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Time to the singularity for black holes in AdS

• This time is of order the AdS radius or shorter. 
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We need strong coupling
In N=4 SYM:
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The time between the horizon and the singularity of a 
Schwarzschild black hole is the maximum amount that 
an observer can live in the interior. 



A clock to measure time

• The phase of a wavefunction acts as a clock. (If you can create and 
annihilate the particle). 

• Can we find an observable sensitive to this?
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We will argue that, under some assumptions, this time 
is contained in thermal one point functions. 

Through the mass dependence: 

hOi / (powers of m) exp (�im⌧ �m`)
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Im(m) < 0
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Time from thermal one point function
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We will discuss some fine print later…



Outline

• Thermal one point functions from higher derivative corrections. 
• Computation for large mass and geodesics. 
• Geodesic for the one point function. 
• A simple explicit example for black branes
• Explicit answer
• Geodesic approximation
• Justification of the geodesic approximation. 

• Other examples. 
• Charged black holes



Minimally coupled scalar field  
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Leads to zero one point functions due to the Z2 symmetry



Scalar field coupled to gravitons

Standard minimal coupling Coupling to two gravitons. 

Massive field can decay into two gravitons. 

In string theory: present for a generic massive string 
state.

In N=4 SYM,  
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Thermal one point function
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G propagator

Euclidean black hole

hOi
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Large mass and geodesics
• For large mass we can approximate the propagator in terms of a 

geodesic. 
G(x, 0) / e�m`(x)
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Witten diagrams à minimal geodesics. 

Integration middle point à also fixed by a saddle point approximation
x

0



Thermal one point function

X

G propagator

Euclidean black hole

Use saddle point for the x integration, 
Or integration over the radial variable
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xW

2
G(x, 0) /

Z
drW
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A saddle point

�m@r`(r) + @r logW
2 = 0
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Large coefficient Must be near the singularity (say r=0) 
(complex value in general, but near the singularity)

The saddle point is at an imaginary value of r, but very close to the singularity. 

Evaluating the integral

à Gives what we wanted

⌧

<latexit sha1_base64="L1LFkIhsJRvXmI/S12SRanhRmCk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSH2kyqNbcujsHWSVeQWpQoDmofvWHEUsU18gktbbnuTH6KTUomOSzSj+xPKZsQke8l1FNFbd+Or91Rs4yZUjCyGSlkczV3xMpVdZOVZB1Kopju+zl4n9eL8Hw2k+FjhPkmi0WhYkkGJH8cTIUhjOU04xQZkR2K2FjaijDLJ5KFoK3/PIqaV/Uvcv6zcNlrXFbxFGGEziFc/DgChpwD01oAYMxPMMrvDnKeXHenY9Fa8kpZo7hD5zPHyUNjlQ=</latexit>

`

<latexit sha1_base64="wHmIV61ugEdEZp+IqBsURq4b+xA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpr6xubW+Xtys7u3v5B9fCobaJEM2yxSES6G1CDgitsWW4FdmONVAYCO8HkLvc7T6gNj9SjncboSzpSPOSM2lzqoxCDas2tu3OQVeIVpAYFmoPqV38YsUSiskxQY3qeG1s/pdpyJnBW6ScGY8omdIS9jCoq0fjp/NYZOcuUIQkjnZWyZK7+nkipNGYqg6xTUjs2y14u/uf1Ehte+ylXcWJRscWiMBHERiR/nAy5RmbFNCOUaZ7dStiYaspsFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzpvDjvzseiteQUM8fwB87nDxFGjkc=</latexit>

r⇤

<latexit sha1_base64="OV9D1+6TOD+87L2psgcFwcGtkFc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5JIQb0VvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWetC9816p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6R5UfGqlev7arl2k8dRgGM4gTPw4BJqcAd1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz/7wY2f</latexit>

W 2(r⇤)e
�m`(r⇤) / (powers of m)e�m`(r⇤) / (powers of m)e�m(i⌧+`hor)

<latexit sha1_base64="hn2RAptmQErDdkJH2hK4/DuQtvw="></latexit>



Logic flow chart

One point functions of fields 
with large mass Higher derivative corrections Geodesic approximation

Saddle point near the 
singularity

Answer similar to ``distance’’ 
to the singularity

from

Notice that we are assuming that the higher derivative coupling is suppressed by powers of m, and not exponentials…
This is true in string theory, if we focus on the alpha’ dependence. 



But…

• Does this saddle contribute if it is not on the original integration 
contour?
• More details… 



We will work out an example in detail: 

The planar black brane



The geometry

ds2d+1 = R2 1

z2

2

4�(1� zd

zd0
)dt2 +

dz2

(1� zd

zd
0
)
+ d~x2

3

5

<latexit sha1_base64="1FpNVasqkXkhD7WfAV4342/DOKc="></latexit>

= field theory at finite 
temperature in flat space

hOi = T
�
c(�)

<latexit sha1_base64="erOLd4lq1mu+hAYAEtT8yNqjDbI=">AAACEHicbZC7SgNBFIZnvcZ4W7W0GQxibMKuBNRCCGphZ4TcILuG2clJMmR2dpmZFULII9j4KjYWitha2vk2TrIpNPGHgY//nMOZ8wcxZ0o7zre1sLi0vLKaWcuub2xubds7uzUVJZJClUY8ko2AKOBMQFUzzaERSyBhwKEe9K/G9foDSMUiUdGDGPyQdAXrMEq0sVr2kceJ6HLAt9iTKV3gyr13DVwTTPMpHOOWnXMKzkR4Htwp5NBU5Zb95bUjmoQgNOVEqabrxNofEqkZ5TDKeomCmNA+6ULToCAhKH84OWiED43Txp1Imic0nri/J4YkVGoQBqYzJLqnZmtj879aM9GdM3/IRJxoEDRd1Ek41hEep4PbTALVfGCAUMnMXzHtEUmoNhlmTQju7MnzUDspuMXC+V0xV7qcxpFB++gA5ZGLTlEJ3aAyqiKKHtEzekVv1pP1Yr1bH2nrgjWd2UN/ZH3+ALQqmx8=</latexit>

Information we want is in the form of this coefficient



Doing the integral

hOi = T
�(real)�

1

sin(⇡�d )
⇥ (Powers of �)

<latexit sha1_base64="ZxeKEQjJS8ibIRBKYO2oFPdRNxU="></latexit>

h =
�

d

<latexit sha1_base64="IZVmYj6l/VcDRvtXkLPpHLOCqwY=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRSUBdCURcuK9gHNKFMJjft0MkkzEyEEgr+ihsXirj1O9z5N07bLLT1wMDhnHO5d06Qcqa043xbS8srq2vrpY3y5tb2zq69t99SSSYpNGnCE9kJiALOBDQ10xw6qQQSBxzawfBm4rcfQSqWiAc9SsGPSV+wiFGijdSzDwf4CufeLXBNsJeYKA7xuGdXnKozBV4kbkEqqECjZ395YUKzGISmnCjVdZ1U+zmRmlEO47KXKUgJHZI+dA0VJAbl59Pzx/jEKCGOEmme0Hiq/p7ISazUKA5MMiZ6oOa9ifif1810dOHnTKSZBkFni6KMY53gSRc4ZBKo5iNDCJXM3IrpgEhCtWmsbEpw57+8SFpnVbdWvbyvVerXRR0ldISO0Sly0TmqozvUQE1EUY6e0St6s56sF+vd+phFl6xi5gD9gfX5A27FlIg=</latexit>

Myers, Sierens and Witczak-Krempa



Small imaginary part..

hOi = T
�(real)�

1

sin(⇡�d )
⇥ (Powers of �)

<latexit sha1_base64="ZxeKEQjJS8ibIRBKYO2oFPdRNxU="></latexit>

� � 1 , Im(�) < 0 , e.g � = |�|(1� i✏)

<latexit sha1_base64="3OItZILm16DG070Q/s5j0666rXk="></latexit>

Consider 

Subleading

1

sin ⇡�
d

/ e�i⇡�
d

1� e�i 2⇡�
d

⇠ e�i⇡�
d

<latexit sha1_base64="L47gDVhQtgQiwHsOGjsxoyd6VSs="></latexit>

This is how we got a ‘’phase’’. 
From the original real number. 

This also avoided the zeros in the 
denominator



Time to the singularity 

⌧ = R

Z 1

1

dz

z
p
zd � 1

=
R

d

Z 1

1

dw

w
p
w � 1

= R
⇡

d

<latexit sha1_base64="CxEWbn8vT/dc845Bqks6CoNIGDU="></latexit>

⌧m = (mR)
⇡

d
⇠ ⇡�

d

<latexit sha1_base64="PImebyTsr43fLRI8ZLS22DK3XLY=">AAACJnicbVDLSgMxFM34rPVVdenmYhF0U2akoC4KRV24rGJboTOUTCbVYDIzJHeEMvRr3PgrblxURNz5KaYPwdeBhMM595DcE6ZSGHTdd2dmdm5+YbGwVFxeWV1bL21stkySacabLJGJvg6p4VLEvIkCJb9ONacqlLwd3p2O/PY910Yk8RX2Ux4oehOLnmAUrdQt1XykGSiowZ69L/chBz8V4Cc2BBEMwDdCwZd6xiXSb2a3VHYr7hjwl3hTUiZTNLqloR8lLFM8RiapMR3PTTHIqUbBJB8U/czwlLI7esM7lsZUcRPk4zUHsGuVCHqJtidGGKvfEzlVxvRVaCcVxVvz2xuJ/3mdDHtHQS7iNEMes8lDvUwCJjDqDCKhOUPZt4QyLexfgd1STRnaZou2BO/3yn9J66DiVSvHF9Vy/WRaR4Fskx2yRzxySOrknDRIkzDyQJ7IkLw4j86z8+q8TUZnnGlmi/yA8/EJV0SiFg==</latexit>

Indeed what we had in the exponent previously

1

sin ⇡�
d

/ e�i⇡�
d

1� e�i 2⇡�
d

⇠ e�i⇡�
d

<latexit sha1_base64="L47gDVhQtgQiwHsOGjsxoyd6VSs="></latexit>

ds2d+1 = R2 1

z2

2

4�(1� zd

zd0
)dt2 +

dz2

(1� zd

zd
0
)
+ d~x2

3

5

<latexit sha1_base64="1FpNVasqkXkhD7WfAV4342/DOKc="></latexit>

⌧

<latexit sha1_base64="L1LFkIhsJRvXmI/S12SRanhRmCk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSH2kyqNbcujsHWSVeQWpQoDmofvWHEUsU18gktbbnuTH6KTUomOSzSj+xPKZsQke8l1FNFbd+Or91Rs4yZUjCyGSlkczV3xMpVdZOVZB1Kopju+zl4n9eL8Hw2k+FjhPkmi0WhYkkGJH8cTIUhjOU04xQZkR2K2FjaijDLJ5KFoK3/PIqaV/Uvcv6zcNlrXFbxFGGEziFc/DgChpwD01oAYMxPMMrvDnKeXHenY9Fa8kpZo7hD5zPHyUNjlQ=</latexit>

`

<latexit sha1_base64="wHmIV61ugEdEZp+IqBsURq4b+xA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsJ+3S3U3Y3Qgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IBbcWNf9dkpr6xubW+Xtys7u3v5B9fCobaJEM2yxSES6G1CDgitsWW4FdmONVAYCO8HkLvc7T6gNj9SjncboSzpSPOSM2lzqoxCDas2tu3OQVeIVpAYFmoPqV38YsUSiskxQY3qeG1s/pdpyJnBW6ScGY8omdIS9jCoq0fjp/NYZOcuUIQkjnZWyZK7+nkipNGYqg6xTUjs2y14u/uf1Ehte+ylXcWJRscWiMBHERiR/nAy5RmbFNCOUaZ7dStiYaspsFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzpvDjvzseiteQUM8fwB87nDxFGjkc=</latexit>



We will now discuss the saddle point 
approximation to the integral



Saddle point approximation to the propagator

X

G propagator

Euclidean black hole

Use saddle point for the x integration, 
Or integration over the radial variable

hO(0)i /
Z

d
D
xW

2
G(x, 0) /

Z
drW

2(r)e�m`(r)

<latexit sha1_base64="ahiBmtWQj+4hXGBDVsyxuw/bPEs="></latexit>

short

long



X

G propagator

Euclidean black hole

Drives the point near the boundary, 
overwhelming the W2 contribution

hO(0)i /
Z

d
D
xW

2
G(x, 0) /

Z
drW

2(r)e�m`(r)

<latexit sha1_base64="ahiBmtWQj+4hXGBDVsyxuw/bPEs="></latexit>

Problem
(For the short geodesic  contribution. 
The long one is convergent)



X

G propagator
Euclidean black hole

Decays into gravitons near the boundary. 

Operator mixing with (T )n  , n>1 . 

The previous integral is not convergent for

We defined it via analytic continuation.  à subtraction of all the lower dimension operators it 
can mix with. 
At                         poles due to resonant mixing (at lower order in 1/N perturbation theory). 

� � 2d

<latexit sha1_base64="/pNXeKJEScJDm7i2psEDQkV7J3U=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lKQb0V9eCxgq2FJpTNZtIu3Wzi7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6ScKe0431ZpbX1jc6u8XdnZ3ds/sA+POirJJIU2TXgiuwFRwJmAtmaaQzeVQOKAw2Mwupn5j2OQiiXiQU9S8GMyECxilGgj9W3buwWuCfYG8ITrOMR9u+rUnDnwKnELUkUFWn37ywsTmsUgNOVEqZ7rpNrPidSMcphWvExBSuiIDKBnqCAxKD+fXz7FZ0YJcZRIU0Ljufp7IiexUpM4MJ0x0UO17M3E/7xepqNLP2cizTQIulgUZRzrBM9iwCGTQDWfGEKoZOZWTIdEEqpNWBUTgrv88irp1Gtuo3Z136g2r4s4yugEnaJz5KIL1ER3qIXaiKIxekav6M3KrRfr3fpYtJasYuYY/YH1+QODVpJM</latexit>

� = nd

<latexit sha1_base64="HYfBzFjRjmge8DKIslQZ4UYYdd4=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoB6EoB48RjAPSNYwO+kkQ2Znl5lZJSz5Dy8eFPHqv3jzb5wke9DEgoaiqpvuriAWXBvX/XZyS8srq2v59cLG5tb2TnF3r66jRDGssUhEqhlQjYJLrBluBDZjhTQMBDaC4fXEbzyi0jyS92YUox/SvuQ9zqix0kP7BoWh5JJIQrqkUyy5ZXcKski8jJQgQ7VT/Gp3I5aEKA0TVOuW58bGT6kynAkcF9qJxpiyIe1jy1JJQ9R+Or16TI6s0iW9SNmShkzV3xMpDbUehYHtDKkZ6HlvIv7ntRLTO/dTLuPEoGSzRb1EEBORSQSkyxUyI0aWUKa4vZWwAVWUGRtUwYbgzb+8SOonZe+0fHF3WqpcZXHk4QAO4Rg8OIMK3EIVasBAwTO8wpvz5Lw4787HrDXnZDP78AfO5w8xZpEH</latexit>



• The integral is naively infinite due to the contribution of multiple 
gravitons. 
• We focus on the operator in question, with
• We can define the integral via analytic continuation, when we know it 

exactly. 
• When we do not know it exactly à define it so that it converges. 
• New contour near the boundary.
• Convergent after we make        complex

� 6= nd

<latexit sha1_base64="+1JEG/DNJLZBvuRb9cAujDea76I=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIoB6Eoh48VrAf0ISy2WzapZtN2J2IJfSvePGgiFf/iDf/jds2B219MPB4b4aZeUEquAbH+bZKK6tr6xvlzcrW9s7unr1fbeskU5S1aCIS1Q2IZoJL1gIOgnVTxUgcCNYJRjdTv/PIlOaJfIBxyvyYDCSPOCVgpL5d9W6ZAII9mQC+whKHuG/XnLozA14mbkFqqECzb395YUKzmEmggmjdc50U/Jwo4FSwScXLNEsJHZEB6xkqScy0n89un+Bjo4Q4SpQpCXim/p7ISaz1OA5MZ0xgqBe9qfif18sguvBzLtMMmKTzRVEmMCR4GgQOuWIUxNgQQhU3t2I6JIpQMHFVTAju4svLpH1ad8/ql/dntcZ1EUcZHaIjdIJcdI4a6A41UQtR9ISe0St6sybWi/VufcxbS1Yxc4D+wPr8Ad8kkw0=</latexit>

z = 0

<latexit sha1_base64="jkctqMxzlMhHqnvvaR6biqKbIME=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQS8eI5oHJEuYnXSSIbOzy8ysEJd8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7pyu0WS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/JTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TxlnZq5Qv7yql6nUWRx6O4BhOwYNzqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/AN1fjYs=</latexit>

z = 1

<latexit sha1_base64="xSMHgGS5HARJfOtfrJsLoHvZ28U=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKQD0IQS8eI5oHJEuYnXSSIbOzy8ysEJd8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7pyusWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/JTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TxlnZq5Qv7yql6nUWRx6O4BhOwYNzqMIt1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/AN7jjYw=</latexit>

horizon

boundary

z = 1

<latexit sha1_base64="ZavgLYuXCntCpVxyr1eCtkGjILo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSRSUA9C0YvHCvYD2lA22027dLOJuxMhhv4JLx4U8erf8ea/cdvmoK0PBh7vzTAzz48F1+g431ZhZXVtfaO4Wdra3tndK+8ftHSUKMqaNBKR6vhEM8ElayJHwTqxYiT0BWv745up335kSvNI3mMaMy8kQ8kDTgkaqfN01eMywLRfrjhVZwZ7mbg5qUCORr/81RtENAmZRCqI1l3XidHLiEJOBZuUeolmMaFjMmRdQyUJmfay2b0T+8QoAzuIlCmJ9kz9PZGRUOs09E1nSHCkF72p+J/XTTC48DIu4wSZpPNFQSJsjOzp8/aAK0ZRpIYQqri51aYjoghFE1HJhOAuvrxMWmdVt1a9vKtV6td5HEU4gmM4BRfOoQ630IAmUBDwDK/wZj1YL9a79TFvLVj5zCH8gfX5AyorkBM=</latexit>

singularity

�

<latexit sha1_base64="ksaoKaR6AyWU6ltI7DrectILZac=">AAAB7XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FPXisYD+gDWWznbRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B06hUc2hwJZVuB8yAFDE0UKCEdqKBRYGEVjC6mfqtJ9BGqPgBxwn4ERvEIhScoZWa3VuQyHrlilt1Z6DLxMtJheSo98pf3b7iaQQxcsmM6Xhugn7GNAouYVLqpgYSxkdsAB1LYxaB8bPZtRN6YpU+DZW2FSOdqb8nMhYZM44C2xkxHJpFbyr+53VSDC/9TMRJihDz+aIwlRQVnb5O+0IDRzm2hHEt7K2UD5lmHG1AJRuCt/jyMmmeVb3z6tX9eaV2ncdRJEfkmJwSj1yQGrkjddIgnDySZ/JK3hzlvDjvzse8teDkM4fkD5zPH2Rsjwg=</latexit>



Define a new variable ⍴ = proper length zd =
1

�
cosh ⇢

2

�2

<latexit sha1_base64="7A/G3jZB6G2rqXntsHBt0Fv1LnQ=">AAACIHicbVDLSsNAFJ34tr6iLt0MFqFuSiKF6kIounGpYG2hSctkMmkGJ5kwcyPU0E9x46+4caGI7vRrnNYsfB0YOJxzLnfuCTLBNTjOuzUzOze/sLi0XFlZXVvfsDe3rrTMFWVtKoVU3YBoJnjK2sBBsG6mGEkCwTrB9enE79wwpblML2GUMT8hw5RHnBIw0sBu3vZDfIwL7GJPmiD2BIug5lGpY1x4KpalfoDH2FN8GMN+3/CBXXXqzhT4L3FLUkUlzgf2mxdKmicsBSqI1j3XycAviAJOBRtXvFyzjNBrMmQ9Q1OSMO0X0wPHeM8oIY6kMi8FPFW/TxQk0XqUBCaZEIj1b28i/uf1cogO/YKnWQ4spV+LolxgkHjSFg65YhTEyBBCFTd/xTQmilAwnVZMCe7vk/+Sq4O626gfXTSqrZOyjiW0g3ZRDbmoiVroDJ2jNqLoDj2gJ/Rs3VuP1ov1+hWdscqZbfQD1scnX4mhSQ==</latexit>

horizon

singularity

Rotate the contour

This justifies why the 
saddle points contribute

First saddle give dominant
contribution

Cancels against long 
geodesic contribution.



1

sin ⇡�
d

/ e�i⇡�
d

1� e�i 2⇡�
d

⇠ e�i⇡�
d

<latexit sha1_base64="L47gDVhQtgQiwHsOGjsxoyd6VSs="></latexit>

The subdominant saddles sum up to 

(up to some details we did not fully justify…)

e�i⇡�
d

<latexit sha1_base64="8APQdJ9DRbJuLiXjmM2kbhZFr60=">AAACDXicbVC7SgNBFJ31GeNr1dLmYhRsDLsSULugFpYRzAOya5id3CRDZh/MzAphyQ/Y+Cs2ForY2tv5N04ehSaeYS6Hc+9h5p4gEVxpx/m2FhaXlldWc2v59Y3NrW17Z7em4lQyrLJYxLIRUIWCR1jVXAtsJBJpGAisB/2rUb/+gFLxOLrTgwT9kHYj3uGMaiO17EMAvIcMToCb6iUcvGsUmoIXGxu0YWhOyy44RWcMmCfulBTIFJWW/eW1Y5aGGGkmqFJN10m0n1GpORM4zHupwoSyPu1i09CIhqj8bLzNEI6M0oZOLM2NNIzV346MhkoNwsBMhlT31GxvJP7Xa6a6c+5nPEpSjRGbPNRJBegYRtFAm0tkWgwMoUxy81dgPSop0ybAvAnBnV15ntROi26peHFbKpQvp3HkyD45IMfEJWekTG5IhVQJI4/kmbySN+vJerHerY/J6II19eyRP7A+fwDvEZj/</latexit>

The leading saddle gives  

which agrees with our general expected answer



Summary

• We considered a specific example: Black brane. 
• We did the integral analytically. 
• Matched it against the saddle point contribution. 
• Analyzed the integral in the saddle for large mass and explained why 

the saddle point contributes via a contour rotation argument.  

• We will now explore saddles for other black holes (but without doing 
a details analysis on whether they contribute or not, we will assume 
that they do contribute). 



Schwarzschild AdS black holes

Proper length



Schwarzschild AdS5  black holes

u = r2
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horizon

u+ ! 1 �!
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Recover black brane answer by summing over both of them.

Black brane limit:



Comment on the poles

Poles form the denominator  at                    come from operators which can mix
and have a non-zero vev, such as  

We expect that more information about the black hole comes form the numerator. 

� = 2n
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T@nT , Tm
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Schwarzschild AdS4  black holes

Real part is positive à dominates if Im(Δ) is small.
But not if  Im(Δ) is large.  

This seems to come from the integral of W2 far 
from the black hole but within an AdS radius.

em⇢̂i
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Charged black holes

New position of the singularities. 



Charged AdS5 black holes



Outer horizonInner horizonsingularity

We can compute the proper distance along all these curves.  These are all potential saddle point contributions. 



Outer horizonInner horizonsingularity

We can compute the poper distance along all these curves.  These are all potential saddle point contributions. 

Various candidate saddles



Charged AdS5 black holes

�0
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�0

<latexit sha1_base64="aNwKTzuAvfdpfEP3Q6hJqrvhWLg=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6YLKF3MkmGzMwuM7NCCPkLLx4U8erfePNvnCR70MSChqKqm+6uKBHcWN//9nJr6xubW/ntws7u3v5B8fCoYeJUU1ansYh1K0LDBFesbrkVrJVohjISrBmNbmd+84lpw2P1YMcJCyUOFO9zitZJj50BSoldn5BuseSX/TnIKgkyUoIMtW7xq9OLaSqZslSgMe3AT2w4QW05FWxa6KSGJUhHOGBtRxVKZsLJ/OIpOXNKj/Rj7UpZMld/T0xQGjOWkeuUaIdm2ZuJ/3nt1PavwglXSWqZootF/VQQG5PZ+6THNaNWjB1Bqrm7ldAhaqTWhVRwIQTLL6+SxkU5qJSv7yul6k0WRx5O4BTOIYBLqMId1KAOFBQ8wyu8ecZ78d69j0VrzstmjuEPvM8fY4KQGA==</latexit>

Positive. Leads to a finite 
Contribution in the extremal limit à
Associated to the exterior connecting region. 

Another  subleading saddle has 

⇢ = �i�0 � �0
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Leads to a part of the one  point function going as  

hOi / T
2�0
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Should involve the AdS2 region. 

�0 = ⌧in
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Time between outer 
and  inner horizons



Comments on higher spin operators
• If we consider one point function of higher spin operators, we expect 

a similar story. 
• In particular, they are non-zero and can be  calculated in terms of 

geodesics that go to the singularity. 
• At weak coupling, these one point functions are non-zero. They 

continue to be non-zero at strong coupling, but their contribution to 
correlators or the OPE of thermal two point functions is suppressed. 

Only multi-stress tensor operators 
contribute in the gravity regime.

hO1O2iT ⇠
X

n

c12nhOniT
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El-Showk, K. Papadodimas;  Iliesiu,  Kologlu,  Mahajan,  Perlmutter, Simmons-Duffin;  Gobeil,    Kulaxizi,  Ng,  Parnachev; 
Fitzpatrick, Huang; Li….



Limited interior probe

We should not read too much into these geodesic computations. It is not a very direct 
probe of the interior. 

x
is unchanged

Send a perturbation from 
the left side

hOiT
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Somewhat similar in spirit to 

Fidkowski, Hubeny,  Kleban,  Shenker



The picture we discussed is appropriate for theories in 4 or more dimensions. 

In three dimensions  there can be a one point function for a BTZ black hole (but not for a black string, which is conformal 
invariant and has zero one point functions).

This was studied by  Kraus and Maloney

Their answer comes from the particle splitting into two others, which circle the black hole horizon. 

It seems that it should contain also the phase factor we discussed, but it was apparently not discussed in 
their paper. 



Conclusions

• We discussed thermal one point functions. 

• We saw that their dependence on the mass of the field encodes 
interesting information about the time to the singularity. 

• We needed to do some analytic continuation in a parameter that 
results in an analytic continuation in the mass. 

• Hopefully this helps in understanding the singularity… 


