5hsbC0vLK6VlzfqJkk0xyqPJGJboTMgBQKqihQQiPVwOJQQj28uRj49VvQRiTqGnspBDHrKBEJztBKreIpP/ElRNikfggdofKYoRZ3ferSXbrvUZ/rAvUsu9QH1f62fS06XQxaxZJbdodFJ8EbQ4mMq9IqPvvthGcxKOSSGdP03BSDnGkUXEK/4GcGUsZvWAeaFhWLwQT58M4+3bFKm0aJtk8hHao/J3IWG9OLQ9tp9+yav95A/M9rZhgdB7lQaYag+OijKJMUEzoIjbaFBo6yZ4FxLeyulHeZZhxttAUbgvf35EmoHZQ9t+xdHZbOzsdxLJAtsk32iEeOyBm5JBVSJZzck0fyQl6dB+fJeXPeR61Tznhmk/wq5/MLOFCjtA==</latexit><latexit sha1_base64="u+L4l3e/EadnQ+3jLGK6qbEKYbI=">AAACJ3icbZDLSsNAFIYn3q23qks3g0VxY0lE0I0iunFZwV6gCWUyPWkHJ5MwcyKW0Ldx46u4EVREl76J0wui1gMDH/9/DnPOH6ZSGHTdD2dqemZ2bn5hsbC0vLK6VlzfqJkk0xyqPJGJboTMgBQKqihQQiPVwOJQQj28uRj49VvQRiTqGnspBDHrKBEJztBKreIpP/ElRNikfggdofKYoRZ3ferSXbrvUZ/rAvUsu9QH1f62fS06XQxaxZJbdodFJ8EbQ4mMq9IqPvvthGcxKOSSGdP03BSDnGkUXEK/4GcGUsZvWAeaFhWLwQT58M4+3bFKm0aJtk8hHao/J3IWG9OLQ9tp9+yav95A/M9rZhgdB7lQaYag+OijKJMUEzoIjbaFBo6yZ4FxLeyulHeZZhxttAUbgvf35EmoHZQ9t+xdHZbOzsdxLJAtsk32iEeOyBm5JBVSJZzck0fyQl6dB+fJeXPeR61Tznhmk/wq5/MLOFCjtA==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="+Dtf419HLZNC5tjM9RNlJgUPFeQ=">AAACHHicbZBfaxNBFMXvRqs1Te3WV18Gg9KXhtm+tC8WoS99jGCSwu4SZid3kyGzs8vMXWlY8m188av4IlQR/TZO/iCaeGDgxzkzzL0nq7RyxPmvoPXo8cGTp4fP2ked4+cn4Wln6MraShzIUpf2LhMOtTI4IEUa7yqLosg0jrL5zSoffUTrVGk+0KLCtBBTo3IlBXlrHF7Lt4nGnGKWZDhVpikEWXW/ZJy9YecRS6Rts8gzZwmayZ84sWo6o3QcdnmPr8X2IdpCF7bqj8OHZFLKukBDUgvn4ohXlDbCkpIal+2kdlgJORdTjD0aUaBLm/WeS/baOxOWl9YfQ2zt/v2iEYVziyLzN/2cM7ebrcz/ZXFN+VXaKFPVhEZuPsprzahkq9LYRFmUpBcehLTKz8rkTFghyVfb9iVEuyvvw/CiF/Fe9J7DIbyEV3AGEVzCO7iFPgxAwif4At/ge/A5+Br82NTVCra9vYB/FPz8DTUFoiI=</latexit><latexit sha1_base64="+Dtf419HLZNC5tjM9RNlJgUPFeQ=">AAACHHicbZBfaxNBFMXvRqs1Te3WV18Gg9KXhtm+tC8WoS99jGCSwu4SZid3kyGzs8vMXWlY8m188av4IlQR/TZO/iCaeGDgxzkzzL0nq7RyxPmvoPXo8cGTp4fP2ked4+cn4Wln6MraShzIUpf2LhMOtTI4IEUa7yqLosg0jrL5zSoffUTrVGk+0KLCtBBTo3IlBXlrHF7Lt4nGnGKWZDhVpikEWXW/ZJy9YecRS6Rts8gzZwmayZ84sWo6o3QcdnmPr8X2IdpCF7bqj8OHZFLKukBDUgvn4ohXlDbCkpIal+2kdlgJORdTjD0aUaBLm/WeS/baOxOWl9YfQ2zt/v2iEYVziyLzN/2cM7ebrcz/ZXFN+VXaKFPVhEZuPsprzahkq9LYRFmUpBcehLTKz8rkTFghyVfb9iVEuyvvw/CiF/Fe9J7DIbyEV3AGEVzCO7iFPgxAwif4At/ge/A5+Br82NTVCra9vYB/FPz8DTUFoiI=</latexit><latexit sha1_base64="E7VY1mThhGcuFIIKhjFX0ZpFJjI=">AAACJ3icbZDLSgMxFIYz3q23qks3waK4sWTc6EYpunGpYKvQGUomPdMGM5khOSOWoW/jxldxI6iILn0T0wvi7UDg4//PIef8UaakRcbevYnJqemZ2bn50sLi0vJKeXWtYdPcCKiLVKXmKuIWlNRQR4kKrjIDPIkUXEbXJwP/8gaMlam+wF4GYcI7WsZScHRSq3wkDgMFMTZpEEFH6iLhaORtnzK6TXd9GghTor5jRgPQ7S87MLLTxbBVrrAqGxb9C/4YKmRcZ63yU9BORZ6ARqG4tU2fZRgW3KAUCvqlILeQcXHNO9B0qHkCNiyGd/bpllPaNE6NexrpUP0+UfDE2l4SuU63Z9f+9gbif14zx/ggLKTOcgQtRh/FuaKY0kFotC0NCFQ9B1wY6XalossNF+iiLbkQ/N8n/4XGXtVnVf+cVWrH4zjmyAbZJDvEJ/ukRk7JGakTQe7IA3kmL9699+i9em+j1glvPLNOfpT38Qk3EKOw</latexit><latexit sha1_base64="u+L4l3e/EadnQ+3jLGK6qbEKYbI=">AAACJ3icbZDLSsNAFIYn3q23qks3g0VxY0lE0I0iunFZwV6gCWUyPWkHJ5MwcyKW0Ldx46u4EVREl76J0wui1gMDH/9/DnPOH6ZSGHTdD2dqemZ2bn5hsbC0vLK6VlzfqJkk0xyqPJGJboTMgBQKqihQQiPVwOJQQj28uRj49VvQRiTqGnspBDHrKBEJztBKreIpP/ElRNikfggdofKYoRZ3ferSXbrvUZ/rAvUsu9QH1f62fS06XQxaxZJbdodFJ8EbQ4mMq9IqPvvthGcxKOSSGdP03BSDnGkUXEK/4GcGUsZvWAeaFhWLwQT58M4+3bFKm0aJtk8hHao/J3IWG9OLQ9tp9+yav95A/M9rZhgdB7lQaYag+OijKJMUEzoIjbaFBo6yZ4FxLeyulHeZZhxttAUbgvf35EmoHZQ9t+xdHZbOzsdxLJAtsk32iEeOyBm5JBVSJZzck0fyQl6dB+fJeXPeR61Tznhmk/wq5/MLOFCjtA==</latexit><latexit sha1_base64="u+L4l3e/EadnQ+3jLGK6qbEKYbI=">AAACJ3icbZDLSsNAFIYn3q23qks3g0VxY0lE0I0iunFZwV6gCWUyPWkHJ5MwcyKW0Ldx46u4EVREl76J0wui1gMDH/9/DnPOH6ZSGHTdD2dqemZ2bn5hsbC0vLK6VlzfqJkk0xyqPJGJboTMgBQKqihQQiPVwOJQQj28uRj49VvQRiTqGnspBDHrKBEJztBKreIpP/ElRNikfggdofKYoRZ3ferSXbrvUZ/rAvUsu9QH1f62fS06XQxaxZJbdodFJ8EbQ4mMq9IqPvvthGcxKOSSGdP03BSDnGkUXEK/4GcGUsZvWAeaFhWLwQT58M4+3bFKm0aJtk8hHao/J3IWG9OLQ9tp9+yav95A/M9rZhgdB7lQaYag+OijKJMUEzoIjbaFBo6yZ4FxLeyulHeZZhxttAUbgvf35EmoHZQ9t+xdHZbOzsdxLJAtsk32iEeOyBm5JBVSJZzck0fyQl6dB+fJeXPeR61Tznhmk/wq5/MLOFCjtA==</latexit><latexit sha1_base64="u+L4l3e/EadnQ+3jLGK6qbEKYbI=">AAACJ3icbZDLSsNAFIYn3q23qks3g0VxY0lE0I0iunFZwV6gCWUyPWkHJ5MwcyKW0Ldx46u4EVREl76J0wui1gMDH/9/DnPOH6ZSGHTdD2dqemZ2bn5hsbC0vLK6VlzfqJkk0xyqPJGJboTMgBQKqihQQiPVwOJQQj28uRj49VvQRiTqGnspBDHrKBEJztBKreIpP/ElRNikfggdofKYoRZ3ferSXbrvUZ/rAvUsu9QH1f62fS06XQxaxZJbdodFJ8EbQ4mMq9IqPvvthGcxKOSSGdP03BSDnGkUXEK/4GcGUsZvWAeaFhWLwQT58M4+3bFKm0aJtk8hHao/J3IWG9OLQ9tp9+yav95A/M9rZhgdB7lQaYag+OijKJMUEzoIjbaFBo6yZ4FxLeyulHeZZhxttAUbgvf35EmoHZQ9t+xdHZbOzsdxLJAtsk32iEeOyBm5JBVSJZzck0fyQl6dB+fJeXPeR61Tznhmk/wq5/MLOFCjtA==</latexit><latexit sha1_base64="u+L4l3e/EadnQ+3jLGK6qbEKYbI=">AAACJ3icbZDLSsNAFIYn3q23qks3g0VxY0lE0I0iunFZwV6gCWUyPWkHJ5MwcyKW0Ldx46u4EVREl76J0wui1gMDH/9/DnPOH6ZSGHTdD2dqemZ2bn5hsbC0vLK6VlzfqJkk0xyqPJGJboTMgBQKqihQQiPVwOJQQj28uRj49VvQRiTqGnspBDHrKBEJztBKreIpP/ElRNikfggdofKYoRZ3ferSXbrvUZ/rAvUsu9QH1f62fS06XQxaxZJbdodFJ8EbQ4mMq9IqPvvthGcxKOSSGdP03BSDnGkUXEK/4GcGUsZvWAeaFhWLwQT58M4+3bFKm0aJtk8hHao/J3IWG9OLQ9tp9+yav95A/M9rZhgdB7lQaYag+OijKJMUEzoIjbaFBo6yZ4FxLeyulHeZZhxttAUbgvf35EmoHZQ9t+xdHZbOzsdxLJAtsk32iEeOyBm5JBVSJZzck0fyQl6dB+fJeXPeR61Tznhmk/wq5/MLOFCjtA==</latexit><latexit sha1_base64="u+L4l3e/EadnQ+3jLGK6qbEKYbI=">AAACJ3icbZDLSsNAFIYn3q23qks3g0VxY0lE0I0iunFZwV6gCWUyPWkHJ5MwcyKW0Ldx46u4EVREl76J0wui1gMDH/9/DnPOH6ZSGHTdD2dqemZ2bn5hsbC0vLK6VlzfqJkk0xyqPJGJboTMgBQKqihQQiPVwOJQQj28uRj49VvQRiTqGnspBDHrKBEJztBKreIpP/ElRNikfggdofKYoRZ3ferSXbrvUZ/rAvUsu9QH1f62fS06XQxaxZJbdodFJ8EbQ4mMq9IqPvvthGcxKOSSGdP03BSDnGkUXEK/4GcGUsZvWAeaFhWLwQT58M4+3bFKm0aJtk8hHao/J3IWG9OLQ9tp9+yav95A/M9rZhgdB7lQaYag+OijKJMUEzoIjbaFBo6yZ4FxLeyulHeZZhxttAUbgvf35EmoHZQ9t+xdHZbOzsdxLJAtsk32iEeOyBm5JBVSJZzck0fyQl6dB+fJeXPeR61Tznhmk/wq5/MLOFCjtA==</latexit><latexit sha1_base64="u+L4l3e/EadnQ+3jLGK6qbEKYbI=">AAACJ3icbZDLSsNAFIYn3q23qks3g0VxY0lE0I0iunFZwV6gCWUyPWkHJ5MwcyKW0Ldx46u4EVREl76J0wui1gMDH/9/DnPOH6ZSGHTdD2dqemZ2bn5hsbC0vLK6VlzfqJkk0xyqPJGJboTMgBQKqihQQiPVwOJQQj28uRj49VvQRiTqGnspBDHrKBEJztBKreIpP/ElRNikfggdofKYoRZ3ferSXbrvUZ/rAvUsu9QH1f62fS06XQxaxZJbdodFJ8EbQ4mMq9IqPvvthGcxKOSSGdP03BSDnGkUXEK/4GcGUsZvWAeaFhWLwQT58M4+3bFKm0aJtk8hHao/J3IWG9OLQ9tp9+yav95A/M9rZhgdB7lQaYag+OijKJMUEzoIjbaFBo6yZ4FxLeyulHeZZhxttAUbgvf35EmoHZQ9t+xdHZbOzsdxLJAtsk32iEeOyBm5JBVSJZzck0fyQl6dB+fJeXPeR61Tznhmk/wq5/MLOFCjtA==</latexit>
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Classical limit

Real scalar:

Complex scalar:

17

�dB ⇠ n�1/3
DM =

✓
mDM

⇢DM

◆1/3

<latexit sha1_base64="/pHxfCu+47ubQJC54/RIkV3Nlr0="></latexit><latexit sha1_base64="/pHxfCu+47ubQJC54/RIkV3Nlr0="></latexit><latexit sha1_base64="/pHxfCu+47ubQJC54/RIkV3Nlr0="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="qwMjROvgmezTEYCJFpLJl6VZtnQ="></latexit><latexit sha1_base64="qwMjROvgmezTEYCJFpLJl6VZtnQ="></latexit><latexit sha1_base64="98lRqUFJF+ltJYFAEtQb2axk4f0="></latexit><latexit sha1_base64="/pHxfCu+47ubQJC54/RIkV3Nlr0="></latexit><latexit sha1_base64="/pHxfCu+47ubQJC54/RIkV3Nlr0="></latexit><latexit sha1_base64="/pHxfCu+47ubQJC54/RIkV3Nlr0="></latexit><latexit sha1_base64="/pHxfCu+47ubQJC54/RIkV3Nlr0="></latexit><latexit sha1_base64="/pHxfCu+47ubQJC54/RIkV3Nlr0="></latexit><latexit sha1_base64="/pHxfCu+47ubQJC54/RIkV3Nlr0="></latexit>

� = A cos(mDM t)
<latexit sha1_base64="fe5cq70wOSa8SJlGXAeRqYQ+Dok=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAh1UxIRdCPUx8KNUME+oAlhMp20Q+cRZiZCCPVX3LhQxK0f4s6/cdpmoa0HLhzOuZd774kSSpR23W9raXlldW29tFHe3Nre2bX39ttKpBLhFhJUyG4EFaaE45YmmuJuIjFkEcWdaHQ98TuPWCoi+IPOEhwwOOAkJghqI4V2xU+G5OLSR0LVWJjf3I31cWhX3bo7hbNIvIJUQYFmaH/5fYFShrlGFCrV89xEBzmUmiCKx2U/VTiBaAQHuGcohwyrIJ8eP3aOjNJ3YiFNce1M1d8TOWRKZSwynQzqoZr3JuJ/Xi/V8XmQE56kGnM0WxSn1NHCmSTh9InESNPMEIgkMbc6aAglRNrkVTYhePMvL5L2Sd1z6979abVxVcRRAgfgENSAB85AA9yCJmgBBDLwDF7Bm/VkvVjv1sesdckqZirgD6zPH91ElD8=</latexit><latexit sha1_base64="fe5cq70wOSa8SJlGXAeRqYQ+Dok=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAh1UxIRdCPUx8KNUME+oAlhMp20Q+cRZiZCCPVX3LhQxK0f4s6/cdpmoa0HLhzOuZd774kSSpR23W9raXlldW29tFHe3Nre2bX39ttKpBLhFhJUyG4EFaaE45YmmuJuIjFkEcWdaHQ98TuPWCoi+IPOEhwwOOAkJghqI4V2xU+G5OLSR0LVWJjf3I31cWhX3bo7hbNIvIJUQYFmaH/5fYFShrlGFCrV89xEBzmUmiCKx2U/VTiBaAQHuGcohwyrIJ8eP3aOjNJ3YiFNce1M1d8TOWRKZSwynQzqoZr3JuJ/Xi/V8XmQE56kGnM0WxSn1NHCmSTh9InESNPMEIgkMbc6aAglRNrkVTYhePMvL5L2Sd1z6979abVxVcRRAgfgENSAB85AA9yCJmgBBDLwDF7Bm/VkvVjv1sesdckqZirgD6zPH91ElD8=</latexit><latexit sha1_base64="fe5cq70wOSa8SJlGXAeRqYQ+Dok=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAh1UxIRdCPUx8KNUME+oAlhMp20Q+cRZiZCCPVX3LhQxK0f4s6/cdpmoa0HLhzOuZd774kSSpR23W9raXlldW29tFHe3Nre2bX39ttKpBLhFhJUyG4EFaaE45YmmuJuIjFkEcWdaHQ98TuPWCoi+IPOEhwwOOAkJghqI4V2xU+G5OLSR0LVWJjf3I31cWhX3bo7hbNIvIJUQYFmaH/5fYFShrlGFCrV89xEBzmUmiCKx2U/VTiBaAQHuGcohwyrIJ8eP3aOjNJ3YiFNce1M1d8TOWRKZSwynQzqoZr3JuJ/Xi/V8XmQE56kGnM0WxSn1NHCmSTh9InESNPMEIgkMbc6aAglRNrkVTYhePMvL5L2Sd1z6979abVxVcRRAgfgENSAB85AA9yCJmgBBDLwDF7Bm/VkvVjv1sesdckqZirgD6zPH91ElD8=</latexit><latexit sha1_base64="fe5cq70wOSa8SJlGXAeRqYQ+Dok=">AAAB/HicbVDLSsNAFJ34rPUV7dJNsAh1UxIRdCPUx8KNUME+oAlhMp20Q+cRZiZCCPVX3LhQxK0f4s6/cdpmoa0HLhzOuZd774kSSpR23W9raXlldW29tFHe3Nre2bX39ttKpBLhFhJUyG4EFaaE45YmmuJuIjFkEcWdaHQ98TuPWCoi+IPOEhwwOOAkJghqI4V2xU+G5OLSR0LVWJjf3I31cWhX3bo7hbNIvIJUQYFmaH/5fYFShrlGFCrV89xEBzmUmiCKx2U/VTiBaAQHuGcohwyrIJ8eP3aOjNJ3YiFNce1M1d8TOWRKZSwynQzqoZr3JuJ/Xi/V8XmQE56kGnM0WxSn1NHCmSTh9InESNPMEIgkMbc6aAglRNrkVTYhePMvL5L2Sd1z6979abVxVcRRAgfgENSAB85AA9yCJmgBBDLwDF7Bm/VkvVjv1sesdckqZirgD6zPH91ElD8=</latexit>

� = A cos(mDM t) + iB sin(mDM t+ c)
<latexit sha1_base64="VhiK2yjiSDBjdYEDNQ0To8VrOW0=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBalpVASEfQi1OrBi1DB1kITwma7aZduNmF3I5TQf+DFv+LFgyJevXrz37htI2jrg4HHezPMzPNjRqWyrC8jt7C4tLySXy2srW9sbpnbOy0ZJQKTJo5YJNo+koRRTpqKKkbasSAo9Bm58wcXY//unghJI36rhjFxQ9TjNKAYKS155qET9+nZuYMjWQq99PJ6pMoVWoeOpPxHqOCyZxatqjUBnCd2RoogQ8MzP51uhJOQcIUZkrJjW7FyUyQUxYyMCk4iSYzwAPVIR1OOQiLddPLPCB5opQuDSOjiCk7U3xMpCqUchr7uDJHqy1lvLP7ndRIVnLop5XGiCMfTRUHCoIrgOBzYpYJgxYaaICyovhXiPhIIKx1hQYdgz748T1pHVduq2jfHxVo9iyMP9sA+KAEbnIAauAIN0AQYPIAn8AJejUfj2Xgz3qetOSOb2QV/YHx8A9mUm0E=</latexit><latexit sha1_base64="VhiK2yjiSDBjdYEDNQ0To8VrOW0=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBalpVASEfQi1OrBi1DB1kITwma7aZduNmF3I5TQf+DFv+LFgyJevXrz37htI2jrg4HHezPMzPNjRqWyrC8jt7C4tLySXy2srW9sbpnbOy0ZJQKTJo5YJNo+koRRTpqKKkbasSAo9Bm58wcXY//unghJI36rhjFxQ9TjNKAYKS155qET9+nZuYMjWQq99PJ6pMoVWoeOpPxHqOCyZxatqjUBnCd2RoogQ8MzP51uhJOQcIUZkrJjW7FyUyQUxYyMCk4iSYzwAPVIR1OOQiLddPLPCB5opQuDSOjiCk7U3xMpCqUchr7uDJHqy1lvLP7ndRIVnLop5XGiCMfTRUHCoIrgOBzYpYJgxYaaICyovhXiPhIIKx1hQYdgz748T1pHVduq2jfHxVo9iyMP9sA+KAEbnIAauAIN0AQYPIAn8AJejUfj2Xgz3qetOSOb2QV/YHx8A9mUm0E=</latexit><latexit sha1_base64="VhiK2yjiSDBjdYEDNQ0To8VrOW0=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBalpVASEfQi1OrBi1DB1kITwma7aZduNmF3I5TQf+DFv+LFgyJevXrz37htI2jrg4HHezPMzPNjRqWyrC8jt7C4tLySXy2srW9sbpnbOy0ZJQKTJo5YJNo+koRRTpqKKkbasSAo9Bm58wcXY//unghJI36rhjFxQ9TjNKAYKS155qET9+nZuYMjWQq99PJ6pMoVWoeOpPxHqOCyZxatqjUBnCd2RoogQ8MzP51uhJOQcIUZkrJjW7FyUyQUxYyMCk4iSYzwAPVIR1OOQiLddPLPCB5opQuDSOjiCk7U3xMpCqUchr7uDJHqy1lvLP7ndRIVnLop5XGiCMfTRUHCoIrgOBzYpYJgxYaaICyovhXiPhIIKx1hQYdgz748T1pHVduq2jfHxVo9iyMP9sA+KAEbnIAauAIN0AQYPIAn8AJejUfj2Xgz3qetOSOb2QV/YHx8A9mUm0E=</latexit><latexit sha1_base64="VhiK2yjiSDBjdYEDNQ0To8VrOW0=">AAACD3icbVBNS8NAEN3Ur1q/oh69LBalpVASEfQi1OrBi1DB1kITwma7aZduNmF3I5TQf+DFv+LFgyJevXrz37htI2jrg4HHezPMzPNjRqWyrC8jt7C4tLySXy2srW9sbpnbOy0ZJQKTJo5YJNo+koRRTpqKKkbasSAo9Bm58wcXY//unghJI36rhjFxQ9TjNKAYKS155qET9+nZuYMjWQq99PJ6pMoVWoeOpPxHqOCyZxatqjUBnCd2RoogQ8MzP51uhJOQcIUZkrJjW7FyUyQUxYyMCk4iSYzwAPVIR1OOQiLddPLPCB5opQuDSOjiCk7U3xMpCqUchr7uDJHqy1lvLP7ndRIVnLop5XGiCMfTRUHCoIrgOBzYpYJgxYaaICyovhXiPhIIKx1hQYdgz748T1pHVduq2jfHxVo9iyMP9sA+KAEbnIAauAIN0AQYPIAn8AJejUfj2Xgz3qetOSOb2QV/YHx8A9mUm0E=</latexit>

T 00 = ⇢DM
<latexit sha1_base64="apmJxYAX6VJFeF37xUfAHMstFaM=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVTIi6EYo6sKNUKEvaMchk2ba0EwyJJlCGeZP3LhQxK1/4s6/MW1nodUDFw7n3Mu994QJZ9og9OWUVlbX1jfKm5Wt7Z3dPXf/oK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfmdClWZSNM00oX6Mh4JFjGBjpcB1m48ZQvlVX41kkN3e54FbRTU0B/xLvIJUQYFG4H72B5KkMRWGcKx1z0OJ8TOsDCOc5pV+qmmCyRgPac9SgWOq/Wx+eQ5PrDKAkVS2hIFz9edEhmOtp3FoO2NsRnrZm4n/eb3URJd+xkSSGirIYlGUcmgknMUAB0xRYvjUEkwUs7dCMsIKE2PDqtgQvOWX/5L2Wc1DNe/hvFq/LuIogyNwDE6BBy5AHdyBBmgBAibgCbyAVydznp03533RWnKKmUPwC87HN9JRkx8=</latexit><latexit sha1_base64="apmJxYAX6VJFeF37xUfAHMstFaM=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVTIi6EYo6sKNUKEvaMchk2ba0EwyJJlCGeZP3LhQxK1/4s6/MW1nodUDFw7n3Mu994QJZ9og9OWUVlbX1jfKm5Wt7Z3dPXf/oK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfmdClWZSNM00oX6Mh4JFjGBjpcB1m48ZQvlVX41kkN3e54FbRTU0B/xLvIJUQYFG4H72B5KkMRWGcKx1z0OJ8TOsDCOc5pV+qmmCyRgPac9SgWOq/Wx+eQ5PrDKAkVS2hIFz9edEhmOtp3FoO2NsRnrZm4n/eb3URJd+xkSSGirIYlGUcmgknMUAB0xRYvjUEkwUs7dCMsIKE2PDqtgQvOWX/5L2Wc1DNe/hvFq/LuIogyNwDE6BBy5AHdyBBmgBAibgCbyAVydznp03533RWnKKmUPwC87HN9JRkx8=</latexit><latexit sha1_base64="apmJxYAX6VJFeF37xUfAHMstFaM=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVTIi6EYo6sKNUKEvaMchk2ba0EwyJJlCGeZP3LhQxK1/4s6/MW1nodUDFw7n3Mu994QJZ9og9OWUVlbX1jfKm5Wt7Z3dPXf/oK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfmdClWZSNM00oX6Mh4JFjGBjpcB1m48ZQvlVX41kkN3e54FbRTU0B/xLvIJUQYFG4H72B5KkMRWGcKx1z0OJ8TOsDCOc5pV+qmmCyRgPac9SgWOq/Wx+eQ5PrDKAkVS2hIFz9edEhmOtp3FoO2NsRnrZm4n/eb3URJd+xkSSGirIYlGUcmgknMUAB0xRYvjUEkwUs7dCMsIKE2PDqtgQvOWX/5L2Wc1DNe/hvFq/LuIogyNwDE6BBy5AHdyBBmgBAibgCbyAVydznp03533RWnKKmUPwC87HN9JRkx8=</latexit><latexit sha1_base64="apmJxYAX6VJFeF37xUfAHMstFaM=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVTIi6EYo6sKNUKEvaMchk2ba0EwyJJlCGeZP3LhQxK1/4s6/MW1nodUDFw7n3Mu994QJZ9og9OWUVlbX1jfKm5Wt7Z3dPXf/oK1lqghtEcml6oZYU84EbRlmOO0miuI45LQTjm9mfmdClWZSNM00oX6Mh4JFjGBjpcB1m48ZQvlVX41kkN3e54FbRTU0B/xLvIJUQYFG4H72B5KkMRWGcKx1z0OJ8TOsDCOc5pV+qmmCyRgPac9SgWOq/Wx+eQ5PrDKAkVS2hIFz9edEhmOtp3FoO2NsRnrZm4n/eb3URJd+xkSSGirIYlGUcmgknMUAB0xRYvjUEkwUs7dCMsIKE2PDqtgQvOWX/5L2Wc1DNe/hvFq/LuIogyNwDE6BBy5AHdyBBmgBAibgCbyAVydznp03533RWnKKmUPwC87HN9JRkx8=</latexit>

A2 =
2⇢DM

m2
DM

<latexit sha1_base64="86y/EFCpDhFZkb8AYQ9wEuS8IB8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVZIi6Eaoj4UboYJ9QJOGyXTSDp1kwsxEKCFbN/6KGxeKuPUP3Pk3TtMstPXA5R7OuZeZe/yYUaks69soLS2vrK6V1ysbm1vbO+buXlvyRGDSwpxx0fWRJIxGpKWoYqQbC4JCn5GOP76a+p0HIiTl0b2axMQN0TCiAcVIackz4UW/fu4EAuG0Dh0x4l56fZtlaZj3fj3zzKpVs3LARWIXpAoKND3zyxlwnIQkUpghKXu2FSs3RUJRzEhWcRJJYoTHaEh6mkYoJNJN80syeKSVAQy40BUpmKu/N1IUSjkJfT0ZIjWS895U/M/rJSo4c1MaxYkiEZ49FCQMKg6nscABFQQrNtEEYUH1XyEeIR2L0uFVdAj2/MmLpF2v2VbNvjupNi6LOMrgAByCY2CDU9AAN6AJWgCDR/AMXsGb8WS8GO/Gx2y0ZBQ7++APjM8fmp+ZpQ==</latexit><latexit sha1_base64="86y/EFCpDhFZkb8AYQ9wEuS8IB8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVZIi6Eaoj4UboYJ9QJOGyXTSDp1kwsxEKCFbN/6KGxeKuPUP3Pk3TtMstPXA5R7OuZeZe/yYUaks69soLS2vrK6V1ysbm1vbO+buXlvyRGDSwpxx0fWRJIxGpKWoYqQbC4JCn5GOP76a+p0HIiTl0b2axMQN0TCiAcVIackz4UW/fu4EAuG0Dh0x4l56fZtlaZj3fj3zzKpVs3LARWIXpAoKND3zyxlwnIQkUpghKXu2FSs3RUJRzEhWcRJJYoTHaEh6mkYoJNJN80syeKSVAQy40BUpmKu/N1IUSjkJfT0ZIjWS895U/M/rJSo4c1MaxYkiEZ49FCQMKg6nscABFQQrNtEEYUH1XyEeIR2L0uFVdAj2/MmLpF2v2VbNvjupNi6LOMrgAByCY2CDU9AAN6AJWgCDR/AMXsGb8WS8GO/Gx2y0ZBQ7++APjM8fmp+ZpQ==</latexit><latexit sha1_base64="86y/EFCpDhFZkb8AYQ9wEuS8IB8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVZIi6Eaoj4UboYJ9QJOGyXTSDp1kwsxEKCFbN/6KGxeKuPUP3Pk3TtMstPXA5R7OuZeZe/yYUaks69soLS2vrK6V1ysbm1vbO+buXlvyRGDSwpxx0fWRJIxGpKWoYqQbC4JCn5GOP76a+p0HIiTl0b2axMQN0TCiAcVIackz4UW/fu4EAuG0Dh0x4l56fZtlaZj3fj3zzKpVs3LARWIXpAoKND3zyxlwnIQkUpghKXu2FSs3RUJRzEhWcRJJYoTHaEh6mkYoJNJN80syeKSVAQy40BUpmKu/N1IUSjkJfT0ZIjWS895U/M/rJSo4c1MaxYkiEZ49FCQMKg6nscABFQQrNtEEYUH1XyEeIR2L0uFVdAj2/MmLpF2v2VbNvjupNi6LOMrgAByCY2CDU9AAN6AJWgCDR/AMXsGb8WS8GO/Gx2y0ZBQ7++APjM8fmp+ZpQ==</latexit><latexit sha1_base64="86y/EFCpDhFZkb8AYQ9wEuS8IB8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVZIi6Eaoj4UboYJ9QJOGyXTSDp1kwsxEKCFbN/6KGxeKuPUP3Pk3TtMstPXA5R7OuZeZe/yYUaks69soLS2vrK6V1ysbm1vbO+buXlvyRGDSwpxx0fWRJIxGpKWoYqQbC4JCn5GOP76a+p0HIiTl0b2axMQN0TCiAcVIackz4UW/fu4EAuG0Dh0x4l56fZtlaZj3fj3zzKpVs3LARWIXpAoKND3zyxlwnIQkUpghKXu2FSs3RUJRzEhWcRJJYoTHaEh6mkYoJNJN80syeKSVAQy40BUpmKu/N1IUSjkJfT0ZIjWS895U/M/rJSo4c1MaxYkiEZ49FCQMKg6nscABFQQrNtEEYUH1XyEeIR2L0uFVdAj2/MmLpF2v2VbNvjupNi6LOMrgAByCY2CDU9AAN6AJWgCDR/AMXsGb8WS8GO/Gx2y0ZBQ7++APjM8fmp+ZpQ==</latexit>

A2 +B2 =
⇢DM

m2
DM

<latexit sha1_base64="3INdNkJjlTU4o2q12LllkhR1358=">AAACDHicbVBPS8MwHE3nvzn/TT16CQ5BEEZbBL0Ic3rwIkxwf2DtRpqlW1ialiQVRukH8OJX8eJBEa9+AG9+G7OuB918EPJ47/1Ifs+LGJXKNL+NwtLyyupacb20sbm1vVPe3WvJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtfTf32AxGShvxeTSLiBmjIqU8xUlrqlyuXPfuk3rMvHF8gnEBHjMJ+cn2bpkmQ3T071SmzamaAi8TKSQXkaPTLX84gxHFAuMIMSdm1zEi5CRKKYkbSkhNLEiE8RkPS1ZSjgEg3yZZJ4ZFWBtAPhT5cwUz9PZGgQMpJ4OlkgNRIzntT8T+vGyv/3E0oj2JFOJ495McMqhBOm4EDKghWbKIJwoLqv0I8QroVpfsr6RKs+ZUXScuuWmbVujut1Op5HUVwAA7BMbDAGaiBG9AATYDBI3gGr+DNeDJejHfjYxYtGPnMPvgD4/MHVuqajg==</latexit><latexit sha1_base64="3INdNkJjlTU4o2q12LllkhR1358=">AAACDHicbVBPS8MwHE3nvzn/TT16CQ5BEEZbBL0Ic3rwIkxwf2DtRpqlW1ialiQVRukH8OJX8eJBEa9+AG9+G7OuB918EPJ47/1Ifs+LGJXKNL+NwtLyyupacb20sbm1vVPe3WvJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtfTf32AxGShvxeTSLiBmjIqU8xUlrqlyuXPfuk3rMvHF8gnEBHjMJ+cn2bpkmQ3T071SmzamaAi8TKSQXkaPTLX84gxHFAuMIMSdm1zEi5CRKKYkbSkhNLEiE8RkPS1ZSjgEg3yZZJ4ZFWBtAPhT5cwUz9PZGgQMpJ4OlkgNRIzntT8T+vGyv/3E0oj2JFOJ495McMqhBOm4EDKghWbKIJwoLqv0I8QroVpfsr6RKs+ZUXScuuWmbVujut1Op5HUVwAA7BMbDAGaiBG9AATYDBI3gGr+DNeDJejHfjYxYtGPnMPvgD4/MHVuqajg==</latexit><latexit sha1_base64="3INdNkJjlTU4o2q12LllkhR1358=">AAACDHicbVBPS8MwHE3nvzn/TT16CQ5BEEZbBL0Ic3rwIkxwf2DtRpqlW1ialiQVRukH8OJX8eJBEa9+AG9+G7OuB918EPJ47/1Ifs+LGJXKNL+NwtLyyupacb20sbm1vVPe3WvJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtfTf32AxGShvxeTSLiBmjIqU8xUlrqlyuXPfuk3rMvHF8gnEBHjMJ+cn2bpkmQ3T071SmzamaAi8TKSQXkaPTLX84gxHFAuMIMSdm1zEi5CRKKYkbSkhNLEiE8RkPS1ZSjgEg3yZZJ4ZFWBtAPhT5cwUz9PZGgQMpJ4OlkgNRIzntT8T+vGyv/3E0oj2JFOJ495McMqhBOm4EDKghWbKIJwoLqv0I8QroVpfsr6RKs+ZUXScuuWmbVujut1Op5HUVwAA7BMbDAGaiBG9AATYDBI3gGr+DNeDJejHfjYxYtGPnMPvgD4/MHVuqajg==</latexit><latexit sha1_base64="3INdNkJjlTU4o2q12LllkhR1358=">AAACDHicbVBPS8MwHE3nvzn/TT16CQ5BEEZbBL0Ic3rwIkxwf2DtRpqlW1ialiQVRukH8OJX8eJBEa9+AG9+G7OuB918EPJ47/1Ifs+LGJXKNL+NwtLyyupacb20sbm1vVPe3WvJMBaYNHHIQtHxkCSMctJUVDHSiQRBgcdI2xtfTf32AxGShvxeTSLiBmjIqU8xUlrqlyuXPfuk3rMvHF8gnEBHjMJ+cn2bpkmQ3T071SmzamaAi8TKSQXkaPTLX84gxHFAuMIMSdm1zEi5CRKKYkbSkhNLEiE8RkPS1ZSjgEg3yZZJ4ZFWBtAPhT5cwUz9PZGgQMpJ4OlkgNRIzntT8T+vGyv/3E0oj2JFOJ495McMqhBOm4EDKghWbKIJwoLqv0I8QroVpfsr6RKs+ZUXScuuWmbVujut1Op5HUVwAA7BMbDAGaiBG9AATYDBI3gGr+DNeDJejHfjYxYtGPnMPvgD4/MHVuqajg==</latexit>
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<latexit sha1_base64="u3NQNbl5UnjwszvLdqbPCkttK0Y=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVTIi6EYounFZoS/oDEMmzXRCM8mQZApl6J+4caGIW//EnX9j2s5CWw9cOJxzL/feE2WcaYPQt1PZ2Nza3qnu1vb2Dw6P3OOTrpa5IrRDJJeqH2FNORO0Y5jhtJ8pitOI0140fpj7vQlVmknRNtOMBikeCRYzgo2VQtdthwVCsztfJTL0s4SFbh010AJwnXglqYMSrdD98oeS5CkVhnCs9cBDmQkKrAwjnM5qfq5phskYj+jAUoFTqoNicfkMXlhlCGOpbAkDF+rviQKnWk/TyHam2CR61ZuL/3mD3MS3QcFElhsqyHJRnHNoJJzHAIdMUWL41BJMFLO3QpJghYmxYdVsCN7qy+uke9XwUMN7uq4378s4quAMnINL4IEb0ASPoAU6gIAJeAav4M0pnBfn3flYtlaccuYU/IHz+QPySZM0</latexit><latexit sha1_base64="u3NQNbl5UnjwszvLdqbPCkttK0Y=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVTIi6EYounFZoS/oDEMmzXRCM8mQZApl6J+4caGIW//EnX9j2s5CWw9cOJxzL/feE2WcaYPQt1PZ2Nza3qnu1vb2Dw6P3OOTrpa5IrRDJJeqH2FNORO0Y5jhtJ8pitOI0140fpj7vQlVmknRNtOMBikeCRYzgo2VQtdthwVCsztfJTL0s4SFbh010AJwnXglqYMSrdD98oeS5CkVhnCs9cBDmQkKrAwjnM5qfq5phskYj+jAUoFTqoNicfkMXlhlCGOpbAkDF+rviQKnWk/TyHam2CR61ZuL/3mD3MS3QcFElhsqyHJRnHNoJJzHAIdMUWL41BJMFLO3QpJghYmxYdVsCN7qy+uke9XwUMN7uq4378s4quAMnINL4IEb0ASPoAU6gIAJeAav4M0pnBfn3flYtlaccuYU/IHz+QPySZM0</latexit><latexit sha1_base64="u3NQNbl5UnjwszvLdqbPCkttK0Y=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVTIi6EYounFZoS/oDEMmzXRCM8mQZApl6J+4caGIW//EnX9j2s5CWw9cOJxzL/feE2WcaYPQt1PZ2Nza3qnu1vb2Dw6P3OOTrpa5IrRDJJeqH2FNORO0Y5jhtJ8pitOI0140fpj7vQlVmknRNtOMBikeCRYzgo2VQtdthwVCsztfJTL0s4SFbh010AJwnXglqYMSrdD98oeS5CkVhnCs9cBDmQkKrAwjnM5qfq5phskYj+jAUoFTqoNicfkMXlhlCGOpbAkDF+rviQKnWk/TyHam2CR61ZuL/3mD3MS3QcFElhsqyHJRnHNoJJzHAIdMUWL41BJMFLO3QpJghYmxYdVsCN7qy+uke9XwUMN7uq4378s4quAMnINL4IEb0ASPoAU6gIAJeAav4M0pnBfn3flYtlaccuYU/IHz+QPySZM0</latexit><latexit sha1_base64="u3NQNbl5UnjwszvLdqbPCkttK0Y=">AAAB+XicbVDLSgMxFM3UV62vUZdugkVwVTIi6EYounFZoS/oDEMmzXRCM8mQZApl6J+4caGIW//EnX9j2s5CWw9cOJxzL/feE2WcaYPQt1PZ2Nza3qnu1vb2Dw6P3OOTrpa5IrRDJJeqH2FNORO0Y5jhtJ8pitOI0140fpj7vQlVmknRNtOMBikeCRYzgo2VQtdthwVCsztfJTL0s4SFbh010AJwnXglqYMSrdD98oeS5CkVhnCs9cBDmQkKrAwjnM5qfq5phskYj+jAUoFTqoNicfkMXlhlCGOpbAkDF+rviQKnWk/TyHam2CR61ZuL/3mD3MS3QcFElhsqyHJRnHNoJJzHAIdMUWL41BJMFLO3QpJghYmxYdVsCN7qy+uke9XwUMN7uq4378s4quAMnINL4IEb0ASPoAU6gIAJeAav4M0pnBfn3flYtlaccuYU/IHz+QPySZM0</latexit>

Tii = �⇢�(cos
2(m�t)� sin2(m�t))

<latexit sha1_base64="zm66jwxGsjbdzghx0q7/+7IC0fM=">AAACHnicbVDLSgMxFM34rPVVdekmWIR20TJTFN0IRTcuK/QFnemQSTNtaCYZkoxQhn6JG3/FjQtFBFf6N6YPUFsPXDg5515y7wliRpW27S9rZXVtfWMzs5Xd3tnd288dHDaVSCQmDSyYkO0AKcIoJw1NNSPtWBIUBYy0guHNxG/dE6mo4HU9iokXoT6nIcVIG8nPndf9lNLxVcmVA+G78YAWXCxUt1KIpi+oiyVXUd6twB+l6OfydtmeAi4TZ07yYI6an/twewInEeEaM6RUx7Fj7aVIaooZGWfdRJEY4SHqk46hHEVEeen0vDE8NUoPhkKa4hpO1d8TKYqUGkWB6YyQHqhFbyL+53USHV56KeVxognHs4/ChEEt4CQr2KOSYM1GhiAsqdkV4gGSCGuTaNaE4CyevEyalbJjl527s3z1eh5HBhyDE1AADrgAVXALaqABMHgAT+AFvFqP1rP1Zr3PWles+cwR+APr8xutG6Dm</latexit><latexit sha1_base64="zm66jwxGsjbdzghx0q7/+7IC0fM=">AAACHnicbVDLSgMxFM34rPVVdekmWIR20TJTFN0IRTcuK/QFnemQSTNtaCYZkoxQhn6JG3/FjQtFBFf6N6YPUFsPXDg5515y7wliRpW27S9rZXVtfWMzs5Xd3tnd288dHDaVSCQmDSyYkO0AKcIoJw1NNSPtWBIUBYy0guHNxG/dE6mo4HU9iokXoT6nIcVIG8nPndf9lNLxVcmVA+G78YAWXCxUt1KIpi+oiyVXUd6twB+l6OfydtmeAi4TZ07yYI6an/twewInEeEaM6RUx7Fj7aVIaooZGWfdRJEY4SHqk46hHEVEeen0vDE8NUoPhkKa4hpO1d8TKYqUGkWB6YyQHqhFbyL+53USHV56KeVxognHs4/ChEEt4CQr2KOSYM1GhiAsqdkV4gGSCGuTaNaE4CyevEyalbJjl527s3z1eh5HBhyDE1AADrgAVXALaqABMHgAT+AFvFqP1rP1Zr3PWles+cwR+APr8xutG6Dm</latexit><latexit sha1_base64="zm66jwxGsjbdzghx0q7/+7IC0fM=">AAACHnicbVDLSgMxFM34rPVVdekmWIR20TJTFN0IRTcuK/QFnemQSTNtaCYZkoxQhn6JG3/FjQtFBFf6N6YPUFsPXDg5515y7wliRpW27S9rZXVtfWMzs5Xd3tnd288dHDaVSCQmDSyYkO0AKcIoJw1NNSPtWBIUBYy0guHNxG/dE6mo4HU9iokXoT6nIcVIG8nPndf9lNLxVcmVA+G78YAWXCxUt1KIpi+oiyVXUd6twB+l6OfydtmeAi4TZ07yYI6an/twewInEeEaM6RUx7Fj7aVIaooZGWfdRJEY4SHqk46hHEVEeen0vDE8NUoPhkKa4hpO1d8TKYqUGkWB6YyQHqhFbyL+53USHV56KeVxognHs4/ChEEt4CQr2KOSYM1GhiAsqdkV4gGSCGuTaNaE4CyevEyalbJjl527s3z1eh5HBhyDE1AADrgAVXALaqABMHgAT+AFvFqP1rP1Zr3PWles+cwR+APr8xutG6Dm</latexit><latexit sha1_base64="zm66jwxGsjbdzghx0q7/+7IC0fM=">AAACHnicbVDLSgMxFM34rPVVdekmWIR20TJTFN0IRTcuK/QFnemQSTNtaCYZkoxQhn6JG3/FjQtFBFf6N6YPUFsPXDg5515y7wliRpW27S9rZXVtfWMzs5Xd3tnd288dHDaVSCQmDSyYkO0AKcIoJw1NNSPtWBIUBYy0guHNxG/dE6mo4HU9iokXoT6nIcVIG8nPndf9lNLxVcmVA+G78YAWXCxUt1KIpi+oiyVXUd6twB+l6OfydtmeAi4TZ07yYI6an/twewInEeEaM6RUx7Fj7aVIaooZGWfdRJEY4SHqk46hHEVEeen0vDE8NUoPhkKa4hpO1d8TKYqUGkWB6YyQHqhFbyL+53USHV56KeVxognHs4/ChEEt4CQr2KOSYM1GhiAsqdkV4gGSCGuTaNaE4CyevEyalbJjl527s3z1eh5HBhyDE1AADrgAVXALaqABMHgAT+AFvFqP1rP1Zr3PWles+cwR+APr8xutG6Dm</latexit>

L =
@µ�@µ�

2
� m2�2

2
<latexit sha1_base64="eksUHILx4JsrDKnTqpvXCQ+FAe8="></latexit><latexit sha1_base64="eksUHILx4JsrDKnTqpvXCQ+FAe8="></latexit><latexit sha1_base64="eksUHILx4JsrDKnTqpvXCQ+FAe8="></latexit><latexit sha1_base64="eksUHILx4JsrDKnTqpvXCQ+FAe8="></latexit>
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Solution

T00 = �Tii
<latexit sha1_base64="ZkCYdukhyw3g91bZpkGCV5yi1b8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxpIRQTdC0Y3LCn1BO5ZMmmlDM5khyShlmP9w40IRt/6LO//GtJ2Fth643MM595Kb48eCa4Pxt1NYWV1b3yhulra2d3b3yvsHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv749up335kSvNINswkZl5IhpIHnBJjpYdGP8U4uz6znfOsX67gKp4BLRM3JxXIUe+Xv3qDiCYhk4YKonXXxbHxUqIMp4JlpV6iWUzomAxZ11JJQqa9dHZ1hk6sMkBBpGxJg2bq742UhFpPQt9OhsSM9KI3Ff/zuokJrryUyzgxTNL5Q0EikInQNAI04IpRIyaWEKq4vRXREVGEGhtUyYbgLn55mbTOqy6uuvcXldpNHkcRjuAYTsGFS6jBHdShCRQUPMMrvDlPzovz7nzMRwtOvnMIf+B8/gCt1pH4</latexit><latexit sha1_base64="ZkCYdukhyw3g91bZpkGCV5yi1b8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxpIRQTdC0Y3LCn1BO5ZMmmlDM5khyShlmP9w40IRt/6LO//GtJ2Fth643MM595Kb48eCa4Pxt1NYWV1b3yhulra2d3b3yvsHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv749up335kSvNINswkZl5IhpIHnBJjpYdGP8U4uz6znfOsX67gKp4BLRM3JxXIUe+Xv3qDiCYhk4YKonXXxbHxUqIMp4JlpV6iWUzomAxZ11JJQqa9dHZ1hk6sMkBBpGxJg2bq742UhFpPQt9OhsSM9KI3Ff/zuokJrryUyzgxTNL5Q0EikInQNAI04IpRIyaWEKq4vRXREVGEGhtUyYbgLn55mbTOqy6uuvcXldpNHkcRjuAYTsGFS6jBHdShCRQUPMMrvDlPzovz7nzMRwtOvnMIf+B8/gCt1pH4</latexit><latexit sha1_base64="ZkCYdukhyw3g91bZpkGCV5yi1b8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxpIRQTdC0Y3LCn1BO5ZMmmlDM5khyShlmP9w40IRt/6LO//GtJ2Fth643MM595Kb48eCa4Pxt1NYWV1b3yhulra2d3b3yvsHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv749up335kSvNINswkZl5IhpIHnBJjpYdGP8U4uz6znfOsX67gKp4BLRM3JxXIUe+Xv3qDiCYhk4YKonXXxbHxUqIMp4JlpV6iWUzomAxZ11JJQqa9dHZ1hk6sMkBBpGxJg2bq742UhFpPQt9OhsSM9KI3Ff/zuokJrryUyzgxTNL5Q0EikInQNAI04IpRIyaWEKq4vRXREVGEGhtUyYbgLn55mbTOqy6uuvcXldpNHkcRjuAYTsGFS6jBHdShCRQUPMMrvDlPzovz7nzMRwtOvnMIf+B8/gCt1pH4</latexit><latexit sha1_base64="ZkCYdukhyw3g91bZpkGCV5yi1b8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgxpIRQTdC0Y3LCn1BO5ZMmmlDM5khyShlmP9w40IRt/6LO//GtJ2Fth643MM595Kb48eCa4Pxt1NYWV1b3yhulra2d3b3yvsHLR0lirImjUSkOj7RTHDJmoYbwTqxYiT0BWv749up335kSvNINswkZl5IhpIHnBJjpYdGP8U4uz6znfOsX67gKp4BLRM3JxXIUe+Xv3qDiCYhk4YKonXXxbHxUqIMp4JlpV6iWUzomAxZ11JJQqa9dHZ1hk6sMkBBpGxJg2bq742UhFpPQt9OhsSM9KI3Ff/zuokJrryUyzgxTNL5Q0EikInQNAI04IpRIyaWEKq4vRXREVGEGhtUyYbgLn55mbTOqy6uuvcXldpNHkcRjuAYTsGFS6jBHdShCRQUPMMrvDlPzovz7nzMRwtOvnMIf+B8/gCt1pH4</latexit>

Or ⇢� = �p�
<latexit sha1_base64="M2u0RcPfbsaO8bYQxrySc2Hll4I=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgxpKIoBuh6MZlBfuAJoTJdNIMncyEmYlSYj/FjQtF3Pol7vwbp2kW2nrgcg/n3MvcOWHKqNKO821VVlbX1jeqm7Wt7Z3dPbu+31Uik5h0sGBC9kOkCKOcdDTVjPRTSVASMtILxzczv/dApKKC3+tJSvwEjTiNKEbaSIFd92QsAi+N6dVpWvTAbjhNpwBcJm5JGqBEO7C/vKHAWUK4xgwpNXCdVPs5kppiRqY1L1MkRXiMRmRgKEcJUX5enD6Fx0YZwkhIU1zDQv29kaNEqUkSmskE6VgtejPxP2+Q6ejSzylPM004nj8UZQxqAWc5wCGVBGs2MQRhSc2tEMdIIqxNWjUTgrv45WXSPWu6TtO9O2+0rss4quAQHIET4IIL0AK3oA06AINH8AxewZv1ZL1Y79bHfLRilTsH4A+szx/4xpPM</latexit><latexit sha1_base64="M2u0RcPfbsaO8bYQxrySc2Hll4I=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgxpKIoBuh6MZlBfuAJoTJdNIMncyEmYlSYj/FjQtF3Pol7vwbp2kW2nrgcg/n3MvcOWHKqNKO821VVlbX1jeqm7Wt7Z3dPbu+31Uik5h0sGBC9kOkCKOcdDTVjPRTSVASMtILxzczv/dApKKC3+tJSvwEjTiNKEbaSIFd92QsAi+N6dVpWvTAbjhNpwBcJm5JGqBEO7C/vKHAWUK4xgwpNXCdVPs5kppiRqY1L1MkRXiMRmRgKEcJUX5enD6Fx0YZwkhIU1zDQv29kaNEqUkSmskE6VgtejPxP2+Q6ejSzylPM004nj8UZQxqAWc5wCGVBGs2MQRhSc2tEMdIIqxNWjUTgrv45WXSPWu6TtO9O2+0rss4quAQHIET4IIL0AK3oA06AINH8AxewZv1ZL1Y79bHfLRilTsH4A+szx/4xpPM</latexit><latexit sha1_base64="M2u0RcPfbsaO8bYQxrySc2Hll4I=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgxpKIoBuh6MZlBfuAJoTJdNIMncyEmYlSYj/FjQtF3Pol7vwbp2kW2nrgcg/n3MvcOWHKqNKO821VVlbX1jeqm7Wt7Z3dPbu+31Uik5h0sGBC9kOkCKOcdDTVjPRTSVASMtILxzczv/dApKKC3+tJSvwEjTiNKEbaSIFd92QsAi+N6dVpWvTAbjhNpwBcJm5JGqBEO7C/vKHAWUK4xgwpNXCdVPs5kppiRqY1L1MkRXiMRmRgKEcJUX5enD6Fx0YZwkhIU1zDQv29kaNEqUkSmskE6VgtejPxP2+Q6ejSzylPM004nj8UZQxqAWc5wCGVBGs2MQRhSc2tEMdIIqxNWjUTgrv45WXSPWu6TtO9O2+0rss4quAQHIET4IIL0AK3oA06AINH8AxewZv1ZL1Y79bHfLRilTsH4A+szx/4xpPM</latexit><latexit sha1_base64="M2u0RcPfbsaO8bYQxrySc2Hll4I=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgxpKIoBuh6MZlBfuAJoTJdNIMncyEmYlSYj/FjQtF3Pol7vwbp2kW2nrgcg/n3MvcOWHKqNKO821VVlbX1jeqm7Wt7Z3dPbu+31Uik5h0sGBC9kOkCKOcdDTVjPRTSVASMtILxzczv/dApKKC3+tJSvwEjTiNKEbaSIFd92QsAi+N6dVpWvTAbjhNpwBcJm5JGqBEO7C/vKHAWUK4xgwpNXCdVPs5kppiRqY1L1MkRXiMRmRgKEcJUX5enD6Fx0YZwkhIU1zDQv29kaNEqUkSmskE6VgtejPxP2+Q6ejSzylPM004nj8UZQxqAWc5wCGVBGs2MQRhSc2tEMdIIqxNWjUTgrv45WXSPWu6TtO9O2+0rss4quAQHIET4IIL0AK3oA06AINH8AxewZv1ZL1Y79bHfLRilTsH4A+szx/4xpPM</latexit>

⇢� = cte
<latexit sha1_base64="6TQ1CneyH0IcpTgbSxb1lmyYqX4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2AJpTNdtMs3ezG3U2hhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzL0w508Z1v53S2vrG5lZ5u7Kzu7d/UD08amuZKUJbRHKpuiHWlDNBW4YZTrupojgJOe2Eo7uZ3xlTpZkUj2aS0iDBQ8EiRrCxUuCrWPb9NGY3xNB+tebW3TnQKvEKUoMCzX71yx9IkiVUGMKx1j3PTU2QY2UY4XRa8TNNU0xGeEh7lgqcUB3k86On6MwqAxRJZUsYNFd/T+Q40XqShLYzwSbWy95M/M/rZSa6DnIm0sxQQRaLoowjI9EsATRgihLDJ5Zgopi9FZEYK2wTULpiQ/CWX14l7Yu659a9h8ta47aIowwncArn4MEVNOAemtACAk/wDK/w5oydF+fd+Vi0lpxi5hj+wPn8AcZikhY=</latexit><latexit sha1_base64="6TQ1CneyH0IcpTgbSxb1lmyYqX4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2AJpTNdtMs3ezG3U2hhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzL0w508Z1v53S2vrG5lZ5u7Kzu7d/UD08amuZKUJbRHKpuiHWlDNBW4YZTrupojgJOe2Eo7uZ3xlTpZkUj2aS0iDBQ8EiRrCxUuCrWPb9NGY3xNB+tebW3TnQKvEKUoMCzX71yx9IkiVUGMKx1j3PTU2QY2UY4XRa8TNNU0xGeEh7lgqcUB3k86On6MwqAxRJZUsYNFd/T+Q40XqShLYzwSbWy95M/M/rZSa6DnIm0sxQQRaLoowjI9EsATRgihLDJ5Zgopi9FZEYK2wTULpiQ/CWX14l7Yu659a9h8ta47aIowwncArn4MEVNOAemtACAk/wDK/w5oydF+fd+Vi0lpxi5hj+wPn8AcZikhY=</latexit><latexit sha1_base64="6TQ1CneyH0IcpTgbSxb1lmyYqX4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2AJpTNdtMs3ezG3U2hhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzL0w508Z1v53S2vrG5lZ5u7Kzu7d/UD08amuZKUJbRHKpuiHWlDNBW4YZTrupojgJOe2Eo7uZ3xlTpZkUj2aS0iDBQ8EiRrCxUuCrWPb9NGY3xNB+tebW3TnQKvEKUoMCzX71yx9IkiVUGMKx1j3PTU2QY2UY4XRa8TNNU0xGeEh7lgqcUB3k86On6MwqAxRJZUsYNFd/T+Q40XqShLYzwSbWy95M/M/rZSa6DnIm0sxQQRaLoowjI9EsATRgihLDJ5Zgopi9FZEYK2wTULpiQ/CWX14l7Yu659a9h8ta47aIowwncArn4MEVNOAemtACAk/wDK/w5oydF+fd+Vi0lpxi5hj+wPn8AcZikhY=</latexit><latexit sha1_base64="6TQ1CneyH0IcpTgbSxb1lmyYqX4=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2AJpTNdtMs3ezG3U2hhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzL0w508Z1v53S2vrG5lZ5u7Kzu7d/UD08amuZKUJbRHKpuiHWlDNBW4YZTrupojgJOe2Eo7uZ3xlTpZkUj2aS0iDBQ8EiRrCxUuCrWPb9NGY3xNB+tebW3TnQKvEKUoMCzX71yx9IkiVUGMKx1j3PTU2QY2UY4XRa8TNNU0xGeEh7lgqcUB3k86On6MwqAxRJZUsYNFd/T+Q40XqShLYzwSbWy95M/M/rZSa6DnIm0sxQQRaLoowjI9EsATRgihLDJ5Zgopi9FZEYK2wTULpiQ/CWX14l7Yu659a9h8ta47aIowwncArn4MEVNOAemtACAk/wDK/w5oydF+fd+Vi0lpxi5hj+wPn8AcZikhY=</latexit>
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Solution

t � 1/m�
<latexit sha1_base64="13UWGmEZUZPjhPYf2Pv82ez5EoY=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cK9gOaUDbbTbp0dxN3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MOVMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMEdoiCU9UN8SaciZpyzDDaTdVFIuQ0044upv5nTFVmiXy0UxSGggcSxYxgo2VAuPHMfIuRN9Ph6xfrbl1dw60SryC1KBAs1/98gcJyQSVhnCsdc9zUxPkWBlGOJ1W/EzTFJMRjmnPUokF1UE+P3qKzqwyQFGibEmD5urviRwLrScitJ0Cm6Fe9mbif14vM9FNkDOZZoZKslgUZRyZBM0SQAOmKDF8YgkmitlbERlihYmxOVVsCN7yy6ukfVn33Lr3cFVr3BZxlOEETuEcPLiGBtxDE1pA4Ame4RXenLHz4rw7H4vWklPMHMMfOJ8/4xSRgw==</latexit><latexit sha1_base64="13UWGmEZUZPjhPYf2Pv82ez5EoY=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cK9gOaUDbbTbp0dxN3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MOVMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMEdoiCU9UN8SaciZpyzDDaTdVFIuQ0044upv5nTFVmiXy0UxSGggcSxYxgo2VAuPHMfIuRN9Ph6xfrbl1dw60SryC1KBAs1/98gcJyQSVhnCsdc9zUxPkWBlGOJ1W/EzTFJMRjmnPUokF1UE+P3qKzqwyQFGibEmD5urviRwLrScitJ0Cm6Fe9mbif14vM9FNkDOZZoZKslgUZRyZBM0SQAOmKDF8YgkmitlbERlihYmxOVVsCN7yy6ukfVn33Lr3cFVr3BZxlOEETuEcPLiGBtxDE1pA4Ame4RXenLHz4rw7H4vWklPMHMMfOJ8/4xSRgw==</latexit><latexit sha1_base64="13UWGmEZUZPjhPYf2Pv82ez5EoY=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cK9gOaUDbbTbp0dxN3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MOVMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMEdoiCU9UN8SaciZpyzDDaTdVFIuQ0044upv5nTFVmiXy0UxSGggcSxYxgo2VAuPHMfIuRN9Ph6xfrbl1dw60SryC1KBAs1/98gcJyQSVhnCsdc9zUxPkWBlGOJ1W/EzTFJMRjmnPUokF1UE+P3qKzqwyQFGibEmD5urviRwLrScitJ0Cm6Fe9mbif14vM9FNkDOZZoZKslgUZRyZBM0SQAOmKDF8YgkmitlbERlihYmxOVVsCN7yy6ukfVn33Lr3cFVr3BZxlOEETuEcPLiGBtxDE1pA4Ame4RXenLHz4rw7H4vWklPMHMMfOJ8/4xSRgw==</latexit><latexit sha1_base64="13UWGmEZUZPjhPYf2Pv82ez5EoY=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0GPRi8cK9gOaUDbbTbp0dxN3N4US+ju8eFDEqz/Gm//GbZuDtj4YeLw3w8y8MOVMG9f9dkpr6xubW+Xtys7u3v5B9fCorZNMEdoiCU9UN8SaciZpyzDDaTdVFIuQ0044upv5nTFVmiXy0UxSGggcSxYxgo2VAuPHMfIuRN9Ph6xfrbl1dw60SryC1KBAs1/98gcJyQSVhnCsdc9zUxPkWBlGOJ1W/EzTFJMRjmnPUokF1UE+P3qKzqwyQFGibEmD5urviRwLrScitJ0Cm6Fe9mbif14vM9FNkDOZZoZKslgUZRyZBM0SQAOmKDF8YgkmitlbERlihYmxOVVsCN7yy6ukfVn33Lr3cFVr3BZxlOEETuEcPLiGBtxDE1pA4Ame4RXenLHz4rw7H4vWklPMHMMfOJ8/4xSRgw==</latexit>

hp�i = 0
<latexit sha1_base64="yfpOo/Uy83OjhRkXCuNvBr30/x0=">AAACAnicbVBNSwMxEJ2tX7V+rXoSL8EieCq7IuhFKHrxWMHWQndZsmnahmazIckKZSle/CtePCji1V/hzX9j2u5BWx8MvLw3Q2ZeLDnTxvO+ndLS8srqWnm9srG5tb3j7u61dJopQpsk5alqx1hTzgRtGmY4bUtFcRJzeh8Pryf+/QNVmqXizowkDRPcF6zHCDZWityDgGPR5xTJKJADhgI1e156kVv1at4UaJH4BalCgUbkfgXdlGQJFYZwrHXH96QJc6wMI5yOK0GmqcRkiPu0Y6nACdVhPj1hjI6t0kW9VNkSBk3V3xM5TrQeJbHtTLAZ6HlvIv7ndTLTuwhzJmRmqCCzj3oZRyZFkzxQlylKDB9ZgolidldEBlhhYmxqFRuCP3/yImmd1nyv5t+eVetXRRxlOIQjOAEfzqEON9CAJhB4hGd4hTfnyXlx3p2PWWvJKWb24Q+czx8BGpaC</latexit><latexit sha1_base64="yfpOo/Uy83OjhRkXCuNvBr30/x0=">AAACAnicbVBNSwMxEJ2tX7V+rXoSL8EieCq7IuhFKHrxWMHWQndZsmnahmazIckKZSle/CtePCji1V/hzX9j2u5BWx8MvLw3Q2ZeLDnTxvO+ndLS8srqWnm9srG5tb3j7u61dJopQpsk5alqx1hTzgRtGmY4bUtFcRJzeh8Pryf+/QNVmqXizowkDRPcF6zHCDZWityDgGPR5xTJKJADhgI1e156kVv1at4UaJH4BalCgUbkfgXdlGQJFYZwrHXH96QJc6wMI5yOK0GmqcRkiPu0Y6nACdVhPj1hjI6t0kW9VNkSBk3V3xM5TrQeJbHtTLAZ6HlvIv7ndTLTuwhzJmRmqCCzj3oZRyZFkzxQlylKDB9ZgolidldEBlhhYmxqFRuCP3/yImmd1nyv5t+eVetXRRxlOIQjOAEfzqEON9CAJhB4hGd4hTfnyXlx3p2PWWvJKWb24Q+czx8BGpaC</latexit><latexit sha1_base64="yfpOo/Uy83OjhRkXCuNvBr30/x0=">AAACAnicbVBNSwMxEJ2tX7V+rXoSL8EieCq7IuhFKHrxWMHWQndZsmnahmazIckKZSle/CtePCji1V/hzX9j2u5BWx8MvLw3Q2ZeLDnTxvO+ndLS8srqWnm9srG5tb3j7u61dJopQpsk5alqx1hTzgRtGmY4bUtFcRJzeh8Pryf+/QNVmqXizowkDRPcF6zHCDZWityDgGPR5xTJKJADhgI1e156kVv1at4UaJH4BalCgUbkfgXdlGQJFYZwrHXH96QJc6wMI5yOK0GmqcRkiPu0Y6nACdVhPj1hjI6t0kW9VNkSBk3V3xM5TrQeJbHtTLAZ6HlvIv7ndTLTuwhzJmRmqCCzj3oZRyZFkzxQlylKDB9ZgolidldEBlhhYmxqFRuCP3/yImmd1nyv5t+eVetXRRxlOIQjOAEfzqEON9CAJhB4hGd4hTfnyXlx3p2PWWvJKWb24Q+czx8BGpaC</latexit><latexit sha1_base64="yfpOo/Uy83OjhRkXCuNvBr30/x0=">AAACAnicbVBNSwMxEJ2tX7V+rXoSL8EieCq7IuhFKHrxWMHWQndZsmnahmazIckKZSle/CtePCji1V/hzX9j2u5BWx8MvLw3Q2ZeLDnTxvO+ndLS8srqWnm9srG5tb3j7u61dJopQpsk5alqx1hTzgRtGmY4bUtFcRJzeh8Pryf+/QNVmqXizowkDRPcF6zHCDZWityDgGPR5xTJKJADhgI1e156kVv1at4UaJH4BalCgUbkfgXdlGQJFYZwrHXH96QJc6wMI5yOK0GmqcRkiPu0Y6nACdVhPj1hjI6t0kW9VNkSBk3V3xM5TrQeJbHtTLAZ6HlvIv7ndTLTuwhzJmRmqCCzj3oZRyZFkzxQlylKDB9ZgolidldEBlhhYmxqFRuCP3/yImmd1nyv5t+eVetXRRxlOIQjOAEfzqEON9CAJhB4hGd4hTfnyXlx3p2PWWvJKWb24Q+czx8BGpaC</latexit>

⇢�(T ) =
T 3

T 3
0

⇢�(T0)
<latexit sha1_base64="PHm17LrEb+0I4D5om50s1LPUCXg=">AAACF3icbVDLSgMxFM3UV62vUZdugkVoN0NGBd0IRTcuK0wf0BmHTJrphGYeJBmhDP0LN/6KGxeKuNWdf2P6WGjrgcs9nHMvyT1BxplUCH0bpZXVtfWN8mZla3tnd8/cP2jLNBeEtkjKU9ENsKScJbSlmOK0mwmK44DTTjC8mfidByokSxNHjTLqxXiQsJARrLTkm5YrotR3s4jVnPoVdEOBSeHcn40Lx0e6wV++j+q+WUUWmgIuE3tOqmCOpm9+uf2U5DFNFOFYyp6NMuUVWChGOB1X3FzSDJMhHtCepgmOqfSK6V1jeKKVPgxToStRcKr+3ihwLOUoDvRkjFUkF72J+J/Xy1V46RUsyXJFEzJ7KMw5VCmchAT7TFCi+EgTTATTf4UkwjoapaOs6BDsxZOXSfvUspFl351XG9fzOMrgCByDGrDBBWiAW9AELUDAI3gGr+DNeDJejHfjYzZaMuY7h+APjM8fpB2eUA==</latexit><latexit sha1_base64="PHm17LrEb+0I4D5om50s1LPUCXg=">AAACF3icbVDLSgMxFM3UV62vUZdugkVoN0NGBd0IRTcuK0wf0BmHTJrphGYeJBmhDP0LN/6KGxeKuNWdf2P6WGjrgcs9nHMvyT1BxplUCH0bpZXVtfWN8mZla3tnd8/cP2jLNBeEtkjKU9ENsKScJbSlmOK0mwmK44DTTjC8mfidByokSxNHjTLqxXiQsJARrLTkm5YrotR3s4jVnPoVdEOBSeHcn40Lx0e6wV++j+q+WUUWmgIuE3tOqmCOpm9+uf2U5DFNFOFYyp6NMuUVWChGOB1X3FzSDJMhHtCepgmOqfSK6V1jeKKVPgxToStRcKr+3ihwLOUoDvRkjFUkF72J+J/Xy1V46RUsyXJFEzJ7KMw5VCmchAT7TFCi+EgTTATTf4UkwjoapaOs6BDsxZOXSfvUspFl351XG9fzOMrgCByDGrDBBWiAW9AELUDAI3gGr+DNeDJejHfjYzZaMuY7h+APjM8fpB2eUA==</latexit><latexit sha1_base64="PHm17LrEb+0I4D5om50s1LPUCXg=">AAACF3icbVDLSgMxFM3UV62vUZdugkVoN0NGBd0IRTcuK0wf0BmHTJrphGYeJBmhDP0LN/6KGxeKuNWdf2P6WGjrgcs9nHMvyT1BxplUCH0bpZXVtfWN8mZla3tnd8/cP2jLNBeEtkjKU9ENsKScJbSlmOK0mwmK44DTTjC8mfidByokSxNHjTLqxXiQsJARrLTkm5YrotR3s4jVnPoVdEOBSeHcn40Lx0e6wV++j+q+WUUWmgIuE3tOqmCOpm9+uf2U5DFNFOFYyp6NMuUVWChGOB1X3FzSDJMhHtCepgmOqfSK6V1jeKKVPgxToStRcKr+3ihwLOUoDvRkjFUkF72J+J/Xy1V46RUsyXJFEzJ7KMw5VCmchAT7TFCi+EgTTATTf4UkwjoapaOs6BDsxZOXSfvUspFl351XG9fzOMrgCByDGrDBBWiAW9AELUDAI3gGr+DNeDJejHfjYzZaMuY7h+APjM8fpB2eUA==</latexit><latexit sha1_base64="PHm17LrEb+0I4D5om50s1LPUCXg=">AAACF3icbVDLSgMxFM3UV62vUZdugkVoN0NGBd0IRTcuK0wf0BmHTJrphGYeJBmhDP0LN/6KGxeKuNWdf2P6WGjrgcs9nHMvyT1BxplUCH0bpZXVtfWN8mZla3tnd8/cP2jLNBeEtkjKU9ENsKScJbSlmOK0mwmK44DTTjC8mfidByokSxNHjTLqxXiQsJARrLTkm5YrotR3s4jVnPoVdEOBSeHcn40Lx0e6wV++j+q+WUUWmgIuE3tOqmCOpm9+uf2U5DFNFOFYyp6NMuUVWChGOB1X3FzSDJMhHtCepgmOqfSK6V1jeKKVPgxToStRcKr+3ihwLOUoDvRkjFUkF72J+J/Xy1V46RUsyXJFEzJ7KMw5VCmchAT7TFCi+EgTTATTf4UkwjoapaOs6BDsxZOXSfvUspFl351XG9fzOMrgCByDGrDBBWiAW9AELUDAI3gGr+DNeDJejHfjYzZaMuY7h+APjM8fpB2eUA==</latexit>
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Coupling and effective mass

27

Neutrino decoupling occurs at T~1 
MeV



Effective mixing
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Lorentz structure of  the effective mass

⌫Ts c⌫s
<latexit sha1_base64="9lH89aFfDxJGlNZQKb0lLNXlBU0=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxQj+ENi2b7aRdutmE3Y1SSv+HFw+KePW/ePPfuE1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljE6iGgGgWX2DTcCHxIFNIoENgOxrfzevsRleaxbJhJgn5Eh5KHnFFjrV5Xpn3dazCSQb9ccatuJrIKXg4VyFXvl7+6g5ilEUrDBNW647mJ8adUGc4EzkrdVGNC2ZgOsWNR0gi1P82unpEz6wxIGCv7pCGZ+3tiSiOtJ1FgOyNqRnq5Njf/q3VSE177Uy6T1KBki0VhKoiJyTwCMuAKmRETC5Qpbm8lbEQVZcYGVbIheMtfXoXWRdVzq979ZaV2k8dRhBM4hXPw4ApqcAd1aAIDBc/wCm/Ok/PivDsfi9aCk88cwx85nz9LyJJd</latexit><latexit sha1_base64="9lH89aFfDxJGlNZQKb0lLNXlBU0=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxQj+ENi2b7aRdutmE3Y1SSv+HFw+KePW/ePPfuE1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljE6iGgGgWX2DTcCHxIFNIoENgOxrfzevsRleaxbJhJgn5Eh5KHnFFjrV5Xpn3dazCSQb9ccatuJrIKXg4VyFXvl7+6g5ilEUrDBNW647mJ8adUGc4EzkrdVGNC2ZgOsWNR0gi1P82unpEz6wxIGCv7pCGZ+3tiSiOtJ1FgOyNqRnq5Njf/q3VSE177Uy6T1KBki0VhKoiJyTwCMuAKmRETC5Qpbm8lbEQVZcYGVbIheMtfXoXWRdVzq979ZaV2k8dRhBM4hXPw4ApqcAd1aAIDBc/wCm/Ok/PivDsfi9aCk88cwx85nz9LyJJd</latexit><latexit sha1_base64="9lH89aFfDxJGlNZQKb0lLNXlBU0=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxQj+ENi2b7aRdutmE3Y1SSv+HFw+KePW/ePPfuE1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljE6iGgGgWX2DTcCHxIFNIoENgOxrfzevsRleaxbJhJgn5Eh5KHnFFjrV5Xpn3dazCSQb9ccatuJrIKXg4VyFXvl7+6g5ilEUrDBNW647mJ8adUGc4EzkrdVGNC2ZgOsWNR0gi1P82unpEz6wxIGCv7pCGZ+3tiSiOtJ1FgOyNqRnq5Njf/q3VSE177Uy6T1KBki0VhKoiJyTwCMuAKmRETC5Qpbm8lbEQVZcYGVbIheMtfXoXWRdVzq979ZaV2k8dRhBM4hXPw4ApqcAd1aAIDBc/wCm/Ok/PivDsfi9aCk88cwx85nz9LyJJd</latexit><latexit sha1_base64="9lH89aFfDxJGlNZQKb0lLNXlBU0=">AAAB9XicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxQj+ENi2b7aRdutmE3Y1SSv+HFw+KePW/ePPfuE1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljE6iGgGgWX2DTcCHxIFNIoENgOxrfzevsRleaxbJhJgn5Eh5KHnFFjrV5Xpn3dazCSQb9ccatuJrIKXg4VyFXvl7+6g5ilEUrDBNW647mJ8adUGc4EzkrdVGNC2ZgOsWNR0gi1P82unpEz6wxIGCv7pCGZ+3tiSiOtJ1FgOyNqRnq5Njf/q3VSE177Uy6T1KBki0VhKoiJyTwCMuAKmRETC5Qpbm8lbEQVZcYGVbIheMtfXoXWRdVzq979ZaV2k8dRhBM4hXPw4ApqcAd1aAIDBc/wCm/Ok/PivDsfi9aCk88cwx85nz9LyJJd</latexit>

Versus ⌫†a⌫a
<latexit sha1_base64="WlvACnq29N7icehXyzkSBXcp7q4=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxmUF+4Amlsl0kg6dTMLMRKih+CtuXCji1v9w5984TbPQ1gMXzpxzL3PvCVLOlHacb2tpeWV1bb2yUd3c2t7Ztff22yrJJKEtkvBEdgOsKGeCtjTTnHZTSXEccNoJRtdTv/NApWKJuNPjlPoxjgQLGcHaSH370BNZH997AxxFVCJUPPt2zak7BdAicUtSgxLNvv3lDRKSxVRowrFSPddJtZ9jqRnhdFL1MkVTTEY4oj1DBY6p8vNi+wk6McoAhYk0JTQq1N8TOY6VGseB6YyxHqp5byr+5/UyHV76ORNppqkgs4/CjCOdoGkUaMAkJZqPDcFEMrMrIkMsMdEmsKoJwZ0/eZG0z+quU3dvz2uNqzKOChzBMZyCCxfQgBtoQgsIPMIzvMKb9WS9WO/Wx6x1ySpnDuAPrM8f4DKU1Q==</latexit><latexit sha1_base64="WlvACnq29N7icehXyzkSBXcp7q4=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxmUF+4Amlsl0kg6dTMLMRKih+CtuXCji1v9w5984TbPQ1gMXzpxzL3PvCVLOlHacb2tpeWV1bb2yUd3c2t7Ztff22yrJJKEtkvBEdgOsKGeCtjTTnHZTSXEccNoJRtdTv/NApWKJuNPjlPoxjgQLGcHaSH370BNZH997AxxFVCJUPPt2zak7BdAicUtSgxLNvv3lDRKSxVRowrFSPddJtZ9jqRnhdFL1MkVTTEY4oj1DBY6p8vNi+wk6McoAhYk0JTQq1N8TOY6VGseB6YyxHqp5byr+5/UyHV76ORNppqkgs4/CjCOdoGkUaMAkJZqPDcFEMrMrIkMsMdEmsKoJwZ0/eZG0z+quU3dvz2uNqzKOChzBMZyCCxfQgBtoQgsIPMIzvMKb9WS9WO/Wx6x1ySpnDuAPrM8f4DKU1Q==</latexit><latexit sha1_base64="WlvACnq29N7icehXyzkSBXcp7q4=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxmUF+4Amlsl0kg6dTMLMRKih+CtuXCji1v9w5984TbPQ1gMXzpxzL3PvCVLOlHacb2tpeWV1bb2yUd3c2t7Ztff22yrJJKEtkvBEdgOsKGeCtjTTnHZTSXEccNoJRtdTv/NApWKJuNPjlPoxjgQLGcHaSH370BNZH997AxxFVCJUPPt2zak7BdAicUtSgxLNvv3lDRKSxVRowrFSPddJtZ9jqRnhdFL1MkVTTEY4oj1DBY6p8vNi+wk6McoAhYk0JTQq1N8TOY6VGseB6YyxHqp5byr+5/UyHV76ORNppqkgs4/CjCOdoGkUaMAkJZqPDcFEMrMrIkMsMdEmsKoJwZ0/eZG0z+quU3dvz2uNqzKOChzBMZyCCxfQgBtoQgsIPMIzvMKb9WS9WO/Wx6x1ySpnDuAPrM8f4DKU1Q==</latexit><latexit sha1_base64="WlvACnq29N7icehXyzkSBXcp7q4=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxmUF+4Amlsl0kg6dTMLMRKih+CtuXCji1v9w5984TbPQ1gMXzpxzL3PvCVLOlHacb2tpeWV1bb2yUd3c2t7Ztff22yrJJKEtkvBEdgOsKGeCtjTTnHZTSXEccNoJRtdTv/NApWKJuNPjlPoxjgQLGcHaSH370BNZH997AxxFVCJUPPt2zak7BdAicUtSgxLNvv3lDRKSxVRowrFSPddJtZ9jqRnhdFL1MkVTTEY4oj1DBY6p8vNi+wk6McoAhYk0JTQq1N8TOY6VGseB6YyxHqp5byr+5/UyHV76ORNppqkgs4/CjCOdoGkUaMAkJZqPDcFEMrMrIkMsMdEmsKoJwZ0/eZG0z+quU3dvz2uNqzKOChzBMZyCCxfQgBtoQgsIPMIzvMKb9WS9WO/Wx6x1ySpnDuAPrM8f4DKU1Q==</latexit>

Added to neutrino mass Added to m2
⌫/(2p)

<latexit sha1_base64="PWBvo85uWRRo1UEXj+0UauCFyiQ=">AAAB83icbVDLSgMxFM3UV62vqks3wSLUTZ0pgi6LblxWsA/ojCWTZtrQJBPyEMrQ33DjQhG3/ow7/8a0nYW2HrhwOOde7r0nloxq4/vfXmFtfWNzq7hd2tnd2z8oHx61dWoVJi2cslR1Y6QJo4K0DDWMdKUiiMeMdOLx7czvPBGlaSoezESSiKOhoAnFyDgp5P1Q2Mf6RbUuz/vlil/z54CrJMhJBeRo9stf4SDFlhNhMENa9wJfmihDylDMyLQUWk0kwmM0JD1HBeJER9n85ik8c8oAJqlyJQycq78nMsS1nvDYdXJkRnrZm4n/eT1rkusoo0JaQwReLEosgyaFswDggCqCDZs4grCi7laIR0ghbFxMJRdCsPzyKmnXa4FfC+4vK42bPI4iOAGnoAoCcAUa4A40QQtgIMEzeAVvnvVevHfvY9Fa8PKZY/AH3ucPiOqQrw==</latexit><latexit sha1_base64="PWBvo85uWRRo1UEXj+0UauCFyiQ=">AAAB83icbVDLSgMxFM3UV62vqks3wSLUTZ0pgi6LblxWsA/ojCWTZtrQJBPyEMrQ33DjQhG3/ow7/8a0nYW2HrhwOOde7r0nloxq4/vfXmFtfWNzq7hd2tnd2z8oHx61dWoVJi2cslR1Y6QJo4K0DDWMdKUiiMeMdOLx7czvPBGlaSoezESSiKOhoAnFyDgp5P1Q2Mf6RbUuz/vlil/z54CrJMhJBeRo9stf4SDFlhNhMENa9wJfmihDylDMyLQUWk0kwmM0JD1HBeJER9n85ik8c8oAJqlyJQycq78nMsS1nvDYdXJkRnrZm4n/eT1rkusoo0JaQwReLEosgyaFswDggCqCDZs4grCi7laIR0ghbFxMJRdCsPzyKmnXa4FfC+4vK42bPI4iOAGnoAoCcAUa4A40QQtgIMEzeAVvnvVevHfvY9Fa8PKZY/AH3ucPiOqQrw==</latexit><latexit sha1_base64="PWBvo85uWRRo1UEXj+0UauCFyiQ=">AAAB83icbVDLSgMxFM3UV62vqks3wSLUTZ0pgi6LblxWsA/ojCWTZtrQJBPyEMrQ33DjQhG3/ow7/8a0nYW2HrhwOOde7r0nloxq4/vfXmFtfWNzq7hd2tnd2z8oHx61dWoVJi2cslR1Y6QJo4K0DDWMdKUiiMeMdOLx7czvPBGlaSoezESSiKOhoAnFyDgp5P1Q2Mf6RbUuz/vlil/z54CrJMhJBeRo9stf4SDFlhNhMENa9wJfmihDylDMyLQUWk0kwmM0JD1HBeJER9n85ik8c8oAJqlyJQycq78nMsS1nvDYdXJkRnrZm4n/eT1rkusoo0JaQwReLEosgyaFswDggCqCDZs4grCi7laIR0ghbFxMJRdCsPzyKmnXa4FfC+4vK42bPI4iOAGnoAoCcAUa4A40QQtgIMEzeAVvnvVevHfvY9Fa8PKZY/AH3ucPiOqQrw==</latexit><latexit sha1_base64="PWBvo85uWRRo1UEXj+0UauCFyiQ=">AAAB83icbVDLSgMxFM3UV62vqks3wSLUTZ0pgi6LblxWsA/ojCWTZtrQJBPyEMrQ33DjQhG3/ow7/8a0nYW2HrhwOOde7r0nloxq4/vfXmFtfWNzq7hd2tnd2z8oHx61dWoVJi2cslR1Y6QJo4K0DDWMdKUiiMeMdOLx7czvPBGlaSoezESSiKOhoAnFyDgp5P1Q2Mf6RbUuz/vlil/z54CrJMhJBeRo9stf4SDFlhNhMENa9wJfmihDylDMyLQUWk0kwmM0JD1HBeJER9n85ik8c8oAJqlyJQycq78nMsS1nvDYdXJkRnrZm4n/eT1rkusoo0JaQwReLEosgyaFswDggCqCDZs4grCi7laIR0ghbFxMJRdCsPzyKmnXa4FfC+4vK42bPI4iOAGnoAoCcAUa4A40QQtgIMEzeAVvnvVevHfvY9Fa8PKZY/AH3ucPiOqQrw==</latexit>
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⌧⌫�m2

E
� 1

<latexit sha1_base64="aJ1CaCU0U6msTczfgIg62rkjr0I=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSlIEXRYf4LKCfUATy2Q6SYdOJmHmRiihH+DGX3HjQhG3foA7/8ZJm4W2Hhg4nHMud+7xE8E12Pa3tbS8srq2Xtoob25t7+xW9vbbOk4VZS0ai1h1faKZ4JK1gINg3UQxEvmCdfzRZe53HpjSPJZ3ME6YF5FQ8oBTAkbqV6puoAjNXCBp35Updq+YAIKj+/oku564YYidsknZNXsKvEicglRRgWa/8uUOYppGTAIVROueYyfgZUQBp4JNym6qWULoiISsZ6gkEdNeNj1mgo+NMsBBrMyTgKfq74mMRFqPI98kIwJDPe/l4n9eL4Xg3Mu4TFJgks4WBanAEOO8GTzgilEQY0MIVdz8FdMhMe2A6S8vwZk/eZG06zXHrjm3p9XGRVFHCR2iI3SCHHSGGugGNVELUfSIntErerOerBfr3fqYRZesYuYA/YH1+QNhMpqC</latexit><latexit sha1_base64="aJ1CaCU0U6msTczfgIg62rkjr0I=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSlIEXRYf4LKCfUATy2Q6SYdOJmHmRiihH+DGX3HjQhG3foA7/8ZJm4W2Hhg4nHMud+7xE8E12Pa3tbS8srq2Xtoob25t7+xW9vbbOk4VZS0ai1h1faKZ4JK1gINg3UQxEvmCdfzRZe53HpjSPJZ3ME6YF5FQ8oBTAkbqV6puoAjNXCBp35Updq+YAIKj+/oku564YYidsknZNXsKvEicglRRgWa/8uUOYppGTAIVROueYyfgZUQBp4JNym6qWULoiISsZ6gkEdNeNj1mgo+NMsBBrMyTgKfq74mMRFqPI98kIwJDPe/l4n9eL4Xg3Mu4TFJgks4WBanAEOO8GTzgilEQY0MIVdz8FdMhMe2A6S8vwZk/eZG06zXHrjm3p9XGRVFHCR2iI3SCHHSGGugGNVELUfSIntErerOerBfr3fqYRZesYuYA/YH1+QNhMpqC</latexit><latexit sha1_base64="aJ1CaCU0U6msTczfgIg62rkjr0I=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSlIEXRYf4LKCfUATy2Q6SYdOJmHmRiihH+DGX3HjQhG3foA7/8ZJm4W2Hhg4nHMud+7xE8E12Pa3tbS8srq2Xtoob25t7+xW9vbbOk4VZS0ai1h1faKZ4JK1gINg3UQxEvmCdfzRZe53HpjSPJZ3ME6YF5FQ8oBTAkbqV6puoAjNXCBp35Updq+YAIKj+/oku564YYidsknZNXsKvEicglRRgWa/8uUOYppGTAIVROueYyfgZUQBp4JNym6qWULoiISsZ6gkEdNeNj1mgo+NMsBBrMyTgKfq74mMRFqPI98kIwJDPe/l4n9eL4Xg3Mu4TFJgks4WBanAEOO8GTzgilEQY0MIVdz8FdMhMe2A6S8vwZk/eZG06zXHrjm3p9XGRVFHCR2iI3SCHHSGGugGNVELUfSIntErerOerBfr3fqYRZesYuYA/YH1+QNhMpqC</latexit><latexit sha1_base64="aJ1CaCU0U6msTczfgIg62rkjr0I=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSlIEXRYf4LKCfUATy2Q6SYdOJmHmRiihH+DGX3HjQhG3foA7/8ZJm4W2Hhg4nHMud+7xE8E12Pa3tbS8srq2Xtoob25t7+xW9vbbOk4VZS0ai1h1faKZ4JK1gINg3UQxEvmCdfzRZe53HpjSPJZ3ME6YF5FQ8oBTAkbqV6puoAjNXCBp35Updq+YAIKj+/oku564YYidsknZNXsKvEicglRRgWa/8uUOYppGTAIVROueYyfgZUQBp4JNym6qWULoiISsZ6gkEdNeNj1mgo+NMsBBrMyTgKfq74mMRFqPI98kIwJDPe/l4n9eL4Xg3Mu4TFJgks4WBanAEOO8GTzgilEQY0MIVdz8FdMhMe2A6S8vwZk/eZG06zXHrjm3p9XGRVFHCR2iI3SCHHSGGugGNVELUfSIntErerOerBfr3fqYRZesYuYA/YH1+QNhMpqC</latexit>



Gariazzo, de Salas and Pastor, “thermalisation of  sterile neutrinos in the early universe in the 3+1
scheme with full mixing matrix,” JCAP 1907 (2019) 014.
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DANSS and other reactor neutrino 
experiments

DANSS Collaboration, arXiv:1911.10140

PoS EPS-HEP2019 (2020) 401
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Effective mixing

mint
eff > 40 eV

<latexit sha1_base64="iHusJAs9/TuxNec/B9QlfuTzqng=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgq6k6MZlBfuANobJ9KYdOpOEmYlQQnTjr7hxoYhbv8Kdf+P0sdDWAwOHc+7lzjlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lRSaNCYx7IdEAWcRdDQTHNoJxKICDi0guHV2G/dg1Qsjm71KAFPkH7EQkaJNpJvHwg/gzDM7zIW6fyi6jxkXSkwNHPfLjsVZwK8SNwZKaMZ6r791e3FNBUQacqJUh3XSbSXEakZ5ZCXuqmChNAh6UPH0IgIUF42iZDjY6P0cBhL8yKNJ+rvjYwIpUYiMJOC6IGa98bif14n1eG5Z8IlqYaITg+FKcc6xuM+cI9JoJqPDCFUMvNXTAdEEqpNayVTgjsfeZE0TyuuU3FvquXa5ayOIjpER+gEuegM1dA1qqMGougRPaNX9GY9WS/Wu/UxHS1Ys5199AfW5w9oB5dp</latexit><latexit sha1_base64="iHusJAs9/TuxNec/B9QlfuTzqng=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgq6k6MZlBfuANobJ9KYdOpOEmYlQQnTjr7hxoYhbv8Kdf+P0sdDWAwOHc+7lzjlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lRSaNCYx7IdEAWcRdDQTHNoJxKICDi0guHV2G/dg1Qsjm71KAFPkH7EQkaJNpJvHwg/gzDM7zIW6fyi6jxkXSkwNHPfLjsVZwK8SNwZKaMZ6r791e3FNBUQacqJUh3XSbSXEakZ5ZCXuqmChNAh6UPH0IgIUF42iZDjY6P0cBhL8yKNJ+rvjYwIpUYiMJOC6IGa98bif14n1eG5Z8IlqYaITg+FKcc6xuM+cI9JoJqPDCFUMvNXTAdEEqpNayVTgjsfeZE0TyuuU3FvquXa5ayOIjpER+gEuegM1dA1qqMGougRPaNX9GY9WS/Wu/UxHS1Ys5199AfW5w9oB5dp</latexit><latexit sha1_base64="iHusJAs9/TuxNec/B9QlfuTzqng=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgq6k6MZlBfuANobJ9KYdOpOEmYlQQnTjr7hxoYhbv8Kdf+P0sdDWAwOHc+7lzjlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lRSaNCYx7IdEAWcRdDQTHNoJxKICDi0guHV2G/dg1Qsjm71KAFPkH7EQkaJNpJvHwg/gzDM7zIW6fyi6jxkXSkwNHPfLjsVZwK8SNwZKaMZ6r791e3FNBUQacqJUh3XSbSXEakZ5ZCXuqmChNAh6UPH0IgIUF42iZDjY6P0cBhL8yKNJ+rvjYwIpUYiMJOC6IGa98bif14n1eG5Z8IlqYaITg+FKcc6xuM+cI9JoJqPDCFUMvNXTAdEEqpNayVTgjsfeZE0TyuuU3FvquXa5ayOIjpER+gEuegM1dA1qqMGougRPaNX9GY9WS/Wu/UxHS1Ys5199AfW5w9oB5dp</latexit><latexit sha1_base64="iHusJAs9/TuxNec/B9QlfuTzqng=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRgq6k6MZlBfuANobJ9KYdOpOEmYlQQnTjr7hxoYhbv8Kdf+P0sdDWAwOHc+7lzjlBwpnSjvNtFZaWV1bXiuuljc2t7R17d6+p4lRSaNCYx7IdEAWcRdDQTHNoJxKICDi0guHV2G/dg1Qsjm71KAFPkH7EQkaJNpJvHwg/gzDM7zIW6fyi6jxkXSkwNHPfLjsVZwK8SNwZKaMZ6r791e3FNBUQacqJUh3XSbSXEakZ5ZCXuqmChNAh6UPH0IgIUF42iZDjY6P0cBhL8yKNJ+rvjYwIpUYiMJOC6IGa98bif14n1eG5Z8IlqYaITg+FKcc6xuM+cI9JoJqPDCFUMvNXTAdEEqpNayVTgjsfeZE0TyuuU3FvquXa5ayOIjpER+gEuegM1dA1qqMGougRPaNX9GY9WS/Wu/UxHS1Ys5199AfW5w9oB5dp</latexit>
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sin2 2✓intm = 4⇥ 10�5
<latexit sha1_base64="h7LdAf7Da8Ler0ingAqGN2WWWU8=">AAACEXicbVDLSgMxFM34rPU16tJNsAjdWGZKRTdC0Y3LCvYBfZFJ0zY0yQzJHaEM/QU3/oobF4q4defOvzFtZ6GtBwKHc+7l5pwgEtyA5307K6tr6xubma3s9s7u3r57cFgzYawpq9JQhLoREMMEV6wKHARrRJoRGQhWD0Y3U7/+wLThobqHccTakgwU73NKwEpdN98yXHWKuIhbMGRAurKTcAWTq5IVuGQG+14nOTufdN2cV/BmwMvET0kOpah03a9WL6SxZAqoIMY0fS+CdkI0cCrYJNuKDYsIHZEBa1qqiD3WTmaJJvjUKj3cD7V9CvBM/b2REGnMWAZ2UhIYmkVvKv7nNWPoX7ZtwigGpuj8UD8WGEI8rQf3uGYUxNgSQjW3f8V0SDShYEvM2hL8xcjLpFYs+F7BvyvlytdpHRl0jE5QHvnoApXRLaqgKqLoET2jV/TmPDkvzrvzMR9dcdKdI/QHzucPUGmcCg==</latexit><latexit sha1_base64="h7LdAf7Da8Ler0ingAqGN2WWWU8=">AAACEXicbVDLSgMxFM34rPU16tJNsAjdWGZKRTdC0Y3LCvYBfZFJ0zY0yQzJHaEM/QU3/oobF4q4defOvzFtZ6GtBwKHc+7l5pwgEtyA5307K6tr6xubma3s9s7u3r57cFgzYawpq9JQhLoREMMEV6wKHARrRJoRGQhWD0Y3U7/+wLThobqHccTakgwU73NKwEpdN98yXHWKuIhbMGRAurKTcAWTq5IVuGQG+14nOTufdN2cV/BmwMvET0kOpah03a9WL6SxZAqoIMY0fS+CdkI0cCrYJNuKDYsIHZEBa1qqiD3WTmaJJvjUKj3cD7V9CvBM/b2REGnMWAZ2UhIYmkVvKv7nNWPoX7ZtwigGpuj8UD8WGEI8rQf3uGYUxNgSQjW3f8V0SDShYEvM2hL8xcjLpFYs+F7BvyvlytdpHRl0jE5QHvnoApXRLaqgKqLoET2jV/TmPDkvzrvzMR9dcdKdI/QHzucPUGmcCg==</latexit><latexit sha1_base64="h7LdAf7Da8Ler0ingAqGN2WWWU8=">AAACEXicbVDLSgMxFM34rPU16tJNsAjdWGZKRTdC0Y3LCvYBfZFJ0zY0yQzJHaEM/QU3/oobF4q4defOvzFtZ6GtBwKHc+7l5pwgEtyA5307K6tr6xubma3s9s7u3r57cFgzYawpq9JQhLoREMMEV6wKHARrRJoRGQhWD0Y3U7/+wLThobqHccTakgwU73NKwEpdN98yXHWKuIhbMGRAurKTcAWTq5IVuGQG+14nOTufdN2cV/BmwMvET0kOpah03a9WL6SxZAqoIMY0fS+CdkI0cCrYJNuKDYsIHZEBa1qqiD3WTmaJJvjUKj3cD7V9CvBM/b2REGnMWAZ2UhIYmkVvKv7nNWPoX7ZtwigGpuj8UD8WGEI8rQf3uGYUxNgSQjW3f8V0SDShYEvM2hL8xcjLpFYs+F7BvyvlytdpHRl0jE5QHvnoApXRLaqgKqLoET2jV/TmPDkvzrvzMR9dcdKdI/QHzucPUGmcCg==</latexit><latexit sha1_base64="h7LdAf7Da8Ler0ingAqGN2WWWU8=">AAACEXicbVDLSgMxFM34rPU16tJNsAjdWGZKRTdC0Y3LCvYBfZFJ0zY0yQzJHaEM/QU3/oobF4q4defOvzFtZ6GtBwKHc+7l5pwgEtyA5307K6tr6xubma3s9s7u3r57cFgzYawpq9JQhLoREMMEV6wKHARrRJoRGQhWD0Y3U7/+wLThobqHccTakgwU73NKwEpdN98yXHWKuIhbMGRAurKTcAWTq5IVuGQG+14nOTufdN2cV/BmwMvET0kOpah03a9WL6SxZAqoIMY0fS+CdkI0cCrYJNuKDYsIHZEBa1qqiD3WTmaJJvjUKj3cD7V9CvBM/b2REGnMWAZ2UhIYmkVvKv7nNWPoX7ZtwigGpuj8UD8WGEI8rQf3uGYUxNgSQjW3f8V0SDShYEvM2hL8xcjLpFYs+F7BvyvlytdpHRl0jE5QHvnoApXRLaqgKqLoET2jV/TmPDkvzrvzMR9dcdKdI/QHzucPUGmcCg==</latexit>

� > 2⇥ 10�23
<latexit sha1_base64="ge9zho1fdOXuq0iIK0HrGpB89gE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0tSBV1J0Y3LCvYBTSyTyaQdOpmEmRuhhLrxV9y4UMStf+HOv3H6WGjrgYHDOedy554gFVyD43xbC4tLyyurhbXi+sbm1ra9s9vQSaYoq9NEJKoVEM0El6wOHARrpYqROBCsGfSvR37zgSnNE3kHg5T5MelKHnFKwEgde98TJhySy4oHPGYau859flI5HXbsklN2xsDzxJ2SEpqi1rG/vDChWcwkUEG0brtOCn5OFHAq2LDoZZqlhPZJl7UNlcRs8/PxBUN8ZJQQR4kyTwIeq78nchJrPYgDk4wJ9PSsNxL/89oZRBd+zmWaAZN0sijKBIYEj+rAIVeMghgYQqji5q+Y9ogiFExpRVOCO3vyPGlUyq5Tdm/PStWraR0FdIAO0TFy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362MSXbCmM3voD6zPH51Ila8=</latexit><latexit sha1_base64="ge9zho1fdOXuq0iIK0HrGpB89gE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0tSBV1J0Y3LCvYBTSyTyaQdOpmEmRuhhLrxV9y4UMStf+HOv3H6WGjrgYHDOedy554gFVyD43xbC4tLyyurhbXi+sbm1ra9s9vQSaYoq9NEJKoVEM0El6wOHARrpYqROBCsGfSvR37zgSnNE3kHg5T5MelKHnFKwEgde98TJhySy4oHPGYau859flI5HXbsklN2xsDzxJ2SEpqi1rG/vDChWcwkUEG0brtOCn5OFHAq2LDoZZqlhPZJl7UNlcRs8/PxBUN8ZJQQR4kyTwIeq78nchJrPYgDk4wJ9PSsNxL/89oZRBd+zmWaAZN0sijKBIYEj+rAIVeMghgYQqji5q+Y9ogiFExpRVOCO3vyPGlUyq5Tdm/PStWraR0FdIAO0TFy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362MSXbCmM3voD6zPH51Ila8=</latexit><latexit sha1_base64="ge9zho1fdOXuq0iIK0HrGpB89gE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0tSBV1J0Y3LCvYBTSyTyaQdOpmEmRuhhLrxV9y4UMStf+HOv3H6WGjrgYHDOedy554gFVyD43xbC4tLyyurhbXi+sbm1ra9s9vQSaYoq9NEJKoVEM0El6wOHARrpYqROBCsGfSvR37zgSnNE3kHg5T5MelKHnFKwEgde98TJhySy4oHPGYau859flI5HXbsklN2xsDzxJ2SEpqi1rG/vDChWcwkUEG0brtOCn5OFHAq2LDoZZqlhPZJl7UNlcRs8/PxBUN8ZJQQR4kyTwIeq78nchJrPYgDk4wJ9PSsNxL/89oZRBd+zmWaAZN0sijKBIYEj+rAIVeMghgYQqji5q+Y9ogiFExpRVOCO3vyPGlUyq5Tdm/PStWraR0FdIAO0TFy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362MSXbCmM3voD6zPH51Ila8=</latexit><latexit sha1_base64="ge9zho1fdOXuq0iIK0HrGpB89gE=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCG0tSBV1J0Y3LCvYBTSyTyaQdOpmEmRuhhLrxV9y4UMStf+HOv3H6WGjrgYHDOedy554gFVyD43xbC4tLyyurhbXi+sbm1ra9s9vQSaYoq9NEJKoVEM0El6wOHARrpYqROBCsGfSvR37zgSnNE3kHg5T5MelKHnFKwEgde98TJhySy4oHPGYau859flI5HXbsklN2xsDzxJ2SEpqi1rG/vDChWcwkUEG0brtOCn5OFHAq2LDoZZqlhPZJl7UNlcRs8/PxBUN8ZJQQR4kyTwIeq78nchJrPYgDk4wJ9PSsNxL/89oZRBd+zmWaAZN0sijKBIYEj+rAIVeMghgYQqji5q+Y9ogiFExpRVOCO3vyPGlUyq5Tdm/PStWraR0FdIAO0TFy0TmqohtUQ3VE0SN6Rq/ozXqyXqx362MSXbCmM3voD6zPH51Ila8=</latexit>



• These results are confirmed by 

J. Cline, “viable secret neutrino interactions with ultralight dark matter,” Phys. 
Lett B 802 (2020) 135182, arXiv:1908.0227
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ms⌫
T c⌫s

<latexit sha1_base64="ef+6ArMzN8oQv7P4/LBvJ7dpHSM=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi6LLoxmWFvqCNYTKdtEMnkzAPoYZ+iRsXirj1U9z5N07bLLT1wL0czrmXuXOijDOlPe/bWVvf2NzaLu2Ud/f2Dyru4VFbpUYS2iIpT2U3wopyJmhLM81pN5MUJxGnnWh8O/M7j1QqloqmnmQ0SPBQsJgRrK0UupUkVKgvzEOT2B6q0K16NW8OtEr8glShQCN0v/qDlJiECk04Vqrne5kOciw1I5xOy32jaIbJGA9pz1KBE6qCfH74FJ1ZZYDiVNoSGs3V3xs5TpSaJJGdTLAeqWVvJv7n9YyOr4OcicxoKsjiodhwpFM0SwENmKRE84klmEhmb0VkhCUm2mZVtiH4y19eJe2Lmu/V/PvLav2miKMEJ3AK5+DDFdThDhrQAgIGnuEV3pwn58V5dz4Wo2tOsXMMf+B8/gCSGJMF</latexit><latexit sha1_base64="ef+6ArMzN8oQv7P4/LBvJ7dpHSM=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi6LLoxmWFvqCNYTKdtEMnkzAPoYZ+iRsXirj1U9z5N07bLLT1wL0czrmXuXOijDOlPe/bWVvf2NzaLu2Ud/f2Dyru4VFbpUYS2iIpT2U3wopyJmhLM81pN5MUJxGnnWh8O/M7j1QqloqmnmQ0SPBQsJgRrK0UupUkVKgvzEOT2B6q0K16NW8OtEr8glShQCN0v/qDlJiECk04Vqrne5kOciw1I5xOy32jaIbJGA9pz1KBE6qCfH74FJ1ZZYDiVNoSGs3V3xs5TpSaJJGdTLAeqWVvJv7n9YyOr4OcicxoKsjiodhwpFM0SwENmKRE84klmEhmb0VkhCUm2mZVtiH4y19eJe2Lmu/V/PvLav2miKMEJ3AK5+DDFdThDhrQAgIGnuEV3pwn58V5dz4Wo2tOsXMMf+B8/gCSGJMF</latexit><latexit sha1_base64="ef+6ArMzN8oQv7P4/LBvJ7dpHSM=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi6LLoxmWFvqCNYTKdtEMnkzAPoYZ+iRsXirj1U9z5N07bLLT1wL0czrmXuXOijDOlPe/bWVvf2NzaLu2Ud/f2Dyru4VFbpUYS2iIpT2U3wopyJmhLM81pN5MUJxGnnWh8O/M7j1QqloqmnmQ0SPBQsJgRrK0UupUkVKgvzEOT2B6q0K16NW8OtEr8glShQCN0v/qDlJiECk04Vqrne5kOciw1I5xOy32jaIbJGA9pz1KBE6qCfH74FJ1ZZYDiVNoSGs3V3xs5TpSaJJGdTLAeqWVvJv7n9YyOr4OcicxoKsjiodhwpFM0SwENmKRE84klmEhmb0VkhCUm2mZVtiH4y19eJe2Lmu/V/PvLav2miKMEJ3AK5+DDFdThDhrQAgIGnuEV3pwn58V5dz4Wo2tOsXMMf+B8/gCSGJMF</latexit><latexit sha1_base64="ef+6ArMzN8oQv7P4/LBvJ7dpHSM=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiQi6LLoxmWFvqCNYTKdtEMnkzAPoYZ+iRsXirj1U9z5N07bLLT1wL0czrmXuXOijDOlPe/bWVvf2NzaLu2Ud/f2Dyru4VFbpUYS2iIpT2U3wopyJmhLM81pN5MUJxGnnWh8O/M7j1QqloqmnmQ0SPBQsJgRrK0UupUkVKgvzEOT2B6q0K16NW8OtEr8glShQCN0v/qDlJiECk04Vqrne5kOciw1I5xOy32jaIbJGA9pz1KBE6qCfH74FJ1ZZYDiVNoSGs3V3xs5TpSaJJGdTLAeqWVvJv7n9YyOr4OcicxoKsjiodhwpFM0SwENmKRE84klmEhmb0VkhCUm2mZVtiH4y19eJe2Lmu/V/PvLav2miKMEJ3AK5+DDFdThDhrQAgIGnuEV3pwn58V5dz4Wo2tOsXMMf+B8/gCSGJMF</latexit>
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by a classical field. In particular, a real ultra-light scalar dark matter can be described as

� =

p
2⇢�
m�

cos(m�t� ~p� · ~x) (1)

where |~p�| ⌧ m�. For t � 1/m�, ⇢� (like in the case of other non-relativistic relics) scales as T 3. For t ⌧ 1/m�,
it can be shown that ⇢� (the 00 element of the energy-momentum tensor, Tµ⌫) is equal to minus the pressure, �p�
(Tii). Thus, the relation Tµ⌫

;⌫ = 0 or equivalently ⇢̇� + 3H(⇢� + p�) = 0 implies that for t ⌧ 1/m�, ⇢� and therefore
the amplitude of � remains constant.

There is a vast literature discussing the production of such light particles in the early universe with non-relativistic
velocities; for a review see [29]. In these mechanisms, � is taken to be the phase of a complex salar, � = |�|ei�/f0
with a U(1) symmetry similar to the axion of the Peccei-Quinn symmetry [30]. Once the symmetry becomes spon-
taneously broken, � obtains a random value in the range (�f0⇡, f0⇡). If the symmetry breaking takes place during
the inflation, the whole patch within our horizon will have the same value of initial � (plus small fluctuations). The
topological defects between the patches of di↵erent constant � will safely be diluted away during inflation. It has been
demonstrated in the literature that with this mechanism � (consequently, ⇢�) can be large enough to account for all
DM. As we shall see, our scenario works even for smaller values of �. The quantum fluctations during inflation can
provide the small variation in ⇢� which provides the seeds for structure formation during the course of the history of
the universe. Such small variation of ⇢� is irrelevant to our discussion.

Refs. [31–33] assume a Yukawa coupling between � and active neutrinos and discuss the implication of the oscillatory
behavior of � with time on the temporal modulation of various neutrino beams. Ref. [34] assumes a gauge interaction
between complex ultra-light scalar DM and leptons and studies its impact on the flavor ratios of cosmic neutrinos
detected by ICECUBE. Here, we assume a Yukawa coupling of the following form between real � and ⌫s

��⌫Ts c⌫s +H.c. (2)

where c is an asymmetric 2⇥ 2 matrix with components equal to ±1. Notice that this coupling is renormalizable and
invariant under the SM gauge group. As long as � is lighter than the lightest neutrino mass eigenstate, � remains
stable and therefore a suitable dark matter candidate. Notice that we could write the interaction of type �⌫̄s⌫s with
similar results but to avoid adding new degrees of freedom, we stick to this Majorana form which does not require
right-handed component for ⌫s.

The coupling in Eq. (2) induces an e↵ective mass for ⌫s given by

meff = �

p
2⇢�
m�

cos(m�t). (3)

Taking m� < 5 ⇥ 10�17eV = 1
13 sec , for up to after neutrino decoupling (to be precise until T ⇠ 0.22 MeV(m�/(5 ⇥

10�17 eV))1/2), meff remains almost constant and equal to meff = �
q
2⇢int� /m� where ⇢int� is the value of ⇢� at

t ⌧ 1/m�. Taking for example ⇢int� = ⇢0DM (0.22 MeV
p
m�/(5⇥ 10�17 eV)/T 0)3 (where the 0 superscript denotes

the values today), we find meff = 2.3⇥ 1024 eV�(5⇥ 10�17 eV/m�)1/4. Notice that the format of the e↵ective mass
that ⌫s receives is of the Lorentz invariant Majorana type which should be summed with the ⌫s mass in vacuum (m⌫s)
to obtain dispersion relation i.e., E2

⌫s
� |~p⌫s |2 = (meff + m⌫s)

2. Using the superradiance argument, a vector dark
matter with a mass of 6⇥ 10�20 � 2⇥ 10�17 eV is constrained [35] but these bounds do not apply for the scalar dark
matter. The superradiance bound from M87⇤ rules out only the scalar dark matter of mass of 10�21 eV and lower
[36].

Remember that in the case of the propagation of the active neutrinos in matter, the Lorentz violating e↵ective mass
of active neutrinos in medium (e.g., 2

p
2GFne⌫†e⌫e) is added to m2

⌫/(2E⌫) to obtain the Hamiltonian governing the
neutrino flavor evolution. Here, the Lorentz conserving meff should be added to m⌫s rather than to m2

⌫/E⌫ . In the
presence of meff � m⌫s , we can write the e↵ective active sterile mixing angle as

sin 2✓m|T = sin 2✓
m⌫s

meff
=

8
<

:

sin 2✓intm at t ⌧ m�1
�

sin 2✓intm

✓
0.22 MeV

p
m�/5⇥10�17 eV

T

◆3/2

at t � m�1
�

, (4)

where ✓ is the mixing angle in vacuum. At early universe when T > 1 MeV, the active neutrinos undergo scattering
o↵ the neighboring neutrinos and electrons. Each electroweak scattering will convert them to coherent active states



� ! ⌫s⌫s
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Perturbative lifetime

However, parametric resonance
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Kofman et al, JHEP 405 (2004)

36

⇢� ⌧ ⇢⌫a
<latexit sha1_base64="NftemmbizpdOHLC0h2LLFFWx7O0=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQphMJ+3QySTMTIQSiht/xY0LRdz6Fe78G6dpFtp64MKZc+5l7j1hypnSjvNtVVZW19Y3qpu1re2d3T17/6CjkkwS2iYJT2QvxIpyJmhbM81pL5UUxyGn3XB8M/O7D1Qqloh7PUmpH+OhYBEjWBspsI88OUoCLx0xj3NUPHJPZAGeBnbdaTgF0DJxS1KHEq3A/vIGCcliKjThWKm+66Taz7HUjHA6rXmZoikmYzykfUMFjqny8+KEKTo1ygBFiTQlNCrU3xM5jpWaxKHpjLEeqUVvJv7n9TMdXfk5E2mmqSDzj6KMI52gWR5owCQlmk8MwUQysysiIywx0Sa1mgnBXTx5mXTOG67TcO8u6s3rMo4qHMMJnIELl9CEW2hBGwg8wjO8wpv1ZL1Y79bHvLVilTOH8AfW5w+nd5eV</latexit><latexit sha1_base64="NftemmbizpdOHLC0h2LLFFWx7O0=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQphMJ+3QySTMTIQSiht/xY0LRdz6Fe78G6dpFtp64MKZc+5l7j1hypnSjvNtVVZW19Y3qpu1re2d3T17/6CjkkwS2iYJT2QvxIpyJmhbM81pL5UUxyGn3XB8M/O7D1Qqloh7PUmpH+OhYBEjWBspsI88OUoCLx0xj3NUPHJPZAGeBnbdaTgF0DJxS1KHEq3A/vIGCcliKjThWKm+66Taz7HUjHA6rXmZoikmYzykfUMFjqny8+KEKTo1ygBFiTQlNCrU3xM5jpWaxKHpjLEeqUVvJv7n9TMdXfk5E2mmqSDzj6KMI52gWR5owCQlmk8MwUQysysiIywx0Sa1mgnBXTx5mXTOG67TcO8u6s3rMo4qHMMJnIELl9CEW2hBGwg8wjO8wpv1ZL1Y79bHvLVilTOH8AfW5w+nd5eV</latexit><latexit sha1_base64="NftemmbizpdOHLC0h2LLFFWx7O0=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQphMJ+3QySTMTIQSiht/xY0LRdz6Fe78G6dpFtp64MKZc+5l7j1hypnSjvNtVVZW19Y3qpu1re2d3T17/6CjkkwS2iYJT2QvxIpyJmhbM81pL5UUxyGn3XB8M/O7D1Qqloh7PUmpH+OhYBEjWBspsI88OUoCLx0xj3NUPHJPZAGeBnbdaTgF0DJxS1KHEq3A/vIGCcliKjThWKm+66Taz7HUjHA6rXmZoikmYzykfUMFjqny8+KEKTo1ygBFiTQlNCrU3xM5jpWaxKHpjLEeqUVvJv7n9TMdXfk5E2mmqSDzj6KMI52gWR5owCQlmk8MwUQysysiIywx0Sa1mgnBXTx5mXTOG67TcO8u6s3rMo4qHMMJnIELl9CEW2hBGwg8wjO8wpv1ZL1Y79bHvLVilTOH8AfW5w+nd5eV</latexit><latexit sha1_base64="NftemmbizpdOHLC0h2LLFFWx7O0=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkoigi6LblxWsA9oQphMJ+3QySTMTIQSiht/xY0LRdz6Fe78G6dpFtp64MKZc+5l7j1hypnSjvNtVVZW19Y3qpu1re2d3T17/6CjkkwS2iYJT2QvxIpyJmhbM81pL5UUxyGn3XB8M/O7D1Qqloh7PUmpH+OhYBEjWBspsI88OUoCLx0xj3NUPHJPZAGeBnbdaTgF0DJxS1KHEq3A/vIGCcliKjThWKm+66Taz7HUjHA6rXmZoikmYzykfUMFjqny8+KEKTo1ygBFiTQlNCrU3xM5jpWaxKHpjLEeqUVvJv7n9TMdXfk5E2mmqSDzj6KMI52gWR5owCQlmk8MwUQysysiIywx0Sa1mgnBXTx5mXTOG67TcO8u6s3rMo4qHMMJnIELl9CEW2hBGwg8wjO8wpv1ZL1Y79bHvLVilTOH8AfW5w+nd5eV</latexit>

4⇡

�2m�
<latexit sha1_base64="Qnx3esNYZpmOXls3po9FSDhVCKo=">AAACB3icbVBPS8MwHE3nvzn/VT0KEhyCp9GOgR6HXjxOcJuw1pKm6RaWpCVJhVF68+JX8eJBEa9+BW9+G7OtB918EHi893v88nthyqjSjvNtVVZW19Y3qpu1re2d3T17/6Cnkkxi0sUJS+RdiBRhVJCuppqRu1QSxENG+uH4aur3H4hUNBG3epISn6OhoDHFSBspsI+9WCKct6CX0iL3mElG6L4JeeClI1oEdt1pODPAZeKWpA5KdAL7y4sSnHEiNGZIqYHrpNrPkdQUM1LUvEyRFOExGpKBoQJxovx8dkcBT40SwTiR5gkNZ+rvRI64UhMemkmO9EgtelPxP2+Q6fjCz6lIM00Eni+KMwZ1AqelwIhKgjWbGIKwpOavEI+QKUab6mqmBHfx5GXSazZcp+HetOrty7KOKjgCJ+AMuOActME16IAuwOARPINX8GY9WS/Wu/UxH61YZeYQ/IH1+QOWnZke</latexit><latexit sha1_base64="Qnx3esNYZpmOXls3po9FSDhVCKo=">AAACB3icbVBPS8MwHE3nvzn/VT0KEhyCp9GOgR6HXjxOcJuw1pKm6RaWpCVJhVF68+JX8eJBEa9+BW9+G7OtB918EHi893v88nthyqjSjvNtVVZW19Y3qpu1re2d3T17/6Cnkkxi0sUJS+RdiBRhVJCuppqRu1QSxENG+uH4aur3H4hUNBG3epISn6OhoDHFSBspsI+9WCKct6CX0iL3mElG6L4JeeClI1oEdt1pODPAZeKWpA5KdAL7y4sSnHEiNGZIqYHrpNrPkdQUM1LUvEyRFOExGpKBoQJxovx8dkcBT40SwTiR5gkNZ+rvRI64UhMemkmO9EgtelPxP2+Q6fjCz6lIM00Eni+KMwZ1AqelwIhKgjWbGIKwpOavEI+QKUab6mqmBHfx5GXSazZcp+HetOrty7KOKjgCJ+AMuOActME16IAuwOARPINX8GY9WS/Wu/UxH61YZeYQ/IH1+QOWnZke</latexit><latexit sha1_base64="Qnx3esNYZpmOXls3po9FSDhVCKo=">AAACB3icbVBPS8MwHE3nvzn/VT0KEhyCp9GOgR6HXjxOcJuw1pKm6RaWpCVJhVF68+JX8eJBEa9+BW9+G7OtB918EHi893v88nthyqjSjvNtVVZW19Y3qpu1re2d3T17/6Cnkkxi0sUJS+RdiBRhVJCuppqRu1QSxENG+uH4aur3H4hUNBG3epISn6OhoDHFSBspsI+9WCKct6CX0iL3mElG6L4JeeClI1oEdt1pODPAZeKWpA5KdAL7y4sSnHEiNGZIqYHrpNrPkdQUM1LUvEyRFOExGpKBoQJxovx8dkcBT40SwTiR5gkNZ+rvRI64UhMemkmO9EgtelPxP2+Q6fjCz6lIM00Eni+KMwZ1AqelwIhKgjWbGIKwpOavEI+QKUab6mqmBHfx5GXSazZcp+HetOrty7KOKjgCJ+AMuOActME16IAuwOARPINX8GY9WS/Wu/UxH61YZeYQ/IH1+QOWnZke</latexit><latexit sha1_base64="Qnx3esNYZpmOXls3po9FSDhVCKo=">AAACB3icbVBPS8MwHE3nvzn/VT0KEhyCp9GOgR6HXjxOcJuw1pKm6RaWpCVJhVF68+JX8eJBEa9+BW9+G7OtB918EHi893v88nthyqjSjvNtVVZW19Y3qpu1re2d3T17/6Cnkkxi0sUJS+RdiBRhVJCuppqRu1QSxENG+uH4aur3H4hUNBG3epISn6OhoDHFSBspsI+9WCKct6CX0iL3mElG6L4JeeClI1oEdt1pODPAZeKWpA5KdAL7y4sSnHEiNGZIqYHrpNrPkdQUM1LUvEyRFOExGpKBoQJxovx8dkcBT40SwTiR5gkNZ+rvRI64UhMemkmO9EgtelPxP2+Q6fjCz6lIM00Eni+KMwZ1AqelwIhKgjWbGIKwpOavEI+QKUab6mqmBHfx5GXSazZcp+HetOrty7KOKjgCJ+AMuOActME16IAuwOARPINX8GY9WS/Wu/UxH61YZeYQ/IH1+QOWnZke</latexit>



Neutrino oscillation after 1/𝑚!"

Coherence between mass eigenstates are lost  already at T<MeV so we deal 
with

Contribution of         : 

⌫m1, ⌫m2, ⌫m3 and ⌫m4
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⌫m4
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Important question

• Is the transition adiabatic?
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Resonance condition:

4

without any ⌫s component. To compute the oscillation probabilities, the evolution of full density matrix has to be
computed [13] which is beyond the scope of the present paper. However, for sin2 2✓intm ⌧ 1, a simplified estimate can
be made as follows [37]: The rate of ⌫a to ⌫s conversion, �⌫a!⌫s , can be estimated as

�⌫a!⌫s =
sin2 2✓intm

4⌧⌫

where ⌧�1
⌫ is the interaction rate of neutrinos ⌧�1

⌫ ⇠ G2
FT

5. Thus, the contribution to Neff can be evaluated as

�Neff =

Z Tmax

Tmin

�⌫a!⌫sdt =
sin2 2✓intm

4

Z Tmax

Tmin

1

⌧µ
dt ,

where Tmin is the neutrino decoupling temperature and Tmax is the maximum temperature for which (�m2/T )t
>⇠ 1.

Notice that we use the fact that for m�
<⇠ 5⇥ 10�17 eV up until Tmin, meff and therefore sin2 2✓intm remain constant.

Within the canonical 3+1 scheme (in the limit sin 2✓m = sin 2✓), Ref. [13] shows that for sin2 2✓ ⇠ 4 ⇥ 10�4

and �m2 ⇠ 1 eV2, the contribution to Neff is reduced to 0.1. Scaling these results, we conclude that taking
sin2 2✓intm = 4 ⇥ 10�5, the contribution will be less than O(0.01) and therefore negligible. For �m2 ⇠ 3 eV2 and
|Ue4|2 ⇠ 2⇥ 10�2 (a typical solution to the Gallium and reactor neutrino anomalies [10] which is consistent with the
most recent DANSS and STEREO bounds [38]), sin2 2✓intm = 4⇥ 10�5 can be achieved with mint

eff > 40 eV which for

⇢int corresponding to ⇢DM implies � > 2⇥ 10�23. That is taking �
>⇠ 2⇥ 10�23(m⌫s/1 eV), the bound on Neff can

be safely relaxed but below T ⇠ 0.01 MeV (well above the matter radiation equality era) as well as in the Milky Way,
meff can be neglected because ⇢� and therefore the amplitude of � will be suppressed.

Let us now discuss how the bounds from BAO and CMB on the sum of neutrino masses can be avoided. As
we discussed, by choosing � > 10�23, the density of the ⌫s particles produced at T

>⇠ MeV can be reduced to an
arbitrarily small value. The contribution of them to the sum of the neutrino masses can be estimated as �Neffm⌫s .

Thus, as long as �Neff
<⇠ 0.01, the contribution is well below the bound on the sum of neutrino masses,

P
⌫ m⌫ [14].

For t
>⇠ 1/m�, the � field will start oscillating so meff can be even negative. This will have a dramatic consequence:

At certain epochs, ⌫s can become lighter than even m�, opening the possibility of decay of � to ⌫s. Even when ⌫s
becomes lighter than �, the perturbative lifetime of � (i.e., 4⇡/�2m�) will be greater than the age of universe, however;
as shown in [40], the � field can convert into ⌫s and ⌫̄s pairs through a mechanism known as parametric resonance
production. During the epoch of our interest, the radiation dominates so ⇢� ⌧ ⇢⌫a . Thus, even if � completely decays
into ⌫s, the e↵ects of the produced ⌫s on cosmological observation will be negligible. If � completely decays, another
particle should play the role of dark matter. If instead of the renormalizable Yukawa coupling in Eq. (2), we had
taken a non-renormalizable coupling of form �2⌫Ts c⌫s as [26] or of form i(�⇤@µ� � �@µ�⇤)⌫̄�µ⌫ as [34], meff could
not have become negative and � would remain stable.

The non-adiabatic conversion of ⌫1, ⌫2 and ⌫3 to ⌫4 can lead to a tension with the bounds from BAO and CMB
on the sum of neutrino masses. Fortunately, the adiabaticity condition is preserved because at the resonance when
meff = m⌫ cos 2✓, we can write

✓̇m
E↵ective mass splitting

|resonance =
�
p
2⇢� sin(m�t)

8m2
⌫s

sin2 ✓
|resonance '

m�(T/T int)3/2

8m⌫s sin ✓ sin ✓
int
m

⌧ 1

where T int is the temperature at the time t ⇠ m�1
� . The active background neutrinos at the start of the � oscillation

are mainly composed of ⌫̃1, ⌫̃2 and ⌫̃3, with a small contribution given by sin ✓m of ⌫̃4 where “⇠” emphasizes that
these are the energy eigenstates inside the (dark) matter medium. Since the neutrino propagation remains adiabatic,
after the amplitude of � diminishes due to the expansion, the background will mainly consist of the vacuum mass
eigenstates ⌫1, ⌫2 and ⌫3 with a small contribution from ⌫4 given by sin2 ✓intm ⇠ 10�5. As a result, the contribution
from ⌫4 to

P
m⌫ will be negligible so the bounds from CMB and BAO on

P
m⌫ will be satisfied.

Let us now discuss the stability of the � mass in the presence of the � coupling. This coupling is similar to the top
Yukawa coupling in the SM and will similarly induce a quadratically divergent mass for �. Like the standard model,
we assume that there is a yet unknown mechanism (e.g., SUSY) which cancels this divergent contribution. Still to
have a “natural model”, we should check whether the finite part of the contribution, �m⌫s/(4⇡) is smaller than m�.
Taking � ⇠ 10�23, we see that this condition is readily satisfied. At T ⇠ 10 � 20 MeV when ⌫a ! ⌫s may start, a

“thermal” mass of ⇠ �n1/3
⌫s /

p
12 is induced in which n⌫s is the number density of the produced ⌫s. Remembering

that 3
p
n⌫s ⌧ T ⇠ 10 � 20 MeV, we find the contribution is much smaller than (�/10�23)10�17 eV which is smaller

3

by a classical field. In particular, a real ultra-light scalar dark matter can be described as

� =

p
2⇢�
m�

cos(m�t� ~p� · ~x) (1)

where |~p�| ⌧ m�. For t � 1/m�, ⇢� (like in the case of other non-relativistic relics) scales as T 3. For t ⌧ 1/m�,
it can be shown that ⇢� (the 00 element of the energy-momentum tensor, Tµ⌫) is equal to minus the pressure, �p�
(Tii). Thus, the relation Tµ⌫

;⌫ = 0 or equivalently ⇢̇� + 3H(⇢� + p�) = 0 implies that for t ⌧ 1/m�, ⇢� and therefore
the amplitude of � remains constant.

There is a vast literature discussing the production of such light particles in the early universe with non-relativistic
velocities; for a review see [29]. In these mechanisms, � is taken to be the phase of a complex salar, � = |�|ei�/f0
with a U(1) symmetry similar to the axion of the Peccei-Quinn symmetry [30]. Once the symmetry becomes spon-
taneously broken, � obtains a random value in the range (�f0⇡, f0⇡). If the symmetry breaking takes place during
the inflation, the whole patch within our horizon will have the same value of initial � (plus small fluctuations). The
topological defects between the patches of di↵erent constant � will safely be diluted away during inflation. It has been
demonstrated in the literature that with this mechanism � (consequently, ⇢�) can be large enough to account for all
DM. As we shall see, our scenario works even for smaller values of �. The quantum fluctations during inflation can
provide the small variation in ⇢� which provides the seeds for structure formation during the course of the history of
the universe. Such small variation of ⇢� is irrelevant to our discussion.

Refs. [31–33] assume a Yukawa coupling between � and active neutrinos and discuss the implication of the oscillatory
behavior of � with time on the temporal modulation of various neutrino beams. Ref. [34] assumes a gauge interaction
between complex ultra-light scalar DM and leptons and studies its impact on the flavor ratios of cosmic neutrinos
detected by ICECUBE. Here, we assume a Yukawa coupling of the following form between real � and ⌫s

��⌫Ts c⌫s +H.c. (2)

where c is an asymmetric 2⇥ 2 matrix with components equal to ±1. Notice that this coupling is renormalizable and
invariant under the SM gauge group. As long as � is lighter than the lightest neutrino mass eigenstate, � remains
stable and therefore a suitable dark matter candidate. Notice that we could write the interaction of type �⌫̄s⌫s with
similar results but to avoid adding new degrees of freedom, we stick to this Majorana form which does not require
right-handed component for ⌫s.

The coupling in Eq. (2) induces an e↵ective mass for ⌫s given by

meff = �

p
2⇢�
m�

cos(m�t). (3)

Taking m� < 5 ⇥ 10�17eV = 1
13 sec , for up to after neutrino decoupling (to be precise until T ⇠ 0.22 MeV(m�/(5 ⇥

10�17 eV))1/2), meff remains almost constant and equal to meff = �
q
2⇢int� /m� where ⇢int� is the value of ⇢� at

t ⌧ 1/m�. Taking for example ⇢int� = ⇢0DM (0.22 MeV
p
m�/(5⇥ 10�17 eV)/T 0)3 (where the 0 superscript denotes

the values today), we find meff = 2.3⇥ 1024 eV�(5⇥ 10�17 eV/m�)1/4. Notice that the format of the e↵ective mass
that ⌫s receives is of the Lorentz invariant Majorana type which should be summed with the ⌫s mass in vacuum (m⌫s)
to obtain dispersion relation i.e., E2

⌫s
� |~p⌫s |2 = (meff + m⌫s)

2. Using the superradiance argument, a vector dark
matter with a mass of 6⇥ 10�20 � 2⇥ 10�17 eV is constrained [35] but these bounds do not apply for the scalar dark
matter. The superradiance bound from M87⇤ rules out only the scalar dark matter of mass of 10�21 eV and lower
[36].

Remember that in the case of the propagation of the active neutrinos in matter, the Lorentz violating e↵ective mass
of active neutrinos in medium (e.g., 2

p
2GFne⌫†e⌫e) is added to m2

⌫/(2E⌫) to obtain the Hamiltonian governing the
neutrino flavor evolution. Here, the Lorentz conserving meff should be added to m⌫s rather than to m2

⌫/E⌫ . In the
presence of meff � m⌫s , we can write the e↵ective active sterile mixing angle as

sin 2✓m|T = sin 2✓
m⌫s

meff
=

8
<

:

sin 2✓intm at t ⌧ m�1
�

sin 2✓intm

✓
0.22 MeV

p
m�/5⇥10�17 eV

T

◆3/2

at t � m�1
�

, (4)

where ✓ is the mixing angle in vacuum. At early universe when T > 1 MeV, the active neutrinos undergo scattering
o↵ the neighboring neutrinos and electrons. Each electroweak scattering will convert them to coherent active states
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✏(t) =
1

2
[
�m2

2E
cos 2✓ �

p
2GFNe(t)], ✏0 =

�m2

2E
sin 2✓
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d
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✓
Ae(t, t0)
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◆
=

✓
�✏(t) ✏0

✏0 ✏(t)

◆✓
Ae(t, t0)
A↵(t, t0)

◆
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|⌫↵i = �|⌫m1 i sin ✓m + |⌫m2 i cos ✓m
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Ae(t, t0) = A1(t, t0) cos ✓m(t) +A2(t, t0) sin ✓m(t)
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without any ⌫s component. To compute the oscillation probabilities, the evolution of full density matrix has to be
computed [13] which is beyond the scope of the present paper. However, for sin2 2✓intm ⌧ 1, a simplified estimate can
be made as follows [37]: The rate of ⌫a to ⌫s conversion, �⌫a!⌫s , can be estimated as

�⌫a!⌫s =
sin2 2✓intm

4⌧⌫

where ⌧�1
⌫ is the interaction rate of neutrinos ⌧�1

⌫ ⇠ G2
FT

5. Thus, the contribution to Neff can be evaluated as

�Neff =

Z Tmax

Tmin

�⌫a!⌫sdt =
sin2 2✓intm

4

Z Tmax

Tmin

1

⌧µ
dt ,

where Tmin is the neutrino decoupling temperature and Tmax is the maximum temperature for which (�m2/T )t
>⇠ 1.

Notice that we use the fact that for m�
<⇠ 5⇥ 10�17 eV up until Tmin, meff and therefore sin2 2✓intm remain constant.

Within the canonical 3+1 scheme (in the limit sin 2✓m = sin 2✓), Ref. [13] shows that for sin2 2✓ ⇠ 4 ⇥ 10�4

and �m2 ⇠ 1 eV2, the contribution to Neff is reduced to 0.1. Scaling these results, we conclude that taking
sin2 2✓intm = 4 ⇥ 10�5, the contribution will be less than O(0.01) and therefore negligible. For �m2 ⇠ 3 eV2 and
|Ue4|2 ⇠ 2⇥ 10�2 (a typical solution to the Gallium and reactor neutrino anomalies [10] which is consistent with the
most recent DANSS and STEREO bounds [38]), sin2 2✓intm = 4⇥ 10�5 can be achieved with mint

eff > 40 eV which for

⇢int corresponding to ⇢DM implies � > 2⇥ 10�23. That is taking �
>⇠ 2⇥ 10�23(m⌫s/1 eV), the bound on Neff can

be safely relaxed but below T ⇠ 0.01 MeV (well above the matter radiation equality era) as well as in the Milky Way,
meff can be neglected because ⇢� and therefore the amplitude of � will be suppressed.

Let us now discuss how the bounds from BAO and CMB on the sum of neutrino masses can be avoided. As
we discussed, by choosing � > 10�23, the density of the ⌫s particles produced at T

>⇠ MeV can be reduced to an
arbitrarily small value. The contribution of them to the sum of the neutrino masses can be estimated as �Neffm⌫s .

Thus, as long as �Neff
<⇠ 0.01, the contribution is well below the bound on the sum of neutrino masses,

P
⌫ m⌫ [14].

For t
>⇠ 1/m�, the � field will start oscillating so meff can be even negative. This will have a dramatic consequence:

At certain epochs, ⌫s can become lighter than even m�, opening the possibility of decay of � to ⌫s. Even when ⌫s
becomes lighter than �, the perturbative lifetime of � (i.e., 4⇡/�2m�) will be greater than the age of universe, however;
as shown in [40], the � field can convert into ⌫s and ⌫̄s pairs through a mechanism known as parametric resonance
production. During the epoch of our interest, the radiation dominates so ⇢� ⌧ ⇢⌫a . Thus, even if � completely decays
into ⌫s, the e↵ects of the produced ⌫s on cosmological observation will be negligible. If � completely decays, another
particle should play the role of dark matter. If instead of the renormalizable Yukawa coupling in Eq. (2), we had
taken a non-renormalizable coupling of form �2⌫Ts c⌫s as [26] or of form i(�⇤@µ� � �@µ�⇤)⌫̄�µ⌫ as [34], meff could
not have become negative and � would remain stable.

The non-adiabatic conversion of ⌫1, ⌫2 and ⌫3 to ⌫4 can lead to a tension with the bounds from BAO and CMB
on the sum of neutrino masses. Fortunately, the adiabaticity condition is preserved because at the resonance when
meff = m⌫ cos 2✓, we can write

✓̇m
E↵ective mass splitting

|resonance =
�
p
2⇢� sin(m�t)

8m2
⌫s

sin2 ✓
|resonance '

m�(T/T int)3/2

8m⌫s sin ✓ sin ✓
int
m

⌧ 1

where T int is the temperature at the time t ⇠ m�1
� . The active background neutrinos at the start of the � oscillation

are mainly composed of ⌫̃1, ⌫̃2 and ⌫̃3, with a small contribution given by sin ✓m of ⌫̃4 where “⇠” emphasizes that
these are the energy eigenstates inside the (dark) matter medium. Since the neutrino propagation remains adiabatic,
after the amplitude of � diminishes due to the expansion, the background will mainly consist of the vacuum mass
eigenstates ⌫1, ⌫2 and ⌫3 with a small contribution from ⌫4 given by sin2 ✓intm ⇠ 10�5. As a result, the contribution
from ⌫4 to

P
m⌫ will be negligible so the bounds from CMB and BAO on

P
m⌫ will be satisfied.

Let us now discuss the stability of the � mass in the presence of the � coupling. This coupling is similar to the top
Yukawa coupling in the SM and will similarly induce a quadratically divergent mass for �. Like the standard model,
we assume that there is a yet unknown mechanism (e.g., SUSY) which cancels this divergent contribution. Still to
have a “natural model”, we should check whether the finite part of the contribution, �m⌫s/(4⇡) is smaller than m�.
Taking � ⇠ 10�23, we see that this condition is readily satisfied. At T ⇠ 10 � 20 MeV when ⌫a ! ⌫s may start, a

“thermal” mass of ⇠ �n1/3
⌫s /

p
12 is induced in which n⌫s is the number density of the produced ⌫s. Remembering

that 3
p
n⌫s ⌧ T ⇠ 10 � 20 MeV, we find the contribution is much smaller than (�/10�23)10�17 eV which is smaller
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<latexit sha1_base64="IThtqqTCaOqMPywDX/cYd7+qJ30=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARhGKZ0YIui266rGAf0JmWTHrbhmYyQ5IRSunGX3HjQhG3foY7/8ZMOwttPRA4OedeknOCmDOlHefbWlldW9/YzG3lt3d29/btg8OGihJJoU4jHslWQBRwJqCumebQiiWQMODQDEZ3qd98BKlYJB70OAY/JAPB+owSbaSufdy5qhY9kXTL2NMRNjcoQuci37ULTsmZAS8TNyMFlKHWtb+8XkSTEISmnCjVdp1Y+xMiNaMcpnkvURATOiIDaBsqSAjKn8wCTPGZUXq4H0lzhMYz9ffGhIRKjcPATIZED9Wil4r/ee1E92/8CRNxokHQ+UP9hGMTNW0D95gEqvnYEEIlM3/FdEgkodp0lpbgLkZeJo3LkuuU3PtyoXKb1ZFDJ+gUnSMXXaMKqqIaqiOKpugZvaI368l6sd6tj/noipXtHKE/sD5/AFPVlEk=</latexit><latexit sha1_base64="IThtqqTCaOqMPywDX/cYd7+qJ30=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARhGKZ0YIui266rGAf0JmWTHrbhmYyQ5IRSunGX3HjQhG3foY7/8ZMOwttPRA4OedeknOCmDOlHefbWlldW9/YzG3lt3d29/btg8OGihJJoU4jHslWQBRwJqCumebQiiWQMODQDEZ3qd98BKlYJB70OAY/JAPB+owSbaSufdy5qhY9kXTL2NMRNjcoQuci37ULTsmZAS8TNyMFlKHWtb+8XkSTEISmnCjVdp1Y+xMiNaMcpnkvURATOiIDaBsqSAjKn8wCTPGZUXq4H0lzhMYz9ffGhIRKjcPATIZED9Wil4r/ee1E92/8CRNxokHQ+UP9hGMTNW0D95gEqvnYEEIlM3/FdEgkodp0lpbgLkZeJo3LkuuU3PtyoXKb1ZFDJ+gUnSMXXaMKqqIaqiOKpugZvaI368l6sd6tj/noipXtHKE/sD5/AFPVlEk=</latexit><latexit sha1_base64="IThtqqTCaOqMPywDX/cYd7+qJ30=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARhGKZ0YIui266rGAf0JmWTHrbhmYyQ5IRSunGX3HjQhG3foY7/8ZMOwttPRA4OedeknOCmDOlHefbWlldW9/YzG3lt3d29/btg8OGihJJoU4jHslWQBRwJqCumebQiiWQMODQDEZ3qd98BKlYJB70OAY/JAPB+owSbaSufdy5qhY9kXTL2NMRNjcoQuci37ULTsmZAS8TNyMFlKHWtb+8XkSTEISmnCjVdp1Y+xMiNaMcpnkvURATOiIDaBsqSAjKn8wCTPGZUXq4H0lzhMYz9ffGhIRKjcPATIZED9Wil4r/ee1E92/8CRNxokHQ+UP9hGMTNW0D95gEqvnYEEIlM3/FdEgkodp0lpbgLkZeJo3LkuuU3PtyoXKb1ZFDJ+gUnSMXXaMKqqIaqiOKpugZvaI368l6sd6tj/noipXtHKE/sD5/AFPVlEk=</latexit><latexit sha1_base64="IThtqqTCaOqMPywDX/cYd7+qJ30=">AAACAHicbVDLSgMxFM34rPU16sKFm2ARhGKZ0YIui266rGAf0JmWTHrbhmYyQ5IRSunGX3HjQhG3foY7/8ZMOwttPRA4OedeknOCmDOlHefbWlldW9/YzG3lt3d29/btg8OGihJJoU4jHslWQBRwJqCumebQiiWQMODQDEZ3qd98BKlYJB70OAY/JAPB+owSbaSufdy5qhY9kXTL2NMRNjcoQuci37ULTsmZAS8TNyMFlKHWtb+8XkSTEISmnCjVdp1Y+xMiNaMcpnkvURATOiIDaBsqSAjKn8wCTPGZUXq4H0lzhMYz9ffGhIRKjcPATIZED9Wil4r/ee1E92/8CRNxokHQ+UP9hGMTNW0D95gEqvnYEEIlM3/FdEgkodp0lpbgLkZeJo3LkuuU3PtyoXKb1ZFDJ+gUnSMXXaMKqqIaqiOKpugZvaI368l6sd6tj/noipXtHKE/sD5/AFPVlEk=</latexit>



Conclusions

• It is possible to save 3+1 scheme from cosmological bounds by coupling it 
to ultralight scalar DM

• Hope to see kinks at KATRIN
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Light but cold

h�i 6= 0
<latexit sha1_base64="Es3tVxdzG1RX3L9QbTwPVPbT6Qw=">AAACA3icbVA9SwNBEJ2LXzF+Re20WQyCVbgTQcugjWUE8wG5I+xt5pIle3vH7p4QQsDGv2JjoYitf8LOf+MmuUITHwy8fW+GnXlhKrg2rvvtFFZW19Y3ipulre2d3b3y/kFTJ5li2GCJSFQ7pBoFl9gw3AhspwppHApshcObqd96QKV5Iu/NKMUgpn3JI86osVK3fOQLKvsCiZ8OOPFV/pBI3G654lbdGcgy8XJSgRz1bvnL7yUsi1EaJqjWHc9NTTCmynAmcFLyM40pZUPax46lksaog/Hshgk5tUqPRImyJQ2Zqb8nxjTWehSHtjOmZqAXvan4n9fJTHQVjLlMM4OSzT+KMkFMQqaBkB5XyIwYWUKZ4nZXwgZUUWZsbCUbgrd48jJpnlc9t+rdXVRq13kcRTiGEzgDDy6hBrdQhwYweIRneIU358l5cd6dj3lrwclnDuEPnM8fk7SWzw==</latexit><latexit sha1_base64="Es3tVxdzG1RX3L9QbTwPVPbT6Qw=">AAACA3icbVA9SwNBEJ2LXzF+Re20WQyCVbgTQcugjWUE8wG5I+xt5pIle3vH7p4QQsDGv2JjoYitf8LOf+MmuUITHwy8fW+GnXlhKrg2rvvtFFZW19Y3ipulre2d3b3y/kFTJ5li2GCJSFQ7pBoFl9gw3AhspwppHApshcObqd96QKV5Iu/NKMUgpn3JI86osVK3fOQLKvsCiZ8OOPFV/pBI3G654lbdGcgy8XJSgRz1bvnL7yUsi1EaJqjWHc9NTTCmynAmcFLyM40pZUPax46lksaog/Hshgk5tUqPRImyJQ2Zqb8nxjTWehSHtjOmZqAXvan4n9fJTHQVjLlMM4OSzT+KMkFMQqaBkB5XyIwYWUKZ4nZXwgZUUWZsbCUbgrd48jJpnlc9t+rdXVRq13kcRTiGEzgDDy6hBrdQhwYweIRneIU358l5cd6dj3lrwclnDuEPnM8fk7SWzw==</latexit><latexit sha1_base64="Es3tVxdzG1RX3L9QbTwPVPbT6Qw=">AAACA3icbVA9SwNBEJ2LXzF+Re20WQyCVbgTQcugjWUE8wG5I+xt5pIle3vH7p4QQsDGv2JjoYitf8LOf+MmuUITHwy8fW+GnXlhKrg2rvvtFFZW19Y3ipulre2d3b3y/kFTJ5li2GCJSFQ7pBoFl9gw3AhspwppHApshcObqd96QKV5Iu/NKMUgpn3JI86osVK3fOQLKvsCiZ8OOPFV/pBI3G654lbdGcgy8XJSgRz1bvnL7yUsi1EaJqjWHc9NTTCmynAmcFLyM40pZUPax46lksaog/Hshgk5tUqPRImyJQ2Zqb8nxjTWehSHtjOmZqAXvan4n9fJTHQVjLlMM4OSzT+KMkFMQqaBkB5XyIwYWUKZ4nZXwgZUUWZsbCUbgrd48jJpnlc9t+rdXVRq13kcRTiGEzgDDy6hBrdQhwYweIRneIU358l5cd6dj3lrwclnDuEPnM8fk7SWzw==</latexit><latexit sha1_base64="Es3tVxdzG1RX3L9QbTwPVPbT6Qw=">AAACA3icbVA9SwNBEJ2LXzF+Re20WQyCVbgTQcugjWUE8wG5I+xt5pIle3vH7p4QQsDGv2JjoYitf8LOf+MmuUITHwy8fW+GnXlhKrg2rvvtFFZW19Y3ipulre2d3b3y/kFTJ5li2GCJSFQ7pBoFl9gw3AhspwppHApshcObqd96QKV5Iu/NKMUgpn3JI86osVK3fOQLKvsCiZ8OOPFV/pBI3G654lbdGcgy8XJSgRz1bvnL7yUsi1EaJqjWHc9NTTCmynAmcFLyM40pZUPax46lksaog/Hshgk5tUqPRImyJQ2Zqb8nxjTWehSHtjOmZqAXvan4n9fJTHQVjLlMM4OSzT+KMkFMQqaBkB5XyIwYWUKZ4nZXwgZUUWZsbCUbgrd48jJpnlc9t+rdXVRq13kcRTiGEzgDDy6hBrdQhwYweIRneIU358l5cd6dj3lrwclnDuEPnM8fk7SWzw==</latexit>

de Broglie wavelength >> average distance between particles
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Force between DM

• Repulsive force (like gauge coupling)                stable 

• Attractive force (like Yukawa coupling)             unstable

Chavanis, PRD84 (2011) 043531
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Reactor neutrino experiments
4

�2 distrib. MC distrib.
��2

NO p-value n� p-value n�
NEOS 6.4 0.041 2.0 0.2 1.3
DANSS 7.2 0.027 2.2 0.044 2.0
Bugey-3 1.4 0.5 0.7 0.9 0.1
PROSPECT 4.0 0.14 1.5 0.37 0.9
Combined 8.5 0.015 2.4 0.079 1.8

TABLE I. Value of ��2

NO and the associated p-value and
number of �’s obtained with the �2 distribution and with the
Monte Carlo distribution. The lines correspond to the four
reactor spectral-ratio experiments NEOS [12], DANSS [14],
Bugey-3 [26], PROSPECT [27], and to the combined fit.

tained with the �2 distribution is larger for small values
of sin22#ee, where the �2 distribution leads to under-
coverage, as discussed in Ref. [22]. This is due to the
larger probability of fitting the statistical fluctuations of
the data with fake oscillations when the signal is small
or absent. Correspondingly, the Monte Carlo values of
the marginal ��2

sin22#ee
’s associated with di↵erent con-

fidence levels increase in a significant way for decreasing
sin22#ee. On the other hand, the Monte Carlo values of
the marginal ��2

�m2
41
’s corresponding to di↵erent confi-

dence levels are approximately flat, with slightly smaller
values in the range of �m2

41
where the experiment is

mostly sensitive. However, they are significantly larger
than those obtained with the �2 distribution, because for
each value of �m2

41
the contribution to the marginaliza-

tion of small values of sin22#ee lead to undercoverage in
the case of the �2 distribution. In the range of �m2

41

where the experiment is mostly sensitive, the undercov-
erage is slightly smaller, because it occurs only for very
small values of sin22#ee.

The Monte Carlo evaluation of the distribution of the
��2 allows us also to estimate reliably the statistical sig-
nificance of the indication in favor of active-sterile neu-
trino oscillations in each experiment. This is done by
considering the di↵erence ��2

NO
= �2

NO
� �2

min
, where

�2

NO
is the value of the �2 obtained without neutrino os-

cillations. If the conditions for Wilks’ theorem [19] hold,
��2

NO
has a �2 distribution with two degrees of free-

dom corresponding to the two fitted parameters sin22#ee

and �m2
41
. Table I shows the values of ��2

NO
that we

obtained in the analyses of the data of the four reac-
tor spectral-ratio experiments NEOS [12], DANSS [14],
Bugey-3 [26], and PROSPECT [27]. Also shown are the
p-value of the no-oscillation hypothesis and the corre-
sponding number of �’s for a two-sided Gaussian devi-
ation obtained with the �2 distribution and the Monte
Carlo distribution. The statistical significance of the in-
dication in favor of active-sterile neutrino oscillations can
be quantified by the smallness of the p-value or by the
number of �’s. One can see that for all the considered
experiments this statistical significance is reduced consid-
ering the Monte Carlo distribution of ��2

NO
with respect

sin22ϑee

∆
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FIG. 3. Contours of the 1� (blue), 2� (red), and 3� (green)
allowed regions in the (sin22#ee,�m2

41) plane obtained with
the combined analysis of the data of the four reactor spectral-
ratio experiments NEOS [12], DANSS [14], Bugey-3 [26], and
PROSPECT [27]. The solid lines represent the contours ob-
tained with our Monte Carlo evaluation of the distribution
of ��2, and the dashed lines depict the contours obtained
assuming the �2 distribution. Also shown are the marginal
��2’s (black) for sin22#ee and �m2

41, together with the ��2

values corresponding to 1� (blue), 2� (red), and 3� (green)
obtained with the �2 distribution (dashed) and our Monte
Carlo (solid). The blue cross indicates the best-fit point.

to the �2 distribution.
The NEOS indication of neutrino oscillations is

strongly reduced from 2.0� to 1.3� using the Monte Carlo
distribution instead of the �2 distribution. Note that our
Monte Carlo 20% p-value is in very good approximate
agreement with the 22% p-value estimated by the NEOS
collaboration [12]. This is another confirmation of the
validity of our method.
Using the Monte Carlo distribution instead of the �2

distribution, the significance of the DANSS indication of
neutrino oscillations is only slightly reduced from 2.2� to
2.0�.
From Table I one can also see that the Bugey-3 exper-

iment has clearly no indication of neutrino oscillations,
independently of the assumed distribution of ��2

NO
. In-

deed, although the best-fit point in Figure 2(c) corre-
sponds to large oscillations, all the confidence level con-
tours are exclusion curves and the values of the marginal
��2’s are very small.

The PROSPECT �2 has a minimum for large oscil-
lations, as shown by Figure 2(d), but the value of the
��2 is small and in agreement with the absence of oscil-
lations. The Monte Carlo calculation of the distribution
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Sterile neutrino decay

Decay before recombination and free streaming at recombination
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