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always revolutionised our understanding of the world 

• In the 19th century, Jupiter, Saturn and Uranus were the biggest 
planets known, using Kepler’s law one could predict their orbit

• To a big surprise, the orbit of Jupiter and Saturn agreed well 
with predictions, but not the one of Uranus!

• Having faith in Newton’s laws, one can explain the motion of 
Uranus by assuming that there was a yet undiscovered planet 

• Precise calculations and measurements of the orbit of Uranus 
allowed to precisely know where to aim the telescopes and 
Neptune was found 

• Also precision measurements of the orbit of Mercury gave the 
first evidence for General Relativity (much before any 
gravitational wave was seen …) 



The Large Hadron Collider 
(LHC) experiment probes 
nature at smaller distances 
ever explored on Earth in a 
controlled laboratory. The aim 
is to improve our current 
knowledge of matter as it is 
today encoded in the 
Standard Model (SM) 

 3



The SM is the legacy of the 20th 
century of particle physics: 

‣ It unifies quantum mechanics, 
field theory and special 
relativity 

‣ It unifies electromagnetism 
and the weak interaction 

‣ It describes (to the surprise of 
many) all laboratory data so far

Special role in the SM: only scalar particle. 
Product of Brout-Englert-Higgs mechanism 
required to accomodate masses in a gauge 
invariant way
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The Higgs sector
Seeds of New Physics in the Higgs Lagrangian:

The Higgs mass terms.  
Connected to the 

naturalness problem  

The Higgs quartic self-
interaction. Connected 
to the question of the 

stability of the potential    

Yukawas give mass to 
fermions. Connected to 

flavour/CP problem

<latexit sha1_base64="dNMOrsDkNphfahr5N848u8pcgKM="></latexit>
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The Higgs naturalness problem 
Consider a fermion which couples to the Higgs via

This gives rise to a correction to the Higgs mass 

This is quadratically ultraviolet (UV) divergent: 

In the SM one finds 

<latexit sha1_base64="ac9+Bb60pbpN5EcZljl6mk13qnk=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKwUCUIBBOqxNKBoUj0ITVRdOM4rVXnIdtBqqJ+Agu/wsIAQqyMbPwNbpsBWo6Xo3Pu0fU9fsqZVJb1bZSWlldW18rrlY3Nre0dc3evLZNMENoiCU9E1wdJOYtpSzHFaTcVFCKf044/vJn4nQcqJEviezVKqRtBP2YhI6C05JnHuUOA49sxdmTmS6rwqcN1PAAvxA3s+CBwqJ9nVq2aNQVeJHZBqqhA0zO/nCAhWURjRThI2bOtVLk5CMUIp+OKk0maAhlCn/Y0jSGi0s2nB43xkVYCHCZ6dxIrPFV/J3KIpBxFvp6MQA3kvDcR//N6mQqv3JzFaaZoTGaLwoxjleBJOzhgghLFR5oAEUz/FZMBCCBKd1jRJdjzJy+S9lnNvqhZd+fV+nVRRxkdoEN0gmx0ieqogZqohQh6RM/oFb0ZT8aL8W58zEZLRpHZR39gfP4AB6ibRw==</latexit>

L ⇢ ��fHf̄f

<latexit sha1_base64="qPNdYiIokKK2h9l61VHlvrGrkuM="></latexit>
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Example of two-loop correction that from a heavy fermion Q that 
couples only indirectly to the Higgs: 

Naturalness problem

Even if a new particle does not interact at tree level with the Higgs, 
as long as is has an interaction with any other SM particle, there 

will be a quadratic sensitivity of mH to the UV cutoff scale   

<latexit sha1_base64="+3TaelKhtCBbfhsjiLSwIMKGSu8="></latexit>

�m2
H

⇠ g21g
2
2C1C2

Z
d4l1
(2⇡)4

d4l1
(2⇡)4

tr[(/l1 + /l2)/l2]
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<latexit sha1_base64="bXQGM39HVkdcb3FfVlAVMoGClNE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEot4KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg+h7/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9Wde8vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gD39o2P</latexit>

l1
<latexit sha1_base64="Naq5tpHkOMjYlCHpfgLJMU7GWiw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKot4KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSg+jX+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+y6t5fVOo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH5eo2Q</latexit>

l2

<latexit sha1_base64="Kd8pyPBgXYfCKegLgYKr6GQJHZw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSFPVW8OKxgv2ANoTNdtIu3WzC7kYopT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjrJFMMmS0SiOiHVKLjEpuFGYCdVSONQYDsc3c389hMqzRP5aMYp+jEdSB5xRo2V2iLwLkRQC8oVt+rOQVaJl5MK5GgE5a9eP2FZjNIwQbXuem5q/AlVhjOB01Iv05hSNqID7FoqaYzan8zPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/ed3MRDf+hMs0MyjZYlGUCWISMvud9LlCZsTYEsoUt7cSNqSKMmMTKtkQvOWXV0mrVvWuqu7DZaV+m8dRhBM4hXPw4BrqcA8NaAKDETzDK7w5qfPivDsfi9aCk88cwx84nz9SF47f</latexit>

l1 + l2
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First example: the electron Coulomb field 

Correction to the electron mass 

Energy stored in the electric field 

Use limits on electron radius re < 10-4 fm to determine the cut-off Λ

The non-electrostatic mass term Me, completely unrelated to the 
electric field, would need to cancel it up to five significant digits 

but

Naturalness in the past
<latexit sha1_base64="+sjDMDC38Y0zwp12Wx3gIz7XxFw=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiCUJJS0Y1SEMFlBfuAppbJ9KYdOnkwMymUkI9w46+4caGIWxfu/BunaRbaemDgcM653LnHjTiTyrK+jaXlldW19cJGcXNre2fX3NtvyjAWFBo05KFou0QCZwE0FFMc2pEA4rscWu7oeuq3xiAkC4N7NYmg65NBwDxGidJSzzx1xkDxDb7EjicITSBNqk7EsHiopDMlC4g0EWnPLFllKwNeJHZOSihHvWd+Of2Qxj4EinIiZce2ItVNiFCMckiLTiwhInREBtDRNCA+yG6SHZXiY630sRcK/QKFM/X3REJ8KSe+q5M+UUM5703F/7xOrLyLbsKCKFYQ0NkiL+ZYhXjaEO4zAVTxiSaECqb/iumQ6CqU7rGoS7DnT14kzUrZPitbd9VS7Sqvo4AO0RE6QTY6RzV0i+qogSh6RM/oFb0ZT8aL8W58zKJLRj5zgP7A+PwBAi6eMw==</latexit>

~E =
e

4⇡r2
~r

r
<latexit sha1_base64="6kC0HKij8pWXbgoSM/HGN0G89g8="></latexit>

W⇤ =
1

2

Z

r>⇤�1

d3r ~E2 =
1

2
↵⇤

<latexit sha1_base64="SZuWH3XWlsQdsrO1vK6OHzz8xUY=">AAACC3icbVDLSgMxFM3UV62vUZduQosgCGWmKLpRCm5cKFSwD+gMw51Mpg3NPEgyQindu/FX3LhQxK0/4M6/MW1noa0HEg7n3HuTe/yUM6ks69soLC2vrK4V10sbm1vbO+buXksmmSC0SRKeiI4PknIW06ZiitNOKihEPqdtf3A18dsPVEiWxPdqmFI3gl7MQkZAackzy5FH8QW+1fexEwogdg07wNM+YOdGjwkAe2bFqlpT4EVi56SCcjQ888sJEpJFNFaEg5Rd20qVOwKhGOF0XHIySVMgA+jRrqYxRFS6o+kuY3yolQCHidAnVniq/u4YQSTlMPJ1ZQSqL+e9ifif181UeO6OWJxmisZk9lCYcawSPAkGB0xQovhQEyCC6b9i0gediNLxlXQI9vzKi6RVq9qnVevupFK/zOMoogNURkfIRmeojq5RAzURQY/oGb2iN+PJeDHejY9ZacHIe/bRHxifP29BmMM=</latexit>

me = Me +
1

2
↵⇤

<latexit sha1_base64="A0bw966ifq2zkpBXAsBHoboGuQo=">AAACGXicbVC7SgNBFJ2NrxhfUUubwSDEJuwGJTZKwMZCMIJ5QHYNd2dnkyGzD2ZmhbDkN2z8FRsLRSy18m+cJFto4oGBwzn3cOceN+ZMKtP8NnJLyyura/n1wsbm1vZOcXevJaNEENokEY9ExwVJOQtpUzHFaScWFAKX07Y7vJz47QcqJIvCOzWKqRNAP2Q+I6C01Cuati+AWFVsA48HgO1rnfUAn6c2AY5vxmXLvK/h1BYBHtLW+LhXLJkVcwq8SKyMlFCGRq/4aXsRSQIaKsJByq5lxspJQShGOB0X7ETSGMgQ+rSraQgBlU46vWyMj7TiYT8S+oUKT9XfiRQCKUeBqycDUAM5703E/7xuovwzJ2VhnCgaktkiP+FYRXhSE/aYoETxkSZABNN/xWQAuiqlyyzoEqz5kxdJq1qxTivm7UmpfpHVkUcH6BCVkYVqqI6uUAM1EUGP6Bm9ojfjyXgx3o2P2WjOyDL76A+Mrx/idp5V</latexit>

1

2
↵⇤ = O(107keV)

<latexit sha1_base64="+ZUO47p84bRSHwF3igjfQik/iQk=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgED1ISsehJCl48VrAf0ISw2U7bpbtJ2N2IJfTixb/ixYMiXv0P3vw3btsctPXBwOO9GWbmhQlnSjvOt1VYWl5ZXSuulzY2t7Z37N29popTSaFBYx7LdkgUcBZBQzPNoZ1IICLk0AqH1xO/dQ9SsTi606MEfEH6EesxSrSRAvtQBIA9kiQyfsBV1/VOceZJgYfQHOPALjsVZwq8SNyclFGOemB/ed2YpgIiTTlRquM6ifYzIjWjHMYlL1WQEDokfegYGhEBys+mX4zxsVG6uBdLU5HGU/X3REaEUiMRmk5B9EDNexPxP6+T6t6ln7EoSTVEdLaol3KsYzyJBHeZBKr5yBBCJTO3YjogklBtgiuZENz5lxdJ86ziVivO7Xm5dpXHUUQH6AidIBddoBq6QXXUQBQ9omf0it6sJ+vFerc+Zq0FK5/ZR39gff4AFSeXAg==</latexit>

me ⇡ 511 keV

(*) Natural units: 
<latexit sha1_base64="WTuCvy9hPOTh2CTgWHFgnzCTbKM=">AAACDHicdVC7TsMwFHV4lvIqMLJYVEgsRAlqBROqxABjkehDakLluE5r1U4s20FUUT6AhV9hYQAhVj6Ajb/BaTPwPJLlo3POlX1PIBhV2nE+rLn5hcWl5dJKeXVtfWOzsrXdVnEiMWnhmMWyGyBFGI1IS1PNSFdIgnjASCcYn+V+54ZIRePoSk8E8TkaRjSkGGkj9StVF6ae5DDkGfSQEDK+hfWZdE7a2XV66GYm5dg1Jwf8TVx7ejtVUKDZr7x7gxgnnEQaM6RUz3WE9lMkNcWMZGUvUUQgPEZD0jM0QpwoP50uk8F9owxgGEtzIg2n6teJFHGlJjwwSY70SP30cvEvr5fo8MRPaSQSTSI8eyhMGNQxzJuBAyoJ1mxiCMKSmr9CPEISYW36K+dVFZvC/0n7yHbrtnNZqzZOizpKYBfsgQPggmPQABegCVoAgzvwAJ7As3VvPVov1ussOmcVMzvgG6y3T7OSmiA=</latexit>

1fm ⇡ 5GeV�1
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But this is a classical picture probing effects at distances 10-4 fm

e-

e-

e+

Quantum effects allow the production of e+e- pair that screen the 
electric field, effectively reducing the electric charge  

An explicit calculation gives 

The correction remains small even for a cut-off 
that reaches the Planck mass (1019 GeV)

☞The fine-tuning of the electron mass is solved via the introduction 
    of the positron

<latexit sha1_base64="SeMJRAoF1Nxvhu8qPkCiX9cJ8fw="></latexit>

me = Me

✓
1� 3↵

2⇡
ln

✓
Me

⇤

◆◆

Naturalness in the past
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☞Fine-tuning explained via the introduction of the   vector meson 
(                        ) and the axial-vector resonance a1 (                           )     

Second example: charged-neutral pion mass difference 

<latexit sha1_base64="NbLTuzaOsPPdu4c1gYCgoveDnBQ="></latexit>

�m2 = m2
⇡± �m2

⇡0 ⇡ 3↵

4⇡
⇤2

<latexit sha1_base64="flQM/L5UXIFC9sPLNH5inVOezNc=">AAACGnicbVDLSgMxFM34rPVVdekmWIQKUmaqRVdS0IUboYJ9QKeWTHrbhiYzY5IRyzDf4cZfceNCEXfixr8xfSy09UDgcM653NzjhZwpbdvf1tz8wuLScmolvbq2vrGZ2dquqiCSFCo04IGse0QBZz5UNNMc6qEEIjwONa9/PvRr9yAVC/wbPQihKUjXZx1GiTZSK+O4F8A1weK20IpdKTA8hAl2FRNwh3NHxXzRcQ/xyLmCanJgYpmsnbdHwLPEmZAsmqDcyny67YBGAnxNOVGq4dihbsZEakY5JGk3UhAS2iddaBjqEwGqGY9OS/C+Udq4E0jzfI1H6u+JmAilBsIzSUF0T017Q/E/rxHpzmkzZn4YafDpeFEn4lgHeNgTbjMJVPOBIYRKZv6KaY9IQrVpM21KcKZPniXVQt4p5u3r42zpbFJHCu2iPZRDDjpBJXSJyqiCKHpEz+gVvVlP1ov1bn2Mo3PWZGYH/YH19QNupJ6S</latexit>

�m2
exp ' (35.51MeV)2

<latexit sha1_base64="MZQU/tms3rb1buB3iQkwLz2Ttks=">AAACB3icbVDLSgMxFM34rPU16lKQYBFcSJkRi11JwY0LhQr2AZ2hZDK3bWgyMyYZoQzdufFX3LhQxK2/4M6/MX0stPVA4HDOudzcEyScKe0439bC4tLyympuLb++sbm1be/s1lWcSgo1GvNYNgOigLMIapppDs1EAhEBh0bQvxz5jQeQisXRnR4k4AvSjViHUaKN1LYPvGsTDgn2FBNwj8slxzvBmScFvoH6sG0XnKIzBp4n7pQU0BTVtv3lhTFNBUSacqJUy3US7WdEakY5DPNeqiAhtE+60DI0IgKUn43vGOIjo4S4E0vzIo3H6u+JjAilBiIwSUF0T816I/E/r5XqTtnPWJSkGiI6WdRJOdYxHpWCQyaBaj4whFDJzF8x7RFJqDbV5U0J7uzJ86R+WnRLRef2rFC5mNaRQ/voEB0jF52jCrpCVVRDFD2iZ/SK3qwn68V6tz4m0QVrOrOH/sD6/AGKmpfP</latexit>

⇤ ' 850MeV

<latexit sha1_base64="rouaQYuWidSxQWud8lt+Bu9eYlk=">AAAB63icdVDLSsNAFJ34rPVVdelmsAiuwiTGtm6k4MZlBfuANpTJdNIMnWTCzEQoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0g5UxqhD2tldW19Y7O0Vd7e2d3brxwcdpTIJKFtIriQvQAryllC25ppTnuppDgOOO0Gk+vC795TqZhI7vQ0pX6MxwkLGcG6kAYyEsNKFdmXjZrr1SCyEao7rlMQt+6de9AxSoEqWKI1rLwPRoJkMU004VipvoNS7edYakY4nZUHmaIpJhM8pn1DExxT5efzW2fw1CgjGAppKtFwrn6fyHGs1DQOTGeMdaR+e4X4l9fPdNjwc5akmaYJWSwKMw61gMXjcMQkJZpPDcFEMnMrJBGWmGgTT9mE8PUp/J90XNu5sNGtV21eLeMogWNwAs6AA+qgCW5AC7QBARF4AE/g2YqtR+vFel20rljLmSPwA9bbJ3/Zjok=</latexit>⇢
<latexit sha1_base64="HC5UtD1SkBZL+4rE0Nvyv6xs8mY="></latexit>

ma1 ' 1250MeV
<latexit sha1_base64="whaPCDxeaS/hJWILn+5rrZ3SNek="></latexit>

m⇢ ' 770MeV

Naturalness in the past
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Third example: Kaon transition rates and mixing  

☞Quadratic divergence in the amplitude used by Gaillard & Lee in 1974 
    to predict that the charm quark should be lighter than 10 GeV  

<latexit sha1_base64="let7QV0oxCB0coiyVu4fL+C42W8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9CQBLx4jmAckS5idzCZjZmeWmV4hhPyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlEph0fe/vZXVtfWNzcJWcXtnd2+/dHDYsDozjNeZltq0Imq5FIrXUaDkrdRwmkSSN6Ph7dRvPnFjhVYPOEp5mNC+ErFgFJ3U6ETUENstlf2KPwNZJkFOypCj1i19dXqaZQlXyCS1th34KYZjalAwySfFTmZ5StmQ9nnbUUUTbsPx7NoJOXVKj8TauFJIZurviTFNrB0lketMKA7sojcV//PaGcbX4VioNEOu2HxRnEmCmkxfJz1hOEM5coQyI9ythA2ooQxdQEUXQrD48jJpnFeCy4p/f1Gu3uRxFOAYTuAMAriCKtxBDerA4BGe4RXePO29eO/ex7x1xctnjuAPvM8fLUaO2g==</latexit>

s̄

<latexit sha1_base64="5/w/jReMviNBC5OagBKLisBFw7I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDd0vV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH1rqpu47JSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3sOM9w==</latexit>s
<latexit sha1_base64="GicEyagC1oAbw5p2KupZrk6ezHI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvHhswX5AG8pmM2nXbjZhdyOU0l/gxYMiXv1J3vw3btsctPXBwOO9GWbmBang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kimGTJSJRnYBqFFxi03AjsJMqpHEgsB2M7mZ++wmV5ol8MOMU/ZgOJI84o8ZKjbBfrrhVdw6ySrycVCBHvV/+6oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXUklj1P5kfuiUnFklJFGibElD5urviQmNtR7Hge2MqRnqZW8m/ud1MxPd+BMu08ygZItFUSaIScjsaxJyhcyIsSWUKW5vJWxIFWXGZlOyIXjLL6+S1kXVu6q6jctK7TaPowgncArn4ME11OAe6tAEBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/yAeM6A==</latexit>

d
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Naturalness in the past
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Naturalness: a guiding principle? 

19

Virtual particles are like 

ordinary particles, but have 

unusual mass-energy relations

The Higgs field propagating in vacuum “feel” them with 

strength E ! δ mH ! Emax (maximum energy of virtual particles)

temperature 
T

In quantum theory, the 

vacuum is a busy place 

Particle-antiparticle pairs can 

be produced out of nothing, 

borrowing an energy E for a 

time t E t " h

If interacts with     , 

after a while, we expect 

E ! T

Analogy with thermal fluctuation

thermalization

t = 0 At large t expect

E � 10�17E

E � E

While the observation is

While no logical inconsistency can be claimed, it just seems hard to believe

• In the analogy: natural explanation could be that red does not 
really interact with blue because the interaction is screened

• Similarly in the Higgs case, the interaction (or UV sensitivity) could 
be screened by new forces/particles 
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Solutions to hierarchy problem
The naturalness problem in the Higgs sector is solved, if e.g. 

• there is a natural screening mechanism (a symmetry) protecting 

the Higgs from the UV sensitivity 

• the Higgs Boson is non elementary but composite 

Both scenarios give rise to deviations in the Higgs couplings as 
predicted in the SM  

The LHC might address the naturalness even if no new particles 
are discovered directly. One just needs to measure very precisely 
the couplings and see if they differ from the SM pattern  

 13



Higgs couplings
So far the Higgs looks SM like, 
however 


• None of the measurements 
are very precise yet (still 
room for moderately large 
deviations) 


• Couplings to light states not 
measured yet — a lot of 
room for new effects 


Measuring or constraining these couplings is a major programme 
that will extend over decades. Theory input crucial to extract 
couplings and other particle properties in general 
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Master formula for LHC

. Higgs, top, W/Z, jets … 

underlying event

..
.

p1

p2 x2 p2

x1 p1

For proton-proton collisions, cross sections are convolutions of 
parton density functions (PDFs) with hard partonic cross sections
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Phenomenology: lecture 4 (p. 81)

PDF introduction Factorization & parton distributions

Recall Higgs production in
hadron-hadron collisions:

x
2 p
2

p1 p2

x 1
p 1

σ

Z H

σ =

∫

dx1fq/p(x1, µ
2)

∫

dx2fq̄/p̄(x2, µ
2) σ̂(x1p1, x2p2, µ

2) , ŝ = x1x2s

Total X-section is factorized into a ‘hard part’ σ̂(x1p1, x2p2, µ2) and
‘normalization’ from parton distribution functions (PDF).

Measure total cross section ↔ need to know PDFs to be able to test
hard part (e.g. Higgs electroweak couplings).

Picture seems intuitive, but
how can we determine the PDFs? NB: non-perturbative
does picture really stand up to QCD corrections?

Basic idea of the parton model: intuitive picture where in a high transverse 
momentum scattering partons behave as quasi free in the collision 
⇒	cross section is the incoherent sum of all partonic cross-sections 

            : parton distribution function (PDF) is the probability to find parton 
i in hadron j with a fraction xi of the longitudinal momentum (transverse 
momentum neglected), extracted from data

            : partonic cross-section for a given scattering process, computed in 
perturbative QCD
�̂(x1x2s)

NB: This formula is wrong/incomplete (see later)

� =
�

dx1dx2f
(P1)
1 (x1)f

(P2)
2 (x2)�̂(x1x2s) ŝ = x1x2s

f
(Pj)
i (xi)

The parton model
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Momentum sum rule: conservation of 

incoming total momentum

� 1

0
dx

�

i

xf (p)
i (x) = 1

In the proton: u, d valence quarks, all other quarks are called sea-quarks 

Conservation of flavour: e.g. for a proton � 1

0
dx

�
f (p)

u (x)� f (p)
ū (x)

�
= 2

� 1

0
dx

�
f (p)

d (x)� f (p)
d̄

(x)
�

= 1

� 1

0
dx

�
f (p)

s (x)� f (p)
s̄ (x)

�
= 0

Sum rules 
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Momentum sum rule: conservation of 

incoming total momentum

How can parton densities be extracted from data? 

� 1

0
dx

�

i

xf (p)
i (x) = 1

In the proton: u, d valence quarks, all other quarks are called sea-quarks 

Conservation of flavour: e.g. for a proton � 1

0
dx

�
f (p)

u (x)� f (p)
ū (x)

�
= 2

� 1

0
dx

�
f (p)

d (x)� f (p)
d̄

(x)
�

= 1

� 1

0
dx

�
f (p)

s (x)� f (p)
s̄ (x)

�
= 0

Sum rules 
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Clean probe of the structure of the proton with an electron

Deep inelastic scattering

 18



Protons made up of point-like quarks. 
Different momentum scales involved: 

• hard photon virtuality (sets the resolution 
scale) Q 

• hard photon-quark interaction Q
• soft interaction between partons in the 

proton mp ≪ Q

Deep inelastic scattering

During the hard interaction, partons do not have time to interact among 
them, they behave as if they were free 
⇒ approximate as incoherent scattering on single partons 

e+

qk

k�

xp
p

proton
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Deep inelastic scattering
Kinematics: 

Q2 = �q2 s = (k + p)2 xBj =
Q2

2p · q
y =

p · q

k · p e+

qk

k�

xp
p

proton

Q2 is the virtuality at 
which one probes the 

proton (resolution scale) 
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Deep inelastic scattering
Kinematics: 

Q2 = �q2 s = (k + p)2 xBj =
Q2

2p · q
y =

p · q

k · p e+

qk

k�

xp
p

proton

Q2 is the virtuality at 
which one probes the 

proton (resolution scale) 

Partonic variables: 

p̂ = xp ŝ = (k + p̂)2 = 2k · p̂ ŷ =
p̂ · q

k · p̂
= y (p̂ + q)2 = 2p̂ · q �Q2 = 0

� x = xBj

Hence at leading order, the experimentally accessible xBj coincides with the 
momentum fraction carried by the quark in the proton 
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Deep inelastic scattering
Kinematics: 

Q2 = �q2 s = (k + p)2 xBj =
Q2

2p · q
y =

p · q

k · p

Partonic cross section: 

(apply QED Feynman rules and 

add phase space)

d⇤̂

dŷ
= q2

l
ŝ

Q4
2 ⇥ �em

�
1 + (1� ŷ)2

⇥

e+

qk

k�

xp
p

proton

Q2 is the virtuality at 
which one probes the 

proton (resolution scale) 

Partonic variables: 

p̂ = xp ŝ = (k + p̂)2 = 2k · p̂ ŷ =
p̂ · q

k · p̂
= y (p̂ + q)2 = 2p̂ · q �Q2 = 0

� x = xBj

Hence at leading order, the experimentally accessible xBj coincides with the 
momentum fraction carried by the quark in the proton 
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Exercise: show that in the CM frame of the electron-quark system y is given 

by                      , with      the scattering angle of the electron in this frame  

Exercise: 

- show that the two particle phase space is

- show that the squared matrix element is 

- show that the flux factor is

Hence derive that 

d⇤̂

dŷ
= q2

l
ŝ

Q4
2 ⇥ �em

�
1 + (1� ŷ)2

⇥

16⇥�q2
l

Q4
ŝxpk

�
1 + (1� y)2

⇥

1
4xpk

d⇥

16�

(1� cos �el)/2 �el
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Deep inelastic scattering
Hadronic cross section (factorization): d�

dy
=

⇥
dx

�

l

f (p)
l (x)

d�̂

dŷ
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Deep inelastic scattering
Hadronic cross section (factorization): d�

dy
=

⇥
dx

�

l

f (p)
l (x)

d�̂

dŷ

Using x = xBJ

d�

dy dxBj
=

�

l

f (p)
l (x)

d�̂

dŷ

=
2⇥ �2

emsxBj

Q4

�
1 + (1� y)2

⇥ ⇤

l

q2
l f (p)

l (xBj)

e+

qk

k�

xp
p

proton
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Deep inelastic scattering
Hadronic cross section (factorization): d�

dy
=

⇥
dx

�

l

f (p)
l (x)

d�̂

dŷ

1. at fixed xBj and y the cross-section scales with s 

2. the y-dependence of the cross-section is fully predicted and is typical of 
vector interaction with fermions ⇒ Callan-Gross relation

3. can access (sums of) parton distribution functions

4. Bjorken scaling: pdfs depend on x and not on Q2 (violated by logarithmic 
radiative corrections, see later) 

Using x = xBJ

d�

dy dxBj
=

�

l

f (p)
l (x)

d�̂

dŷ

=
2⇥ �2

emsxBj

Q4

�
1 + (1� y)2

⇥ ⇤

l

q2
l f (p)

l (xBj)

e+

qk

k�

xp
p

proton
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The structure function F2

F2 is called structure function (describes structure/constituents of nucleus)

For electron scattering on proton 

F2(x) = x

�
4
9
u(x) +

1
9
d(x)

⇥

NB: use perturbative language of quarks and gluons despite the fact that 

parton distribution are non-perturbative

d⇤

dydx
=

2⇥�2
ems

Q4

�
1 + (1� y2

⇥
F2(x) F2(x) =

⇤

l

xq2
l f (p)

l (x)

Bjorken scaling: the fact the structure functions are independent of Q is a 
direct evidence for the existence of point-like quarks in the proton 
(violated by logarithmic corrections) 
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The structure function F2

F2 is called structure function (describes structure/constituents of nucleus)

For electron scattering on proton 

F2(x) = x

�
4
9
u(x) +

1
9
d(x)

⇥

NB: use perturbative language of quarks and gluons despite the fact that 

parton distribution are non-perturbative

Question: F2 gives only a linear combination of u and d. How can they be 

extracted separately?

d⇤

dydx
=

2⇥�2
ems

Q4

�
1 + (1� y2

⇥
F2(x) F2(x) =

⇤

l

xq2
l f (p)

l (x)
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Isospin
Neutron is like a proton with u & d exchanged
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Isospin

For electron scattering on a proton 

F p
2 (x) = x

�
4
9
up(x) +

1
9
dp(x)

⇥

Neutron is like a proton with u & d exchanged
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Isospin

For electron scattering on a proton 

F p
2 (x) = x

�
4
9
up(x) +

1
9
dp(x)

⇥

For electron scattering on a neutron 

Fn
2 (x) = x

�
1
9
dn(x) +

4
9
un(x)

⇥
= x

�
4
9
dp(x) +

1
9
up(x)

⇥

Neutron is like a proton with u & d exchanged
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Isospin

For electron scattering on a proton 

F p
2 (x) = x

�
4
9
up(x) +

1
9
dp(x)

⇥

For electron scattering on a neutron 

Fn
2 (x) = x

�
1
9
dn(x) +

4
9
un(x)

⇥
= x

�
4
9
dp(x) +

1
9
up(x)

⇥

F2 and F2 allow determination of up and dp separatelyn p

Neutron is like a proton with u & d exchanged
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Isospin

For electron scattering on a proton 

F p
2 (x) = x

�
4
9
up(x) +

1
9
dp(x)

⇥

For electron scattering on a neutron 

Fn
2 (x) = x

�
1
9
dn(x) +

4
9
un(x)

⇥
= x

�
4
9
dp(x) +

1
9
up(x)

⇥

F2 and F2 allow determination of up and dp separatelyn p

Neutron is like a proton with u & d exchanged

NB: experimentally get F2 from deuteron: 
n

F d
2 (x) = F p

2 (x) + Fn
2 (x)
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Sea quarks
An infinite number of pairs can be created as long as they have very low 

momentum, because of the momentum sum rules. 

We saw before that when we say that the proton is made of uud what 

we mean is 
⇤ 1

0
dx (up(x)� ūp(x)) = 2

⇤ 1

0
dx

�
dp(x)� d̄p(x)

⇥
= 1

Inside the proton via fluctuations, pairs of uu,dd,cc,ss, etc. are created
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Sea quarks
An infinite number of pairs can be created as long as they have very low 

momentum, because of the momentum sum rules. 

We saw before that when we say that the proton is made of uud what 

we mean is 
⇤ 1

0
dx (up(x)� ūp(x)) = 2

⇤ 1

0
dx

�
dp(x)� d̄p(x)

⇥
= 1

Inside the proton via fluctuations, pairs of uu,dd,cc,ss, etc. are created

Photons interact in the same way with u(d) and u(d) 

How can one measure the difference? 

Question:  What interacts differently with particle 

and antiparticle?      
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Sea quarks
An infinite number of pairs can be created as long as they have very low 

momentum, because of the momentum sum rules. 

We saw before that when we say that the proton is made of uud what 

we mean is 
⇤ 1

0
dx (up(x)� ūp(x)) = 2

⇤ 1

0
dx

�
dp(x)� d̄p(x)

⇥
= 1

Inside the proton via fluctuations, pairs of uu,dd,cc,ss, etc. are created

Photons interact in the same way with u(d) and u(d) 

How can one measure the difference? 

Question:  What interacts differently with particle 

and antiparticle?      
proton

�µ

µ�

W+

 W+/W-  from neutrino scattering
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uv 0,267

dv 0,111

us 0,066

ds 0,053

ss 0,033

cc 0,016

total 0,546

Check of the momentum sum rule

➟ half of the longitudinal 
momentum carried by gluons

� 1

0
dx

�

i

xf (p)
i (x) = 1
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uv 0,267

dv 0,111

us 0,066

ds 0,053

ss 0,033

cc 0,016

total 0,546

Check of the momentum sum rule

➟ half of the longitudinal 
momentum carried by gluons

γ/W+/- don’t interact with gluons
How can one measure gluon parton densities?
We need to discuss radiative effects first

� 1

0
dx

�

i

xf (p)
i (x) = 1
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Radiative corrections
To first order in the coupling: 
need to consider the emission of one real gluon and a virtual one

zp̂
(1� z)p̂

p̂
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Radiative corrections
To first order in the coupling: 
need to consider the emission of one real gluon and a virtual one

zp̂
(1� z)p̂

p̂

Adding real and virtual contributions, the partonic cross-section reads

Partial cancellation between real (positive), virtual (negative), but real 

gluon changes the energy entering the scattering, the virtual does not 

�(1) =
CF �s

2�

�
dz

dk2
�

k2
�

1 + z2

1� z

�
�(0)(zp̂)� �(0)(p̂)

�
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Radiative corrections
Partonic cross-section: 

Soft limit: singularity at z=1 cancels between real and virtual terms

Collinear singularity: k⊥→ 0 with finite z. Collinear singularity does not 

cancel because partonic scatterings occur at different energies 

P (z) = CF
1 + z2

1� z
�(1) =

�s

2�

�
dz

� Q2

�2

dk2
�

k2
�

P (z)
�
�(0)(zp̂)� �(0)(p̂)

�
,
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Radiative corrections
Partonic cross-section: 

Soft limit: singularity at z=1 cancels between real and virtual terms

Collinear singularity: k⊥→ 0 with finite z. Collinear singularity does not 

cancel because partonic scatterings occur at different energies 

⇒	naive parton model does not survive radiative corrections 

P (z) = CF
1 + z2

1� z
�(1) =

�s

2�

�
dz

� Q2

�2

dk2
�

k2
�

P (z)
�
�(0)(zp̂)� �(0)(p̂)

�
,
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Radiative corrections
Partonic cross-section: 

Soft limit: singularity at z=1 cancels between real and virtual terms

Collinear singularity: k⊥→ 0 with finite z. Collinear singularity does not 

cancel because partonic scatterings occur at different energies 

⇒	naive parton model does not survive radiative corrections 

Similarly to what is done when renormalizing UV divergences, collinear 

divergences from initial state emissions are absorbed into parton 

distribution functions 

P (z) = CF
1 + z2

1� z
�(1) =

�s

2�

�
dz

� Q2

�2

dk2
�

k2
�

P (z)
�
�(0)(zp̂)� �(0)(p̂)

�
,
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The plus prescription
Partonic cross-section: 

⇤(1) =
CF �s

2⇥

⇤ Q2

�2

dk2
�

k2
�

⇤ 1

0
dz P (z)

�
⇤(0)(zp̂)� ⇤(0)(p̂)

⇥�s
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The plus prescription
Partonic cross-section: 

⇤(1) =
CF �s

2⇥

⇤ Q2

�2

dk2
�

k2
�

⇤ 1

0
dz P (z)

�
⇤(0)(zp̂)� ⇤(0)(p̂)

⇥�s

Plus prescription makes the universal cancelation of singularities explicit
� 1

0
dzf+(z)g(z) �

� 1

0
f(z) (g(z)� g(1))
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The plus prescription
Partonic cross-section: 

⇤(1) =
CF �s

2⇥

⇤ Q2

�2

dk2
�

k2
�

⇤ 1

0
dz P (z)

�
⇤(0)(zp̂)� ⇤(0)(p̂)

⇥�s

Plus prescription makes the universal cancelation of singularities explicit
� 1

0
dzf+(z)g(z) �

� 1

0
f(z) (g(z)� g(1))

The partonic cross section becomes

Collinear singularities still there, but they factorize.

P (z) = CF

�
1 + z2

1� z

⇥
�(1) =

�s

2�

�
dz

� Q2

�2

dk2
�

k2
�

P+(z)�(0)(zp̂) ,
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Factorization scale

Schematically use 

⇧ = ⇧(0) + ⇧(1) =
�

1 +
�s

2⌅
ln

µ2
F

⇥2
P+

⇥
�

�
1 +

�s

2⌅
ln

Q2

µ2
F

P+

⇥
⇧(0)

ln
Q2

�2
= ln

Q2

µ2
F

+ ln
µ2

F

�2
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Factorization scale

Schematically use 

So we define

⌅̂(p, µF ) =
�

1 +
�s

2⇤
ln

Q2

µ2
F

P (0)
qq

⇥
⌅(0)(p)fq(x, µF ) = fq(x)�

�
1 +

�s

2⌅
ln

µ2
F

⇥2
P (0)

qq

⇥

⇧ = ⇧(0) + ⇧(1) =
�

1 +
�s

2⌅
ln

µ2
F

⇥2
P+

⇥
�

�
1 +

�s

2⌅
ln

Q2

µ2
F

P+

⇥
⇧(0)

ln
Q2

�2
= ln

Q2

µ2
F

+ ln
µ2

F
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Factorization scale

Schematically use 

So we define

⌅̂(p, µF ) =
�

1 +
�s

2⇤
ln

Q2

µ2
F

P (0)
qq

⇥
⌅(0)(p)fq(x, µF ) = fq(x)�

�
1 +

�s

2⌅
ln

µ2
F

⇥2
P (0)

qq

⇥

• universality, i.e. the PDF redefinition does not depend on the process

• choice of μF ∼ Q avoids large logarithms in partonic cross-sections

• PDFs and hard cross-sections don’t evolve independently

• the factorization scale acts as a cut-off, it allows to move the divergent 

contribution into non-perturbative parton distribution functions 

NB:

⇧ = ⇧(0) + ⇧(1) =
�

1 +
�s

2⌅
ln

µ2
F

⇥2
P+

⇥
�

�
1 +

�s

2⌅
ln

Q2

µ2
F

P+

⇥
⇧(0)

ln
Q2

�2
= ln

Q2

µ2
F

+ ln
µ2

F

�2
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Improved parton model

⇥ =
�

dx1dx2f
(P1)
1 (x1, µ

2)f (P2)
2 (x2, µ

2)⇥̂(x1x2s, µ
2)

� =
�

dx1dx2f
(P1)
1 (x1)f

(P2)
2 (x2)�̂(x1x2s) ŝ = x1x2s

Naive parton model:

After radiative corrections:
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• With initial state parton collinear singularities don’t cancel

• Initial state emissions with k⊥ below a given scale are included in PDFs

• This procedure introduces a scale μF, the so-called factorization scale 

which factorizes the low energy (non-perturbative) dynamics from the 

perturbative hard cross-section

• As for the renormalization scale, the dependence of cross-sections on 

μF is due to the fact that the perturbative expansion has been truncated

• The dependence on μF becomes milder when including higher orders

• The redefinition of PDFs is universal and process-independent 

Intermediate recap

⇥ =
�

dx1dx2f
(P1)
1 (x1, µ

2)f (P2)
2 (x2, µ

2)⇥̂(x1x2s, µ
2)Master formula:
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Evolution of PDFs
A parton distribution changes when

• a different parton splits and produces it

• the parton itself splits 

x’
x = z x’

(1-z)x’

x

(1-z)x’

z x
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Evolution of PDFs
A parton distribution changes when

• a different parton splits and produces it

• the parton itself splits 

x’
x = z x’

(1-z)x’

x

(1-z)x’

z x

The plus prescription
� 1

0
dzf+(z)g(z) ⇥

� 1

0
dzf(z) (g(z)� g(1))

µ2 ⌃f(z, µ2)
⌃µ2

=
� 1

0
dx�

� 1

x
dz

�s

2⌅
P̂ (z)f(x�, µ2)⇥(zx� � x)�

� 1

0
dz

�s

2⌅
P̂ (z)f(x, µ2)

=
⇧ 1

x

dz

z

�s

2⇤
P̂ (z)f

⇤x

z
, µ2

⌅
�

⇧ 1

0
dz

�s

2⇤
P̂ (z)f

�
x, µ2

⇥

=
⇤ 1

x

dz

z

�s

2⇤
P (z)f

�x

z
, µ2

⇥
+

x
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DGLAP equation

µ2 ⇧f(z, µ2)
⇧µ2

=
⇤ 1

x

dz

z

�s

2⇤
P (z)f

�x

z
, µ2

⇥

Master equation of QCD: we can not compute parton densities, but we 
can predict how they evolve from one scale to another

Universality of splitting functions: we can measure pdfs in one process 
and use them as an input for another process

 Altarelli, Parisi; Gribov-Lipatov; Dokshitzer ’77 

x
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Conventions for splitting functions

Accounting for the different species of partons the DGLAP equations 

become:

There are various partons types. Standard notation:

This is a system of coupled integro/differential equations

The above convolution in compact notation: 

µ2 ⇤fi(z, µ2)
⇤µ2

=
⇤

j

⌅ 1

x

dz

z
Pij(z)fj

�x

z
, µ2

⇥

µ2 ⇤fi(z, µ2)
⇤µ2

=
�

j

Pij � fj(µ2)

a
c

b z x

(1-z) x

x
Pba(z)

x

x
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Properties of splitting functions

Pqg anf Pgg symmetric under z (1-z)
Pqq and Pgg divergence for z=1 (soft gluon)
Pgq and Pgg divergenge for z=0 (soft gluon)
Pqg no soft divergence for gluon splitting to quarks 

Today’s high energy colliders

Collider Process status

HERA (A & B) e±p running

Tevatron (I & II) pp̄ running

LHC pp starts 2007

current and upcoming ex-

periments collide protons

⇒ all involve QCD

HERA: mainly measurements of parton densities and diffraction

Tevatron: mainly discovery of the top and related measurements

LHC designed to

discover the Higgs and measure it’s properties

unravel possible physics beyond the SM

Our ability to discover new particles and to measure their
properties limited by the quality of our understanding of QCD

The one-loop amplitude for six gluon scattering - April 2006 – p.2/20
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➠ gluon PDF grows at small x

P (0)
qq = P (0)

q̄q̄ = CF

�
1 + z2

1� z

⇥

+

P (0)
gq = P (0)

gq̄ = CF
1 + (1� z)2

z

P (0)
gg = 2CA

⇤
z

�
1

1� z

⇥

+

+
1� z

z
+ z(1� z) + b0�(1� x)

⌅

z

1-z

][

( )
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Sum rules in pQCD
Beyond the naive parton model the probabilistic picture does not hold 

anymore. What about basic conservation principles (e.g. sum rules)? 

Exercise:  show that e.g. 
Z 1

0
dx

�
fu(x, µ

2)� fū(x, µ
2)
�
= constant

Z 1

0
dzPqq(z) = 0if and only if 
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Sum rules in pQCD
Beyond the naive parton model the probabilistic picture does not hold 

anymore. What about basic conservation principles (e.g. sum rules)? 

Exercise:  show that e.g. 
Z 1

0
dx

�
fu(x, µ

2)� fū(x, µ
2)
�
= constant

Z 1

0
dzPqq(z) = 0if and only if 

Solution:  

1. Start from DGLAP for u 

µ2 @fu(x, µ
2)

@µ2
=

↵s(µ2)

2⇡

Z 1

x

dz

z

⇣
Puu(z)fu

⇣x
z
, µ2

⌘
+ Pug(z)fg

⇣x
z
, µ2

⌘⌘
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Sum rules in pQCD
Beyond the naive parton model the probabilistic picture does not hold 

anymore. What about basic conservation principles (e.g. sum rules)? 

Exercise:  show that e.g. 
Z 1

0
dx

�
fu(x, µ

2)� fū(x, µ
2)
�
= constant

Z 1

0
dzPqq(z) = 0if and only if 

2. Subtract the same equation for u and integrate over x
_

Solution:  

1. Start from DGLAP for u 

µ2 @fu(x, µ
2)

@µ2
=

↵s(µ2)

2⇡

Z 1

x

dz

z

⇣
Puu(z)fu

⇣x
z
, µ2

⌘
+ Pug(z)fg

⇣x
z
, µ2

⌘⌘

 38



Sum rules in pQCD

2. Subtract the same equation for u and integrate over x
_

µ2 @

@µ2

Z 1

0
dx

�
fu(x, µ

2)� fū(x, µ
2)
�
=

↵s(µ2)

2⇡

Z 1

0
dx

Z 1

x

dz

z
Pqq(z)

⇣
fu

⇣x
z
, µ2

⌘
� fū

⇣x
z
, µ2

⌘⌘
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Sum rules in pQCD

2. Subtract the same equation for u and integrate over x
_

µ2 @

@µ2

Z 1

0
dx

�
fu(x, µ

2)� fū(x, µ
2)
�
=

↵s(µ2)

2⇡

Z 1

0
dx

Z 1

x

dz

z
Pqq(z)

⇣
fu

⇣x
z
, µ2

⌘
� fū

⇣x
z
, µ2

⌘⌘

3. Swap x and z integration, replace x with y = x/z

µ2 @

@µ2

Z 1

0
dx

�
fu(x, µ

2)� fū(x, µ
2)
�
=

↵s(µ2)

2⇡

Z 1

0
dzPqq(z)

Z 1

0
dy

�
fu

�
y, µ2

�
� fū

�
y, µ2

��
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Sum rules in pQCD

2. Subtract the same equation for u and integrate over x
_

µ2 @

@µ2

Z 1

0
dx

�
fu(x, µ

2)� fū(x, µ
2)
�
=

↵s(µ2)

2⇡

Z 1

0
dx

Z 1

x

dz

z
Pqq(z)

⇣
fu

⇣x
z
, µ2

⌘
� fū

⇣x
z
, µ2

⌘⌘

3. Swap x and z integration, replace x with y = x/z

µ2 @

@µ2

Z 1

0
dx

�
fu(x, µ

2)� fū(x, µ
2)
�
=

↵s(µ2)

2⇡

Z 1

0
dzPqq(z)

Z 1

0
dy

�
fu

�
y, µ2

�
� fū

�
y, µ2

��

Conclusion: the integral                                             
Z 1

0
dx

�
fu(x, µ

2)� fū(x, µ
2)
�

does not depend on the scale if, and only if  
Z 1

0
dzPqq(z) = 0
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Properties of splitting functions

☛ the delta-term is the virtual correction (present only when the flavour 
does not change) 

We have just seen that in order to conserve quark (baryon) number, the 
integral of the quark distribution can not vary with Q2 , hence, the 
splitting functions must integrate to zero 

Exercise: use this fact to compute the coefficients of the pure delta terms in 

Pqq and Pgg  without performing the loop integral! 
 40
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History of splitting functions

Pab : Altarelly, Parisi; Gribov-Lipatov; Dokshitzer (1977) 

Pab : Curci, Furmanski, Petronzio (1980) 

Pab : Moch, Vermaseren,Vogt (2004) 

☛ Essential input for NNLO pdfs determination (state of the art today)

(2)

(1)

(0)
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Evolution
So, in perturbative QCD we can not predict values for 

• the coupling

• the masses

• the parton densities

• ... 

What we can predict is the evolution with the Q2 of those quantities.
These quantities must be extracted at some scale from data.

• not only is the coupling scale-dependent, but partons have a scale 
dependent sub-structure

• we started with the question of how one can access the gluon pdf:       
Because of the DGLAP evolution, we can access the gluon pdf indirectly, 
through the way it changes the evolution of quark pdfs. Today also direct 
measurements using Tevatron jet data and LHC tt and jet data  

u

u

d u

u

g

g

d
u

dg
s

u g
s

u
u

-

-

increase Q2 increase Q2
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Parton model: incoherent sum of all partonic cross-sections 

Sum rules (momentum, charge, flavor conservation)

Determination of parton densities (electron & neutrino scattering)

Radiative corrections: failure of parton model 

Factorization of initial state divergences into scale dependent parton 
densities

DGLAP evolution of parton densities ⇒	measure gluon PDF

While PDFs loose the naive probabilistic interpretation basic conservation 
principle still hold (momentum sum rules, energy, flavour conservation) 

Recap.
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Data: F2

• DGLAP evolution equations 
allow to predict the Q2 
dependence of DIS data 

• gluons crucial in driving the 
evolution 
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F
2
 

em
-l

o
g

1
0
(x

)

Q
2
(GeV

2
)

ZEUS NLO QCD fit

tot. error

H1 94-00

H1 96/97

ZEUS 96/97

BCDMS

E665

NMC

x=6.32E-5
x=0.000102

x=0.000161
x=0.000253

x=0.0004
x=0.0005

x=0.000632
x=0.0008

x=0.0013

x=0.0021

x=0.0032

x=0.005

x=0.008

x=0.013

x=0.021

x=0.032

x=0.05

x=0.08

x=0.13

x=0.18

x=0.25

x=0.4

x=0.65

FNC
2 = x

∑

f

e2(f)
[
q(f) + q̄(f)

]

+ O(αS)

An excellent fit already at the NLO
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DGLAP Evolution

Measure PDFs at 10 GeV Evolve in Q2 and make LHC predictions

The DGLAP evolution is a key to precision LHC phenomenology: it 
allows to measure PDFs at some scale (say in DIS) and evolve upwards 
to make LHC (7, 8, 13, 14, 33, 100.... TeV) predictions 

Different PDFs evolve 
in different ways 
(different equations + 
unitarity constraint)
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Features: 


• gluon and sea distributions grow at 
small x 


• gluon dominates at small x

• valence distributions peak at x ∼ 0.2


• largest uncertainties at very small or 
very large x 

Evolution from low to high scale 
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Evolution from low to high scale 

The fact that PDFs grow at small x has 
important consequences 


• Cross sections increase with 
increasing collider energy s        
(as opposed to σ ∝ 1/s)


• Higher luminosity also means 
higher effective energy 


• Low-x regime dominated by 
gluons (e.g. Higgs production)

[e.g. for mH=125 GeV at 13 TeV, x ~ 0.01]
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Parton density coverage

• most of the LHC x-range 
covered by Hera

• need 2-3 orders of 
magnitude Q2-evolution

• rapidity distributions probe 
extreme x-values

• 100 GeV physics at LHC: 
small-x, sea partons

• TeV physics: large x 
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Figure 1: Left plot: The LHC kinematic plane (thanks to J Stirling). Right plot: PDF
distributions at Q2 = 10, 000 GeV2.

Figure 2: Top row: e−, e+ and Ae rapidity spectra for the lepton from the W decay,
generated using HERWIG + k factors and CTEQ6.1 (red), ZEUS-S (green) and MRST2001
(black) PDF sets with full uncertainties. Bottom row: the same spectra after passing through
the ATLFAST [12] detector simulation and selection cuts.(Thanks to A Tricoli)

DIS 2007

DGLAP
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Parton density coverage

Coverage of 14 TeV LHC with respect to 100 TeV FCC 
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Parton luminosities

Even more interesting that PDFs are parton luminosities for each 
production channel
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Progress in PDFs: gluon luminosity

 51

Example: gluon-gluon luminosity as needed for Higgs measurements

Older Newer

• obvious improvement from older sets to newer ones

• agreement at 1σ between different PDFs in the intermediate mass region 
relevant for Higgs studies (but larger differences at large M, key-region for 
New Physics searches)
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Progress in PDFs: Higgs case

Improved control on gluon distributions results in more consistent Higgs 
production cross-sections

• PDF uncertainty in the Higgs cross-section down to about 2-3%

• envelope of 3 PDFs (previous recommendation) no longer needed
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Progress in PDFs
Recent progress:

• full NNLO evolution

• flexible parameterisations or use of neural network PDFs (more 

recently deep learning methods)

• improved treatment of heavy flavours near the quark mass

• systematic use of uncertainties/correlations (e.g. dynamic 

tolerance, combinations of PDF + αs uncertainty)

• exploit wealth for information from Run I and Run II 

• new PDFs (photon, leptons, W/Z)

Thanks to this progress, today PDF determinations more precise and 
reliable (e.g. uncertainties from different groups agree in general well)
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Issues under discussion
• which data to include in the fits (and how to deal with incompatible data)

• enhance relevance of some data (reduce effect of inconsistent data sets)

• heavy-quark treatment and masses 

• parametrization for PDFs (theoretical bias, reduced in Neural Network 
PDFs)

• include theoretical improvement (e.g. resummation) for some observables 

• unphysical behaviour close to x=0 and x=1

• meaning of uncertainties

• 𝛼s as external input or fitted with PDFs 

• how not to “fit away” New Physics effects in PDFs
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Progress in PDFs

So far PDFs extracted from data. 

A major new challenge to compute PDFs via lattice simulations 

Despite the tremendous progress … 
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Photon PDF of the proton

 56

• Protons in LHC beams are fast 
moving charged particles 

• For point-like charged particles 
the electromagnetic field (the 
distribution of photons) was 
computed by Fermi, Weizsäcker 
and Williams in the 1920-1930s

A fundamental question is what is the electromagnetic field 
associated to fast moving protons. This is the photon parton 
distribution function (PDF) of the proton

• But protons are not elementary and 
made up of quarks/gluons



Does the photon PDF matter?

 57

Poor knowledge of photon PDF impacts both New Physics 
searches and precision physics 

Example: Drell-Yan production 
l -

l+

q

q
_

γ

γ
l+

l -



The LUX photon PDF

 58

By looking at the problem in a new way we reduced the uncertainty 
drastically (100% → 1%) 

Key idea: view Deep Inelastic Scattering as a lepton probing the 
photon field in the proton

A. Manohar, P. Nason, G. Salam, GZ PRL 117 (2016) 242002Momentum fraction carried by photon 



Leptons in the proton

 59

• But, because of quantum fluctuations, protons in LHC beams also 
contain leptons

• Lepton luminosities are very small, but give rise to unique signatures 
at the LHC

• Possibility to study scattering processes that are beyond the 
capability of future colliders (e.g. μ-τ scattering) 

• So far, processes explored at the LHC are mainly induced by 
incoming quarks, gluons or photons in the protons 

• Studies of processes with incoming leptons relegated to future 
colliders (CLIC, FCC-ee, CEPC, …). Timescale 30y



Leptons in the proton
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Lepton luminosities 

Buonocore, Nason, Tramontano, GZ 2005.06477



Leptoquarks

 61

New constraints on Leptoquarks
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